
Tutorial on Combinatori
s
This tutorial des
ribes some 
ommon 
ombinatorial problems and approa
hesto solve them. We 
onsider 
ounting with distin
t, non-repeatable elements,
ounting with an in�nite number of distin
t element types, and 
ounting withnon-distin
t (identi
al) elements.Counting with Distin
t ElementsGiven: A set of n distin
t elements.Task: Count the number of ways to list the n elements.This task is equivalent to �nding how many orderings there are of the nelements. Think of the task this way: Imagine that you have n people andyou want to This task is lik �nd how many di�erent ways there are to linethese n people up to get lun
h from a bu�et. Order matters here, be
ausethe person at the end of the line will have to wait longer to get their food.To solve this task, we think of n slots, whi
h represent the n possiblepositions in the line: 1 2 3 � � � nNow we 
onsider how many 
hoi
es we have for ea
h slot. We have n 
hoi
esof people to put in the �rst slot, n� 1 
hoi
es of people to put in the se
ondslot, and so on, until we �nally have 1 
hoi
e for the �nal (nth) slot:n1 n� 12 n� 23 � � � 1nThe produ
t rule applies here, so there aren � (n� 1) � (n� 2) � � � � � 1 = n!ways to order these n elements.Given: A set of n distin
t elements.Task: Count the number of ways to list r of the n elements.1



In 
ontinuing with our lun
h bu�et example, imagine this task as su
h:There are only enough plates for r of the n people. How many ways are thereto pi
k r people and line them up to eat at the bu�et?We solve this task in a way similar to the previous one. The only di�eren
eis that there are r slots: 1 2 3 � � � rAgain, we �ll in the slots from the available 
hoi
es:n1 n� 12 n� 23 � � � n� r + 1nSo the number of ways to perform these tasks is:n � n� 1 � n� 2 � � � � � (n� r + 1)Noti
e that this is equivalent to n!(n�r)! . This value is denoted by the spe
ialfun
tion P (n; r), whi
h des
ribes the number of r-permutations of n.Given: A set of n distin
t elements.Task: Count the number of ways to make groups of size r from these nelements.To answer this question, 
onsider the solution to the previous task. Inthe previous task, we wanted to 
ount the number of ways to pi
k r peopleto eat and then line these r people up at the bu�et. In this task, we are justasking how many possible groups of size r we 
an 
reate, and we don't 
areabout ordering them in a line to eat. So, to solve this task, we observe thatfor ea
h group in the previous solution, there are r! ways to line those peopleup to eat. Be
ause we don't 
are about ordering in this task, we 
an dividethe answer from the last task by r!. So the answer is:P (n; r)r! = n!(n� r)!r!This value is denoted by the spe
ial fun
tion C(n; r), whi
h des
ribes thenumber of r-
ombinations of n. There is also a equivalent spe
ial notion �nr�,whi
h is read \n 
hoose r".Given: A set of n distin
t elements and k boxes that 
an hold n1; n2; : : : ; nkelements (and Pki=1 i = n).Task: Count the number of ways to �ll the k boxes with the n elements.2



In this task, we have k slots (boxes). Now, the order of the elementswithin the boxes does not matter. The only thing that matters is the 
hoi
eof whi
h elements go into whi
h box. To solve this task, we �rst 
hoose n1elements to go into the 1st box. Now we have n � n1 elements left to pla
ein k � 1 boxes. Next, we 
hoose n2 elements to go into the 2nd box, and soon. The pi
ture looks like this:� nn1�1 �n�n1n2 �2 � � � �nknk�kThis resultant formula is equivalent to n!n1!n2!���nk! . To see why this is true,
onsider the expansion of the above pi
ture:n!n1!(n� n1)! � (n� n1)!n2!(n� n1 � n2)! � (n� n1 � n2)!n3!(n� n1 � n2 � n3)!�� � �� (nk)!nk!(nk � nk)!Counting with Distin
t Elements and RepetionIn the previous se
tion, we 
onsidered tasks of 
ounting distin
t elementswithout repetition. In this se
tion, we 
onsider 
ounting distin
t elementswith repetition. For these problems, we have an in�nite number of elements,and ea
h element has a parti
ular type.Given: A set of n distin
t element types.Task: Count the number of ways to list r elements, when ea
h element 
anhave one of the n types.To solve this task, we 
an again use our slot diagram. There are r slots,and for ea
h slot, we 
an 
hoose any of the n available element types:n1 n2 n3 � � � nrSo there are nr ways to list r elements, where ea
h element takes one of then types.As an example, imagine you own a sports team. In front of your stadium,you have 7 
ag poles. Your team 
olors are red, yellow and white. How manyways are there to pla
e red, yellow or white 
ags on your seven 
ag poles?In this 
ase, the 
olors are n (3) and the 
agpoles are r (7). So the answeris 37.Given: A set of n distin
t element types.Task: Count the number of ways to make a group of r elements, where ea
helement has one of the n types. 3



This is the most diÆ
ult of the problems. Think of this task as assigningsome number of r elements to have a parti
ular type. Similarly, we 
an viewthis as assigning a value to ea
h element type that 
orresponds to the numberof elements that have that type. To model, this problem, we use the \starsand bars" method. A star (*) 
orresponds to one of the r elements. A bar(j) 
orresponds to a divider between element types. When modelling theproblem, there will be r stars (one for ea
h element) and n� 1 bars (be
auseit takes n � 1 dividers to 
reate n groups). So we have a total of r + n � 1slots. The solution to the problem is simply the number of ways to sele
tr of these slots into whi
h we will pla
e a star. [Equivalently, we 
an givethe number of ways to sele
t n� 1 of these obje
ts to 
ontain a bar.℄ So theanswer is C(r + n� 1; r). [Or, equivalently, C(r + n� 1; n� 1).℄Counting with Indistin
t ElementsIn the previous se
tions, we 
onsidered tasks of 
ounting with distin
t ele-ments. In this se
tion, we 
onsider 
ounting with indistin
t (i.e., identi
al)elementsGiven: k sets of n1; n2; : : : ; nk indistin
t elements (Pki=1 ni = n)Task: Count the number of ways to list the n elements.The di�eren
e between this task and the very �rst task is that some ofthe n elements are identi
al. Consequently, some of the listings are identi
al.To solve this task, we 
onsider n slots. For ea
h of the k sets, we 
hoose nkslots into whi
h we will pla
e that element type. So, the solution takes theform:  nn1! �  n� n1n2 ! � � � � �  nknk!As we saw in a previous task, this is equivalent to n!n1!n2!���nk! .
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SummaryTo summarize the dis
ussion, here are the tasks we 
onsidered and the formu-lae used to 
ompute the solution. Some of the problems also in
lude exampleappli
ations to whi
h the formulae 
an be applied.
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