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ABSTRACT

A machine oriented representation of clauses is presented
that shares substructure to the extent that no terms or literals
or lists of literals are constructed after input. The
representation eliminates the process of standardizing apart.
The representation admits programs as fast and as natural as
list representation. Striking analogies with LISP and ALGOL
are describeds The details of implementations of the
representation for both SL and general resolution are

presented.



A programmer in computational logic finds himself hard put
to represent clauses 1n computers both naturally and compactly
He turns to lists as. the most obvious solution tc his problem,
Lists accurately represent the tree structure of terms and literals
and conseq_uently permitk efficient and elegant recursive coding.
Two maaor disadvantages emerge however to mar the perfectlon of
this method of representatlon. First, lists w111 typically
require ten times more machine storage than the most compact
character atrip represehtétibn.  Secondly, the rapid construction
and deletion of clauses in'list form ‘demand frequenf garbage

collection,

We here offer a rerresentation of clauses ten times more
compact than character strips while it preserves all the virtues
of lists. Suppose that C and D are clauses, K is a literal in
C, =L is a literal in D, and o is a most general substitution
such that XK =1 . Then the clause

Ro= ((c-f®)u@-i1})) o

is a resolvent of C and D. To reify R (by applying ¢~ and
cons-~ing a list of literals) in a computer may require almest

as much construction as was involved in building C and D. We
observe, however, that R is completely described by dppropriate
references to the roles of C, X, D, ~L, and 07, This observation

is the key to our representation.

The reader may well guess that !'appropriate references! to
C, K, D, and -L are easy to program. If K is the kth member of C
and -L is the m'> member of D then the four-tuple { ¢, k, D, m>1
will do, for example., Treating ¢~ is a harder problem, however,
and akin to a problem elegantly solved in LISP% | The application
of a lambda—exfression to an argument was defined blehurch as a
substitution into the body of the lambda-expression. The LISP
A-list obviates this substitution, which would be quite expensive
to perform. Instead of substituting & value V, for a bound
variable, say x, the LISP interprefer adds (x.7V ) to the A-list.
If x is encountered later; its value is &etermined'by an examination
of the A—list; |

1Th1s might be programmed as a list of four thlngs- ﬁointers to
C and D and the numbers k and m, :

Algol handles.a similar problem in calie by namé.
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Many workers in computational logic have intuited that
substitutions in resolution ought to be treated in a way similar
to the LISP solution. = In fact, J.A. Robinsons, B, Anderson and
R. Popplestone have implemented unification algorithms that do
not actually perform substitutions. The main idea in their
progréms is that to replace a variable by a term in an expression
it is sufficient to put the term into the place reserved for the
value of the variable. Then if one encounters a variable, one
askst Does it have a term in its value place? If it does, one
proceeds exactly as if he had encountered the term rather than

the variable.

The extension of this idea to a whole theorem proving program

is impeded By two problems:

(1) Whenever two clauses are resolved, their variables must
. be standardized apart., If this is accomplished by
physically changing each variable, one will frequently

need to recoastruct a whole clause.

(2) since a clause may be resolved with meny others, a
variable may have different bindings on different
branches of a search trse. Hence a single value cell

" ig insufficient.

Our solution'to these two problems is to expand che proposed
4—tup1e‘
{¢y k D, mp (cofe p. 1)
to a five-tuple '

<c,k,D,m,O">

after redefining the concept of a 'substitution component!.

At the tips of the tree defined by such five-tuple clauses
are input clauses, It is only at these tips that one may encouater
a 'reall literal, term, or variable. If oune speaks of a variable,
term,»or literal, T, as being 'in' a five-tuple clause, C, then
he also has in mind a single branch of clauses extending from C
to an input clouse in which T actually occurs. We call this
‘_the branch 'along which T occurs'. We are particularly‘interested
in the branches associated with variables becaﬁsé they autonntically
stendardize variables apart. The following syllogism makes this
point clear: ; ’

%p

obihson, Jehs, 'Computational Logic: The UﬁificationAComputatinn'
in Machine Intelligence VI, eds. B, Meltzer and D. Michie,
University of Edinburgh Press, 1971, p-63.



3

(1) To stendardize a variable apart, it is sufficient to -
agsociate with it the branch of the derivatlon along

‘ whlch 1t occurs.A

. (2) Inductively, if. each variable in a clause is already
_ossociated with the branch along which it occurs, then .
in a-resolvent we need merely associate with each

variable the clause from which it came. -

(3) If a clause is a five—tuple as above, then a varidble

- “is implicitly associsted with the clause from which ~ -
‘it comes (it is either in C or D). '

'(4) Therefore, no work need bé‘dqnq dt all (beéides

creating the 5-tup1e) to sfanddrdize variables apart.

To take advantage of this !'automatic! standardizing apart

- we must keep track of the branches associated with variables.

. To this end we define a substitution component to be a four~tuple
of the form: . o
| £ VARIABLE, BRANCH{, TERM, BRANCH2 ) |

where BRANCH! is the branch associated with VARIABLE and BRANCH2
is the branch associated with TERM. This four~tuple corresponds
roughly to the normal substitution component TERM/VARIABLE.

Sinee we never actually apply substltutlons, we never construct
new terms. Hence TERM is actuully a term in an 1nput clause.

It follows that BRANCH2 is the branch not only for TERM but also
for all the variables in TERM.

When, in unlficatlon, we encounter a varlable v w1th associated
branch b we ask whether v is bound to a term T with assoclated
‘branch B. If it is, we proceéd‘as if we had encoﬁntered’T (of
branch B) insterd of v. If we wish to unify some, varisble v
with assoc1ated branch b ﬂn& tern T with a08001<ted branch B
we form the substitution component

| | {v, b, 7,8 |
We then store this component in such a way that if we evef encounter
vof b dgain we can find that it is treally' T of B.

In our 1mplementation of SL-resolutlon4 we actually use
integers instead of branches in substitution components. This
use of integers permits us to determine whether v of b is bound

in one reference to an array. (This-array is.easily updated as

.A4Kowalski, R. and Kuehner, D., 'SL-Resolution', to -appear in the

T wrtt o] Al P et £ o d T Teend o T T o e
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we move from one branch to arnother.).

In any binary resolution systeﬁ one may use binary words
instead of branches in substitution components. The binary word
ia as long as the branch and precisely describes the path of the
branch throﬁgh the derivation. In this case the algorithm for
deciding whether v of b is bound is exceedingly interesting and
delicates We believe the reader will find some satisfaction in
discovering it for himself. We have implemented such a notation
for branches for general resolution.  Although very pretty, it
requires a sigrnificant amount of searching for the bindings of
varinbles (much like searching up an A-list in LISP). To over-
come this search we have discovered and implemented a more efficient
notation for branches in the general case which uses integers no
greater fhan the number of nodes in the derivation trees of the two
Clauses being resolved. This is a generalizaiion of our SL-imple-

nentation and permits the discovery of binding in a single airay access.

In Parts IT and IIT cf this paper we describe in close detail

our implementation of SL and general resolution.

After we developed our representation of clouses, Pat Hoyes,
Bruce Anderson, Robin Popplestone and Rod Burstall pointed to its
sinilarity to the implementations of ALGOL and LISP. We were
surprised to discover the following: |

(1) Standecrdizing cpart as treated by us is remorkably similer
to function entry in LISP and ALGOL. In particular, the
pushing of local and formal varinbles resembles the intro-
duction of new variables. Unlike récﬁréive function
evaluation however, unification frequéntly accesses 'values
of o varieble' other than the most recent value.

(2) Our definition of substitution component is strikingly
sinilar to a generalized notion of ALGOL identifier binding
deseribed by Wegners. | To a lesser degfee our substitution
components resemble FUNARd's in LISP.

(3) The arrcy we use in our SL implementation to speed up access

- to bindings along o lLranch resembles the ALGOL'display.

(4) The‘search tree of derivations in our SL representation is
similar to parallel processing using co-routines.  The
general fepresentation however resembles a form of parallel
processing in which the parallel processes actually

redefine one ~nother, simultsneously.. .




PART IT

The SL-Resolution Implementation.

Readers familiar with SL resolthion will find the notation
in the - following description somewhat different from that used
by Kowalski and Kuehner. However, i% is felt that this notation

relps clarify our representation of clauses.
SL-resclution operates on chains. These chains are composed
of cells which contain literals. We will separate ce¢lls in chains

by a slash('/'). The left-most cell in a chain is called the

most recent cell. A chain is thus of the form:
ABC/DE/
where A, B, C, ™ and E are literals in the traditional sense.

Before a chain may be resolved with an input clause a
literal from the most recent cell must be selected. This

selected literal must be the litersl resolved upon in all

resolutions of the chain with input elauses. We will denote

the selected literal of a cell by underlining it, eg.
ABC/ DE/

SL has three operatinns on shains. Extension corresponds
to resolution with an input clause. Reduction is similar to
factoring but also replaces ances*or resolution., [Truncation

is a book-keeping device for chains.

To extend upon a chain < with selected literal L, we nust
use an input clause 3 containing some 1itéral K of sign opposite
L such that the atoms of K and L unify via mgu . The result
of extending (& (the resrparent) by ¢~ (the input or far parent)
is the chain & ¢ whore &~ 1s the chain whose most recent cell

is composed of mll the literals in @ except K, and the remaincer
of ©" is just&. For example, extending A B C / D E/ with
input clause -B G H, yields:

GH/ABC/DE/.

The selected literal, L, in T is called an A—literal
(A for ancestor) in chain .Cf’. Note that in the above example,
either G or H must be selected before the chain mey be extended

upon.




























































