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What is Recursion?

Simply speaking, a recursive method is one that calls itself.

def fact (n):

# Naive factorial routine. Do you see anything

# wrong and how would you fix it?

if n == 0:

return 1

else:

return n * fact(n-1)

Any recursive procedure must have:

one or more base cases that return an answer without calling
the procedure recursively;

one or more recursive cases that call the method on arguments
that move the computation in the direction of the base case.
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Recursive Procedures

What is wrong with the following method? How would you fix it?

def isEven(n):

if n == 0:

return True

else:

return isEven(n - 2)

There must be a “well-founded” relation on the arguments of the
method that decreases in each recursive call, but cannot decrease
indefinitely. Otherwise, the method will run forever (on some
inputs).
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Some Recursive Problems

Recursion is also a way of thinking about computing problems.
Solve a “big” problem in terms of the solution of a “smaller”
instance of the same problem.

Many computing problems are naturally thought of as recursive:

the length of a list

the sum of a list of numbers

the number of occurences of an element in a list

the reverse of a list

the append of two lists

linear search

the number of nodes in a tree

binary search
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Some Recursive Programs

What is the well founded relation on the arguments for each of
these?

Length of a list:

def listLen (lst):

if not lst:

return 0

else:

return 1 + listLen( lst[1:] )

Sum a list of Numbers:

def sumList (lst):

if not lst:

return 0

else:

return lst[0] + sumList( lst[1:] )
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Some Recursive Programs

Count occurrences of an item in a list:

def countItem (lst, item):

if not lst:

return 0

else:

if ( lst[0] == item ):

return 1 + countItem( lst[1:], item )

else:

return countItem( lst[1:], item )

Reverse a list:

def revList (lst):

if not lst:

return []

else:

return revList( lst[1:] ) + [ lst[0] ]
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Some Recursive Programs

Append of two lists:

def app (lst1, lst2):

if not lst2:

return lst1

else:

return app ( lst1 + [ lst2[0] ], lst2[1:] )

Linear search in a list:

def search (lst, item):

if not lst:

return False

else:

if ( lst[0] == item ):

return True

else:

return search( lst[1:], item )
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Running Our Recursive Programs

>>> listLen( [ 1, 2, 3, 4 ] )

4

>>> sumList( [ 1, 2, 3, 4, 5 ])

15

>>> countItem( [1, 2, 2, 3, 2, 5, 5, 1 ], 2)

3

>>> revList( [ 1, 2, 3, 4, 2 ] )

[2, 4, 3, 2, 1]

>>> app( [ 1, 2, 3], [ 4, 5, 6 ])

[1, 2, 3, 4, 5, 6]

>>> search( [1, 2, 3], 2)

True

>>> search( [1, 2, 3], 4)

False
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The Overhead of Recursion

Though recursion is a wonderful conceptual tool, it’s not free.

There is a cost to any recursive solution.

Consider the computation of the nth Fibonnaci number.

F (0) = 0
F (1) = 1
F (n) = F (n − 1) + F (n − 2) for n ≥ 2

We call such a set of equations a recurrence relation. It is
typically quite easy to implement a function in Python directly
from the recurrence relation.

Some of the Fibonacci Numbers:

n 0 1 2 3 4 5 6 7 8 9 10 11

F (n) 0 1 1 2 3 5 8 13 21 34 55 89
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Fibonnaci in Python

def fib(n):

if n == 0:

return 0

elif n == 1:

return 1

else:

return fib(n-1) + fib(n-2)

This is a very nice transcription of the recurrence relation and
works fine. Sort of.
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The Computation

You can see that that values go up quickly. But how much
computation is being done?

>>> from Recursion import *

>>> fibCaller()

Input an integer (negative to exit):10

fib(10) = 55

Input an integer (negative to exit):20

fib(20) = 6765

Input an integer (negative to exit):30

fib(30) = 832040

Input an integer (negative to exit):40

fib(40) = 102334155

Input an integer (negative to exit):-10
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Let’s See How Bad It Is

fibCount = 0 # we’ll treat this as a global counter

def fib(n):

global fibCount

fibCount += 1

if n == 0:

return 0

elif n == 1:

return 1

else:

return fib(n-1) + fib(n-2)

import time

def fibCaller():

global fibCount

while True:

fibCount = 0

n = int( input("Input an integer (negative to exit): ") )

if n < 0: break

tStart = time.clock(); ans = fib(n); tEnd = time.clock()

interval = tEnd - tStart

print ("fib(" + str(n) +") = " + str(ans), end = "")

print ("with " + str(fibCount) + " recursive calls")

print ("time = " + str(interval) + " seconds to execute")
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Recursive Fib

>>> from Fib import *

>>> fibCaller()

Input an integer (negative to exit): 10

fib(10) = 55 with 177 recursive calls

time = 0.0 seconds to execute

Input an integer (negative to exit): 20

fib(20) = 6765 with 21891 recursive calls

time = 0.01 seconds to execute

Input an integer (negative to exit): 30

fib(30) = 832040 with 2692537 recursive calls

time = 2.33 seconds to execute

Input an integer (negative to exit): 40

fib(40) = 102334155 with 331160281 recursive calls

time = 282.53 seconds to execute

Input an integer (negative to exit): -1

>>>
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Counting Calls

The following code counts the number of recursive calls:

def fibCountCalls(k):

global fibCount

for i in range(k):

fibCount = 0

print("i: %2d" % i, " fib(i): %5d" % fib(i), \

" calls: %7d" % fibCount)

CS313E Slideset 8: 14 Recursion

>>> from Recursion import *

>>> fibCountCalls(20)

i: 0 fib(i): 0 calls: 1

i: 1 fib(i): 1 calls: 1

i: 2 fib(i): 1 calls: 3

i: 3 fib(i): 2 calls: 5

i: 4 fib(i): 3 calls: 9

i: 5 fib(i): 5 calls: 15

i: 6 fib(i): 8 calls: 25

i: 7 fib(i): 13 calls: 41

i: 8 fib(i): 21 calls: 67

i: 9 fib(i): 34 calls: 109

i: 10 fib(i): 55 calls: 177

i: 11 fib(i): 89 calls: 287

i: 12 fib(i): 144 calls: 465

i: 13 fib(i): 233 calls: 753

i: 14 fib(i): 377 calls: 1219

i: 15 fib(i): 610 calls: 1973

i: 16 fib(i): 987 calls: 3193

i: 17 fib(i): 1597 calls: 5167

i: 18 fib(i): 2584 calls: 8361

i: 19 fib(i): 4181 calls: 13529
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Can We Do Better?

Take a look at the initial values of the Fibonnaci sequence:

n 0 1 2 3 4 5 6 7 8 9 10 11

F (n) 0 1 1 2 3 5 8 13 21 34 55 89

Surely we can do better than our horrible exponential solution.
Perhaps instead of computing backwards from n, we can compute

forwards from 0 to n.
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A Better Implementation

def fibHelper(k, limit, ans, ansSub1):

if k >= limit:

return ans

else:

return fibHelper( k+1, limit, ans + ansSub1, ans)

def fibBetter(n):

return fibHelper(1, n, 1, 0)

Why was the fibHelper function needed?
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Better Performance

After changing fibCaller to call fibBetter:

>>> from Fib import *

>>> fibCaller()

Input an integer (negative to exit): 10

fib(10) = 55 with 10 recursive calls

time = 0.0 seconds to execute

Input an integer (negative to exit): 20

fib(20) = 6765 with 20 recursive calls

time = 0.0 seconds to execute

Input an integer (negative to exit): 30

fib(30) = 832040 with 30 recursive calls

time = 0.0 seconds to execute

Input an integer (negative to exit): 500

fib(500) = 139423224561697880139724382870407283950070256587697307

264108962948325571622863290691557658876222521294125 with 500 recursive calls

time = 0.0 seconds to execute

Is there any limit to how big an argument we can give? Yes,
because the runtime stack would overflow when we reached the
“recursion depth.”
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Closed Form Solution

It turns out that there is a closed form solution for the nth
Fibonacci number.

fib (n) = (1/
√

5)[(1 +
√

5)/2]n − (1/
√

5)[(1 −
√

5)/2]n.

What is the performance of this version?
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Naturally Recursive Problems

Some problems have a very natural recursive solution, but are very
difficult to solve in any other way.

Example: the Towers of Hanoi consists of three rods and a number
of disks of different sizes that can slide onto any rod. The puzzle
starts with the disks neatly stacked in order of size on one rod, the
smallest at the top, thus making a conical shape.
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Towers of Hanoi
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Towers of Hanoi

The objective of the puzzle is to move the entire stack to another
rod, obeying the following rules:

Only one disk may be moved at a time.

No disk may be placed atop a smaller disk

CS313E Slideset 8: 22 Recursion

From Wikipedia

There is a legend about a Vietnamese temple which contains a
large room with three time-worn posts in it holding 64 golden
disks. The priests of Hanoi, acting out the command of an ancient
prophecy, have been moving these disks, in accordance with the
rules of the puzzle, since that time. According to the legend, when
the last move of the puzzle is completed, the world will end. Are
we in danger?

If the legend were true, and if the priests were able to move disks
at a rate of one per second, using the smallest number of moves, it
would take them 264 − 1 seconds or roughly 600 billion years; it
would take 18,446,744,073,709,551,615 moves to finish.
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Towers of Hanoi

def makeMove(frm, to):

print ("Move disk from " + frm + " to " + to)

def towersOfHanoi(n, frm, using, to):

if n == 1:

makeMove(frm, to)

else:

towersOfHanoi(n-1, frm, to, using)

makeMove(frm, to)

towersOfHanoi(n-1, using, frm, to)

def towersMoveCount(n):

< what should this be? >

def callTowers(n):

if n < 0:

print ("Bad value input")

return

towersOfHanoi(n, "a", "b", "c")

moves = towersMoveCount(n)

print ("This took " + str(moves) + " moves")
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Calling It

>>> callTowers(4)

Move disk from a to b

Move disk from a to c

Move disk from b to c

Move disk from a to b

Move disk from c to a

Move disk from c to b

Move disk from a to b

Move disk from a to c

Move disk from b to c

Move disk from b to a

Move disk from c to a

Move disk from b to c

Move disk from a to b

Move disk from a to c

Move disk from b to c

This took 15 moves

CS313E Slideset 8: 25 Recursion

Calling It

>>> for i in range(20): print i, towersMoveCount(i)

...

0 0

1 1

2 3

3 7

4 15

5 31

6 63

7 127

8 255

9 511

10 1023

11 2047

12 4095

13 8191

14 16383

15 32767

16 65535

17 131071

18 262143

19 524287
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How Many Calls

Solving the problem for n disks requires 2n − 1 moves. This
algorithm is exponential in the number of disks.

But how many times was TowersOfHanoi called as a function of
the input n?

Each recursive call actually only moved one disk, so there were the
same number of calls to the method as there were moves!
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