
The	
  Rules	
  of	
  Probability	
  

•  Sum	
  Rule	
  

•  Product	
  Rule	
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Bayes’	
  Theorem	
  

posterior	
  ∝	
  likelihood	
  ×	
  prior	
  



Probability	
  Theory	
  

Ex:	
  Apples	
  and	
  Oranges	
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The	
  Gaussian	
  DistribuHon	
  



Gaussian	
  Mean	
  and	
  Variance	
  

notes	
  



Gaussian	
  Parameter	
  EsHmaHon	
  

Likelihood	
  funcHon	
  

notes	
  



ProperHes	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  



Bayes’ Rule	
  in	
  Visual	
  PercepHon	
  
Examples	
  courtesy	
  of	
  	
  Jonathan	
  Pillow,	
  	
  UT	
  AusHn	
  Psychology	
  

P(D	
  |	
  M)	
  P(M)	
  	
  

P(D)	
  
P(M	
  |	
  D)	
  	
  	
  	
  	
  =	
  	
  

condiHonal	
  probability	
  
“probability	
  of	
  M	
  given	
  that	
  D	
  occurred”	
  

Formula	
  for	
  compuHng:	
   P(what’s	
  in	
  the	
  world	
  |	
  sensory	
  data)	
  

(This	
  is	
  what	
  our	
  brain	
  wants	
  to	
  know!)	
  

P(sensory	
  data	
  |	
  what’s	
  in	
  the	
  world)	
  	
  	
  	
  =	
  	
  	
  “likelihood”	
  

P(what’s	
  in	
  the	
  world)	
  	
  =	
  	
  “prior”	
  

from	
  	
  

(given	
  by	
  laws	
  of	
  physics;	
  
ambiguous	
  because	
  many	
  world	
  states	
  
could	
  give	
  rise	
  to	
  same	
  sense	
  data)	
  

(given	
  by	
  past	
  experience)	
  

&	
  	
  





Comparison patch 

Same light hits the eye from both patches	





Comparison patch 

Same light hits the eye from both patches	





Which	
  dimples	
  are	
  popping	
  out	
  and	
  which	
  popping	
  in?	
  



Which	
  dimples	
  are	
  popping	
  out	
  and	
  which	
  popping	
  in?	
  



Many different 3D worlds can give rise to the same 2D retinal image 

The Ames Room 

How does our brain go about deciding which interpretation? 

A 

B 

P(image | MA) and P(image | MB) are equal!   (both MA and MB could have generated this 
image) 
Let’s use Bayes’ rule:  

P(MA | image) = P(image | MA) P(MA) 
P(MB | image) = P(image | MB) P(MB) 
 

Which of these is greater?  



Curve	
  Fi\ng	
  Re-­‐visited	
  



Maximum	
  Likelihood	
  

Determine	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  minimizing	
  sum-­‐of-­‐squares	
  error,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  



MAP:	
  A	
  Step	
  towards	
  Bayes	
  

Determine	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  by	
  minimizing	
  regularized	
  sum-­‐of-­‐squares	
  error,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  



PredicHve	
  DistribuHon	
  



9th	
  Order	
  Polynomial	
  



Over-­‐fi\ng	
  

Root-­‐Mean-­‐Square	
  (RMS)	
  Error:	
  



Polynomial	
  Coefficients	
  	
  	
   



RegularizaHon	
  

•  Penalize	
  large	
  coefficient	
  values	
  



RegularizaHon:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  vs.	
  	
  


