














Markov Decision Processes

Problems with delayed reinforcement are well modeled as Markov decision processes (MDPs). An
MDP consists of

a set of states S ,
a set of actions A ,
areward function R : & X 4 — ®,and

a state transition function 7" : § x 4 — II(5), where a member of I1(5) is a probability

distribution over the set S (i.e. it maps states to probabilities). We write 7(s a,s") for the
probability of making a transition from state s to state s' using action a.

The state transition function probabilistically specifies the next state of the environment as a function
of its current state and the agent's action. The reward function specifies expected instantaneous reward
as a function of the current state and action. The model is Markov if the state transitions are
independent of any previous environment states or agent actions. There are many good references to

MDP models [10, 13, 48, 90].




We will speak of the optimal value of a state--it is the expected infinite discounted sum of reward that
the agent will gain if it starts in that state and executes the optimal policy. Using 7 as a complete
decision policy, it is written

Vis) = m:xE (E 'y'r,)

=0

This optimal value function is unique and can be defined as the solution to the simultaneous equations

V*is) = max (R(s, al + E T(s, a,.s’)V"(s’)) Vs € S | (1)
Y ES

which assert that the value of a state s is the expected instantaneous reward plus the expected
discounted value of the next state, using the best available action. Given the optimal value function,
we can specify the optimal policy as

n*(s) = arg max (R(.s, a)+ Z T(s, a,s')V"(s’))
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initialize V(s) arbitrarily

loop until policy good enough

loop for £ € S

loop for a¢ € A
Qls, ) 1= R(s,a) + 7 Dy es Tls, 0, IV ()
V(s) := max, Ols, a)

end loop

end loop






Temporal difference learning [Sutton and Barto, 1998], uses the error between the current
estimated values of states and the observed reward to drive learning. In a related Q-learning
form, the estimate of the quality value of a state-action pair is adjusted by this error dg

using a learning rate o

Q(s1;a:) — Q(84,a4) + adg (3)
Two fundamental learning rules for 8¢ are 1) the original Q-learning rule [Watkins, 1989] and
2) SARSA [Rummery and Niranjan, 1994]. While Q-learning rule is an off-policy rule, i.e. it
uses errors between current observations and estimates of the values for following an optimal
policy, while actually following a potentially suboptimal policy during learning, SARSA! is
an on-policy learning rule, i.e. the updates of the state and action values reflect the current
policy derived from these value estimates. While in the general case of Q-learning, the
temporal difference is:

S =1t + 7 max Q(st+1,at41) — Q(st, ae) (4)

for the more specific case of SARSA it is:
5Q =7 +YQ(S1:1,0511) — Q(84,ay). (5)




choose an arbitrary policy ol

loop

compute the value function of policy T :

solve the linear equations
Va(s) = R(s,7(s)) + 1 T g5 T(s,m(s), )Vals)
improve the policy at each state:

w'(s) := arg max, (R(s, a)+ Z,,es T(s,a, s’)V,.-(.s’))

until 7™ =x’





