-

Efficient active set methods for support vector
machines.

Katya Scheinberg

University of Texas, Austin, April 5, 2007




- outiine T

Convex QP for SVM

The active set method
Exploiting structure
Computational results
Parametric (regularization) path

Computing the path




maximize margin, s.t. ||w|| =1

minimize ||w||*, s.t. margin = 1




- Soft margin linear separationpropigmme

Two sets of points: V. ¢ R* and V_ c RX. Total number of points: n

, 1 =
min,, g §w w

s.t. wTUi +08< -1, wv,eV_

wTvZ-JrﬂZl, v; € Vi




- Soft margin linear separationpropigmme

Two sets of points: V. ¢ R* and V_ c RX. Total number of points: n

, 1 =
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- Soft margin linear separationpropigmme

Two sets of points: V. ¢ R* and V_ c RX. Total number of points: n

1 mn
min,, 3 §wTw+cZ &
i=1

S.t. ’LUT”UZ' + B < —-1+&, v, eV_

waUZ' —|—6 > 1—&, V; € V_|_




- Soft margin linear separationpropigmme

Two sets of points: V, ¢ R¥ and V_ c Rk
Total number of points: n

, 1 7 &
ming .3 W w+czgi
i=1

T
s.t. yi(w v, +0)>1-&, i=1,....n
£>0, 1 =1,...,n.

Y, = 1 if ’UZ'EV_|_
y, = —1 if v, € V_




| Dual provlem

At optimality w* = > | ay;v;, 0<a; <c

i=1
s.t. —Qa+yp—-& < -1, +1=1,...,n
£E>0,0<a; <c 1=1,...,n,

T

T
Q = DyVV Dy <~ Qz’j = Y;Y;U; Uy




| Dual provlem

s.t. —Qa+ypb+s;,—&=-1, 1=1,...,n
$; >0,£>0,0<q; <c 1=1,...,n,




W X+ Wo Xot WaX T+ WXy Xo+ WeXat Wi




| Kernel Operation: nonlinéarSeparagon

Separating by a linear surface in a higher dimensional space.

Mapping: v; — ¢(v;)
Qij = Yiyv; v; — Qi = yiy;0(v;) d(v)) = iy, K (vi,v;)

Compute inner products only without the actual mapping

Kernel operation: K (v;,v;) = ¢(v;) ¢(v;)
Examples:
1. K(’Uz‘,’l}j) = eXp_”Ui_’Uj||2/2‘3'2

2. K(vi,v5) = (v; vj/a1 + az)?




 Optimality conditions "

Convex quadratic optimization problem

, 1 T
min,, ¢ Qo —e «
T
s.t. y a=0,
0 <a<ec,
KKT conditions
Oéz'Si:O, ’iZl,...,n,

(c—a;)&; =0 i=1,...,n,
T
y a=0,

—Qa+yB+s—E=—e,
0<a<ec s>0, £>0.




| Activeset

Given a dual basic feasible solution, («, 3, s, ), we partition I = {1,...,n}
Into 1y, 1. and I:

..ViEfofizoandOéi:O,(&ZO?)
.oViEIcsi:Oanda@-:c,(&ZO?)
o Viel,s;,=§( =0and0< o; < ec.

IZyUlI.Ul, =Tand IoNI.=I1I.NI,=1IyNI; =1.

Based on the partition (I, I.., I;) we define Qs (Qecs, Qser Qeer Qosy Q00)y s
(yC1 yO) and aS (a01 OKO)




| Active set method [

Oé@'SZ’:O, ’iZl,...,n,
(c—a;)& =0 i=1,...,n,

T
y a=0,

~Qatyf+s—E=—c,
0<a<ce s>0, &>0.

Reduced system
yjas = —yzaca
—Qss0s +YsfB = —es + cQscee,
0 < as < ce,
so = Qoss — Yof — €o — cQocec,
Ee = —Qests + Ye B+ ec 4 cQecte.




Qs

Qs

QCC

Qs

QCO

QOO




- Algorithm

Step 1
() Solve
: 1 T T
minq 5043 stas + ce chas — € O
T T
s.t. Yy g = —Y, Q¢

(i) From the current iterate make a step toward the solution until for some
i € I (ag); = 00r (as); = coruntil solution is reached.

(i) If forsome i € I, (as); =0
Then update I, = I,\{i}, Iy = I U {i}, and go to step (i).

(iv) If forsomei € I, (as); =c
then update I, = I,\{i}, I. = I. U{i}, and go to step (i).

(v) If the optimum is reached in step (ii), proceed to Step 2.




- Algorithm

Step 2

() Compute s
so = —Qosas — Yo + 1 — cQoce
and &,
'fc — chas + ycﬁ — 1+ CC?CC6
(i) Find iy = argmin,{s; : i € Iy}.
Find i, = argmin,{&; : i € I.}.
(i) If s;,, > 0and &;_ > 0 then the current solution is optimal, Exit.
|f Sip < S’ic’ then I, =1,U {Zo} and Iy = Io\{lo}
Else, I, = I, U {i.} and I. = I.\{i.}.
Go to Step 1.







| Workioad

Step 1
() Solve a system with matrix

Qss Y
y 0|

If factorization Q,, = GG, is available, then work is O(n2).




| Workioad

Step 1
() Solve a system with matrix

Qss Y
y 0|
If factorization Q,, = GG, is available, then work is O(n2).
(i) Step toward solution. O(ny)




| Workioad

Step 1
() Solve a system with matrix

Qss Y
y 0|
If factorization Q,, = G,G, is available, then work is O(n2).

(i) Step toward solution. O(ny)

(i) If for some i € I, (as); = 0, then update I, = I,\{i}, Ip = Iy U {i},
update G, by removing a row. O(n2?)




| Workioad

Step 1
() Solve a system with matrix

Qss Y
y 0|
If factorization Q,, = G,G, is available, then work is O(n2).

(i) Step toward solution. O(ny)

(i) If for some i € I, (as); = 0, then update I, = I,\{i}, Ip = Iy U {i},
update G, by removing a row. O(n2?)

(iv) If for some i € I, (as); = cthen update I, = I;\{i}, I. = 1. U {i},
update ¢ Q.. and G, by removing a row. O(n2) + O(n,)




| Workioad

Step 2
(1)
so = —Qoss — yoS + 1 — cQoce
'fc — chas + ycﬁ -1+ CQcce
O(ngn)




| Workioad

Step 2
(1)
so = —Qoss — yoS + 1 — cQoce
'fc — chas + ycﬁ -1+ CQcce
O(ngn)

(i) Find ig = argmin,{s; : i € Iy}, i, = argmin{&; : i € I.}. O(n)




| Workioad

Step 2
(1)
so = —Qoss — yoS + 1 — cQoce
'fc — chas + ycﬁ -1+ CQcce
O(ngn)

(i) Find ig = argmin,{s; : i € Iy}, i, = argmin{&; : i € I.}. O(n)

(i) If s;, <& ,then I, = I,U{ig} and Iy = Ip\{io}.
Update G, by adding a row
Else, I, = I, U {i.} and I. = I.\{i.}.

Update ¢ Q.. and G, by adding a row

O(n;) + O(n.)




| Resutts

Problem | dim n C o |5 1. SVMiight | SYM-QP
Letter-G 16 20000 100 0 17 1056 1052 128
Letter-G 16 20000 100 100 241 39 19 3
Letter-G 16 20000 100 40 346 8 11 4
Web 300 49749 100 40 1834 678 1881 336
Web 300 49749 100 100 1404 905 1900 272
Adult 123 32561 100 100 1317 9953 7385 848
Adult 123 32561 100 200 685 10594 4864 630
USPS 676 | 266079 | 100 100 2906 0 1713 1650
USPS 676 | 266079 | 100 | 1000 | 1371 1 1349 966




mln&?ﬁ?s

S.t.

2 ;
1=1
—Qa+yf-& < -1,

§>20,0<; < i=1,...

1,...

7n7

,




1
ming, g,¢ —ozTQoz +c E &i
i=1

s.t. —Qa+ys—-& < -1, +1=1,...,n
£E>0,0<a; <c 1=1,...,n,

If ¢ = 0 then w = 0 is the optimal solution, no good separation.

If ¢ = oo then solution minimizes the hinge loss function. Not
regularized, maybe overfitting.

The best option is somewhere in between, but only can be found by
cross validation.

The path of solutions for all ¢ is piecewise linear. In theory computing
the entire path is as “easy” as solving the problem with an active set
method for just one value of c.




| parametric path

Oé@'SZ’:O, ’iZl,...,n,
(c—a;)& =0 i=1,...,n,

T
y a=0,

~Qatyf+s—E=—c,
0<a<ce s>0, £>0.

Reduced system
y:O‘s = _C(yz ec),
—Qsss + Y58 = —es+cQscee,
0 < ag <ce,
so = Qosts—yof—eg—cQocec,
§e = —QesstycftectcQecec.




| Parametric Algorithm -

(i) Find linear functions G(c¢) and a,(c) satisfying

T T
Ys s = —CY, €,

_stas + ysﬁ = —e+ CQscea




| Parametric Algorithm -

(i) Find linear functions G(c¢) and a,(c) satisfying

T T
Ys s = —CY, €,

_stas + ysﬁ = —e+ CQscea

(i) Compute so(c) = —Qosas(c) —yoB(c) + 1 — cQoce
and Sc(c) — chas (C) + ycﬁ(c) — 1+ CQcce




| Parametric Algorithm -

(i) Find linear functions G(c¢) and a,(c) satisfying

T T
Ys s = —CY, €,

_stas + ysﬁ = —e -t CQSC€7
(i) Compute so(c) = —Qosas(c) —yoB(c) + 1 — cQoce
and Sc(c) — chas (C) + ycﬁ(c) — 1+ CQcce

(i) Find the smallest value ¢* > ¢ suchthati € I (as(c*)); =0 or
(as(c*))i = ¢* or sp(c*); =0 0r&.(c*), = 0. If ¢* = oo, then Done.




| Parametric Algorithm -

(i) Find linear functions G(c¢) and a,(c) satisfying

T T
Ys s = —CY, €,

_stas + ysﬁ = —e + CQSC€7
(i) Compute so(c) = —Qosas(c) —yoB(c) + 1 — cQoce
and gc(c) — chas (C) _|_ ycﬁ(c) —1 + CQcce
(i) Find the smallest value ¢* > ¢ suchthati € I (as(c*)); =0 or
(as(c*))i = ¢* or sp(c*); =0 0r&.(c*), = 0. If ¢* = oo, then Done.
(iv) If (as(c*)); = 0, update I, = I,\{i}, Ip = I U {i}. Go to (i).
If (as(c*)); = c¢*, update I, = I[,\{i}, I. = 1. U {i}. Go to (i).

(V) If so(c*); =0, update I, = I, U{j}, Ip = Ip\{j}. Go to (i).
If £&.(c*), = 0, update I, = I, U{k}, I. = I.\{k}. Go to (i).




- Computational comparison ="

Instance Initial C  Final C n Ns Ne Time Loops Time BrkPnts
letter 0.001 0.1 20000 204 1447 32 3210 292 2004
letter 0.1 10 20000 250 266 11 942 128 645
letter 10 1000 20000 346 8 8 570 102 452
letter 0.001 0.1 20000 40 1489 27 3009 59 1502
letter 0.1 10 20000 204 1447 32 3210 100 925
letter 10 1000 20000 241 39 7 598 125 778
web-7a 0.001 0.1 24692 219 1419 38 3622 11 55
web-7a 0.1 10 24692 261 1303 37 3612 1215 2442
web-7a 10 1000 24692 984 453 86 3351 4300 2642
adult 0.001 0.1 16100 20 7825 112 14379 89 2217
adult 0.1 10 16100 64 6254 89 11758 724 6399
adult 10 1000 16100 483 5219 138 14265 8097 6648




| Results for the approximate patiggme

Instance Initial C  FinalC  Time., BrkPnts Timeyp, BrkPnts
letter 0.001 0.1 292 2004 49 1516
letter 0.1 10 128 645 17 432
letter 10 1000 102 452 15 295
letter 0.001 0.1 59 1502 19 1033
letter 0.1 10 100 925 19 646
letter 10 1000 125 778 17 478




Regularized Path
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