
CS341 Automata TheoryMathemati
al Preliminaries: A Review11 SetsA set is a 
olle
tion of obje
ts. For example, the 
olle
tion of all students in the CS341
ourse is a set. The 
olle
tion of the four letters a, b, 
 and d is a set, whi
h we may 
all S;we write S = fa; b; 
; dg. There are various ways of des
ribing sets:� \Expli
it" enumeration of all the obje
ts in the set.Examples: S = fa; b; 
g, T = f1; 2; 3; 4; 5; 6; 7; 8; 9; 10g.� \Impli
it" enumeration of the obje
ts in the set.Examples: A = f0; 1; 2; 3; : : :g, whi
h represents the set of all non-negative integers.B = f: : : ;�2;�1; 0; 1; 2; : : :g, whi
h represents the set of a all integers.� Formal des
ription.Examples: P = fn : n is eveng.Q = f4n+ 5 : n = 0; 1; 2; : : :g.S = fn : n � 3 and 81 < m < n; n 6� 0 (mod m)g.T = f(p; q; r; s) : p! q or r ! s or p$ sg.� \Pre
ise" verbal des
ription.Examples: A is the set of all students in CS341.B is the set of all leap years in the se
ond 
entury.Some spe
ial symbols denote spe
ial sets.� N denotes the set of all the Naturals (1; 2; 3; : : :).� Z denotes the set of all the Integers (: : : ;�2;�1; 0; 1; 2; : : :).� R denotes the set of all the Reals.� Q denotes the set of all the Rationals.The obje
ts 
omprising a set are 
alled its elements or members. For example, 7 isa member of R; in symbols, 7 2 R. Sometimes we simply say a is in the set S, or that S
ontains a. On the other hand, if b is not an element of S, we write b =2 S.In a set we do not distinguish repetitions of the elements. Moreover, the elements of aset are unordered. Thus, fa; a; ag is the same set as fag, and fa; b; 
g is the same set asfb; a; 
g. Two sets A and B are equal if and only if they have the same elements; we writeA = B.1This material was prepared by Luay Nakhleh. 1



The elements of a set need not be related in any way, and in parti
ular, need not be ofthe same type. For examples, the set f10; automata; f1; 29g; (x; y; z)g 
ontains four elements:one is an integer, one is a string, one is a set and one is a list. A set whi
h 
ontains only oneelement is 
alled a singleton. The set that 
ontains no elements is 
alled the empty setand is denoted by ;. Any set other than the empty set is said to be nonempty.A set S is a subset of a set T , denoted by S � T , if every element a of S is also anelement of T , i.e., S � T : 8a 2 S, a 2 T .For example, N � Z. However, R 6� N . If S � T and S 6= T , we say that S is a propersubset of T , and write S � T .One way of proving S = T is by showing that S � T and T � S. The 
ardinality of aset S, denoted by jSj, is the number of elements in S. For example, jf2; 3; 9gj = 3. If the sethas an in�nite number of elements, then its 
ardinality is 1. Otherwise, the set S is �nite.jN j =1, for example.1.1 Operations on sets� Union: A [ B = fa : a 2 A or a 2 Bg.� Interse
tion: A \ B = fa : a 2 A and a 2 Bg.� Differen
e: A�B = fa : a 2 A and b =2 Bg.� Complement: (always taken with respe
t to a \universal" set, U) �A = U � A.1.2 Properties of set operationsIf A, B, and C are sets, the following laws hold.Idempoten
y A [ A = AA \ A = ACommutativity A [B = B [ AA \B = B \ AAsso
iativity (A [ B) [ C = A [ (B [ C)(A \ B) \ C = A \ (B \ C)Distributivity A [ (B \ C) = (A [ B) \ (A [ C)A \ (B [ C) = (A \ B) [ (A \ C)Absorption A \ (A [ B) = AA [ (A \ B) = ADeMorgan's Laws A� (B [ C) = (A� B) \ (A� C)A� (B \ C) = (A� B) [ (A� C)2



Two sets are said to be disjoint if they have no elements in 
ommon, i.e., if theirinterse
tion is ;.It is possible to form interse
tions and unions of more than two sets. If S is a 
olle
tion ofsets, we write SS for the set whose elements are the elements of the sets in S. For example,if S = ffng : n 2 Ng, then SS = N . In general,SS = fx : x 2 P for some set P 2 Sg.Similarly, TS = fx : x 2 P for ea
h set P 2 Sg.The 
olle
tion of all subsets of a set S is itself a set, 
alled the power set of S anddenoted by 2S. For example, 2f1;2g = f;; f1g; f2g; f1; 2gg.A partition of a nonempty set S is a subset � of 2S su
h that ; =2 �, and su
h thatea
h element of S is in one and only one set in �. That is, � is a partition of S if � is a setof subsets of S su
h that1. ea
h element of � is nonempty.2. distin
t members of � are disjoint.3. S� = A.For example, ff1; 2g; f3; 4gg is a partition of S = f1; 2; 3; 4g, whereas ff1; 2g; f1; 3; 4ggis not a partition of S.2 Relations and Fun
tionsAs mentioned before, elements of a set are unordered. To distinguish between elements ofa set, we have to \order" them. We begin by introdu
ing ordered pairs. We write theordered pair of two obje
ts a and b as (a; b). The ordered pair (a; b) is not the same as theset fa; bg. First, the order matters: (a; b) is di�erent from (b; a), whereas fa; bg = fb; ag.Se
ond, the two 
omponents of an ordered pair need not be distin
t; (7; 7) is a valid orderedpair. Note that the two ordered pairs (a; b) and (
; d) are equal only when a = 
 and b = d.The Cartesian produ
t of two sets A and B, denoted A� B, is the set of all orderedpairs (a; b) with a 2 A and b 2 B, i.e., A�B = f(a; b) : a 2 A and b 2 Bg.A binary relation on two sets A and B is a subset of A � B. For example, f(i; j) :i; j 2 N and i < jg is the less-than relation.More generally, let n be any natural number. Then, if a1; : : : ; an are n obje
ts, notne
essarily distin
t, (a1; : : : ; an) is an ordered n-tuple.A fun
tion f from a set A to a set B, denoted by f : A ! B, is a binary relation Ron A and B with the following spe
ial property: for ea
h element a 2 A, there is exa
tly3



one ordered pair in R with �rst 
omponent a. We 
all A the domain of f , and the setff(a) : a 2 Ag � B the range of f .A fun
tion f : A ! B is one-to-one if for any two distin
t elements a; b 2 A, f(a) 6=f(b).A fun
tion f : A ! B is onto B if ea
h element of B is the image under f of someelement in A.A fun
tion f : A! B is a bije
tion between A and B if it is both one-to-one and onto.If Q and R are binary relations, then their 
omposition QÆR, or simply QR, is f(q; r) :for some 
, (q; 
) 2 Q and (
; r) 2 Rg.2.1 Spe
ial types of binary relationsWe 
an de�ne a binary relation on a single set; for example, R � A�A. Certain propertiesof su
h relations are:� Re
exivity : A binary relation R � A� A is re
exive if (a; a) 2 R for ea
h a 2 A.� Symmetry : A binary relation R � A�A is symmetri
 if (b; a) 2 R whenever (a; b) 2R.� Antisymmetry : A binary relation R � A�A is antisymmetri
 if whenever (a; b) 2 Rand a and b are distin
t, then (b; a) =2 R.� Transitivity : A binary relation R � A � A is transitive if whenever (a; b) 2 R and(b; 
) 2 R, then (a; 
) 2 RA binary relation R � A � A that is re
exive, symmetri
 and transitive is 
alled anequivalen
e relation.Example: The binary relation R5 = f(a; b) : a; b are nonnegative integers and a �5 bg isan equivalen
e relation:� R5 is re
exive, sin
e a �5 a for ea
h a, whi
h means that (a; a) 2 R5 for ea
h a.� R5 is symmetri
, sin
e a �5 b implies that b �5 a (due to 
ommutativity of �5), whi
hmeans that if (a; b) 2 R5 then (b; a) 2 R5.� R5 is re
exive, sin
e if a �5 b and b �5 
 then a �5 
, whi
h means that if (a; b) 2 R5 and(b; 
) 2 R5, then (a; 
) 2 R5.An equivalen
e relation R � A � A indu
es a set of equivalen
e 
lasses. Ea
h equiv-alen
e 
lass 
ontains all the elements a 2 A that are related to ea
h other under R. Fromea
h equivalen
e 
lass, we 
hoose (randomly) an element a to be the \representative" of the
lass. Formally, [a℄ = fb 2 A : (a; b) 2 RgExample: The equivalen
e 
lasses of the relation R5 des
ribed above are:� [0℄ = f0; 5; 10; 15; : : :g = f5n : n = 0; 1; 2; : : :g� [1℄ = f1; 6; 11; 16; : : :g = f5n+ 1 : n = 0; 1; 2; : : :g4



� [2℄ = f2; 7; 12; 17; : : :g = f5n+ 2 : n = 0; 1; 2; : : :g� [3℄ = f3; 8; 13; 18; : : :g = f5n+ 3 : n = 0; 1; 2; : : :g� [4℄ = f4; 9; 14; 19; : : :g = f5n+ 4 : n = 0; 1; 2; : : :gThe 
ardinality of an equivalen
e relation R, denoted by jRj, is the number of equivalen
e
lasses of R. For example, jR5j = 5.Theorem 1 Let R be an equivalen
e relation on a set A. Then the equivalen
e 
lasses of R
onstitute a partition of A.A relation R � A� A that is re
exive, antisymmetri
, and transitive is 
alled a partialorder. For examples, the relationR� = f(a; b) : a; b 2 Z and a � bgis a partial order. Prove!A partial order R � A � A is a total order if, for all a; b 2 A, either (a; b) 2 R or(b; a) 2 R. For example, the relation R� is a total order. Prove!3 ClosuresLet D be a set, let n � 0, and let R � Dn+1 be an (n + 1)-ary relation on D. Thena subset B of D is said to be 
losed under R if bn+1 2 B whenever b1; : : : ; bn 2 B and(b1; : : : ; bn+1) 2 R. Any property of the form \the set B is 
losed under relations R1; : : : ; Rm"is 
alled a 
losure property of B.Theorem 2 Let P be a 
losure property de�ned by relations R1; : : : ; Rm on a set D and letA � D. Then there is a unique minimal set B of whi
h A is a subset and whi
h has propertyP . We 
all B the 
losure of A under the relations R1; : : : ; Rm. A parti
ular 
ase of Theorem2 that is of spe
ial importan
e is the formation of the re
exive, transitive 
losure of abinary relation R � A � A. This relation, denoted by R�, is the 
losure of R under therelations Q = f((a; b); (b; 
); (a; 
)) : a; b; 
 2 AgS = f((a; a)) : a 2 AgIn other words, R� is the minimal re
exive transitive relation of whi
h R is a subset. Exam-ples of 
losures:� The set of all Integers is 
losed under addition and subtra
tion.� The set of all Reals is 
losed under division by a nonzero number.� The set of all Naturals is not 
losed under subtra
tion.5



Example: The re
exive transitive 
losure R� of the relationR = f(a; b); (a; 
); (a; d); (d; 
); (d; e)gis: R� = R [ f(x; x) : x 2 fa; b; 
; d; egg [ f(a; e)g.4 Finite and in�nite sets: CountingTwo sets A and B have the same 
ardinality (equinumerous) if there is a bije
tion f :A ! B. For example, the sets A = f1; 2; 3; 4; 5g and B = fred; blue; green; yellow; greyghave the same 
ardinality, sin
e there is a bije
tion from A to B (�nd one.)A set A is �nite if there is a bije
tion from a set f1; 2; : : : ; ng, for some n, to A. A set Ais in�nite if it is not �nite. A set A is said to be 
ountably in�nite if there is a bije
tionfrom N to A. A set A is said to be 
ountable if it is �nite or 
ountably in�nite. A set thatis not 
ountable is un
ountable.The Pigeonhole Prin
iple: If A and B are nonempty �nite sets and jAj > jBj, then thereis no one-to-one fun
tion from A to B.The Diagonalization Prin
iple: Let R be a binary relation on a set A, and let D, thediagonal set for R, be fa : a 2 A and (a; a) =2 Rg. For ea
h a 2 A, let Ra = fb : b 2A and (a; b) 2 Rg. Then D is distin
t from ea
h Ra.Theorem 3 The set 2N is un
ountable.Proof. Suppose that 2N is 
ountably in�nite, that is, there is a bije
tion f : N ! 2N. Then2N 
an be enumerated as 2N = fS0; S1; S2; : : :g,where Si = f(i) for ea
h i 2 N . Now 
onsider the setD = fn 2 N : n =2 Sng.D is a set of natural numbers, and therefore should be Sk for some natural number k. Nowwe ask if k 2 Sk.1. Suppose the answer is yes, k 2 Sk. Sin
e D = fn : n =2 Sng, it follows that k 2 D; butD = Sk, so k =2 Sk, a 
ontradi
tion.2. Suppose the answer is no, k =2 Sk; then k 2 D. But D is Sk, so k 2 Sk, another
ontradi
tion.Sin
e neither (1) nor (2) is possible, the assumption that D = Sk for some k must have beenan error. Hen
e 2N is un
ountable. 2.
6



5 Strings and languagesAn alphabet is a nonempty �nite set of symbols, denoted by �. E.g., �1 = f0; 1g, �2 =fa; b; 
; � � � ; x; y; zg.A string w over � is a �nite sequen
e of symbols from �. The empty string is a string:� that 
ontains no symbols� of length 0� denoted by "� de�ned over any alphabet.The length of a string w, denoted by jwj, is the number of symbols in the string. E.g.,jab
j = 3, j"j = 0.�� denotes the set of all strings over �. String 
on
atenationGiven two strings w1 = a1a2 � � �am and w2 = b1b2 � � � bn, the 
on
atenation of w1 and w2,denoted by w1w2 is the string a1a2 � � �amb1 � � � bn.� String 
on
atenation is asso
iative: (w1w2)w3 = w1(w2w3).� String 
on
atenation is not 
ommutative: ab � aa 6= aa � ab.� 8w 2 ��; w" = "w = w.� 8w1; w2; jw1w2j = jw1j+ jw2j.A string v is a substring of string w if and only if there are strings x and y su
h thatw = xvy. Both x and y 
ould be ", so every string is a substring of itself ; and taking x = wand v = y = ", we see that " is a substring of every string. If w = xv for some x, then v isa suÆx of w; if w = vy for some y, then v is a pre�x of w.For ea
h string w and ea
h natural number i, the string wi is de�ned asw0 = " ,wi+1 = wi � w; 8i � 0The reversal of a string w, denoted by wR, is de�ned formally as follows:1. If w is a string of length 0, then wR = w = ".2. If w is a string of length n+ 1 > 0, then w = ua for some a 2 �, and wR = auR.E.g., (park)R = krap, (aba)R = aba.� (wx)R = xRwR. (Prove it by indu
tion on the length of x.)A language L over � is a set of strings over �, i.e., any subset of ��. Examples oflanguages over � = f0; 1g: 7



L1 = f0; 1g; L2 = f"; 00; 001; 10001g| {z }finite languagesL3 = fwj#0w = 2g; L4 = f0i1iji 2 Ng| {z }Infinite languages� An in�nite language 
ontains strings of any length. However, the length of ea
h string is�nite.� The language L = f"g is not the same as L = ;.Languages are sets. Therefore, we 
an de�ne the following:� Union: L1 [ L2 = fwjw 2 L1 or w 2 L2g� Interse
tion: L1 \ L2 = fwjw 2 L1 and w 2 L2g� Differen
e: L1 � L2 = fwjw 2 L1 and w =2 L2g� Complement: L = fw 2 ��jw =2 Lg� Cartesian Produ
t: L1 � L2 = f(w1; w2)jw1 2 L1 and w2 2 L2g� Con
atenation: L1 � L2 = fw1w2jw1 2 L1 and w2 2 L2g� Kleene Star: L0 = f"gLi = fw1 � � �wijwt 2 L; 81 � t � igL� = 1[i=0Li
L+ = 1[i=1LiNoti
e that L� and L+ are in�nite unless L = ; or L = f"g.Theorem 4 � = fa; bg. �� is 
ountably in�nite.Proof: First, sort the strings over � in lexi
ographi
 order, i.e., "; a; b; aa; ab; ba; bb; aaa; : : :Noti
e that this way we 
an enumerate all the strings over �.De�ne: g(a) = 0 and g(b) = 1. We now de�ne the fun
tion f : �� ! N as follows:8



f(a1; a2; � � � ; an) = 2n + g(a1) � 2n�1 + g(a2) � 2n�2 + � � �+ g(an) � 20E.g., f(") = 1, f(a) = 2, f(b) = 3, : : :f is one-to-one and onto (prove!).) �� is 
ountably in�nite. 2� Every in�nite language L over an alphabet � is 
ountable, sin
e L � �� and �� is 
ount-able.� Generalize the proof of Theorem 4 to alphabets of arbitrary �nite sizes.Theorem 5 The set of all the languages over � is un
ountable.Proof: We proved that �� is 
ountable.) we 
an enumerate all the strings over � in some order: w1; w2; : : :Assume that the set of all the languages over �, denoted by 2��, is 
ountable.) We 
an enumerate all the languages in 2�� in some order: L1; L2; : : :We show that there exists a language L � 2�� that is not in
luded in the mentioned enu-meration.Build the following matrix:
w1

w2

w3

w4

w5

L1 L2 L3 L4

0

0

1 1

11

1 0

00

0

0

0

0

0

0
A

Figure 1: "Enumeration" of all languages and stringsA is a binary matrix: ai;j = � 1; if wi 2 Lj0; if wi =2 Lj (1)De�ne the language L = fwijaii = 0g.It is easy to see that: 9



8i: wi 2 L, wi =2 Li (sin
e aii = 0).) 8i: Li 6= L.) L is not any of the languages in the given enumeration.) 2�� � the set of all the languages over �, is un
ountable. 2
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