Review: Linear and Vector
Algebra



Points in Euclidean Space R”

Location in space

Tuple of n coordinates X, v, z, etc

P = Pz, Py, Dz)
O

Cannot be added or multiplied together



Vectors: “Arrows in Space”

Vectors are point changes
Also number tuple: coordinate changes

U= (4,2)
Ay =2

Ar =4

Exist iIndependent of any reference point



Vector Arithmetic

Subtracting points gives vectors
* Vector betweenpandq:.qg-p

. q=(qz,9y,q:)
q—p

p = Pz, Py, Dz)



Vector Arithmetic

Subtracting points gives vectors
* Vector betweenpandq:.g—p

Add vector to point to get new point

/ pv



Vector Arithmetic

Vectors can be
« added (tip to tail)



Vector Arithmetic

w
Vectors can be y \

« added (tip to tail)

* subtracted 7 w/



Vector Arithmetic

w
Vectors can be 6/7 \

« added (tip to tail)
e Subtracted

¢ scaled



Vector Norm

Vectors have magnitude (length or norm)

|71l = \fv2 + 02+ 02 4

* n-dimensional Pythagorean theorem

[




Vector Norm

Vectors have magnitude (length or norm)

|71l = \fv2 + 02+ 02 4

Triangle inequality: |7+ @l < ||o]] + |||
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Unit Vectors

Vectors with ||7]| =1 unit or normalized
* encode pure direction

Borrowed from physics: “hat notation” ¢



Unit Vectors

Vectors with ||7]| =1 unit or normalized
* encode pure direction

Borrowed from physics: “hat notation” ¢

Any non-zero vector can be normalized:

-

V=

<l



Dot Product

Takes two vectors, returns scalar

—

VW = VpWg + VyWy + VW, + - -

* (works in any dimension)

v+ is length of # “in the @ direction”

>




Dot Product

Takes two vectors, returns scalar

—

VW = VpWg + VyWy + VW, + - -

Alternate formula:
v - = ||U]| cos




Dot Product

Takes two vectors, returns scalar

—

VW = VpWg + VyWy + VW, + - -

Alternate formula:

—

v-w = ||v]| cos O

—

v - w = ||U||||wW]| cos b




Dot Product Properties

Symmetry: v-w=w-v

Perpendicular vectors: v-w =0

Also note; v- v = ||v||?



Projection

Projection of v onto




Projection

Projection of v onto

Sy

v-w
—s W
|2

Can also project out component along

w




Dot Product and Angles

U-w0

Note cosf = iz requires only
multiplications and sqgrts

Useful because trig calls are slow

Also in a pinch (slow): 6 = arccos =i



Cross Product

Takes two vectors, returns vector
U X W= (VyWy — VyWy, VyWyq — VW, Vg Wy — VyWy;)

* works only in 3D

Direction: perpendicular to both v, w

Magnitude: |7 x || = ||&]|||]| sin 6



Cross Product Intuition

Magnitude is area of parallelogram
formed by vectors




Cross Product Intuition

There are two perpendicular directions.
Which direction is v x @ ?



Cross Product Intuition

There are two perpendicular directions.
Which direction is v x @ ?

Right-hand rule * axb




Cross Product Properties

Anti-symmetry: v x w = —w x ¢ (Why?)

U XU

w)

_|_

Linearity: @ x (& + @)

U) =U X W
U X (W) = a(v X

(@

Also note: v xv=0 (why?)



Cross Product Uses

Easily computes unit vector perpendicular
to two given vectors

U Xv

"= 15 (Which one? right-hand rule)



Cross Product Uses

Easily computes unit vector perpendicular
to two given vectors

U Xv

"= 15 (Which one? right-hand rule)

Relation to angles: sing = ||||3“><|vll

o]l

Even better: tang = 1x2l  no sqrts!



Vector Triple Product

w - (@ x ¥) signed volume of parallelepiped




Euclidean Goordinates

A vector in 2D (v, v,) can be interpreted

as Instructions

(Umvvy) oy

‘move to the right V,, and up vy~

Uz



Euclidean Goordinates

A vector in 2D (v, v,) can be interpreted

as Instructions

(Umvvy) oy

‘move to the right V,, and up vy~

In other words: (Vz, vy) = 02T + vy Y



(Finite) Vector Spaces

We say: 2D vectors are vector space of
vectors spanned by basis vectors {Z, 7}

» basis vectors: “directions” to travel
» span: all linear combinations



(Finite) Vector Spaces

We say: 2D vectors are vector space of
vectors spanned by basis vectors {Z, 7}

» basis vectors: “directions” to travel
» span: all linear combinations

What is span of {(1,1),(1,—1)}?



(Finite) Vector Spaces

We say: 2D vectors are vector space of
vectors spanned by basis vectors {Z, 7}

» basis vectors: “directions” to travel
» span: all linear combinations

What is span of {(1,1),(1,—1)}?
Of{(lv 1)7 (_17 _1)}?



Vectors and Bases

v = (1,1)

Consider V spanned by . _ (1,—1)

Coordinates (1,1) can represent:

/ 1v1 + 1o

1% + 19



Vectors and Bases

Key Point

A vector (arrow In space) can have different
coordinates in different bases




Vectors and Bases

Key Point

A vector (arrow In space) can have different
coordinates in different bases

The same coordinates can represent different vectors




Vectors and Bases

Key Point

A vector (arrow In space) can have different
coordinates in different bases

The same coordinates can represent different vectors

Default basis: Euclidean




Linear Dependence

Informal: vectors linearly dependent if
they are redundant

V1 = (0,1,0)
V2 = (17030)
V3 — (2,1,0)

v3 = 201 + Vg



Linear Dependence

Informal: vectors linearly dependent if
they are redundant

V1 = (0,1,0) 5
v2 = (1,0,0) va = S
V3 — (2,1,0)

span{vy, ve, v3} = span{vy, vs}



Linear Dependence

Informal: vectors linearly dependent if
they are redundant

Formal: basis {v:} linearly independent if

Zz-ozigq;:o = ;=0



Dimension Is size of biggest set of
linearly independent basis vectors

Examples:
dim{#,§,2} =3



Dimension Is size of biggest set of
linearly independent basis vectors

Examples:
dim{#,§,2} =3

dim{(1,1,0),(1,—1,0),(0,0,1)} = 3



Dimension Is size of biggest set of
linearly independent basis vectors

Examples:
dim{#,§,2} =3

dim{(1,1,0),(1,—1,0),(0,0,1)} = 3

dim{(1,1), (0,0),(=3,-3)} =1



Geometry of Dimension

Adding all vectors of vector space V to p

If dimV = :
e O



Geometry of Dimension

Adding all vectors of vector space V to p

If dimV = :
 O:justp
o 1.



Geometry of Dimension

Adding all vectors of vector space V to p

If dimV = :

 O:justp

* 1:line through p

« 2: plane through p

» 3+: hyperplane through p




Matrix

Matrix A, xarray with n rows, m columns

Agyn = 11 Q12 A13
“3 =
a21 a22 0423

Notes:
* 1) first row, then column



Matrix

Matrix A, xarray with n rows, m columns

Agyn = 11 Q12 A13
“3 =
a21 a22 0423

Notes:
* 1) first row, then column
* 2) one-indexed



Matrix Addition and Scaling

Can add two matrices of same size:

air a12 ais 4 bi1 b1z bis _ a11 + b1 aiz + D19
a1 a22 423 ba1 Doz bos az1 + ba1  ag2 + bao

a3 + b3
a3 + ba3



Matrix Addition and Scaling

Can add two matrices of same size:

ain G2 13 | bi1 biz b1z | _ | ann +bn a2 +bi2 a3+ bis
a1 a22 423 ba1 Doz bos a21 + ba1  as2 +baa  asz 4 bas

Scalar multiplication works as expected:

a air Q12 ais _ aay;p oaalz «@dags
az1 a22 423 aaz; Qa2 «azs

|



Matrix Multiplication

Can multiply matrices Ay xm, Byxps 9€1(AB)nxp



Matrix Multiplication

Can multiply matrices Ay xm, Byxps 9€1(AB)nxp

bi1]| bi2 013
bo1| b2o  bos
bsi| b3z b33

Term(ab);; is dot product of i-th row of A
with J-th column of B

[11 a2 0113}
2%3

az1 a22 Q23

. [ ai1biit+aiz2b21+aizbsi) - - ]
' - Ja2xs

3x3




Matrix Multiplication

Can multiply matrices Ay xm, Byxps 9€1(AB)nxp

bi1 |b12] 013
[_““ —L2 ‘“3} ba1 [bas| bas
021722 724 loxs bs1 |b32] D33

Term(ab);; is dot product of i-th row of A
with J-th column of B

[ * fa21bi2+azobaa+tasszbsa | - ]2><3

3x3




Matrix Multiplication

Can multiply matrices Ay xm, Byxps 9€1(AB)nxp

bi1 |b12] 013
[_““ —L2 ‘“3} ba1 [bas| bas
021722 724 loxs bs1 |b32] D33

Term(ab);; is dot product of i-th row of A
with J-th column of B

Is associative: (AB)C = A(BC)

[ * fa21bi2+azobaa+tasszbsa | - ]2><3

3x3




Multiplication Not GCommutative!

1 1 1 2]
0 1 3 4 |
1 211
'3 4]0

1 - -
1 -




Multiplication Not GCommutative!

1 1 1 2] [4 6

0 1 3 4| |3 4
1 2 ][1 1 1 3
'3 4]0 1 3 7

Has tripped up even professors...



Special Gase: Vectors

Vectors are represented using column
matrices:

ail
a1
asi

ai2
a2
a32

ai3
as3
a33

a11v1 + a12V2 + a1303
a21V1 + A22V2 + A23V3
a31v1 + a32vV2 + a33v3

Can treat vectors like n x 1 matrix




Special Gase: Vectors

Mathematically,
(AB)v = A(Bv)



Special Gase: Vectors

Mathematically,
(AB)v = A(Bv)

[\

In practice: slow OK
O(n°) O(n?)

Avoid matrix-matrix multiplies
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Interpretation 1: Row Products

Matrix multiplication is dot product of
vector with rows

C_il* 61* U

6:2* v — 62* - U

5_7:3* 63* - U
a1l Q12 Q13 U1 111 + A12V2 + @13V3
[ a21 @G22 A23 } { (5) } = { 21v1 1+ A22V2 + G23V3
a31 az2 ass3 U3 311 1+ A32V2 + A33V3



Interpretation 2: Column Sums

Matrix multiplication is linear combination
of columns

U1
A3 V2 = | V1041 + V2042 + V3043
V3

ail Q12 ais V1 a11v1 + a12V2 + 1303
as1 Qa22 a23 Vo | = | a21V1 + A22V2 + A23V3

Q|

x1 | Ax2

as1 32 ass a31v1 + a32V2 + 3303



Interpretation 3: Change of Goord

Matrix A transforms vector:
e from basis {d.1,ds2,dy3}
 to Euclidean basis

U1
Ayl (y3 Vo | = | v1Gx1 + V2lyo + U3y
U3

A %2




Identity Matrix

Square diagonal matrix

Ian —

1
- O O =
o = O

Satisfies

¢ IanAnXm — AnXm

¢ AnXmIme — AnXm

. Iv=1v

= e




Inverse Matrix

For some square matrices, inverse exists
A 'A =AA" =T
Ar =b=x2=A"1

Useful identity:
(AB)"'=B~14-!



Inverse Matrix

For some square matrices, inverse exists
A 'A =AA" =T
Ar =b= 2= A"1D
MatrixA—! transforms vector:
* from Euclidean basis
* to basis {@.1, ds2, Tus}



Inverse Matrix

For some square matrices, inverse exists
A 'A =AA" =T
Ar =b=x2=A"1

When does inverse exist?

10 1 171

0 1 -1 =7
0 0 O




Inverse Matrix

For some square matrices, inverse exists
A 'A =AA" =T
Ar =b=x2=A"1

Note:

« ComputingAa-1tis slow: O(n?)



Inverse Matrix

For some square matrices, inverse exists
A 'A =AA" =T
Ar =b=x2=A"1

Note:

« ComputingA-1tis slow: O(n?)

* For small matrices (4 x 4), not too bad

* For big matrices, inverse Is never
computed explicitly



Determinant

Maps square matrix to real number

, aip ai2
In 2D: det — A11A22 — Q120921
as1 a9

Measures signed volume of parallelogram

a*Q\
Ax1



Determinant

Maps matrix to real number

In 3D: det | @ | @ | @s | VOL. Of parallelepiped

(Why do we care?)




Determinant

Maps matrix to real number

In 3D: det | @ | @ | @s | VOL. Of parallelepiped

(Why do we care?)

Useful: det(AB) = det Adet B Gk



Transpose

Flips indices; “reflect about diagonal”

aip di2
as1 a2

Transpose of vector Is row vector

T

T
ai3 }

a3

:[Ul (00 ”03]

a2
ai13

a2
a3




Transpose

Flips indices; “reflect about diagonal”

q G1o (13 T aij; a1
11
— ai2 A2
asi1 Qa2 0423
| d13 423

What is viw?
What is v'v ?




Transpose

Flips indices; “reflect about diagonal”

T ai
aip a2 di3 -
— a12
a21 Q22 Q23
| 413

What is v'w?
What is v'v ?
Useful identity: (AB)" = B" A"




:3&1.531 FUADE SR BRI A g

"™ .....n. R R ) R R
L e
, \ (T éh_ @ w3 W Ml DY W
wawdl HSR¥IR v
N W

“ ...
AL W \r.&... 3. Y | VR TR R J vT ¥ o W _*

’

M Iy
]
W v. . "W |
PR Mot O wle % i W A A Ry dm
o ) o T A A YW ..,_ i

P °

g bt .a; t g gé.x ‘e TR R Y YR U L e R B
e VR s;fﬁé o {Owa® &

aql_\.if TX LY
_.._. “.

Al Oy estt ...&@:...f -y
gg 233« - TS AW LR rihah o WHW i

o &“.i_t_.ak_); 1% 0 e WO XY AN

dlly ol (A N *. a W% m.":u. A w_”.”. .\.Aﬂw LR R ™ SRR

ugi 0 G4 L "I xaauii. O 10 R - . Y r.;._i:._i L v

v N ......&1 g
¢

el

T
i -
K o

i.t?.cswga; MO e e e o

o T L

O L 172 A A



Interpretation 4: Any Linear Func.

For every linear function f : R» — R™ of
vectors to vectors, there exists 4,,,.,,

with: f(v) = Av



Interpretation 4: Any Linear Func.

For every linear function f : R» — R™ of
vectors to vectors, there exists 4,,,.,,

with: f(v) = Av

* Linear: f(v+w)= f(v) + f(w)
flav) = af(v)



Interpretation 4: Any Linear Func.

For every linear function f : R» — R™ of
vectors to vectors, there exists 4,,,.,,

with: f(v) = Av

* Linear: f(v+w)= f(v) + f(w)
flav) = af(v)

 Why true? Look at basis elements



