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deterministic drift

stochastic diffusion
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S §+¶!¢E¤!µ�­À¬!±©¦º²¥¶9«+­+­À¤®¢ ­�¶!¶!´¥ª1¢�· ¬;¦Å§=¢4±©²¥·¥¢E£>¢�²+·a¢�²�¬EÆ7§>¦�¬!¡:ª�´a¬!´+­�¨©¨¹È|­�²+·cÄÅ±¹¬!¡3¤®¢�¶;£=¢�¯`¬}¬;¦Å¬!¡a¢&·aÈI²+­�ª1±©¯E­�¨
£¥¤!¦g¯`¢�¶!¶E»4 Å¡¥±©¶"±©¶q¢K�g£¥¤!¢�¶!¶!¢�·�£¥¤!¦�§+­À§ ±©¨©±©¶;¬!±m¯E­�¨©¨¹È¸­�¶�«W¦º¨©¨¹¦hÄÅ¶�T

�vw ,�­76 AB� �5­ 5 &n­76 A � ' �vw��5­ 5 &n­76 A �
­76 A�
��� A
�vwO« � 5 � � � ¡ w / �

Ø|¦�¬;¢:¬!¡¥­À¬Å±m²�¬;¢E³�¤®­À¬!±m²a³¸¦7µ�¢E¤��5­4±©ª¸£+¨m±¹¢�¶ ¬!¡¥¢:ª�´¥¬!´¥­�¨}¯`¦º²¥·¥±©¬!±¹¦º²¥­�¨=±©²¥·a¢E£=¢�²¥·¥¢�²¥¯`¢|¦�«t¦�§+¶!¢E¤!µ�­À¬!±©¦º²¥¶�T

�vw ,7­ 5 &n­f�
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­
�
��� A
�vwO« � 5 � � � ¡ wP}r�

 �¡a¢&¦�§+¶;¢E¤!µÀ­À¬!±¹¦º²�£¥¤!¦g¯`¢�¶!¶ö±©¶}¬!¡¥¢E¤!¢E«C¦�¤®¢q·¥¢`½ ²a¢�·c§IÈc¶;£=¢�¯E±¹«WÈI±m²a³�¬!¡a¢q¯`¦º²¥·¥±¹¬!±©¦º²¥­�¨�·a¢�²+¶!±¹¬ÙÈ ��wO« ­�5 � ­ �}­À¬ö¢�­�¯®¡
¬!±©ª¸¢�®NÆ�­�²+·�¨©­À¬;¢E¤�Æö±©²o¯`¦ºª¸£+´¥¬!­À¬!±¹¦º²¥­�¨4¢K�a­�ª¸£+¨©¢�¶EÆ}Ä�¢$¬!­À°�¢$¬!¡+±©¶ ¬;¦Á§=¢1­�¬!±©ª1¢`¾Ù±©²¥·a¢E£=¢�²¥·a¢�²-¬3«W´+²¥¯`¬!±¹¦º²
�vwO« 5 �Ò�^»��g´DVy¯`¢3±¹¬q¬;¦¸¶!­�Èy«C¦�¤"²a¦hÄ ¬!¡¥­À¬EÆ¥±©²�¯E¨©´a¬;¬;¢E¤�Æg¬!¡a¢3¦�§+¶;¢E¤®µ�­À¬!±¹¦º²�·a¢�²+¶!±¹¬ÙÈy±©¶qª�´¥¨©¬!±Ú¾Ùª¸¦g·¥­�¨Ç»��|¢E¬!­�±m¨©¶
ÄÅ±©¨m¨ §=¢3³º±¹µ�¢�²�±©²�¶;¢�¯`¬!±¹¦º²��
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Â3±¹µ�¢�²j­$¯`¦º²-¬!±©²I´a¦º´¥¶�¾sµÀ­�¨©´a¢�· ��­À¤!°�¦hµ�¯^¡¥­�±©²ÁÄ|±¹¬!¡Á±©²¥·¥¢E£>¢�²+·a¢�²�¬"¦�§ ¶;¢E¤!µÀ­À¬!±¹¦º²¥¶EÆ ¬!¡a¢�¯`¦º²¥·+±¹¬!±¹¦º²¥­�¨}¶!¬!­À¬;¢`¾
·a¢�²¥¶®±¹¬ÙÈ � ­L­À¬�¬!±©ª¸¢É®"±©¶"·¥¢`½ ²a¢�·�§IÈ

� ­%w��5­º��� ��w��5­ 5 ,�­f� ¡
 �¡¥±m¶ ¤!¢E£+¤!¢�¶;¢�²-¬!¶"­�¨©¨=±©²a«W¦�¤®ª1­À¬!±¹¦º²�­À§=¦º´a¬q¬!¡a¢ ¶;¬!­À¬;¢c­À¬"¬!±©ª¸¢½® ¬!¡+­À¬q±m¶�·¥¢�·¥´¥¯E±¹§+¨©¢Å«W¤!¦ºª ¬!¡a¢ ¢�²�¬!±©¤!¢V·+­À¬!­�¾
¶;¬;¤!¢�­�ª ´a£�¬;¦1¬!¡¥­À¬Å¬!±©ª¸¢�»  �¡¥¢V¤^´¥¨¹¢3«C¦�¤|£¥¤!¦�£+­À³º­À¬!±©¦º²�¦�«ö¶!¬!­À¬;¢�·a¢�²¥¶®±¹¬ÙÈ�¦7µ�¢E¤V¬!±©ª¸¢c±©¶BT

�vw��5­ 5 ,�­f� '��+­ �vwO«+­ 5 �5­f� ��w��5­ 5 ,�­76 A � � w�£��

ÄÅ¡a¢E¤®¢
�vw��5­ 5 ,�­76 A �
'����	��


¯
��w��5­ 5 �5­76 A � �vw��5­76 A 5 ,�­76 A � wP¤r�

­�²¥·��r­)±©¶4­:²a¦�¤®ª1­�¨©±m¶!­À¬!±¹¦º²¸¯`¦º²¥¶;¬!­�²-¬�¬!¡¥­À¬ ·a¦I¢�¶ ²a¦�¬&·a¢E£=¢�²¥·[¦º²#�5­;»L �¡a¢"µÀ­�¨©±©·+±¹¬ÙÈ�¦�«>¬!¡¥¢Å¤®´¥¨©¢q±m¶L£¥¤!¦hµ�¢�·
±©²�¬!¡a¢�­À£¥£=¢�²¥·¥±Ã�=»

 �¡¥¢�£+¤!¦�£+­À³º­À¬!±¹¦º²�¤®´+¨¹¢	w�£��V¶!¡¥¦º´¥¨©·�§>¢¸±©²-¬;¢E¤!£¥¤®¢E¬;¢�·j¶®±©ª¸£+¨¹È�­�¶ ¬!¡¥¢�¢�¿I´¥±¹µÀ­�¨¹¢�²-¬|¦�«&¬!¡a¢#�q­�È�¢�¶�
)¤®´¥¨¹¢
w �r�&«W¦�¤q±m²a«C¢E¤®¤®±©²a³c£=¦º¶;¬;¢E¤^±¹¦�¤"¶;¬!­À¬;¢c·a¢�²¥¶!±©¬ÙÈ¸«W¤!¦ºªU·¥­À¬!­gÆa«W¦�¤�¬!¡¥¢V¬!±mª¸¢`¾sµ�­À¤®ÈI±©²¥³�¯E­�¶;¢�»& �¡a¢V¢KX>¢�¯`¬!±¹µ�¢ £+¤®±¹¦�¤
�vw�� ­�5 , ­76 A �y±©¶�­�¯`¬!´¥­�¨©¨©È9­u£¥¤!¢�·¥±©¯`¬!±©¦º²9¬!­À°�¢�²ý«W¤!¦ºª ¬!¡a¢�£=¦º¶;¬;¢E¤®±¹¦�¤ �vw�� ­76 A 5 , ­76 A �$«W¤!¦ºª ¬!¡a¢�£¥¤!¢Eµg±¹¦º´¥¶
¬!±©ª¸¢`¾Ù¶!¬;¢E£}Æg¦º²�¬;¦¸ÄÅ¡+±©¯®¡�±©¶q¶!´a£=¢E¤®±©ª1£>¦º¶!¢�·¸¦º²a¢3¬!±©ª¸¢`¾Ù¶;¬;¢E£�«W¤!¦ºª ¬!¡a¢ ·aÈg²¥­�ª1±©¯E­�¨>ª¸¦g·a¢�¨�wO�a¦�°-°�¢E¤!¾�� ¨©­�²¥¯®°
·a¤®±©«C¬�£+¨©´¥¶�·¥±ÇX=´¥¶®±¹¦º²Ã­�¶'±©²×½+³º´a¤!¢ / �^Æ3ÄÅ¡¥±m¯®¡ ±©¶�¢K�g£¥¤!¢�¶!¶!¢�· ±©²pwP¤r�^» ��´¥¨©¬!±¹£+¨©±©¯E­À¬!±©¦º²Ã±©² w�£���§-ÈÃ¬!¡a¢
¦�§+¶;¢E¤®µ�­À¬!±¹¦º²u·a¢�²¥¶®±¹¬ÙÈ �vwO«r­ 5 �5­f�c±©²�¬!¡a¢ �q­7È�¢�¶!±©­�²�ª1­�²¥²¥¢E¤:¬!¡a¢�²u­À£¥£+¨©±©¢�¶c¬!¡a¢�¤!¢�­�¯`¬!±¹µ�¢�¢KX>¢�¯`¬[¢K�g£=¢�¯`¬;¢�·
«W¤!¦ºªU¦�§+¶;¢E¤®µ�­À¬!±¹¦º²+¶E»n��¢�¯E­�´¥¶;¢�¬!¡a¢:¦�§ ¶;¢E¤!µÀ­À¬!±¹¦º²Á·a¢�²¥¶®±¹¬ÙÈ�±©¶�²a¦º²a¾�Â3­�´¥¶!¶!±m­�²GÆa¬!¡a¢c¢Eµ�¦º¨¹µg±©²a³y¶;¬!­À¬;¢�·a¢�²+¶!±¹¬ÙÈ
�vw�� ­�5 , ­ �"±©¶Å­�¨©¶!¦1³�¢�²a¢E¤®­�¨©¨©È�²a¦º²a¾�Â3­�´¥¶!¶!±m­�²G»� Å¡a¢ £¥¤!¦�§+¨©¢�ªÒ²a¦7Ä ±©¶Å¡¥¦7Ä ¬;¦�­À£¥£+¨¹È�­�MU��M©Q NÈMU¦�L�� �'Q J[¦��"¬;¦
¢EµÀ­�¨©´¥­À¬;¢Å¬!¡¥¢Å¶;¬!­À¬;¢3·a¢�²¥¶!±¹¬ÕÈ[¦7µ�¢E¤�¬!±©ª¸¢�Æ�Ä|±¹¬!¡a¦º´a¬ ±m²¥¯E´a¤!¤®±m²a³|¢K�a¯`¢�¶!¶!±©µ�¢|¯`¦ºª¸£+´¥¬!­À¬!±¹¦º²¥­�¨+¨©¦º­�·G» � ²a¢Eµg±¹¬!­À§+¨©È
¬!¡¥±©¶yª¸¢�­�²¥¶�­À£¥£¥¤!¦.�g±mª1­À¬!±©²a³a» ØV´¥ª¸¢E¤!¦º´¥¶y­À£¥£¥¤!¦º­�¯^¡a¢�¶EÆÅ±m²¥¯E¨©´¥·¥±m²a³ Ó;ª�´¥¨©¬!±¹£+¨¹¢Á¡-È-£=¦�¬!¡a¢�¶®±©¶¸¬;¤®­�¯®°I±©²¥³ºÔgÆ
¡¥­7µ�¢�§>¢E¢�²u£¥¤®¦�£>¦º¶!¢�·�§+´¥¬�£¥¤®¦7µ�¢�´¥²¥¶!´+±¹¬!­À§+¨¹¢1«W¦�¤1´¥¶;¢�ÄÅ±¹¬!¡u¯E´a¤!µ�¢�¶¸­�¶[¦�£+£>¦º¶!¢�·�¬;¦o·¥±m¶!¯`¤!¢E¬;¢�«C¢�­À¬!´a¤®¢�¶
� ·¥¢E¬!­�±©¨©¶c­À¤!¢$³º±¹µ�¢�²�±©²�¬!¡¥¢$­À£¥£=¢�²¥·¥±Ã�=» � ²o¬!¡¥±©¶ £ ­À£>¢E¤:Ä&¢1£+¤!¦�£=¦º¶;¢1­'¶!­�ª1£+¨©±©²a³�­À£¥£+¤!¦º­�¯®¡�ÄÅ¡¥±©¯^¡o±©¶
·a¢�¶!¯`¤^±¹§=¢�·�±m²�¬!¡a¢c«W¦º¨©¨¹¦7Ä|±©²a³[¬ÙÄ�¦$¶;¢�¯`¬!±¹¦º²+¶E»

� �=476 Þ=Ü 2 ß " à 4 � � @H: Ý=<

 �¡¥±m¶ ¶;¢�¯`¬!±¹¦º²�·a¢�¶®¯`¤®±¹§=¢�¶L½+¤^¶;¬ ¬!¡a¢V«é­�¯`¬;¦�¤!¢�·�¶!­�ª¸£+¨m±©²a³:­�¨¹³�¦�¤^±¹¬!¡¥ª ·a¢�­�¨©±©²a³�ÄÅ±¹¬!¡y²a¦º²g¾�Â3­�´¥¶®¶!±©­�²y¦�§+¶;¢E¤!µÀ­�¾
¬!±¹¦º²¥¶"±m²y¶!±m²a³º¨¹¢3±©ª1­À³�¢�¶E»  Å¡a¢�²�«W­�¯`¬;¦�¤!¢�·'¶!­�ª¸£+¨©±m²a³�±©¶q¢K�g¬;¢�²¥·a¢�·�±m²y¬!¡¥¢V«W¦º¨©¨¹¦hÄÅ±©²a³[¶;¢�¯`¬!±¹¦º²�¬;¦1·¥¢�­�¨=ÄÅ±¹¬!¡
¬;¢�ª¸£=¦�¤®­�¨}±mª1­À³�¢c¶;¢�¿I´a¢�²¥¯`¢�¶E»

¢ ¶;¬!­�²¥·¥­À¤®·�£¥¤!¦�§ ¨¹¢�ª ±m²�¶;¬!­À¬!±m¶;¬!±©¯E­�¨ö£+­À¬;¬;¢E¤®²j¤!¢�¯`¦�³º²¥±©¬!±¹¦º²�±©¶Å¬;¦�½ ²+·�­�²j¦�§DC;¢�¯`¬3£+­À¤®­�ª¸¢E¬;¢E¤®±m¶;¢�·�­�¶
�9Ä|±¹¬!¡Ö£¥¤^±¹¦�¤ �vw��Ò�^Æ4´+¶!±©²a³'·+­À¬!­3«�«C¤®¦ºª ­j¶!±©²a³º¨©¢$±©ª1­À³�¢�»' Å¡a¢$£=¦º¶;¬;¢E¤®±©¦�¤�·a¢�²¥¶®±¹¬ÙÈ �vw�� 5 «��c¤®¢E£¥¤!¢�¶;¢�²-¬!¶
­�¨©¨)¬!¡a¢:°g²a¦7Ä|¨¹¢�·a³�¢[­À§>¦º´¥¬ ��¬!¡+­À¬|±©¶V·a¢�·¥´¥¯E±©§+¨¹¢ «W¤!¦ºªÒ¬!¡a¢[·¥­À¬!­g» � ¬3¯E­�²'§=¢:¢EµÀ­�¨©´¥­À¬;¢�·j±©²'£¥¤®±©²¥¯E±©£+¨¹¢3§-È
­À£¥£+¨©ÈI±©²¥³��q­�È�¢�¶�
 ¤®´+¨¹¢#w �ö­À£=¦º´¥¨m±©¶EÆ5zB{+{����q¬;¦y¦�§¥¬!­�±©²

�vw�� 5 «�� '�� �vwO« 5 �Ò� �vw��Ò� w �r�

ÄÅ¡a¢E¤®¢���±©¶L­ ²¥¦�¤®ª1­�¨©±©¶®­À¬!±¹¦º²�¯`¦º²+¶;¬!­�²�¬ ¬!¡¥­À¬4±©¶t±©²¥·a¢E£=¢�²¥·¥¢�²�¬�¦�«c�L» � ²�¯E­�¶!¢�¶4ÄÅ¡a¢E¤®¢(��wO« 5 �Ò�ö±©¶L¶!´DV�¯E±¹¢�²�¬!¨©È
¯`¦ºª¸£+¨©¢K�j¬!¡¥­À¬ �vw�� 5 «�� ¯E­�²+²a¦�¬c§=¢[¢Eµ�­�¨©´+­À¬;¢�·�¶!±©ª1£+¨¹È'±©²o¯E¨©¦º¶;¢�·o«W¦�¤®ª�Æ�±©¬;¢E¤®­À¬!±¹µ�¢$¶!­�ª1£+¨©±©²a³�¬;¢�¯®¡+²¥±©¿I´a¢�¶
¯E­�²o§=¢1´¥¶;¢�· wsÂ3¢�ª1­�²�­�²¥·�Â3¢�ª1­�²GÆnzB{+|�£W~`�|±¹£+¨¹¢EÈ'­�²+· �g´a¬!¡a¢E¤^¨©­�²¥·GÆ`zB{+{��D~ ÂV¤!¢�²¥­�²+·a¢E¤ ¢E¬:­�¨Ç»¹Æ�zB{+{Dz�~
�I¬;¦�¤!µg±¹°>Æ`zB{+{�£��^»� �¡a¢�«é­�¯`¬;¦�¤!¢�·Ö¶!­�ª¸£ ¨©±©²a³$­�¨©³�¦�¤®±¹¬!¡¥ª wsÂV¤!¢�²+­�²¥·a¢E¤3¢E¬ ­�¨Ç»¹Æ'zB{+{Dz.�|³�¢�²a¢E¤®­À¬;¢�¶c­�¤®­�²+·a¦ºª
µÀ­À¤®±©­À¬;¢��9«C¤!¦ºª ­'·¥±©¶!¬;¤®±¹§+´a¬!±©¦º²���vw��Ò� ¬!¡¥­À¬�­À£+£¥¤!¦B�a±©ª1­À¬;¢�¶:¬!¡a¢1£=¦º¶;¬;¢E¤®±©¦�¤��vw�� 5 «��^»��t±¹¤®¶;¬�­Á¶!­�ª¸£+¨©¢`¾Ù¶;¢E¬
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¬!¡a¢:¯`¦º²+·¥±¹¬!±¹¦º²¥­�¨=¦�§ ¶;¢E¤!µÀ­À¬!±¹¦º²Á·a¢�²¥¶®±¹¬ÙÈ�»  Å¡a¢cµÀ­�¨©´a¢É����'i� � ¯®¡a¦º¶!¢�²'±©²�¬!¡+±©¶q«W­�¶®¡¥±¹¦º²Á¡¥­�¶Å­1·¥±©¶;¬;¤^±¹§+´a¬!±¹¦º²
ÄÅ¡¥±m¯®¡�­À£¥£¥¤®¦B�a±©ª1­À¬;¢�¶"¬!¡a¢:£>¦º¶!¬;¢E¤®±¹¦�¤ �vw�� 5 «���±©²¥¯`¤!¢�­�¶®±©²a³º¨¹È$­�¯E¯E´¥¤®­À¬;¢�¨¹È�­�¶ 	 ±©²¥¯`¤!¢�­�¶!¢�¶;wC½+³º´a¤!¢;}r�^»
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�J��D¦��H¦KMcJO�»¦KE��
		J��D¦�IKQÇ��IKE�NÈM J��W¦����+GD�%¦ 
½N�E
EKL��¬�UQÇ¦�¨ ��L�MU¨r�!�=Q ª 	$����� L��c�HNP���3¨�¦KMWE$N�JOª ��w��Ò� 1��¬L � � EKL!� �cQ!¦3NÈE�L�E�EHN �+M�¦%¨ L ,n¦�N ����J�� � "f¨�¦º�cN��BJ[¦%¨
IKª3I�QÃ��I�L��%¦%L %�NÈM��c���$�D���KJONO��M¥J)��J��D¦�§�L+Q G ¦ �
	�J��D¦���I$E�¦��H§�L+JONP��M ¨�¦KMWE$N�JOª ��wO« 5 � ' î � � �º� 1 � �D¦*,n¦�N ����J[¦%¨
�D��N�M J
�fE�¦BJ¬J��D¦�M E�¦��H§+¦$E#L�E#L��%¦f�c�%¦$EB¦KM J)LrJONO��M �
	�J��D¦½�D��EKJ[¦K�$NO�+�	¨�¦�MWEHNOJOª �vw�� 5 «���
 E$GDN�J)L�I�QÇ¦ 	�����EKL!� �cQ NÈM�� 1
� �D¦;��MU¦��»¨�N���¦KMWE$NO��MUL�Q<��L�EB¦½N�QÈQ G�E$JO�»L+J[¦%¨*�D¦K�%¦;¦��rJ[¦KMU¨�E McLrJOG��»L�Q�Q ª#J)�#J��D¦n�c�»L �.JON7�HL�Q ��L�EB¦½J���L+J�J��D¦�¨�¦�MWEHNOJOª
NÈE�¨�¦7�'M�¦%¨���§�¦��ÉE�¦�§�¦���L�Q©�D��E$N�JONP��M L�Mc¨ E���LH�W¦=§�L��$NOL�IKQ!¦$E 1
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% wé´¥²¥±¹¬!¶�¦�«t±m²�µ�¢E¤®¶!¢:·¥±©¶;¬!­�²+¯`¢³�qª�´+¶;¬�§=¢:¯®¡¥¦º¶;¢�²GÆ+¬!¡¥¦º´a³º¡'±©²�£+¤®±©²¥¯E±¹£ ¨¹¢|¬!¡¥¢EÈ�¯`¦º´+¨©·�§=¢c¢�¶;¬!±©ª$­À¬;¢�·Á«W¤!¦ºª
·¥­À¬!­j§IÈÖ¦�§+¶;¢E¤!µg±©²a³�ª¸¢�­�¶!´¥¤!¢�ª¸¢�²-¬�¢E¤!¤®¦�¤ "ý­�²¥·u§=¦�¬!¡�¬!¡a¢�·a¢�²¥¶!±¹¬ÕÈÖ¦�«Å¯E¨©´¥¬;¬;¢E¤ ! ­�²¥·�£¥¤!¦�§+­À§+±m¨©±¹¬ÙÈ�¦�«
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­À§=¦º´a¬7£r�[½+¢�¨m·¥¶�wO�g»¿|�� ¶H�^Æ+¬!¡a¢:¼c­�¨©ª$­�²�½ ¨¹¬;¢E¤"Äq­�¶Å·¥±©¶!¬;¤®­�¯`¬;¢�·�§IÈ�¯E¨©´¥¬;¬;¢E¤�Æ+²a¢Eµ�¢E¤|¬;¦1¤!¢�¯`¦7µ�¢E¤7»

Â3±©µ�¢�²o¬!¡¥­À¬ ¬!¡a¢E¤!¢y±©¶V¦º²¥¨¹È'¦º²¥¢$ª¸¦7µg±©²a³�£=¢E¤®¶;¦º²o±m²�¬!¡¥±©¶V¢K�I£=¢E¤®±mª¸¢�²�¬EÆ�´¥²¥¨©±¹°�¢�¬!¡a¢¸£¥¤®¢EµI±¹¦º´+¶3¦º²a¢1±©²
ÄÅ¡¥±m¯®¡[¬!¡a¢E¤!¢"Ä�¢E¤!¢�¬!¡¥¤!¢E¢�Æ�±¹¬4ª1±©³º¡�¬4¶;¢E¢�ª ¬!¡¥­À¬ ­c´¥²+±©ª¸¦g·¥­�¨�¤®¢E£¥¤!¢�¶;¢�²-¬!­À¬!±¹¦º²¸¦�«>¬!¡a¢Å¶;¬!­À¬;¢|·a¢�²¥¶!±¹¬ÕÈ�¶!¡¥¦º´¥¨©·
¶!´DV�¯`¢�»4 �¡¥±©¶"±©¶q¢�ª1£+¡¥­À¬!±©¯E­�¨©¨©È$²a¦�¬"¬!¡a¢:¯E­�¶!¢�»  �¡a¢ «é­�¯E±©¨©±¹¬ÕÈ$¬;¦1¤®¢E£¥¤!¢�¶;¢�²-¬�ª�´+¨¹¬!±¹£+¨¹¢Vª¸¦g·a¢�¶�±©¶"¯`¤®´+¯E±©­�¨=¬;¦
¤!¦�§+´+¶;¬!²a¢�¶!¶ ­�¶c½+³º´a¤!¢�zB}�±©¨m¨©´¥¶;¬;¤®­À¬;¢�¶�»[ Å¡a¢�½+³º´a¤!¢1¶!¡¥¦7ÄÅ¶c¡¥¦7Ä ¬!¡a¢y·¥±©¶;¬;¤®±©§+´a¬!±¹¦º²'§>¢�¯`¦ºª1¢�¶:ª1±©¶®­�¨©±¹³º²a¢�·
wé­À¬;{��+��ª1¶H�^Æ)¤!¢�­�¯`¬!±©²a³�¬;¦�¬!¡a¢¸·¥±©¶;¬;¤^­�¯`¬!±©²a³$«W¦�¤®ª ¦�« ¬!¡¥¢[¯`¦ºª1£+´a¬;¢E¤c¶!¯`¤!¢E¢�²}»�¢Å«W¬;¢E¤c­�«W´a¤®¬!¡a¢E¤ / ��ª$¶3¬!¡a¢
·¥±©¶!¬;¤®±¹§+´a¬!±©¦º²u¶!£+¨©±¹¬!¶1±m²�¬;¦�¬ÙÄ�¦u·¥±m¶;¬!±©²¥¯`¬¸£=¢�­À°g¶EÆq¦º²a¢�¯`¦�¤!¤®¢�¶;£=¦º²¥·¥±©²a³o¬;¦
¯E¨©´a¬;¬;¢E¤�wW¬!¡a¢�¶®¯`¤!¢E¢�²c�^Æ�¦º²a¢�¬;¦
¬!¡a¢[·¥­�²¥¯`¢E¤�
 ¶3¡a¢�­�·}»½¢q¬3¬!¡¥±m¶Å£=¦º±©²-¬Å¬!¡a¢[¯E¨©´a¬;¬;¢E¤3£=¢�­À°'­�¯`¬!´¥­�¨m¨¹È'¡¥­�¶V¬!¡a¢[¡¥±¹³º¡a¢E¤V£=¦º¶;¬;¢E¤®±¹¦�¤V£¥¤!¦�§ ­À§+±©¨©±¹¬ÕÈ
� ­'´¥²¥±©ª¸¦g·¥­�¨ö¬;¤®­�¯®°�¢E¤�ÆL«C¦�¤�±©²¥¶;¬!­�²+¯`¢1­'¼c­�¨©ª$­�²�½ ¨¹¬;¢E¤�Æ)Ä&¦º´¥¨m·Ö­�¨©ª¸¦º¶;¬�¯`¢E¤!¬!­�±©²¥¨¹È�·¥±©¶®¯E­À¤®·o¬!¡a¢$¨©¦7Ä�¢E¤
£=¢�­À° ÆI¤!¢�²¥·¥¢E¤®±©²a³c±¹¬&´¥²¥­À§+¨¹¢Å¬;¦�¤!¢�¯`¦hµ�¢E¤�»  �¡¥¢ É3Ê)Ë}Ì)Í¥ËöÎEÏ¥Ð>ÑWÊ)ËÁ­�¨¹³�¦�¤®±©¬!¡¥ª ¡a¦hÄ&¢Eµ�¢E¤7Æ¥¯E­À£+­À§+¨¹¢V­�¶&±¹¬&±©¶4¦�«
¯E­À¤!¤!Èg±©²a³y¶;¢Eµ�¢E¤®­�¨t¡�ÈI£=¦�¬!¡a¢�¶;¢�¶V¶!±©ª�´¥¨¹¬!­�²a¢E¦º´+¶!¨¹È�Æ+·a¦I¢�¶|¤!¢�¯`¦7µ�¢E¤ ¤®­À£ ±©·¥¨¹È�­�¶V¬!¡a¢�¯E¨©´¥¬;¬;¢E¤|£=¢�­À°Á·a¢�¯E­7ÈI¶3«W¦�¤
¨©­�¯®°�¦�«t¯`¦º²g½+¤^ª1­À¬;¦�¤!È�¦�§+¶;¢E¤!µÀ­À¬!±¹¦º²GÆ¥¨©¢�­�µg±©²a³�C!´¥¶;¬"¦º²a¢c£=¢�­À°�¯`¦�¤!¤!¢�¶;£=¦º²¥·+±©²a³�¬;¦1¬!¡a¢:·¥­�²+¯`¢E¤Å­À¬ { ���$ª$¶E»
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½ ¢�¨©·�{Dz w�zB| / �yª1¶H� ½ ¢�¨©·xz / z�w / £ / ��ª1¶H�

½+¢�¨©· /+/ z w�£+£ / �yª1¶$� ½ ¢�¨©· / �+¤�wP¤+}��+��ª1¶H�

�t±¹³º´a¤!¢3z+z�T â�ã�ä¥å�æ}çWè�ê ä¥ê>çWïWí�ô�÷¥ðhçW÷>è çéè å�ïéë)ð�ð7íIã � � �D¦	J[¦KE$J E�¦)(�G ¦KM �$¦ ����M©EHNÈE$J�E	�
	���������¦�QÃ¨�E "����
E�¦�����MU¨�E % �
	�L��rNÈQ!¦�¨�L�M �H¦�L���L�N�MWE$J�L ��Q GWJPJ[¦K�%¦%¨ I%L � � �r����GDMc¨ 1 � �D¦ ¨�L�M �H¦���� E#�D¦�Lr¨ NÈE	JO�»L � �+¦%¨ J����»��G �!�
J��D¦=E�¦ (BG ¦KM �$¦�1
	�¦�§�¦���L�Q��%¦f�c�%¦$EB¦KM J)LrJONÈ§+¦ ��¦�QÃ¨�E�L��%¦�E����!,`M �D¦K�%¦ 
¬¦%L � � ,`NOJ���L�JO��L�N�Q'�
	�EHG ���$¦$E�E$NÈ§+¦0��¦%L�M
JO�»L ���r¦%¨ �D¦�Lr¨ �D��E$N�JONP��MWExL+J�NÈMcJ[¦K�$§�L�Q E��
	��
� ��E 1 � �D¦jÉ3Ê}Ë)Ì)Í¥Ë�Î�Ï¥Ð>ÑWÊ)Ë L�Q �����$NOJ�� � G�EB¦%¨ 	 ' z��+�
EKL��¬�UQÇ¦KE7�W¦K��JON ��¦��[EKJ[¦f� J)����I�J)L�N�MxJ��D¦$EB¦��»¦KEHGDQÃJ�E 1
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X

Y

Condensation tracker

X

Y

Kalman filter tracker

Time = 10 s Time = 10 s

�t±¹³º´a¤!¢3z / T â���í ��÷ è�ù�ígè�î�äaðhçW÷ è ð7ã�ä¥å�æ+íIãÖî7ë�åºåºíIí-ùöî � ��í-ã�í
ä � ä+ïéô�ä+è �LïCð7í-ãoøÕä+çéïWî�� � �D¦ ¦$E��
JON���LrJ[¦%¨=�H¦�M JO�»��NO¨0	�����J��W¦�E�¦ (BG ¦KM �$¦�E����!,`M N�M ���+GD�»¦����3NÈE½�cQÇ�+JPJ[¦%¨xL���L�N�MWE$J�JON ��¦ 	�����J��D¦�¦�M JONÈ�%¦������
��¦�QÃ¨#E�¦)(�G ¦KM �$¦ 
�L�E�JO�»L ���r¦%¨ �'�HE$J7IKª#J��D¦cÉ3Ê)Ë}Ì)Í+Ë�ÎEÏ¥Ð>ÑWÊ)ËmJO�»L ���r¦K��
nJ��D¦KM IKª�L �����¬�WL���L�IKQ!¦ .=L�Q �#L�M'�'Q �
J[¦K��JO��L � �+¦�� 1 � �D¦:É Ê}Ë}Ì�Í¥Ë�Î�Ï¥Ð ÑéÊ}Ë¥L�Q �����$N�J�� � ���+�H�%¦+�.JOQ ª ¦$EKJON �#L+J[¦KE;J��D¦ �D¦�Lr¨��D��EHNOJONP��M J����»��G �!���+GDJ�J��D¦
E�¦)(�G ¦KM(�H¦�1 � �W¦�.=L+Q/�#L�M*�'QÃJ[¦K��JO��L ���.E�I��HN)¦ � ª�
�IKGWJnN�E½E��B��M ¨�NÈE$JO�»L �BJ[¦�¨ IKª ��Q GWJPJ[¦K��L�MU¨�M�¦K§�¦����%¦+���+§�¦K�HE 1

' Z�
 � �rk 	��`d[e�g¥k5e k �+qrd�	 �nb)kUq+a _F] 	���a�	�q
 �¡a¢�£¥¤!¢�¯`¢�·¥±m²a³$¶;¢�¿I´a¢�²¥¯`¢�¶V¶!¡a¦hÄ ª¸¦�¬!±©¦º²'¬!­À°g±©²a³y£+¨©­�¯`¢�±m²'­�Vy²a¢�¶!¡¥­À£=¢`¾Ù¶;£+­�¯`¢�¶|¦�«UC!´¥¶;¬ �y·¥±©ª¸¢�²+¶!±¹¦º²¥¶E»
yV±¹³º¡�·¥±©ª¸¢�²¥¶®±¹¦º²¥­�¨©±¹¬ÕÈ�±m¶&¦º²¥¢|¦�«�¬!¡a¢3«W­�¯`¬;¦�¤®¶�Æg±m²�­�·+·¥±¹¬!±¹¦º²$¬;¦[­À³º±m¨©±¹¬ÙÈy­�²¥·�¯E¨©´a¬;¬;¢E¤�Æg¬!¡¥­À¬"ª1­À°�¢�¶q¬;¤®­�¯®°I±m²a³
¡¥­À¤®·�wO�q¨©­À°�¢ ¢E¬"­�¨Ç»¹Æ�zB{+{+}r�^» � ²y¦�¤^·a¢E¤q¬;¦[±m²�µ�¢�¶;¬!±©³º­À¬;¢V¬;¤^­�¯!°g±©²a³[£=¢E¤!«C¦�¤^ª1­�²¥¯`¢|±m²y¡¥±©³º¡a¢E¤�·+±©ª¸¢�²¥¶!±©¦º²¥¶EÆºÄ�¢
´¥¶;¢�·�­�¤��+��½+¢�¨©·�w�z��¸¶;¢�¯`¦º²¥·U�&¬;¢�¶;¬"¶;¢�¿-´¥¢�²¥¯`¢3¦�«�­[¡¥­�²¥·�¬;¤®­�²¥¶®¨©­À¬!±©²a³aÆI¤!¦�¬!­À¬!±©²a³aÆ¥­�²+·�R ¢K�g±©²¥³�±¹¬!¶&½ ²¥³�¢E¤®¶
±©²¥·¥¢E£>¢�²+·a¢�²�¬!¨©È�Æ¥¦7µ�¢E¤:­�¡¥±¹³º¡+¨¹È�¯E¨©´a¬;¬;¢E¤!¢�·�·a¢�¶;°�¶!¯`¢�²a¢�wC½+³º´a¤!¢�zK£��^»��t±¹³º´a¤!¢�zB¤�¶!¡a¦7Ä|¶'C!´¥¶;¬V¡a¦7Ä ¶;¢Eµ�¢E¤®¢
¬!¡a¢:¯E¨m´a¬;¬;¢E¤�£¥¤!¦�§ ¨¹¢�ªU±©¶ ��¬!¡a¢�¡¥­�²¥·�±©¶"±©ª$ª¸¢E¤®¶;¢�·�±©²�­$·a¢�²¥¶;¢3½+¢�¨m·�¦�«ö¢�·¥³�¢�¶E»

¢Uª¸¦g·a¢�¨L¦�«"¶!¡+­À£>¢y­�²¥·Öª¸¦�¬!±¹¦º²�ª¸¦g·a¢�¨LÄq­�¶�¨¹¢�­À¤^²a¢�·o«W¤!¦ºª�¬;¤®­�±m²¥±©²a³Á¶;¢�¿I´a¢�²¥¯`¢�¶:¦�«�¡¥­�²¥·Öª1¦�¬!±¹¦º²
­À³º­�±©²¥¶!¬t­|£+¨©­�±m²c§+­�¯®°-³�¤!¦º´+²¥·GÆ�¬;¤®­�¯®°�¢�·¸§-È�¼c­�¨©ª1­�²�½ ¨¹¬;¢E¤7wé´¥¶!±m²a³|¶!±©³º²a¢�·:¢�·¥³�¢�¶t¬;¦3¡¥¢�¨¹£�¬;¦ ·¥±m¶!­�ª:§ ±¹³º´¥­À¬;¢
½ ²a³�¢E¤q§=¦º´¥²¥·+­À¤®±¹¢�¶H�^»t �¡a¢V£¥¤!¦g¯`¢�·¥´a¤!¢3¯`¦ºª¸£¥¤^±©¶;¢�·�¶;¢Eµ�¢E¤®­�¨G¶;¬!­À³�¢�¶EÆ ¯`¤!¢�­À¬!±¹µ�¢c­�¶!¶;¢�ª�§+¨¹È$¦�«�ª¸¢E¬!¡a¦g·¥¶�«W¤!¦ºª
¬!¡a¢:­7µ�­�±m¨©­À§+¨¹¢�Ó�¬;¦I¦º¨¹°I±©¬!Ô¸«C¦�¤|¨¹¢�­À¤®²¥±©²¥³�wO�q¨©­À°�¢�¢E¬Å­�¨Ç»¹Æ9zB{+{+¤r�^»

zÀ» � ��ä¥õ4í�ó®î�õ�ä+åºí Ä�­�¶�¯`¦º²¥¶;¬;¤®´+¯`¬;¢�·Ö«W¤!¦ºª ��¬;¢�ª1£+¨©­À¬;¢�¶:·¥¤®­�ÄÅ²�­À¤!¦º´¥²¥·Ö¬!¡a¢$¡¥­�²¥·ÖÄÅ±¹¬!¡�¬!¡a¢y£+­�¨©ª
±m²�­'½©�g¢�·�¦�¤^±¹¢�²�¬!­À¬!±©¦º²u­�²+·�ÄÅ±©¬!¡�¬!¡a¢y½ ²a³�¢E¤^¶�­�²+·�¬!¡I´¥ª�§
±m²ÖµÀ­À¤®±¹¦º´¥¶�¯`¦º²g½+³º´a¤^­À¬!±¹¦º²¥¶E»o �¡a¢��
¬;¢�ª1£+¨©­À¬;¢�¶1¯`¦ºª�§+±©²a¢�·
¨©±m²a¢�­À¤®¨¹Èo¬;¦o«W¦�¤®ª ­x¤h¾Ù·¥±©ª¸¢�²+¶!±¹¦º²¥­�¨�¶;£+­�¯`¢�¦�«3·a¢E«W¦�¤®ª1­À¬!±¹¦º²¥¶�ÄÅ¡+±©¯®¡uÄ�¢E¤!¢
¬!¡¥¢�²Á­�·¥·a¢�·�¬;¦$¬!¡a¢:¶;£+­�¯`¢:¦�«�¬;¤®­�²+¶!¨©­À¬!±¹¦º²¥¶q¬;¦$«C¦�¤®ª ­ �[·¥±©ª1¢�²¥¶!±¹¦º²¥­�¨>¶!¡¥­À£=¢`¾Ù¶;£ ­�¯`¢�»

/ » ò�íIøÙä ë�ïCð|ù�ú)è�ä+ô�çWåºî ±©²:¬!¡a¢q¶!¡¥­À£=¢`¾Ù¶;£+­�¯`¢q­À§=¦7µ�¢qÄ&¢E¤®¢�­�·a¢�¿I´¥­À¬;¢q¬;¦V¬;¤®­�¯!°�­|¯E¨©´¥¬;¬;¢E¤;¾s«C¤®¢E¢&¬;¤®­�±m²¥±©²a³
¶!¢�¿-´a¢�²+¯`¢ ¦�« ���+�¸«W¤®­�ª¸¢�¶Å±©²�ÄÅ¡¥±©¯^¡y¬!¡¥¢ £+­�¨©ª ¦�«ö¬!¡a¢ ¡¥­�²¥·�ª1­�±©²-¬!­�±©²a¢�·�­�²�­À£+£¥¤!¦B�a±©ª1­À¬;¢�¨©È1½©�g¢�·
­À¬;¬!±©¬!´¥·a¢�»

}I» � ã�çéè�å�çWõ�ä+ï4åº÷ ô�õ4÷ è�ígè>ð7î:ä+è�ä+ïCú}î7çWî�� ¬!¡a¢|¶!¢�¿-´a¢�²+¯`¢Å¦�« ���+��¡+­�²¥·1¦º´a¬!¨m±©²a¢�¶LÄq­�¶ ¤®¢E£+¨©±©¯E­À¬;¢�·$ÄÅ±¹¬!¡
¢�­�¯^¡Ö¡¥­�²¥·�¯`¦º²-¬;¦º´a¤c¤!¦�¬!­À¬;¢�·Ö¬!¡a¤!¦º´a³º¡x{���·a¢E³�¤!¢E¢�¶:­�²¥·j¬!¡a¢¸¶;¢�¿-´¥¢�²¥¯`¢�¶c¯`¦º²¥¯E­À¬;¢�²¥­À¬;¢�·�¬;¦�³º±¹µ�¢¸­
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½+¢�¨©·�£�¤ wP{��+�$ª1¶H� ½ ¢�¨©·�£ ��wP{ / �$ª$¶H�

½+¢�¨©·�£���wP{�£r�$ª1¶H� ½ ¢�¨©·�£�|�wP{ ���$ª$¶H�

�t±¹³º´a¤!¢xzB}�T � í-åº÷Iì>í-ãÀçéè)ê øÙã�÷ ô ð7ã�ä¥åhæ}çéè�ê øÕä+çéïéë)ã�í ��� ¦BJ)L�NÈQ 	$����� � �H��MWE�¦���GWJON�§�¦;��¦KQÇ¨�E �
	�J��D¦�E�¦��
(�G ¦�M �H¦�N�Q�Q G�E$JO�»L+J[¦�¨�N�M*���+GD�%¦ ��� 1 �¬L � ��E�L!� �cQ!¦ 	$���!� J��W¦�¨�NÈE$JO�$NPI�GDJONP��M NÈE �UQÃ�+JPJ[¦�¨ ��M J��W¦=N���L ��¦ 
 ,`NOJ��
N�M J[¦KMWE$N�JOª#E ��L+QÇ¦�¨ J)��N�Mc¨�N���L+J[¦�NOJ�E��W��E$J[¦��HNP���7�U����I�L�IKN�Q N�JOª 1 "�� ��EKJn�
	�J��W¦ 	 ' z��+��EKL!� �cQ!¦$E;�DL�§�¦�J)�B��QÃ��,
L��c�»��I%L�IKN�Q NOJOª J)� IH¦	§.NÈEHN)IKQ!¦ NÈM J���N�E�¨�N�E[�cQÇL�ª 1 % � M#��¦�QÃ¨ � ��
;J��D¦�¨+N�EKJO�HN)IKGWJONP��M NÈE �=N�E�L�Q N �+M�¦%¨�
�L�MU¨ ��L�E
I�¦ �+GDM J)��¨+NÈ§+¦K����¦�1 � M ��¦KQÇ¨�E ����L�Mc¨ ����NOJ ��L�E�E)�cQ N�J�N�M J)��J7,��3¨�NÈE$JON�M �BJÒ�W¦�L �.E�
 J��D¦=QÇL�����¦K�#L+JPJO�»L �.J[¦%¨3J)�
I%L ��� �r���+G�MU¨#��Q GDJPJ[¦���
7IKGWJ �H��M©§�¦��7��¦$E=I�L ������McJ)��J��D¦=¨rL�M �$¦K��NÈM'��¦�QÃ¨
�
	 1
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�t±¹³º´a¤!¢�zK£WT 
 ��ä+è�ùoô�÷Iì)çéè)ê�÷Iì íIã3ä$å�ïéë)ð�ð7íIãhíIù�ù�íIî�æ-� � NP¦�QÃ¨
���
	7L �����4��¦�QÃ¨ "����ÉE�¦�����MU¨ %½E�¦ (BG ¦KM �$¦
N�M ,-��N7�2��J��W¦ ��L�Mc¨�JO�»L�MWE$QÃL+J[¦KE�
����rJ)L+J[¦$E�
�L�Mc¨�J��W¦ �'M���¦���E�L+Mc¨	J���G �#I � ¦��	NÈMc¨�¦f�W¦�Mc¨�¦KMcJOQ ª 1

CondensationEdge detector

�t±¹³º´a¤!¢�zB¤�T �=í-ì íIãhí�å�ïéë)ð�ð7íIã � � ¦�J)L+NÈQ5�
	��+MU¦-��¦�QÃ¨�" ���rG��%¦ � ��% 	$���!� J��W¦½J[¦$EKJ
�[EB¦ (�G ¦�M �H¦ E����!,�EÉJ��D¦���N ���
Q!¦K§�¦�QÒ�
	 �D�+J[¦KMcJONOL�Q'L!��I�N �rG�NOJOª 1���GWJ �cGWJ(	$���!� L�¨�N��%¦+�BJONP��McL+Q � L+G�EHEHNPL�M ¦�¨���¦=¨�¦BJ[¦+�.J)���;E����!,�E�J���L+J7J��D¦��»¦
L��%¦��#L�M©ª#��Q GDJPJ[¦���¦%¨ ��¦$E��U�»¦KE�¦KMcJ�L�E��D�+J[¦KMcJONOL�Q`¨�NÈE$JO�»L �BJ)�+��E21
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