Matrix Completion with Noisy Side Information

Kai-Yang Chiang* Cho-Jui Hsieh f  Inderjit S. Dhillon *
* University of Texas at Austin T University of California at Davis
*{kychiang, inderjit}@cs.utexas.edu
chohsiehQucdavis.edu

Abstract

We study the matrix completion problem with side information. Side information
has been considered in several matrix completion applications, and has been em-
pirically shown to be useful in many cases. Recently, researchers studied the effect
of side information for matrix completion from a theoretical viewpoint, showing
that sample complexity can be significantly reduced given completely clean fea-
tures. However, since in reality most given features are noisy or only weakly in-
formative, the development of a model to handle a general feature set, and investi-
gation of how much noisy features can help matrix recovery, remains an important
issue. In this paper, we propose a novel model that balances between features and
observations simultaneously in order to leverage feature information yet be robust
to feature noise. Moreover, we study the effect of general features in theory and
show that by using our model, the sample complexity can be lower than matrix
completion as long as features are sufficiently informative. This result provides
a theoretical insight into the usefulness of general side information. Finally, we
consider synthetic data and two applications — relationship prediction and semi-
supervised clustering — and show that our model outperforms other methods for
matrix completion that use features both in theory and practice.

1 Introduction

Low rank matrix completion is an important topic in machine learning and has been successfully
applied to many practical applications [22,112,|11]]. One promising direction in this area is to exploit
the side information, or features, to help matrix completion tasks. For example, in the famous Netflix
problem, besides rating history, profile of users and/or genre of movies might also be given, and one
could possibly leverage such side information for better prediction. Observing the fact that such
additional features are usually available in real applications, how to better incorporate features into
matrix completion becomes an important problem with both theoretical and practical aspects.

Several approaches have been proposed for matrix completion with side information, and most of
them empirically show that features are useful for certain applications [1, 28, 9,29, 33]. However,
there is surprisingly little analysis on the effect of features for general matrix completion. More re-
cently, Jain and Dhillon [1§] and Xu et al. [33] provided non-trivial guarantees on matrix completion
with side information. They showed that if “perfect” features are given, under certain conditions,
one can substantially reduce the sample complexity by solving a feature-embedded objective. This
result suggests that completely informative features are extremely powerful for matrix completion,
and the algorithm has been successfully applied in many applications [29,37]. However, this model
is still quite restrictive since if features are not perfect, it fails to guarantee recoverability and could
even suffer poor performance in practice. A more general model with recovery analysis to handle
noisy features is thus desired.

In this paper, we study the matrix completion problem with general side information. We propose a
dirty statistical model which balances between feature and observation information simultaneously
to complete a matrix. As a result, our model can leverage feature information, yet is robust to noisy
features. Furthermore, we provide a theoretical foundation to show the effectiveness of our model.
We formally quantify the quality of features and show that the sample complexity of our model



depends on feature quality. Two noticeable results could thus be inferred: first, unlike [18, [33],
given any feature set, our model is guaranteed to achieve recovery with at most O(n3/2) samples in
distribution-free manner, where n is the dimensionality of the matrix. Second, if features are rea-
sonably good, we can improve the sample complexity to o(n®/2). We emphasize that since Q(n?/?)
is the lower bound of sample complexity for distribution-free, trace-norm regularized matrix com-
pletion [32], our result suggests that even noisy features could asymptotically reduce the number
of observations needed in matrix completion. In addition, we empirically show that our model out-
performs other completion methods on synthetic data as well as in two applications: relationship
prediction and semi-supervised clustering. Our contribution can be summarized as follows:

e We propose a dirty statistical model for matrix completion with general side information
where the matrix is learned by balancing features and pure observations simultaneously.

o We quantify the effectiveness of features in matrix completion problem.

e We show that our model is guaranteed to recover the matrix with any feature set, and
moreover, the sample complexity can be lower than standard matrix completion given in-
formative features.

The paper is organized as follows. Section[2lstates some related research. In Section[3] we introduce
our proposed model for matrix completion with general side information. We theoretically analyze
the effectiveness of features in our model in Section 4] and show experimental results in Section[3

2 Related Work

Matrix completion has been widely applied to many machine learning tasks, such as recommender
systems [22], social network analysis [12] and clustering [[L1]. Several theoretical foundations have
also been established. One remarkable milestone is the strong guarantee provided by Candes et
al. [7, 13], who proves that O(npolylogn) observations are sufficient for exact recovery provided
entries are uniformly sampled at random. Several work also studies recovery under non-uniform
distributional assumptions [30, [10], distribution-free setting [32], and noisy observations [21l, 4].

Several works also consider side information in matrix completion [1,128,19,129,133]. Although most
of them found that features are helpful for certain applications [28, 33] and cold-start setting [29]
from their experimental supports, their proposed methods focus on the non-convex matrix factoriza-
tion formulation without any theoretical guarantees. Compared to them, our model mainly focuses
on a convex trace-norm regularized objective and on theoretical insight on the effect of features. On
the other hand, Jain and Dhillon [[18] (also see [38]) studied an inductive matrix completion objective
to incorporate side information, and followup work [35] also considers a similar formulation with
trace norm regularized objective. Both of them show that recovery guarantees could be attained with
lower sample complexity when features are perfect. However, if features are imperfect, such models
cannot recover the underlying matrix and could suffer poor performance in practice. We will have a
detailed discussion on inductive matrix completion model in Section

Our proposed model is also related to the family of dirty statistical models [3€]], where the model
parameter is expressed as the sum of a number of parameter components, each of which has its
own structure. Dirty statistical models have been proposed mostly for robust matrix completion,
graphical model estimation, and multi-task learning to decompose the sparse component (noise) and
low-rank component (model parameters) [6,(8,[19]. Our proposed algorithm is completely different.
We aim to decompose the model into two parts: the part that can be described by side information
and the part that has to be recovered purely by observations.

3 A Dirty Statistical Model for Matrix Completion with Features

Let R € R™ *"2 be the underlying rank-k matrix that aims to be recovered, where k < min(n, nq)
so that R is low-rank. Let {2 be the set of observed entries sampled from R with cardinality |Q2| = m.
Furthermore, let X € R %% and Y € R™2 %92 pe the feature set, where each row x; (or y;) denotes
the feature of the i-th row (or column) entity of R. Both dj,dy < min(ni,ns) but can be either
smaller or larger than k. Thus, given a set of observations () and the feature set X and Y as side
information, the goal is to recover the underlying low rank matrix R.

To begin with, consider an ideal case where the given features are “perfect” in the following sense:
col(R) C col(X) and row(R) C col(Y). (1)

Such a feature set can be thought as perfect since it fully describes the true latent feature space of
R. Then, instead of recovering the low rank matrix R directly, one can recover a smaller matrix



M € R%1%dz guch that R = X MYT. The resulting formulation, called inductive matrix comple-
tion (or IMC in brief) [18], is shown to be both theoretically preferred [18, [35] and useful in real
applications [37, 29]. Details of this model can be found in [18,35].

However, in practice, most given features X and Y will not be perfect. In fact, they could be quite
noisy or only weakly correlated to the latent feature space of R. Though in some cases applying
IMC with imperfect X, Y might still yield decent performance, in many other cases, the performance
drastically drops when features become noisy. This weakness of IMC can also be empirically seen
in Section[5l Therefore, a more robust model is desired to better handle noisy features.

We now introduce a dirty statistical model for matrix completion with (possibly noisy) features.
The core concept of our model is to learn the underlying matrix by balancing feature information
and observations. Specifically, we propose to learn R jointly from two parts, one is the low rank
estimate from feature space X MY 7, and the other part N is the part outside the feature space.
Thus, N can be used to capture the information that noisy features fail to describe, which is then
estimated by pure observations. Naturally, both XM/ YT and N are preferred to be low rank since
they are aggregated to estimate a low rank matrix R. This further leads a preference on M to be low
rank as well, since one could expect only a small subspace of X and a subspace of Y are jointly
effective to form the low rank space X MY T . Putting all of above together, we consider to solve the
following problem:

min > U(XMYT + N)ij, Rij) + A M+ + An [N 2)

(4,5)€Q
where M and N are regularized with trace norm because of the low rank prior. The underlying
matrix R can thus be estimated by X M*Y T+ N*. We refer our model as DirtyIMC for convenience.

To solve the convex problem (@), we propose an alternative minimization scheme to solve N and M
iteratively. Our algorithm is stated in details in Appendix A. One remark of this algorithm is that it
is guaranteed to converge to a global optimal, since the problem is jointly convex with M and N.

The parameters \j; and Ay are crucial for controlling the importance between features and residual.
When \yp; = oo, M will be enforced to 0, so features are disregarded and @) becomes a standard
matrix completion objective. Another special case is Ay = oo, in which N will be enforced to 0
and the objective becomes IMC. Intuitively, with an appropriate ratio Ays /Ay, the proposed model
can incorporate useful part of features, yet be robust to noisy part by compensating from pure ob-
servations. Some natural questions arise from here: How to quantify the quality of features? What
is the right A\; and Ay given a feature set? And beyond intuition, how much can we benefit from
features using our model in theory? We will formally answer these questions in Section [

4 Theoretical Analysis

Now we analyze the usefulness of features in our model under a theoretical perspective. We first
quantify the quality of features and show that with reasonably good features, our model achieves
recovery with lower sample complexity. Finally, we compare our results to matrix completion and
IMC. Due to space limitations, detailed proofs of Theorems and Lemmas are left in Appendix B.

4.1 Preliminaries

Recall that our goal is to recover a rank-k matrix R given observed entry set €2, feature set X and Y’
described in Section3l To recover the matrix with our model (Equation @)), it is equivalent to solve
the hard-constraint problem:

i T R i < < N.
ﬁ}]{}(léﬂé((XMY + N)ij, Rij), subjectto |[|[M], < M,||N|. <N 3)
i

For simplicity, we will consider d = max(d;,d2) = O(1) so that feature dimensions do not grow
as a function of n. We assume each entry (i,j) € € is sampled i.i.d. under an unknown distri-
bution with index set {(in,ja)}a. Also, each entry of R is assumed to be upper bounded, i.e.
max;; |R;;| < R (so that trace norm of R is in O(/n17n2)). Such circumstance is consistent with
real scenarios like the Netflix problem where users can rate movies with scale from 1 to 5. For con-
venience, let § = (M, N) be any feasible solution, and © = {(M, N) | ||[M]|« < M,|N|. <N}
be the feasible solution set. Also, let fp(i,j) = xI M y; + IN;; be the estimation function for R;;
parameterized by 6, and Fg = {fy | 6 € ©} be the set of feasible functions. We are interested in
the following two “/-risk” quantities:

e Expected (-risk: Ry(f) = E; ;) [€(f(i,5), Rij)].



e Bmpirical (-risk: Ry(f) = 5 3 iyeq ((f (i, §), Rij)-

Thus, our model is to solve for 8 that parameterizes f* = argmin¢cr, Rg( f), and it is sufficient
to show that recovery can be attained if Ry(f*) approaches to zero with large enough n and m.

4.2 Measuring the Quality of Features

We now link the quality of features to Rademacher complexity, a learning theoretic tool to measure
the complexity of a function class. We will show that quality features result in a lower model
complexity and thus a smaller error bound. Under such a viewpoint, the upper bound of Rademacher
complexity could be used for measuring the quality of features.

To begin with, we apply the following Lemma to bound the expected /-risk.

Lemma 1 (Bound on Expected ¢-risk [2]). Let £ be a loss function with Lipschitz constant Ly
bounded by B with respect to its first argument, and § be a constant where 0 < § < 1. Let R(Fp)
be the Rademacher complexity of the function class Fg (w.r.t. 2 and associated with £) defined as:

m(F@) = EU[ sup i Z Uaé(f(iayjoz)a Riaja)]7 4

m
feFe a—1

where each o, takes values {£1} with equal probability. Then with probability at least 1 — 6, for
all f € Fg we have:

SO

Ro(f) < Ru(f) + 2Eo [R(Fo)] + B l‘fn

Apparently, to guarantee a small enough R, both Ry and model complexity Eq [D‘{(F@)} have to be

bounded. The next key lemma shows that, the model complexity term Eg, [%(F@)] is related to the
feature quality in matrix completion context.

Before diving into the details, we first provide an intuition on the meaning of “good” features.
Consider any imperfect feature set which violates (I)). One can imagine such feature set is perturbed
by some misleading noise which is not correlated to the true latent features. However, features
should still be effective if such noise does not weaken the true latent feature information too much.
Thus, if a large portion of true latent features lies on the informative part of the feature spaces X
and Y, they should still be somewhat informative and helpful for recovering the matrix R.

More formally, the model complexity can be bounded in terms of M and N\ by the following lemma:

Lemma 2. Let X = max; ||x;||2, Y = max; ||y:|l2 and n = max(ni,nz). Then the model com-
plexity of function class Fg is upper bounded by:

Eq[R(Fo)] < 2L MXY 107gn2d + min {QLZN\/IOgWLQTL’ \/QOLgBW}'

Then, by Lemma [[] and 2] one could carefully construct a feasible solution set (by setting M and

N) such that both R,(f*) and Eq [R(Fo)] are controlled to be reasonably small. We now suggest
a witness pair of M and A constructed as follows. Let «y be defined as:

+ = min (mini x| ming ] )
N
Let 7,(-) : Rt — R" be the thresholding operator where 7, (z) = x if z > p and 7, (z) =
0 otherwise. In addition, let X = Ef;l o;u;v; be the reduced SVD of X, and define X, =
Zf;l 01T (0i/o1)u;vT to be the “u-informative” part of X . The v-informative part of Y, denoted

as Y,,, can also be defined similarly. Now consider setting M = || M|, and N = |[R— X, MY,
where

M = arg min IX, MY, —R|% = (XFX,) ' X RY, (Y, Y,) ™!

is the optimal solution for approximating 12 under the informative feature space X, and Y. Then
the following lemma shows that the trace norm of M will not grow as n increases.

Lemma 3. Fix p,v € (0,1), and let d = min(rank(X,,), rank(Y,)). Then with some universal
constant C': . d
M| £ =—55—=-
1811, < Gmry



Moreover, by combining Lemma[I]-[Bl we can upper bound Ry (f*) of DirtyIMC as follows:

Theorem 1. Consider problem @) with M = |M|. and N = |R — X, MY,"|.. Then with
probability at least 1 — 0, the expected (-risk of an optimal solution (N*, M*) will be bounded by:

1
Ru(f*) < min 4L£N_\/log2n)\/360L€BN’(\/nT+\/@) ALed /10g2 og(s
m m C’u V242

4.3 Sample Complexity Analysis

From Theorem [I we can derive the following sample complexity guarantee of our model. For
simplicity, we assume k£ = O(1) so it will not grow as n increases in the following discussion.

Corollary 1. Suppose we aim to “e-recover” R where E; ; [E(N + XMYZ?, Rij)} < € given
an arbitrarily small €. Then for DirtyIMC model, O(min(N\/n, N*?logn)/e*) observations are

sufficient for e-recovery provided a sufficiently large n.

Corollary [T] suggests that the sample complexity of our model only depends on the trace norm of

residual V. This matches the intuition of good features stated in Section [4.2] because X MYT will
cover most part of R if features are good, and as a result, A/ will be small and one can enjoy small
sample complexity by exploiting quality features.

We also compare our sample complexity result with other models. First, suppose features are perfect
(so that N' = O(1)), our result suggests that only O(logn) samples are required for recovery.
This matches the result of [35], in which the authors show that given perfect features, O(logn)
observations are enough for exact recovery by solving the IMC objective. However, IMC does
not guarantee recovery when features are not perfect, while our result shows that recovery is still
attainable by DirtyIMC with O(min(N'y/n, N logn)/e?) samples. We will also empirically justify
this result in Section [3

On the other hand, for standard matrix completion (i.e. no features are considered), the most well-
known guarantee is that under certain conditions, one can achieve O(n poly logn) sample com-
plexity for both e-recovery [34] and exact recovery [5]. However, these bounds only hold with
distributional assumptions on observed entries. For sample complexity without any distributional
assumptions, Shamir et al. [32] recently showed that O(n3/2) entries are sufficient for e-recovery,
and this bound is tight if no further distribution of observed entries is assumed. Compared to those
results, our analysis also requires no assumptions on distribution of observed entries, and our sample
complexity yields O(n®/?) as well in the worst case, by the fact that N < ||R||. = O(n). Notice
that it is reasonable to meet the lower bound Q(nB/ 2) even given features, since in an extreme case,
X, Y could be random matrices and have no correlation to R, and thus the given information is as
same as that in standard matrix completion.

However, in many applications, features will be far from random, and our result provides a theoreti-
cal insight to show that features can be useful even if they are imperfect. Indeed, as long as features
are informative enough such that N' = o(n), our sample complexity will be asymptotically lower

than O(n?/2). Here we provide two concrete instances for such a scenario. In the first scenario, we
consider the rank-k matrix R to be generated from random orthogonal model [3] as follows:

Theorem 2. Let R € R™*" be generated from random orthogonal model, where U = {w;}¥_,, V =
{v;}¥_, are random orthogonal bases, and o1 . . . o}, are singular values with arbitrary magnitude.
Let o be the largest singular value such that lim,,_, ., o /+/n = 0. Then, given the noisy features
X,Y where X.; = u; (andY,; = v;) if i < t and X.; (and V.;) be any basis orthogonal to U (and
V) ifi > t, o(n) samples are sufficient for DirtyIMC to achieve e-recovery.

Theorem [2 suggests that, under random orthogonal model, if features are not too noisy in the sense
that noise only corrupts the true subspace associated with smaller singular values, we can approxi-
mately recover R with only o(n) observations. An empirical justification for this result is presented
in Appendix C. Another scenario is to consider R to be the product of two rank-k Gaussian matrices:

Theorem 3. Let R = UV be a rank-k matrix, where U,V € R™*F are true latent row/column fea-
tures with each U;j, Vi; ~ N (0,0?) i.i.d. Suppose now we are given a feature set X, Y where g(n)
row items and h(n) column items have corrupted features. Moreover, each corrupted row/column
item has perturbed feature x; = w; + Au; and y; = v; + Av;, where |Aul|o < & and
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Figure 1: Performance of various methods for matrix completion under different sparsity and feature
quality. Compared to other feature-based completion methods, the top figures show that DirtyIMC
is less sensitive to noisy features with each pg, and the bottom figures show that error of DirtyIMC
always decreases to 0 with more observations given any feature quality.

IAV||oo < &2 with some constants & and &. Then for DirtyIMC model B), with high probability,
O(max(y/g(n), \/h(n))nlogn) observations are sufficient for e-recovery.

Theorem[3lsuggests that, if features have good quality in the sense that items with corrupted features
are not too many, for example g(n), h(n) = O(logn), then sample complexity of DirtyIMC can be
O(nlogny/Togn) = o(n®?) as well. Thus, both Theorem 2] and [3] provide concrete examples
showing that given imperfect yet informative features, the sample complexity of our model can be
asymptotically lower than the lower bound of pure matrix completion (which is Q(n3/ ).

5 Experimental Results

In this section, we show the effectiveness of the DirtyIMC model @) for matrix completion with
features on both synthetic datasets and real-world applications. For synthetic datasets, we show
that DirtyIMC model better recovers low rank matrices under various quality of features. For real
applications, we consider relationship prediction and semi-supervised clustering, where the current
state-of-the-art methods are based on matrix completion and IMC respectively. We show that by
applying DirtyIMC model to these two problems, we can further improve performance by making
better use of features.

5.1 Synthetic Experiments

We consider matrix recovery with features on synthetic data generated as follows. We create a
low rank matrix B = UV, as the true latent row/column space U,V € R200%20 /. V. ~
N(0,1/20). We then randomly sample p, percent of entries {2 from R as observations, and construct
a perfect feature set X*, Y* € R200%40 which satisfies (). To examine performance under different
quality of features, we generate features X, Y with a noise parameter py, where X and Y will be
derived by replacing p; percent of bases of X* (and Y *) with bases orthogonal to X* (and Y*). We
then consider recovering the underlying matrix R given X, Y and a subset (2 of R.

We compare our DirtyIMC model () with standard trace-norm regularized matrix completion (MC)
and two other feature-based completion methods: IMC [18] and SVDfeature [9]. The standard
relative error |R — R||p/||R||F is used to evaluate a recovered matrix R. For each method, we
select parameters from the set {10%}2__ 5 and report the one with the best recovery. All results are
averaged over 5 random trials.

Figure [I] shows the recovery of each method under each sparsity level ps = 0.1,0.25,0.4, and
each feature noise level py = 0.1, 0.5 and 0.9. We first observe that in the top figures, IMC and



Method |  DirtyIMC MF-ALS [16] IMC [18] HOC-3 HOC-5 [12]

Accuracy | 0.9474+£0.0009 0.9412+0.0011 0.9139+0.0016 0.9242+0.0010 0.929740.0011
AUC 0.9506 0.9020 0.9109 0.9432 0.9480

Table 1: Relationship prediction on Epinions. Compared with other approaches, DirtyIMC model
gives the best performance in terms of both accuracy and AUC.

SVDfeature perform similarly under different ps. This suggests that with sufficient observations,
performance of IMC and SVDfeature mainly depend on feature quality and will not be affected
much by the number of observations. As a result, given good features (Id), they achieve smaller
error compared to MC with few observations, but as features become noisy (IeHIf), they suffer
poor performance by trying to learn the underlying matrix under biased feature spaces. Another
interesting finding is that when good features are given (Id), IMC (and SVDfeature) still fails to
achieve 0 relative error as the number of observations increases, which reconfirms that IMC cannot
guarantee recoverability when features are not perfect. On the other hand, we see that performance
of DirtyIMC can be improved by both better features or more observations. In particular, it makes
use of informative features to achieve lower error compared to MC and is also less sensitive to noisy
features compared to IMC and SVDfeature. Some finer recovery results on p, and p can be found
in Appendix C.

5.2 Real-world Applications

Relationship Prediction in Signed Networks. As the first application, we consider relationship
prediction problem in an online review website Epinions [26], where people can write reviews and
trust or distrust others based on their reviews. Such social network can be modeled as a signed
network where trust/distrust are modeled as positive/negative edges between entities [24], and the
problem is to predict unknown relationship between any two users given the network. A state-of-
the-art approach is the low rank model [[16, [12] where one can first conduct matrix completion on
adjacency matrix and then use the sign of completed matrix for relationship prediction. Therefore,
if features of users are available, we can also consider low rank model by using our model for matrix
completion step. This approach can be regarded as an improvement over [16] by incorporating
feature information.

In this dataset, there are about n = 105K users and m = 807K observed relationship pairs where
15% relationships are distrust. In addition to who-trust-to-whom information, we also have user
feature matrix Z € R"™**! where for each user a 41-dimensional feature is collected based on
the user’s review history, such as number of positive/negative reviews the user gave/received. We
then consider the low-rank model in [[16] where matrix completion is conducted by DirtyIMC with
non-convex relaxation (@) (DirtyIMC), IMC [18] (IMC), and matrix factorization proposed in [16]
(MF-ALS), along with another two prediction methods, HOC-3 and HOC-5 [12]. Note that both
row and column entities are users so X =Y = Z is set for both DirtyIMC and IMC model.

We conduct the experiment using 10-fold cross validation on observed edges, where the parameters
are chosen from the set LI2__;{10%,5 x 10“}. The averaged accuracy and AUC of each method
are reported in Table [Tl We first observe that IMC performs worse than MF-ALS even though IMC
takes features into account. This is because features are only weakly related to relationship matrix,
and as a result, IMC is misled by such noisy features. On the other hand, DirtyIMC performs
the best among all prediction methods. In particular, it performs slightly better than MF-ALS in
terms of accuracy, and much better in terms of AUC. This shows DirtyIMC can still exploit weakly
informative features without being trapped by noisy features.

Semi-supervised Clustering. We now consider semi-supervised clustering problem as another ap-
plication. Given n items, the item feature matrix Z € R™*% and m pairwise constraints specifying
whether item ¢ and j are similar or dissimilar, the goal is to find a clustering of items such that most
similar items are within the same cluster.

We notice that the problem can indeed be solved by matrix completion. Consider S € R™*" to be
the signed similarity matrix defined as S;; = 1 (or —1) if item ¢ and j are similar (or dissimilar), and
0 if similarity is unknown. Then solving semi-supervised clustering becomes equivalent to finding
a clustering of the symmetric signed graph S, where the goal is to cluster nodes so that most edges
within the same group are positive and most edges between groups are negative [12]. As a result, a
matrix completion approach [[12] can be applied to solve the signed graph clustering problem on S.

Apparently, the above solution is not optimal for semi-supervised clustering as it disregards fea-
tures. Many semi-supervised clustering algorithms are thus proposed by taking both item features
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Figure 2: Semi-supervised clustering on real-world datasets. For Mushroom dataset where features
are almost ideal, both MCCC and DirtyIMC achieve 0 error rate. For Segment and Covtype where
features are more noisy, our model outperforms MCCC as its error decreases given more constraints.

number of items n \ feature dimension d \ number of clusters k&

Mushrooms 8124 112 2
Segment 2319 19 7
Covtype 11455 54 7

Table 2: Statistics of semi-supervised clustering datasets.

and constraints into consideration [13], 25, 137]. The current state-of-the-art method is the MCCC
algorithm [37], which essentially solves semi-supervised clustering with IMC objective. In [37], the
authors show that by running k-means on the top-k eigenvectors of the completed matrix ZM Z7,
MCCC outperforms other state-of-the-art algorithms [37].

We now consider solving semi-supervised clustering with our DirtyIMC model. Our algorithm,
summarized in Algorithm [2] in Appendix D, first completes the pairwise matrix with DirtyIMC
objective (@) instead of IMC (with both X, Y are set as Z), and then runs k-means on the top-k
eigenvectors of the completed matrix to obtain a clustering. This algorithm can be viewed as an
improved version of MCCC to handle noisy features Z.

We now compare our algorithm with k-means, signed graph clustering with matrix completion [[12]
(SignMC) and MCCC [37]. Note that since MCCC has been shown to outperform most other
state-of-the-art semi-supervised clustering algorithms in [37], comparing with MCCC is sufficient
to demonstrate the effectiveness of our algorithm. We perform each method on three real-world
datasets: Mushrooms, Segment and Covtype [[. All of them are classification benchmarks where
features and ground-truth class of items are both available, and their statistics are summarized in Ta-
ble[2l For each dataset, we randomly sample m = [1, 5, 10, 15, 20, 25, 30] x n pairwise constraints,
and perform each algorithm to derive a clustering 7, where 7; is the cluster index of item ¢. We then
evaluate 7 by the following pairwise error to ground-truth:

71(712—1)( Yo UmAm+ Y 1(7”:7@))

(i,j):ﬂ',’; :7"; (Z,])Trl*;ﬁﬂj*
where 7 is the ground-truth class of item i.

Figure [2f shows the result of each method on all three datasets. We first see that for Mushrooms
dataset where features are perfect (100% training accuracy can be attained by linear-SVM for clas-
sification), both MCCC and DirtyIMC can obtain a perfect clustering, which shows that MCCC is
indeed effective with perfect features. For Segment and Covtype datasets, we observe that the per-
formance of k-means and MCCC are dominated by feature quality. Although MCCC still benefits
from constraint information as it outperforms k-means, it clearly does not make the best use of con-
straints, as its performance does not improves even if number of constraints increases. On the other
hand, the error rate of SignMC can always decrease down to 0 by increasing m. However, since it
disregards features, it suffers from a much higher error rate than methods with features when con-
straints are few. We again see DirtyIMC combines advantage from MCCC and SignMC, as it makes
use of features when few constraints are observed yet leverages constraint information simultane-
ously to avoid being trapped by feature noise. This experiment shows that our model outperforms
state-of-the-art approaches for semi-supervised clustering.
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For Covtype, we subsample from the entire dataset to make each cluster has balanced size.
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Algorithm 1 Alternative Minimization for DirtyIMC with Squared Loss

Input: feature matrix X, Y, parameters (Ap7, Ay) in objective (@), max iteration 4,

t=0,M® «0,N® 0.

while Not converged and t < t,,4, do
Solve MU+ «— argmings Y5, 5y cq(XMY;] — (R = N®)i5)? + X[ M.
Solve N «— argminy Y-, ;i cq(Nij — (R — XMUFDYT);5)2 4+ Ay [N
t—t+1

end while

return recovered matrix X MOy 7T 4 N®),

Appendix A: Solving DirtyIMC Objectives

To solve problem (2)), we propose an alternative minimization scheme where at each step we fix one
of the variables (M or V) and solve for the other. For simplicity, here we focus on the case where
¢ is squared loss, which is also considered in our experiments. The algorithm is summarized in
Algorithm[Il As one variable is fixed, the subproblem reduces to either standard matrix completion
or IMC, which is easy to solve as discussed below. This algorithm can be viewed as applying a
block coordinate descent algorithm on convex (but non-smooth) function, and thus is guaranteed to
converge to global optimal using standard analysis (e.g. [13]).

We now briefly discuss how to solve two subproblems in Algorithm [1l First, when fixing NV, the
subproblem becomes an IMC objective with observed matrix to be R — N. We then apply proximal
gradient descent to update M. Notice that in our setting, feature dimensions (d;, ds) are much
smaller than number of entities (n1,n2). Therefore, for small d, it is relatively inexpensive to
compute a full SVD for a d; x dy matrix in each proximal step.

On the other hand, when fixing M, the subproblem becomes standard matrix completion problem
for the residual matrix R — X MY ”. We then apply active subspace selection algorithm (Active-
ALT) [17] to solve the matrix completion problem.

Another possibility is to consider the non-convex relaxation of problem @) as:

. A A
min >0 A(XUTVYTHWTH)y, Rig)+ 5 (WG H T+ (WU IE+VIE). )

in which M, N is factorized to low rank matrices U € R4 >*F1 V' € R%*k1 agnd W € R™*F2 H €
R72%k2 A similar alternative minimization scheme, i.e. fix three variables and solve for the other,
can be applied to obtain a solution for U, V, W, H. Although problem () is equivalent to the convex
problem () if &y > rank(M*) and ko > rank(NN*) [34], it is not jointly convex for all variables.
So unlike Algorithm [II using alternative minimization to solve (3) may not obtain the global opti-
mum. However, the analysis in [3] shows that the algorithm converges to stationary points if each
subproblem has a unique minimizer, which is indeed the case in (3) because of the regularizations.
Researchers found that such non-convex relaxation to be useful since it is easier to solve, and em-
pirically yields a competitive result compared to convex problem [22].

Finally, we notice that a recently proposed method “Boosted IMC” [33] could also be represented as
a special case of our alternative scheme for non-convex relaxation (3). The method could be viewed
as an one iteration heuristic of Algorithm[l(i.e. ¢,,4, = 1), in which they first solve N (1) and then
solve M) using matrix factorization. Although this method is proposed as a heuristic for Blog
recommendation rather than an algorithm for solving a formal defined matrix completion objective,
it could also be interpreted as an algorithm that approximately solves our DirtyIMC model. We also
compare our DirtyIMC with Boosted IMC in Appendix C.

Appendix B: Proofs

Proof of Lemma 2]

Proof. To begin with, we introduce a lemma to bound the Rademacher complexity for the function
class with bounded trace norm.
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Lemmad4. Let S, = {W € R"*" | |W|. < W} and A = max; || A;||2, where each A; € R™*™,
then:

log 2n
E, - trace(W A;)] < 2 .
[Vslelg — Z o;trace( )] < 2AW =

This Lemma is a special case of Theorem 1 in [20] with the fact that the dual norm of the matrix
2-norm is trace norm. Thus, by using Rademacher contraction principle (e.g. Lemma 5 in [27]),
MR(Fo) can be written as:
R(Fo) < LiE,[sup — Y oo (XMYT + N), ;.

(Fo) < LB [y ) ]

= L/yJE, sup o x My +Le]E sup oaN;,, a
[HMII <MmZ : io) INT. <NmZ alVias

= LiEs[ sup Z oqtrace(My; x )] + L¢E,[ sup Z oqtrace(Ne;, e )]

M. <Mm T [Nl <A 1T

a=1 a=1

log 2d log 2
< 2L, (M ma_x||ij?||2\/? N Ofnn)
]

where the last equation is derived by applied Lemma Hl  Since max;;|y;x! |2 =
max; ||y;|2 max; ||x;||2, we derive an upper bound of R(Fg):

log 2d
m

Eq [%(F@)] <2LAIMXY + 2L, N

log 2n
- (6)

However, in some circumstances, the above bound (@) will become too loose for our sample com-
plexity analysis. As a result, we need to deal with these cases by introducing a tighter bound on
trace norm of residual (i.e. ). The following bound mainly follows the proof step in [32], which
provides a tighter bound on trace-norm regularized function class. To begin with, we can rewrite
R(Fo) as:

m

iR(F@) = Eo’[ sup l Z Uag(f(iavja)a Riu,ja»}

m
feFe a=1

=E, sup—ZFUE )}

rere M)

where I' € R"™*"2 with each entry I';; = Za =i jo=j T Now, using the same trick in [32], we

can divide T" based on the “hit-time” on entry (4, j) of 2, with some threshold p > 0 whose value
will be set later. Formally, let h;; = [{a: iq =4, jo = j}\, and let A, B € R™*™2 be defined as:

Ty, ifhy >p 0, ifhiy >p
Ai’: ijs i R Bi': ) ij s 7

’ {O, otherwise. / {Fi]‘, otherwise. ™
By construction, I' = A + B Therefore, we can separate SR(F@) as:

R(Fo) = g bup — Z A l(f )} bup — Z B;l(f )] (8)

Fo ™ (i) (i.9)
For the first term of (§), by the assumption [£( (i, ), R;;)| < B, it can be upper bounded by:

B B
7EU E Ai’ < —

by using the Lemma 10 in [32]. Now consider the second term of (8). Again, by using Rademacher
contraction principle it can be upper bounded by:

L

¢
—E, bup Biif(i j
o Bl s @Z )
Lg L,
—E, sup Bi;;x; My + ]E sup B;; Nl 9)
m [M||M\| <M(z:) ! ]] m NHNH <NZ Y

11



which is separated by feature-covered part and residual part. We first consider the residual part (i.e.
the second term of (9)). By applying Holder’s inequality, the second term of (9) is upper bounded
by:

2.2CL
L sup BBV = %VEJ[”BHQ} . eN\/f’n(%\/TTl+ V)

m NN

*

where the last inequality is derived by applying Lemma 11 in [32]. Now, for the first term of (9,
notice that we can upper bound this term by:

Le u T
—E sup oax; My,
m U[M:HMH*SM; Xt MY

1
=L,k sup  — Y ogtrace(My;, x1)
U[HMu*ng; (&3 Ja i ]

log 2d
< 2LeMmax [y 57 oy 2
1,7 m

— 2L, MXY lofn 2d

m

Therefore, putting back all above upper bound to (8), with p chosen to be mB/(2.2C LyN (\/n1 +
/12)), we can get another bound on R(Fg) by:

log 2d N(y v/
Eq [R(Fo)] < QLZMXJJ\/ == \/ 9CLZBW. (10)
The Theorem thus follows by combining two bounds from (&) and (1Q). O
Proof of Lemma

We first need the following lemma to bound the largest singular value o, of feature matrix X (and
also o, of V).

Lemma 5. Let X € R"*? be a feature matrix. Then there exists a constant C" (i.e. not a function
of n), such that:

op > C"yX\/n.

Proof. Let x; be normalized feature vectors that X; = H)’:—H forall7 = 1...n, sothat each X; lies on
the d dimensional unit sphere S; = {%x € R? | ||%|| = 1}. From Lemma 21 of [[14], for any 1 > 0,
the d dimensional unit sphere can be partitioned into N = (¢/n)? equal volume cells (denoted as
P, ... Py) whose diameter is at most 77, where c is some constant. Therefore, if two unit vectors
x,y are in the same cell P;, since ||x — y|| < 7, the angle 6 between x and y will satisfy

0
2

- n .1 7N
<sin 1(2HXH):SIH 15,

which leads the inner product of x and y to be:

0 n 772
T 2 2
y= 0=1-2 >1-2 =1 .
X cos Sin (2) (2) 9
Thus, taking n = 1, we can partition the unit sphere into N = c? cells such that

1
xTy > ok ifx,y € F;.

Now reconsider n normalized feature vectors X1, ..., X, each of which belongs to one of the cell
P;. By Pigeonhole Theorem, there exists one cell P* € {P;}Y, such that at least n/N vectors lie

12



in P*. Consider any unit vector w in P*, then we have i?w > % for all x; € P*. Therefore,

IXwlz> [ > (x['w)?

ix; €P*

> Z 72 X2 (%L w)?

i:x; EP*

125

)vX\/ﬁ

Y

1
( 2V N
which concludes that
0, > C'vX\/n

no_ 1 s :
where C" = 57/ 1s aconstant with respect to n. O

With Lemma 3 we can now prove the Lemma 3] as follows:

Proof. To begin with, we have:

1X, RY, ll2 < [IXull2l[Rll2[Yoll2 < oxoylIR]|.
On the other hand, by the closed form solution of M , we have:
[ M|l < ||M][2d

= [(XF X)X RY (VY)Y |2d

where 041, 0y, are the smallest singular value of X, Y, respectively. Also, by construction of
X, andY,, we have oy, > p10, and oy, > vo,. Combining Lemmal[3] we have:

’ IR].d
M« £ 55—
prvlogo,
1B]|d
= C'/ningy2 v Xy’
where C” is a constant independent to n1,n2. By the fact that | R||. < R./ning, the lemma is
proved. O

Proof of Theorem 2]

Proof. By the construction of feature space, we can rewrite X and Y as follows:

t—1 d t—1 d
X:Zul-e;?r—kzm-e? Y:Zviegp—i—Z{'ieZT, (11)
i=1 i=t i=1 i=t
where for each u;, ﬁ;fruj = 0, V. Therefore, the trace norm of residual can be bounded by:

|R— XxMYT|, = |UUTR+ RVVT —UUTRVVT|.
<2UUTUuzvVT|, + |USVIVVT,

k
< 3201‘,
i—t
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where U, V are the second term of X and Y in (TI). Moreover, we have o; = o(y/n) for all ¢ > t.
To see this, suppose o, = Q(y/n) for any ¢t < p < k, then:

. 0 .o
lim —= > lim £ >0,

n—oo /N n—oo \/ﬁ

leading a contradiction to the definition of ;. Therefore we can conclude:

k
N =|R-XMY"|, <3 i <3k x o(v/n) = o(v/n),

i=t

and the Theorem is thus proved by plugging the above bound to Corollary 11 O

Proof of Theorem

Proof. We prove the Theorem by showing that the trace norm of R — X MY will be O((g(n) +
h(n))logn) in this scenario given that other dimensions (d and k) do not grow as a function of
n. First, note that in this scenario, we can denote X = U + AU and Y = V + AV, where
U C col(R),V C row(R) and AU, AV are g(n), h(n) column sparse respectively. The following

Lemma then bounds the trace norm of R — X MY in terms of AU and AV.

Lemma 6. Let AU, AV be defined as above. Then with high probability,

. k k
IR = XMYT|. < ey [ = |AUT R||s + e2€zy | o~ |RAV | (12)
g9(n) h(n)

with some universal constants c1 and cs.

Proof. Let AU = U X, ViT and AV = UyX, Vil be the reduced SVD of the perturbation matrix
AU, AV accordingly. Then we have:

|R— XMYT|, < ||[Uz2UFR+ RULUF — U, UT RULUT .
< 2|U1UY R« + ||RUUs |-
= 2|AU(WVET?VDAUT R| + |RAV (Va2 V0 )AVT L. (13)
For the first term of (I3)), using Holder’s inequality, we can upper bound it by:
AU [2[ViST* V2| AUT R]L = |AU|2]|7 |2 [|AUT Rl (14)

which suggests that we need to bound the largest and smallest singular values of AU to bound (I4).

Consider AU’ € R9(™*F to be the truncated AU where only non-zero rows in AU are left. The
spectrum of AU’ is same as AU. Moreover, its two norm can be bounded by:

AU ||z < 61112 < &1/ kg(n),

where E; € R9(™*F ig the matrix with all entries are one. Also, using the result of [31], we can
guarantee that with high probability o (AU’) > Q(+/g(n) — Vk), which suggests w.h.p.:

1 1 1

1200 = Same = sviaoe = OGm)

Thus, combining the above two bounds, the first term of (I3) can be upper bounded by:

k
aby =AU R,
g(n)

with some universal constant c;. Similarly, the second term of (I3) can be upper bounded by
c2€2+/k/h(n)||RAV||.. The lemma is thus proved. O
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Therefore, given Lemma [6 we now need to bound |AUT R||, and || RAV|.. We first focus on
bounding the term | AUT R||,. By R = UV'T and the construction of U, V, we have:

IAUT R = [|AUTUVT || < |GV
where G € R¥** with each entry in G; ~ £1g(n)N(0,02). Thus, let Z = GVT, Z € RF¥*", then
each entry Z;; ~ £19(n) %2 X3, where X is a chi-square distribution with degree of freedom k.

We next show that the trace norm of Z will be bounded in small enough order with high probabil-
ity. To begin with, the following Lemma is used as an exponentially decreasing bound on the tail
distribution of chi-square statistics.

Lemma 7 (Exponential Tail Bound of x?). Let X be a random variable which follows . Then for

anyt > 1, we have:
—k( (t—1)2+1—1)}
2

Pr(X > tk) < exp{

This Lemma is a corollary of Lemma 1 in [23]. Given this lemma, we can now derive the following
lemma to upper bound ||AUT R,

Lemma 8. Ler AUTR € R**™ where AU and R are set as in Theorem[3| Then its trace norm can
be upper bounded by:

IAUTR|, < C1k? g(n)v/nlogn

k—2

with probability at least 1 — kn™ "=z .

Proof. Since [|AUT R||. < || Z||. where Z;; ~ §1g(n)%zxi, by applying Lemma[Z with t = log n,
we can guarantee that with probability at least 1 — nE

o2
Zi; < §1g(n)7k log n.

—2

Thus, by applying union bound on each Z;;, with probability at least 1 — kn= "5
T o?
IAUT R« < [ 2]l < &19(n)—-klogn| El.,

where E € RF*™ is a rank-1 matrix with all entries are 1. We can thus conclude the Lemma by the
fact that | E||« = ||E||2 = Vnk. O

Similarly, by using the same proof steps, it could also be shown that ||[RAV|. <
C2k3/2h(n)y/nlogn. Therefore, substituting above bounds back to Lemmal[6] we obtain:

- ||R—XMYT||*

6161\/ ||AUTRH +C252H IIRAVH

= O(max(y/g(n),/h(n))v/nlogn),

and the proof is thus completed by plugglng this result into Corollary [Tl O

Appendix C: More Synthetic experiments for DirtyIMC

Experiment on random orthogonal model

Here we conduct an experiment based on random orthogonal model stated in Theorem[2l We create
a low rank matrix R = UXV7 where U,V € R"*?Y are both random orthogonal matrix, and the
singular values to be Ul ; {an, alogn}, so there are 10 singular values have smaller growth rate
O(logn). Follow Theorem 2l we construct X,Y by replacing the bottom 10 singular vectors in

15



0.4 — ‘
——DirtyIMC
—=—MC

Relative error
o o
N w

o
=

00 500 1000 1500 2000 2500 3000
Matrix dimension n

Figure 3: A synthetic experiment where noise only corrupts the insignificant part of true latent
features (i.e. space spanned by smaller singular values). We see that in this case, given O(n) obser-
vations, DirtyIMC could still recover the underlying matrix using sufficiently informative features,
while matrix completion fails to recover as the error becomes unbounded with larger n. The result
supports guarantee provided in Theorem 2]

U and V' with bases orthogonal to U and V. We increase n from 250 to 3000, and for each n we
randomly sample m = 100n observations, apply our model and matrix completion to complete
the matrix, and evaluate the recovered matrix using relative error. From Theorem 2] our DirtyIMC
model should be able to approximately recover the matrix given 100n > o(n) observations, which
is indeed true as Figure[3|suggests. As a comparison, standard matrix completion fails to recover the
matrix with only O(n) observations as n increases. This result empirically supports our theoretical
analysis on the usefulness of noisy features.

Finer results for synthetic experiments in Section 3]

Figure [l and 5] show finer plots under each sparsity of observation ps and feature noise level py.

Comparisons between DirtyIMC and Boosted IMC

As we mentioned in Appendix A, a recently proposed method “Boosted IMC” [33] could be viewed
as a special case of our model, where their method is basically Algorithm [ with ¢,,,,, = 1, and
in each subproblem they replace the trace norm regularized objective with matrix factorization ob-
jective. Here we compare our DirtyIMC (Algorithm [I) with Boosted IMC on synthetic datasets
generated as same as Section [ stated. We follow their implementation with rank of U, V, W, H are
all set to be 40. The result is shown in Figure

We observe that though Boosted IMC has a similar trend to DirtyIMC, in general, DirtyIMC per-
forms better than Boosted IMC. However, Boosted IMC may be still good enough as an approxi-
mation of DirtyIMC in certain cases where efficiency is critical, since it only requires one iteration
update of M and N.

Appendix D: Details for applying DirtyIMC to semi-supervised clustering

Here we follow the discussion in Section [3] for semi-supervised clustering. Suppose we are given
m pairwise constraints describing similarity (or dissimilarity) of some pairs of items, then we can
construct the following pairwise similarity matrix S as:

g — 1, if¢ and j are similar,
27710, ifiand j are dissimilar.
Obviously, S has many missing entries since only m < n? pairwise constraints are known. In

addition, ideally S should be a subset of observations sampled from UU T where U € R™"*F with
each i-th column of U is an indicator vector of the i-th cluster. Therefore, one can try to recover
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Figure 4: Finer results for synthetic experiments where completion methods are applied under dif-
ferent feature quality with a fixed p,

(or complete) the matrix back with DirtyIMC objective, and the column space of recovered matrix,
spanned by its top-k eigenvectors, will (ideally) reveal the indicator vectors. Our detailed algorithm
is summarized in Algorithm 2l

One subtle yet critical issue in Algorithm [2] is to compute the top-k eigenvectors of recovered S
(denoted as R). Note that after solving DirtyIMC objective, we are only given the low rank expres-
sion of N* and M*. Compute R explicitly and then compute its leading eigenvectors is expensive
and not scalable. Therefore, we instead run subspace iteration on N* + ZM*Z7 to solve for top-k
eigenvectors efficiently. Also, since the resulting top-k eigenvectors are used for running k-means,
we do not need to obtain a very accurate eigenvectors in this case. Therefore, parameters associated
with precision (¢,,4, and €) could be set relatively loose for efficiency in practice.
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Figure 5: Finer results for synthetic experiments where completion methods are applied under dif-
ferent sparsity of observations with a fixed p
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Figure 6: Performance of DirtyIMC and Boosted IMC (an approximation of DirtyIMC model) on
synthetic datasets.

Algorithm 2 Semi-supervised clustering with DirtyIMC

Input: feature matrix Z, pairwise similarity matrix S, number of clusters k, regularization pa-
rameters (Ap7, Ay) in @).
/I Solve DirtyIMC objective with Algorithm [11
(M*,N*) < argminy,n 3 jyes(ZMZT + N)ij — Si5)” + At | M| + An[[ N[
/I Subspace iterations for finding top-k eigenvectors.
€ 1073 tan — 10,8t — 1
[U]w, 21\/[, VM] — SVD(M*)
initialize U, < QR(ZUxs, k)
while t < t,,4, do

Uity < QR(ZM*ZTU(t) + N*Uyy, k)

t—1t+4+1

if (% (U(q;) U(t+1)) < e then

break

end if
end while
idx < kmeans(U(y), k)
return idx

19



	Introduction
	Related Work
	A Dirty Statistical Model for Matrix Completion with Features
	Theoretical Analysis
	Preliminaries
	Measuring the Quality of Features
	Sample Complexity Analysis

	Experimental Results
	Synthetic Experiments
	Real-world Applications


