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Abstract

In this paper, we consider regression problems with one-hidden-layer neural networks (1NNs).
We distill some properties of activation functions that lead to local strong convezxity in the
neighborhood of the ground-truth parameters for the 1NN squared-loss objective and most
popular nonlinear activation functions satisfy the distilled properties, including rectified linear
units (ReLUs), leaky RelLUs, squared RelLUs and sigmoids. For activation functions that are also
smooth, we show local linear convergence guarantees of gradient descent under a resampling rule.
For homogeneous activations, we show tensor methods are able to initialize the parameters to
fall into the local strong convexity region. As a result, tensor initialization followed by gradient
descent is guaranteed to recover the ground truth with sample complexity d-log(1/¢€)-poly(k, A)
and computational complexity n - d - poly(k, A) for smooth homogeneous activations with high
probability, where d is the dimension of the input, k¥ (k < d) is the number of hidden nodes, A
is a conditioning property of the ground-truth parameter matrix between the input layer and
the hidden layer, € is the targeted precision and n is the number of samples. To the best of our
knowledge, this is the first work that provides recovery guarantees for 1INNs with both sample
complexity and computational complexity linear in the input dimension and logarithmic in the
precision.

*A preliminary version of this paper appears in Proceedings of the Thirty-fourth International Conference on
Machine Learning (ICML 2017).
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1 Introduction

Neural Networks (NNs) have achieved great practical success recently. Many theoretical contri-
butions have been made very recently to understand the extraordinary performance of NNs. The
remarkable results of NNs on complex tasks in computer vision and natural language processing
inspired works on the expressive power of NNs [CSS16, CS16, RPK'16, DFS16, PLR 16, MPCB14,
Tell6]. Indeed, several works found NNs are very powerful and the deeper the more powerful. How-
ever, due to the high non-convexity of NNs, knowing the expressivity of NNs doesn’t guarantee that
the targeted functions will be learned. Therefore, several other works focused on the achievability
of global optima. Many of them considered the over-parameterized setting, where the global op-
tima or local minima close to the global optima will be achieved when the number of parameters
is large enough, including [FB16, HV15, LSSS14, DPG*14, SS16, HM17]. This, however, leads to
overfitting easily and can’t provide any generalization guarantees, which are actually the essential
goal in most tasks.

A few works have considered generalization performance. For example, [XLS17| provide gen-
eralization bound under the Rademacher generalization analysis framework. Recently [ZBH'17]
describe some experiments showing that NNs are complex enough that they actually memorize
the training data but still generalize well. As they claim, this cannot be explained by applying
generalization analysis techniques, like VC dimension and Rademacher complexity, to classification
loss (although it does not rule out a margins analysis—see, for example, [Bar98]; their experiments
involve the unbounded cross-entropy loss).

In this paper, we don’t develop a new generalization analysis. Instead we focus on parameter
recovery setting, where we assume there are underlying ground-truth parameters and we provide
recovery guarantees for the ground-truth parameters up to equivalent permutations. Since the
parameters are exactly recovered, the generalization performance will also be guaranteed.

Several other techniques are also provided to recover the parameters or to guarantee generaliza-
tion performance, such as tensor methods [JSA15] and kernel methods [AGMR17]. These methods
require sample complexity O(d?) or computational complexity O(n?), which can be intractable in
practice.

Recently [Shal6] show that neither specific assumptions on the niceness of the input distribution
or niceness of the target function alone is sufficient to guarantee learnability using gradient-based
methods. In this paper, we assume data points are sampled from Gaussian distribution and the
parameters of hidden neurons are linearly independent.

Our main contributions are as follows,

1. We distill some properties for activation functions, which are satisfied by a wide range of
activations, including ReLU, squared ReLU, sigmoid and tanh. With these properties we show
positive definiteness (PD) of the Hessian in the neighborhood of the ground-truth parameters given
enough samples (Theorem 4.2). Further, for activations that are also smooth, we show local linear
convergence is guaranteed using gradient descent.

2. We propose a tensor method to initialize the parameters such that the initialized param-
eters fall into the local positive definiteness area. Our contribution is that we reduce the sam-
ple/computational complexity from cubic dependency on dimension to linear dependency (Theo-
rem 5.6).

3. Combining the above two results, we provide a globally converging algorithm (Algorithm 2)
for smooth homogeneous activations satisfying the distilled properties. The whole procedure requires
sample/computational complexity linear in dimension and logarithmic in precision (Theorem 6.1).



2 Related Work

The recent empirical success of NNs has boosted their theoretical analyses [FZK 16, Bal16, BMBY16,
SBL16, APVZ14, AGMR17, GKKT17|. In this paper, we classify them into three main directions.

2.1 Expressive Power

Expressive power is studied to understand the remarkable performance of neural networks on com-
plex tasks. Although one-hidden-layer neural networks with sufficiently many hidden nodes can
approximate any continuous function [Hor91|, shallow networks can’t achieve the same performance
in practice as deep networks. Theoretically, several recent works show the depth of NNs plays an
essential role in the expressive power of neural networks [DFS16]. As shown in [CSS16, CS16, Tel16],
functions that can be implemented by a deep network of polynomial size require exponential size
in order to be implemented by a shallow network. [RPK*16, PLR"16, MPCB14, AGMR17| design
some measures of expressivity that display an exponential dependence on the depth of the network.
However, the increasing of the expressivity of NNs or its depth also increases the difficulty of the
learning process to achieve a good enough model. In this paper, we focus on 1NNs and provide
recovery guarantees using a finite number of samples.

2.2 Achievability of Global Optima

The global convergence is in general not guaranteed for NNs due to their non-convexity. It is widely
believed that training deep models using gradient-based methods works so well because the error
surface either has no local minima, or if they exist they need to be close in value to the global
minima. [SCP16] present examples showing that for this to be true additional assumptions on the
data, initialization schemes and/or the model classes have to be made. Indeed the achievability of
global optima has been shown under many different types of assumptions.

In particular, [CHM™15] analyze the loss surface of a special random neural network through
spin-glass theory and show that it has exponentially many local optima, whose loss is small and close
to that of a global optimum. Later on, [Kawl16] eliminate some assumptions made by [CHM™15]
but still require the independence of activations as [CHM™ 15|, which is unrealistic. [SS16] study
the geometric structure of the neural network objective function. They have shown that with high
probability random initialization will fall into a basin with a small objective value when the network
is over-parameterized. [LSSS14| consider polynomial networks where the activations are square
functions, which are typically not used in practice. [HV15] show that when a local minimum has
zero parameters related to a hidden node, a global optimum is achieved. [FB16] study the landscape
of INN in terms of topology and geometry, and show that the level set becomes connected as the
network is increasingly over-parameterized. [HM17| show that products of matrices don’t have
spurious local minima and that deep residual networks can represent any function on a sample,
as long as the number of parameters is larger than the sample size. [SC16] consider over-specified
NNs, where the number of samples is smaller than the number of weights. [DPG™'14] propose a
new approach to second-order optimization that identifies and attacks the saddle point problem in
high-dimensional non-convex optimization. They apply the approach to recurrent neural networks
and show practical performance. [AGMRI17| use results from tropical geometry to show global
optimality of an algorithm, but it requires (2n)* poly(n) computational complexity.

Almost all of these results require the number of parameters is larger than the number of points,
which probably overfits the model and no generalization performance will be guaranteed. In this
paper, we propose an efficient and provable algorithm for 1NNs that can achieve the underlying
ground-truth parameters.



2.3 Generalization Bound / Recovery Guarantees

The achievability of global optima of the objective from the training data doesn’t guarantee the
learned model to be able to generalize well on unseen testing data. In the literature, we find three
main approaches to generalization guarantees.

1) Use generalization analysis frameworks, including VC dimension/Rademacher complexity, to
bound the generalization error. A few works have studied the generalization performance for NNs.
[XLS17] follow [SC16] but additionally provide generalization bounds using Rademacher complexity.
They assume the obtained parameters are in a regularization set so that the generalization perfor-
mance is guaranteed, but this assumption can’t be justified theoretically. [HRS16] apply stability
analysis to the generalization analysis of SGD for convex and non-convex problems, arguing early
stopping is important for generalization performance.

2) Assume an underlying model and try to recover this model. This direction is popular for many
non-convex problems including matrix completion /sensing [JNS13, Harl4, SL15, BLWZ17], mixed
linear regression [ZJD16], subspace recovery [EV09] and other latent models [AGH'14].

Without making any assumptions, those non-convex problems are intractable [AGKM12, GV15,
SWZ17a, GG11, RSW16, SR11, HM13, AGM12, YCS14]. Recovery guarantees for NNs also need
assumptions. Several different approaches under different assumptions are provided to have recovery
guarantees on different NN settings.

Tensor methods [AGHT14, WTSA15, WA16, SWZ16] are a general tool for recovering models
with latent factors by assuming the data distribution is known. Some existing recovery guarantees
for NNs are provided by tensor methods [SA15, JSA15]. However, [SA15] only provide guarantees to
recover the subspace spanned by the weight matrix and no sample complexity is given, while [JSA15]
require O(d>/e?) sample complexity. In this paper, we use tensor methods as an initialization step
so that we don’t need very accurate estimation of the moments, which enables us to reduce the total
sample complexity from 1/€2 to log(1/e).

[ABGM14] provide polynomial sample complexity and computational complexity bounds for
learning deep representations in unsupervised setting, and they need to assume the weights are
sparse and randomly distributed in [—1, 1].

[Tial7] analyze INN by assuming Gaussian inputs in a supervised setting, in particular, re-
gression and classification with a teacher. This paper also considers this setting. However, there
are some key differences. a) [Tial7| require the second-layer parameters are all ones, while we can
learn these parameters. b) In [Tial7|, the ground-truth first-layer weight vectors are required to be
orthogonal, while we only require linear independence. c¢) [Tial7| require a good initialization but
doesn’t provide initialization methods, while we show the parameters can be efficiently initialized
by tensor methods. d) In [Tial7|, only the population case (infinite sample size) is considered, so
there is no sample complexity analysis, while we show finite sample complexity.

Recovery guarantees for convolution neural network with Gaussian inputs are provided in [BG17],
where they show a globally converging guarantee of gradient descent on a one-hidden-layer no-
overlap convolution neural network. However, they consider population case, so no sample com-
plexity is provided. Also their analysis depends on ReLU activations and the no-overlap case is very
unlikely to be used in practice. In this paper, we consider a large range of activation functions, but
for one-hidden-layer fully-connected NNs.

3) Improper Learning. In the improper learning setting for NNs, the learning algorithm is not
restricted to output a NN, but only should output a prediction function whose error is not much
larger than the error of the best NN among all the NNs considered. [ZLJ16, ZLW16| propose kernel
methods to learn the prediction function which is guaranteed to have generalization performance
close to that of the NN. However, the sample complexity and computational complexity are expo-



nential. [AZS14| transform NNs to convex semi-definite programming. The works by [Bacl4| and
[BRVT05] are also in this direction. However, these methods are actually not learning the original
NNs. Another work by [ZLWJ17| uses random initializations to achieve arbitrary small excess risk.
However, their algorithm has exponential running time in 1/e.

Roadmap. The paper is organized as follows. In Section 3, we present our problem setting and
show three key properties of activations required for our guarantees. In Section 4, we introduce the
formal theorem of local strong convexity and show local linear convergence for smooth activations.
Section 5 presents a tensor method to initialize the parameters so that they fall into the basin of
the local strong convexity region.

3 Problem Formulation

We consider the following regression problem. Given a set of n samples

S ={(1,91), (22,92), - (0, yn)} CRIXR,
let D denote a underlying distribution over R% x R with parameters
{w},wh,---wi} c RY and {vf, v}, - ,vf} CR
such that each sample (z,y) € S is sampled i.i.d. from this distribution, with

k

D: o~ NOI), y=> vl o), (1)

=1

where ¢(z) is the activation function, k is the number of nodes in the hidden layer. The main ques-
tion we want to answer is: How many samples are sufficient to recover the underlying parameters?

It is well-known that, training one hidden layer neural network is NP-complete [BR88]. Thus,
without making any assumptions, learning deep neural network is intractable. Throughout the
paper, we assume x follows a standard normal distribution; the data is noiseless; the dimension
of input data is at least the number of hidden nodes; and activation function ¢(z) satisfies some
reasonable properties.

Actually our results can be easily extended to multivariate Gaussian distribution with positive
definite covariance and zero mean since we can estimate the covariance first and then transform
the input to a standard normal distribution but with some loss of accuracy. Although this paper
focuses on the regression problem, we can transform classification problems to regression problems
if a good teacher is provided as described in [Tial7]. Our analysis requires k to be no greater than
d, since the first-layer parameters will be linearly dependent otherwise.

For activation function ¢(z), we assume it is continuous and if it is non-smooth let its first
derivative be left derivative. Furthermore, we assume it satisfies Property 3.1, 3.2, and 3.3. These
properties are critical for the later analyses. We also observe that most activation functions actually
satisfy these three properties.

Property 3.1. The first derivative ¢'(z) is nonnegative and homogeneously bounded, i.e., 0 <
¢ (2) < Lq|z|P for some constants L1 > 0 and p > 0.

Property 3.2. Let ag(0) = B, n0,)[¢' (0 - 2)29,Vq € {0,1,2}, and By(0) = EZNN(OJ)[QZ)/Q(O"
2)29],Vq € {0,2}. Let p(o) denote min{Bo(c) — a3(o) — ai(a), Pa2(o) — a(o) — a3(0), ag(o) -
as(0) — a2(o)} The first derivative ¢'(z) satisfies that, for all o > 0, we have p(c) > 0.



Property 3.3. The second derivative ¢ (z) is either (a) globally bounded |¢"(z)| < Lo for some
constant Lo, i.e., ¢(z) is La-smooth, or (b) ¢"(2) =0 except for e (e is a finite constant) points.

Remark 3.4. The first two properties are related to the first derivative ¢'(z) and the last one is
about the second derivative ¢"(z). At high level, Property 3.1 requires ¢ to be non-decreasing with
homogeneously bounded derivative; Property 3.2 requires ¢ to be highly non-linear; Property 5.3
requires ¢ to be either smooth or piece-wise linear.

Theorem 3.5. ReLU ¢(z) = max{z,0}, leaky ReLU ¢(2) = max{z,0.01z}, squared ReLU ¢(2) =
max{z,0}2 and any non-linear non-decreasing smooth functions with bounded symmetric ¢'(z), like
the sigmoid function ¢(z) = 1/(1+ e ?), the tanh function and the erf function ¢(z) = [ et dt,
satisfy Property 8.1,3.2,3.8. The linear function, ¢(z) = z, doesn’t satisfy Property 3.2 and the
quadratic function, ¢(z) = 22, doesn’t satisfy Property 3.1 and 3.2.

The proof can be found in Appendix C.

4 Positive Definiteness of Hessian

In this section, we study the Hessian of empirical risk near the ground truth. We consider the case
when v* is already known. Note that for homogeneous activations, we can assume v} € {—1,1}
since vg(z) = ﬁgf)(\vﬁ/”z), where p is the degree of homogeneity. As v} only takes discrete values
for homogeneous activations, in the next section, we show we can exactly recover v* using tensor
methods with finite samples.

For a set of samples S, we define the Empirical Risk,

k

2
B = gl 3 (Soistuln o) 2

(zy)es \i=1

For a distribution D, we define the Ezpected Risk,

k 2
W)=+ E (va(wh)—y) . 3)

26w [\ S

Let’s calculate the gradient and the Hessian of J?S(W) and fp(W). For each j € [k], the partial
gradient of fp(W) with respect to w; can be represented as

k
(Z vip(w] x) — y) v;*as’(w}x)x] :

=1

(W)
aw]’ (z,y)~D

For each j,1 € [k] and j # [, the second partial derivative of fp(W) for the (j,1)-th off-diagonal
block is,
92 fp(W)

Fuur = o p [0 ] 00l m)aaT]

and for each j € [k], the second partial derivative of fp(W) for the j-th diagonal block is

02 fp(W)
8w]2

k
D KZ“? ol ) - y) v (wfa)za’ + <v;-*¢'<w;x>>2m] .

=1



If ¢(z) is non-smooth, we use the Dirac function and its derivatives to represent ¢”(z). Replacing
the expectation E(, ,y.p by the average over the samples |S|~1 Z(x,y)ES7 we obtain the Hessian of
the empirical risk.

Considering the case when W = W* € R™¥_for all 4,1 € [k], we have,

82fD(W*) * % * 1 * 1 T
Dwsdw = ($7yIjEND [vjvl ¢ (wj x)¢ (wi ' )z } .
If Property 3.3(b) is satisfied, ¢”(z) = 0 almost surely. So in this case the diagonal blocks of the
empirical Hessian can be written as,

,o
O fsW) _ 1 3 (i (w] x))aa

2
8wj 1S (oS

Now we show the Hessian of the objective near the global optimum is positive definite.

Definition 4.1. Given the ground truth matriz W* € R¥F  let o;(W*) denote the i-th singu-
lar value of W*, often abbreviated as o;. Let k = o1/ok, N = (l_[f:1 ai)/a’]j. Let vpax de-
note max;e(y [vf| and vmin denote min;cpy |vi| . Let v = Umax/Vmin- Let p denote p(oy). Let
T = (301/2)*/ min, e[y, /2,30, j21{P*(0)}

Theorem 4.2 (Informal version of Theorem D.1). For any W € R¥* with |W — W*|| < poly(1/k,
1/ 1/v, p/o%p) |\WH||, let S denote a set of i.i.d. samples from distribution D (defined in (1)) and
let the activation function satisfy Property 3.1,3.2,3.3. Then for any t > 1, if |S| > d - poly(log d, t,
kv, T, A,O’%p/p), we have with probability at least 1 — d—)

Qvhinp(on) /(AT X V2 fs(W) = O(kvpaeoi)T.

Ur2nax
Remark 4.3. As we can see from Theorem 4.2, p(oy) from Property 3.2 plays an important role
for positive definite (PD) property. Interestingly, many popular activations, like ReLU, sigmoid and
tanh, have p(op) > 0, while some simple functions like linear (¢(z) = z) and square (¢p(z) = 22)
functions have p(or) = 0 and their Hessians are rank-deficient. Another important numbers are K
and A, two different condition numbers of the weight matriz, which directly influences the positive
definiteness. If W* is rank deficient, A — oo, k — 0o and we don’t have PD property. In the best
case when W* is orthogonal, A\ = k = 1. In the worse case, \ can be exponential in k. Also W
should be close enough to W*. In the next section, we provide tensor methods to initialize w; and
vy such that they satisfy the conditions in Theorem 4.2.

For the PD property to hold, we need the samples to be independent of the current parameters.
Therefore, we need to do resampling at each iteration to guarantee the convergence in iterative
algorithms like gradient descent. The following theorem provides the linear convergence guarantee
of gradient descent for smooth activations.

Theorem 4.4 (Linear convergence of gradient descent, informal version of Theorem D.2). Let W
be the current iterate satisfying |W — W*|| < poly(1/v,1/k, l/A,p/UfP)HW*H. Let S denote a set
of i.i.d. samples from distribution D (defined in (1)) with |S| > d-poly(logd,t, k,v, T, A, O'%p/p) and
let the activation function satisfy Property 3.1,3.2 and 5.3(a). Define mo := ©(v2, p(og)/(K*N))
and My := O(kv2, 03", If we perform gradient descent with step size 1/Mg on fs(W) and obtain
the next iterate,

— 1 -
W=W = VIsO0),

8



then with probability at least 1 — d—X),

W — W||7 < (1—f)HW W%

We provide the proofs in the Appendix D.1

5 Tensor Methods for Initialization

In this section, we show that Tensor methods can recover the parameters W* to some precision and
exactly recover v* for homogeneous activations.

It is known that most tensor problems are NP-hard [H&s90, HL13| or even hard to approximate
[SWZ17b]|. However, by making some assumptions, tensor decomposition method becomes efficient
[AGHT14, WTSA15, WA16, SWZ16|. Here we utilize the noiseless assumption and Gaussian inputs
assumption to show a provable and efficient tensor methods.

5.1 Preliminary

Let’s define a special outer product @ for simplification of the notation. If v € R? is a vector and I
is the identity matrix, then v®I = Z?Zl[v Rej®ej+e;QuRej+ej@e;@u]. If M is a symmetric
rank-r matrix factorized as M = 22:1 swwiT and I is the identity matrix, then

r

d 6
Mé[ = ZSiZZAl’i’j’

i=1  j=1I=1

where Al,i,j =v;QV;®e;®e;, AQJ‘J’ =v;®e;QU;®ey, A3,z‘,j = €;QU;QU;®e;, A47m‘ =v;®e;®e; Quj,
A5yi7j =€ QU Qe; Qv and AG,i,j =€ Qe QU ;.
Denote w = w/||w||. Now let’s calculate some moments.

Definition 5.1. We define My, Mo, M3, My and mq ;, ma;, m3;, ma; as follows :

My = IE(ac,y) D{y : 95]

My = IE(ac,y) 'D[y : (.’L’ Kx — I)]

My = E(yy)oply - (%% — 2@1)).

My =Ey)ply - (2% = (2 ® 2)®I + IB])].

vi(0) = E.onro, @0 - 2)27], Vi =0,1,2,3,4.
mi; = 7 (||lwfl]).

ma,; = Ya2([[w] ) — vo([[w]l]).

m3; = y3(l[w; ) — 3y ([lw;])-

ma; = ya(lwil) + 3vo([[wi ) — 6y2([w]]])-

According to Definition 5.1, we have the following results,
Claim 5.2. For each j € [4], M; = ZZ L 1mj,iw;-k®j.

Note that some m;;’s will be zero for specific activations. For example, for activations with
symmetric first derivatives, i.e., ¢/(z) = ¢'(—=z), like sigmoid and erf, we have ¢(z) + ¢(—z) being
a constant and Ms = 0 since y9(0) = 72(0). Another example is ReLU. RelLU functions have
vanishing Ms, i.e., M3 = 0, as v3(0) = 3v1(0). To make tensor methods work, we make the
following assumption.



Assumption 5.3. Assume the activation function ¢(z) satisfies the following conditions:
1. If M; # 0, then mj; # 0 for all i € [k].

2. At least one of M3 and My is non-zero.

3. If My = M3 =0, then ¢(z) is an even function, i.e., ¢(z) = ¢(—=z).

4. If My = My =0, then ¢(z) is an odd function, i.e., ¢(z) = —p(—2).

If $(2) is an odd function then ¢(z) = —¢(—2) and vo(w'z) = —vé(—w'z). Hence we can
always assume v > 0. If ¢(2) is an even function, then vp(w'z) = vop(—w'x). So if w recovers w*
then —w also recovers w*. Note that ReLU, leaky ReLU and squared RelLU satisfy Assumption 5.3.
We further define the following non-zero moments.

Definition 5.4. Let o € R? denote a randomly picked vector. We define Py and P3 as follows:
Py =M;,(I,I,a,--- ) , where jo = min{j > 2|M; # 0} and P3 = M;,(I,1,1,c,--- ), where
Js = min{j > 3[M; # 0}.

According to Definition 5.1 and 5.4, we have,

Claim 5.5. P, = Y% vrmy, i(a @) 2w ®? and Py = SOk vimg, (o’

j3—377+®3
i=1Y i=1Yi w;

w;)

In other words for the above definition, P» is equal to the first non-zero matrix in the ordered
sequence { Mo, M3(I,I,a), My(I,1,cv,)}. Psis equal to the first non-zero tensor in the ordered
sequence {Ms, My(I,I,1,a)}. Since  is randomly picked up, w}' a # 0 and we view this number
as a constant throughout this paper. So by construction and Assumption 5.3, both P, and P5 are
rank-k. Also, let Py, € R4 and 133 € R¥*dxd denote the corresponding empirical moments of
Py € R¥™4 and P3 € R¥*4X4 pegpectively.

5.2 Algorithm

Now we briefly introduce how to use a set of samples with size linear in dimension to recover the
ground truth parameters to some precision. As shown in the previous section, we have a rank-k
3rd-order moment P3 that has tensor decomposition formed by {w},ws, - - - ,w} }. Therefore, we can
use the non-orthogonal decomposition method [KCL15] to decompose the corresponding estimated
tensor ﬁg and obtain an approximation of the parameters. The precision of the obtained parameters
depends on the estimation error of P3, which requires Q(d®/e?) samples to achieve € error. Also,
the time complexity for tensor decomposition on a d x d x d tensor is Q(d>).

In this paper, we reduce the cubic dependency of sample/computational complexity in dimension
[JSA15] to linear dependency. Our idea follows the techniques used in [ZJD16], where they first used
a 2nd-order moment P to approximate the subspace spanned by {w}, w5, - ,wj}, denoted as V/,
then use V to reduce a higher-dimensional third-order tensor Py € R¥*¥%? to a lower-dimensional
tensor R3 := P3(V,V,V) € R¥*Fxk  Gince the tensor decomposition and the tensor estimation
are conducted on a lower-dimensional R¥*¥** space, the sample complexity and computational
complexity are reduced.

The detailed algorithm is shown in Algorithm 1. First, we randomly partition the dataset into
three subsets each with size 6(d) Then apply the power method on 132, which is the estimation
of Py from Sy, to estimate V. After that, the non-orthogonal tensor decomposition (KCL)[KCL15]
on Rs3 outputs @; which estimates s;V 1wy for i € [k] with unknown sign s; € {—1,1}. Hence w}
can be estimated by s;Vu;. Finally we estimate the magnitude of w; and the signs s;, v} in the
RECMAGSIGN function for homogeneous activations. We discuss the details of each procedure and
provide POWERMETHOD and RECMAGSICGN algorithms in Appendix E.
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Algorithm 1 Initialization via Tensor Method

1: procedure INITIALIZATION(S) > Theorem 5.6
2 S2, 53,54 + PARTITION(S, 3)
3 P2 — E52 [PQ]

4: Vo« POWERMETHOD(PQ, k)

5: R3 + Egy[P3(V,V, V)]

6: {uz}le — KCL(Rg)

7 {wi , Z }le[k < RECMAGSIGN(V, {U; }icr], S1)
8: Return {wi , fo)}ze[k]

9: end procedure

Algorithm 2 Globally Converging Algorithm

1: procedure LEARNINGINN(S, d, k, ¢) > Theorem 6.1
2: T < log(1/e) - poly(k, v, A0 /p).

3 n < 1/(kvmax 01 )

4: 50,51, ,Sq < PARTITION(S, ¢+ 1).

5. WO 40  INITIALIZATION(Sp).

6 Set v} vi(o) in Eq. (2) for all qu(W), q € [T]
7 for¢q=0,1,2,--- , T —1do

3 Wi+ — (o — ﬁVquH(W(Q))

9: end for

10: Return {w ) Z(O)}Ze

11: end procedure

10000 1 10000 15 20
o — Initialize v,W with Tensor
= 15 — -Randomly initialize both v,W
8000 0.8 8000 g —--Fix v=v*, randomly initialize W
2 ()
06& T =
6000 oS 6000 1 N T
z © z T o
> 8 >
043 £ 8
4000 g 4000 =
02 3
c
0 = .
20 40 60 80 100 20 40 60 80 100 0 200 400 600 800 1000
d d iteration

(a) Sample complexity for recovery (b) Tensor initialization error (c) Objective v.s. iterations

Figure 1: Numerical Experiments

5.3 Theoretical Analysis

We formally present our theorem for Algorithm 1, and provide the proof in the Appendix E.2.

Theorem 5.6. Let the activation function be homogeneous satisfying Assumption 5.5. For any
O<e<landt>1,if[S] > €2.d-poly(t, k, k,logd), then there exists an algorithm (Algorithm 1)
that takes |S|k-O(d) time and outputs a matriz W € R>* and a vector v € RF such that, with
probability at least 1 — d—21),

WO — W*||p < e-poly(k, &)||W*||r, and o{”) = o},

(2

11



6 Global Convergence

Combining the positive definiteness of the Hessian near the global optimal in Section 4 and the
tensor initialization methods in Section 5, we come up with the overall globally converging algorithm
Algorithm 2 and its guarantee Theorem 6.1.

Theorem 6.1 (Global convergence guarantees). Let S denote a set of i.i.d. samples from distribu-
tion D (defined in (1)) and let the activation function be homogeneous satisfying Property 3.1, 3.2,
3.3(a) and Assumption 5.3. Then for anyt > 1 and any € > 0, if |S| > dlog(1/¢)-poly(logd,t, k, \),
T > log(1/e) 'poly(k,l/,)\,afp/p) and 0 < n < 1/(k’u§laxafp), then there is an Algorithm (proce-

dure LEARNINGINN in Algorithm 2) taking |S| - d - poly(logd, k, \) time and outputting a matriz
W) e Rk gnd a vector v(9) € R¥ satisfying

W) —W*|[p < e|W*||p, and o{” = o},
with probability at least 1 — d—1).

This follows by combining Theorem 4.4 and Theorem 5.6.

7 Numerical Experiments

In this section we use synthetic data to verify our theoretical results. We generate data points
{2i,yi}i=1.2.. n from Distribution D(defined in Eq. (1)). We set W* = ULV T, where U € R¥**
and V € R¥** are orthogonal matrices generated from QR decomposition of Gaussian matrices, ¥ is
a diagonal matrix whose diagonal elements are 1, 1+Z—j, 1+ 2(,5__11), -+, k. In this experiment, we set
k=2 and k = 5. We set v} to be randomly picked from {—1, 1} with equal chance. We use squared
ReLU ¢(2) = max{z,0}2, which is a smooth homogeneous function. For non-orthogonal tensor
methods, we directly use the code provided by [KCL15] with the number of random projections
fixed as L = 100. We pick the stepsize n = 0.02 for gradient descent. In the experiments, we don’t
do the resampling since the algorithm still works well without resampling.

First we show the number of samples required to recover the parameters for different dimensions.
We fix k = 5, change d for d = 10,20, --- ,100 and n for n = 1000, 2000, - - - , 10000. For each pair
of d and n, we run 10 trials. We say a trial successfully recovers the parameters if there exists a
permutation 7 : [k] — [k], such that the returned parameters W and v satisfy

mane{ 5 — w1y /[ 1} < 0.00 and v,;) = v}

We record the recovery rates and represent them as grey scale in Fig. 1(a). As we can see from
Fig. 1(a), the least number of samples required to have 100% recovery rate is about proportional to
the dimension.

Next we test the tensor initialization. We show the error between the output of the tensor
method and the ground truth parameters against the number of samples under different dimensions
in Fig 1(b). The pure dark blocks indicate, in at least one of the 10 trials, Zle vfo) % Zle vy,

which means vZ(O) is not correctly initialized. Let II(k) denote the set of all possible permutations
7 : [k] = [k]. The grey scale represents the averaged error,

. * (0) *
Wgﬁ&)%ﬁ{ll% w, il will},
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over 10 trials. As we can see, with a fixed dimension, the more samples we have the better initializa-
tion we obtain. We can also see that to achieve the same initialization error, the sample complexity
required is about proportional to the dimension.

We also compare different initialization methods for gradient descent in Fig. 1(c). We fix d =
10,k = 5,n = 10000 and compare three different initialization approaches, (I) Let both v and W be
initialized from tensor methods, and then do gradient descent for W while v is fixed; (II) Let both
v and W be initialized from random Gaussian, and then do gradient descent for both W and v;
(III) Let v = v* and W be initialized from random Gaussian, and then do gradient descent for W
while v is fixed. As we can see from Fig 1(c), Approach (I) is the fastest and Approach (IT) doesn’t
converge even if more iterations are allowed. Both Approach (I) and (III) have linear convergence
rate when the objective value is small enough, which verifies our local linear convergence claim.

8 Conclusion

As shown in Theorem 6.1, the tensor initialization followed by gradient descent will provide a
globally converging algorithm with linear time/sample complexity in dimension, logarithmic in
precision and polynomial in other factors for smooth homogeneous activation functions. Our distilled
properties for activation functions include a wide range of non-linear functions and hopefully provide
an intuition to understand the role of non-linear activations played in optimization. Deeper neural
networks and convergence for SGD will be considered in the future.

13
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A Notation

For any positive integer n, we use [n] to denote the set {1,2,--- ,n}. For random variable X let
E[X] denote the expectation of X (if this quantity exists). For any vector z € R™, we use ||z|| to
denote its f5 norm.

We provide several definitions related to matrix A. Let det(A) denote the determinant of a square
matrix A. Let AT denote the transpose of A. Let A' denote the Moore-Penrose pseudoinverse of
A. Let A~! denote the inverse of a full rank square matrix. Let ||A||r denote the Frobenius norm
of matrix A. Let ||A|| denote the spectral norm of matrix A. Let 0;(A) to denote the i-th largest
singular value of A. We often use capital letter to denote the stack of corresponding small letter
vectors, e.g., W = [w1 wy --- wy]. For two same-size matrices, A, B € RU1*9 we use AoB € R%1*d
to denote element-wise multiplication of these two matrices.

We use ® to denote outer product and - to denote dot product. Given two column vectors
u,v € R", then u®v € R™"™ and (u®wv);; = u;-vj, and ulv= Yo, uiv; € R Given three column
vectors u,v,w € R", then u® v ®@w € R™™™ and (4@ v @ w); j ) = u; - v; - wg. We use u®" € R
to denote the vector uw outer product with itself » — 1 times.

Tensor T € R™ ™" is symmetric if and only if for any i, j,k, Tijr = Tik; = Tjik = Tjri =
Tiij = Tkjs- Given a third order tensor T € R"*"2*"s and three matrices A € Rmxd B ¢
Rm2xd2 O ¢ R™>% we use T(A, B,C) to denote a di x da x d3 tensor where the (4,7, k)-th entry
is,

ny n2 N3

DD T jowAviByr jCi

i'=1j'=1k'=1
We use ||T|| to denote the operator norm of the tensor T, i.e.,

T = max|T(a,a,a).
llall=1

For tensor T' € R™*"2X"3 e yge matrix T € R™*™27 to denote the flattening of tensor T
along the first dimension, i.e., [T(l)]i,(jq)nﬁk =Tk Vi € [n1],5 € [n2],k € [n3]. Similarly for
matrices T2 € R?2X"3m apnd T() ¢ Rrsxminz,

We use 1 to denote the indicator function, which is 1 if f holds and 0 otherwise. Let Iy € Rdxd
denote the identity matrix. We use ¢(z) to denote an activation function. We define (2); :=
max{0, z}. We use D to denote a Gaussian distribution N(0,1;) or to denote a joint distribution
of (X,Y) € R? x R, where the marginal distribution of X is A(0, ;).

For any function f, we define 6(f) to be f - logo(l)(f). In addition to O(-) notation, for two
functions f, g, we use the shorthand f < g (resp. =) to indicate that f < Cg (resp. >) for an
absolute constant C'. We use f = g to mean cf < g < Cf for constants ¢, C.

B Preliminaries

In this section, we introduce some lemmata and corollaries that will be used in the proofs.

B.1 Useful Facts

We provide some facts that will be used in the later proofs.
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Fact B.1. Let z denote a fized d-dimensional vector, then for any C > 1 and n > 1, we have

LB (o) <5002 logn] 21— 1/(na),

Proof. This follows by Proposition 1.1 in [HKZ12]. O

Fact B.2. For any C > 1 and n > 1, we have

Pr  [||lz]|? < 5Cdlogn] > 1 —1/(nd®).

xNN(O,Id)
Proof. This follows by Proposition 1.1 in [HKZ12|. O
Fact B.3. Given a full column-rank matriz W = [wy, wa, - ,wy] € R>*F, let W = [th\’ szﬂ’
- ”z’)—’;”] Then, we have: (I) for any i € [k], o, (W) < |Jwi|| < o1(W); (1) 1/k(W) < op(W) <
Ul(W) S \/E

Proof. Part (I). We have,
ok (W) < [Wesl| = [lwi]] < o1(W)

Part (II). We first show how to lower bound o (W),

01(W) = min |[Ws]

l[sl=1
koo
= thinl Z HwZHwi by definition of W
SI=H = e
LI 3
> min o ><Z<wau>2> by [l 2 ok(W)
- i=1 !
k 5. 3
> min op(W L by max ||w;|| > ||w;
o, o )<;(maxje[k] ijH)> sty el 2l
= ox(W)/ max [|wy]| by [s]| =1
JElk]
> op(W)/or(W). by max [Jw;|| < o1 (W)

JEK]

= 1/k(W).

It remains to upper bound o1 (W),

O

Fact B.4. Let U € R”* and V € R™* (k < d) denote two orthogonal matrices. Then |[UU T —

VVT = -U0UNV| = (I -VVTU| =/1-op(UTV).
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Proof. Let U, € R¥(4=F) and V|, € R¥*(4=%) he the orthogonal complementary matrices of U,V €

RIXF respectively.

|\ —vvT = |I-vVvHuUu —vvTa—-uu")|
= |v.v/uuT —-vvTu, U]
B v/ U 0 Ut
= oo %7 vt o]
= max(||V, U, [[VTUL).

We show how to simplify ||V, U],

VUL =11 - vvTUl =/ IUT( - vvTU| = e Vi-IVTUal2 = /1 - o2(vT).

Similarly we can simplify |U] V||,

UV = /1 - a2UTV) = /1 - a2(VTU).
O

Fact B.5. Let C € R4*% B ¢ R®2X% pe two matrices. Then |CB|| < ||C||||B||r and |CB]|| >
Tmin (C)|| B[ -
Proof. For each i € [d3], let b; denote the i-th column of B. We can upper bound ||CB||,

d2

1/2 d 1/2
ICBlr = (Z\CbiW) < (ZHC\VH@IIQ) = |CIlI|Bl| -
i=1

i=1
We show how to lower bound ||CB]|,
1/2

ds 1/2 dy
ICB| = <Zucmu2) > (Za,%(c)\w) — 0min(C) || B| -
=1 =1
1

Fact B.6. Let a,b,c > 0 denote three constants, let u,v,w € R? denote three vectors, let Dy denote
Gaussian distribution N(0, ;) then

E |lu"alo Tzl fw al] = flull ol v
wwa

Proof.

1/2 1/4 1/4
e o] < (B Be) (B Tel®) - (B, fuTal*))
xz~Dy z~Dy z~Dg
S ol ol

where the first step follows by Hélder’s inequality, i.e., E[|[ XY Z|] < (E[|X[2)'/2 - (B[|Y|*)'/* -
(E[|Z]*])/4, the third step follows by calculating the expectation and a, b, ¢ are constants.
Since all the three components |u' z|, [v 2|, Jw 2| are positive and related to a common random

CENDd |:

vector x, we can show a lower bound,

E [lu"aloTal " al?] 2 o]l
z~Dy
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B.2 DMatrix Bernstein

In many proofs we need to bound the difference between some population matrices/tensors and
their empirical versions. Typically, the classic matrix Bernstein inequality requires the norm of
the random matrix be bounded almost surely (e.g., Theorem 6.1 in [Trol2]) or the random matrix
satisfies subexponential property (Theorem 6.2 in [Trol2]) . However, in our cases, most of the
random matrices don’t satisfy these conditions. So we derive the following lemmata that can deal
with random matrices that are not bounded almost surely or follow subexponential distribution,
but are bounded with high probability.

Lemma B.7 (Matrix Bernstein for unbounded case (A modified version of bounded case, Theorem
6.1 in [Trol2])). Let B denote a distribution over R%xd2  Let d = dy + dy. Let By, Ba,--- B, be
i.i.d. random matrices sampled from B. Let B = Ep.g[B] and B = %Z?:l B;. For parameters
m > 0,7 € (0,1),v > 0,L > 0, if the distribution B satisfies the following four properties,

@D PrllBllsml 21—
() B@B[B]H > 0.
(II)  max (' E [BB']||, BIEB[BTB]’D <v;

IV) o (B@B [(aTBb) 2] > v < L.

Then we have for any 0 < e <1 andt > 1, if
n > (18tlogd) - (v +||B||* + m||Blle)/(¢*| B|*) and v < (l|B/(2L))
with probability at least 1 — 1/d* — nry,
|B~B|| < €|B].

Proof. Define the event

& = {IIBill < m}, Vi€ [n].
Define M; = 1), |<mBi- Let M = Ep~s[1pj<mB] and M= LN | M;. By triangle inequality,
we have

|B =Bl <||1B— M|+ M- M| +]|M-B|. (4)

In the next a few paragraphs, we will upper bound the above three terms.
The first term in Eq. (4). Denote £° as the complementary set of £, thus Pr[{f] < v. By a

union bound over i € [n], with probability 1 — n~y, ||B;|| < m for all ¢ € [n]. Thus M = B.
The second term in Eq. (4). For a matrix B sampled from B, we use { to denote the event
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that £ = {||B|| < m}. Then, we can upper bound ||[M — B|| in the following way,

A — B
= | E[1 .B]— E [B
Elisien 51~ 15
‘BNB[ ¢]
= max E [a' Bble]
lal|=ljp]|=1 B~B
< max E [(a'Bb)?Y?. E [1¢]? by Hélder’s inequality
S iy gl BOT e
SL}Q%$” by Property (IV)
< Iy'?, by Pr] < v
1 _
< 5ellBll; by v < (¢|[Bl|/(2L))*

which implies
- — € —
I - B) < 1B

Since € < 1, we also have |[M — B|| < £||B|| and 3||B|| > || M| > $||B||.
The third term in Eq. (4). We can bound ||M — M || by Matrix Bernstein’s inequality |[Tro12].
We define Z; = M; — M. Thus we have BIEB[Zi] =0, [|Zi]| < 2m, and

i

E [Z:Z]]

B;~B Bi~B

E [M;M,'] —M-MTH <v+|M|?<v+3|B|>*

Similarly, we have < v+ 3||B||?>. Using matrix Bernstein’s inequality, for any ¢ > 0,

E [Z]Z]
Bi~B

1 n o 2 E 2 2
Pr = ZZ,- > €||B||| <dexp <— iH In/ — )
B, BanB | || v+ 3||B|? + 2m||Blle/3
By choosing
3|B||* + 2m||B|le/3
w> (3t1ogd) . V3B 2mlBle/s
|| B|[*/2
for t > 1, we have with probability at least 1 — 1/d*,
1 — — €, —
—Y M;—M| < 5|B|
n 2

Putting it all together, we have for 0 < e < 1, if
n > (18tlogd) - (v + ||B||* +m|[Blle)/(|B|*) and v < (e|B|/(2L))
with probability at least 1 — 1/d?* — n,

n

1

— B;— E |B

nzl ! BNB[]
1=

23



Corollary B.8 (Error bound for symmetric rank-one random matrices). Let 1,9, --x, denote
n ii.d. samples drawn from Gaussian distribution N'(0,17). Let h(z) : R? — R be a function
satisfying the following properties (1), (1I) and (III).

I h < >1-

O Pr (k) <mlz1-9
11 E [ Ml > o;

W | B[

1/4
11 E [n <L.
a (g, W@l <
Define function B(z) = h(x)zx’ € R Vi € [n]. Let B = E  [h(z)zz"]. For any

INN(O,Id)
O<e<landt>1, if

n 2 (tlogd) - (L*d+ || B|* + (mtdlogn)[|Blle)/(¢*| B|*), and v +1/(nd™) < (e[| B||/L)?

then

<e€|B||| >1- /(dzt) —ny.

Pr - — B(x;)
< 2n~N(0,14) [H Z .

Proof. We show that the four Properties in Lemma B.7 are satisfied. Define function B(z) =
h(z)zx'.

1) |1B@)] = [h(@)zaT | = ()]

By using Fact B.2, we have

[Hm”2 < 10tdlogn] > 1 — 1/(nd*)

xNN(O Id
Therefore,
. /\/(01 [HB( )| < m-10tdlog(n)] > 1 —~ — 1/(nd?).
a | eyl =] g, e >0
(T1T)
max <‘ E [BBT] E [BTB] ')
B~B B~B
= max E haN2lzI?(a 2)?
T NI )[( (@)l (a 2)7]
1/2 1/4 »
< E h 4 . E 8 . 4 - 8)
< (L8, o) (B ) e (B, T
< L.
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(IV)
1/2

max ( 1) [(aTBb)2]>

llal|=|lb|l=1 \ B~B
1/2
[h2($)(aT$)4]>

max< E
lall=1 \z~N(0,14)

1/4 . 1/4
< E h*(z ) - ma < E a'x 8)

N (m“*N(O,Id)[ (@) Ha||=Xl xNN(OJd)[( /]

< L.

Applying Lemma B.7, we obtain, for any 0 < e <1 and ¢ > 1, if

n 2 (tlogd) - (L*d + || B||* + (mtdlogn)||Blle)/(€*| B||*), and v +1/(nd*) < (¢|| B|/L)?
then

Pr

< €lBll| >1—=2/(d*) — nn~.
IR < el[Bll| = 1-2/(d) -y

i=1

C Properties of Activation Functions

Theorem 3.5. ReLU ¢(z) = max{z,0}, leaky ReLU ¢(2) = max{z,0.01z}, squared ReLU ¢(2) =
max{z,0}? and any non-linear non-decreasing smooth functions with bounded symmetric ¢'(2), like
the sigmoid function ¢(z) = 1/(1 + e~ %), the tanh function and the erf function ¢(z) = OZ e_tZdt,
satisfy Property 8.1,3.2,3.8. The linear function, ¢(z) = z, doesn’t satisfy Property 3.2 and the
quadratic function, ¢(z) = 22, doesn’t satisfy Property 3.1 and 3.2.

Proof. We can easily verify that ReLU | leaky ReLU and squared RelLU satisfy Property 3.2 by
calculating p(o) in Property 3.2, which is shown in Table 1. Property 3.1 for ReLU , leaky RelLU and
squared RelLU can be verified since they are non-decreasing with bounded first derivative. ReLU and
leaky RelLU are piece-wise linear, so they satisfy Property 3.3(b). Squared ReLU is smooth so it
satisfies Property 3.3(a).

sigmoid | sigmoid | sigmoid
Activations | ReLU | Leaky ReLU | squared RelLU erf (6=01)] (c=1) | (¢ =10)
ap(o) i Lol aﬁ Gorme | 099 | 0.605706 | 0.079
a1(o) \/% ?/'% o 0 0 0 0
as () L 101 20\/2 | Gorig | 097 024 | 0.00065
Bo(o) i L 20 Gorie | 098 0.46 0.053
p(o) 0.091 0.089 0.270 pat(c) T | 1.8E-4 | 49E2 | 5.1E5

Table 1: p(o) values for different activation functions. Note that we can calculate the exact values
for ReLU, Leaky RelLU, squared ReLU and erf. We can’t find a closed-form value for sigmoid or tanh,
but we calculate the numerical values of p(a) for o = 0.1,1,10. ! pe(0) = min{(40? + 1)"1/2 —
(202 4+ 1)71, (402 +1)73/2 — (202 +1)73,(20% + 1)72}
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Smooth non-decreasing activations with bounded first derivatives automatically satisfy Prop-
erty 3.1 and 3.3. For Property 3.2, since their first derivatives are symmetric, we have E[¢/(0-2)z] =
0. Then by Hdlder’s inequality and ¢'(z) > 0, we have

B, 67091 > [¢>’<a~z>])2,

2~D1 z2~Dq
2
E %092 B 1212 (B #09) |
2
E W02 B Wloal= B (VI 092 B (Voo 9> (B [#(-2))

The equality in the first inequality happens when ¢/(o - 2) is a constant a.e.. The equality in the
second inequality happens when |¢/(c-2)| is a constant a.e., which is invalidated by the non-linearity
and smoothness condition. The equality in the third inequality holds only when ¢'(z) = 0 a.e., which
leads to a constant function under non-decreasing condition. Therefore, p(c) > 0 for any smooth
non-decreasing non-linear activations with bounded symmetric first derivatives. The statements
about linear activations and quadratic activation follow direct calculations. O

D Local Positive Definiteness of Hessian

D.1 Main Results for Positive Definiteness of Hessian
D.1.1 Bounding the Spectrum of the Hessian near the Ground Truth

Theorem D.1 (Bounding the spectrum of the Hessian near the ground truth). For any W € R%**
with |W = W*|| < vt p2(or)/ (K25N208  o1F) - |W*||, let S denote a set of i.i.d. samples from
distribution D (defined in (1)) and let the activation function satisfy Property 3.1,3.2,3.3. Then for
any t > 1, if |S| > d - poly(logd, t) - k2o, 7k8X2077 /(vE . p2(0%)), we have with probability at least
1—d90,

Uvminp(01)/ (KN 2 V2 Fs (W) 2 O(kv7ax0")].
Proof. The main idea of the proof follows the following inequalities,
V2 fp(W*) = IV*fs (W) = V2 fp (W) |1 2 V2 fs(W) = V2 fp(W*) + |V fs(W) = V2 fp(W*)|I

The proof sketch is first to bound the range of the eigenvalues of V2 fp(W*) (Lemma D.3) and then
bound the spectral norm of the remaining error, ||V fs(W)—V2fp(W*)||. |V fs(W)—V2fp(W*)]|
can be further decomposed into two parts, |[V2fs(W) — H|| and ||[H — V?fp(W*)]||, where H is
V2fp(W) if ¢ is smooth, otherwise H is a specially designed matrix . We can upper bound them
when W is close enough to W* and there are enough samples. In particular, if the activation satisfies
Property 3.3(a), see Lemma D.10 for bounding ||H — V?fp(W*)|| and Lemma D.11 for bounding
|H — V2fs(W)|. If the activation satisfies Property 3.3(b), see Lemma D.15.

Finally we can complete the proof by setting § = O(vfﬂinp(al)/(kvgmxﬁ)\a%p)) in Lemma D.11

and Lemma D.15, setting ||[W — W*|| < v2. p(or)/(kk? v2,.07) in Lemma D.10 and setting ||W —
WH|| <ok p?(or)or/ (K220l ailp) in Lemma D.15. O

max
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D.1.2 Local Linear Convergence of Gradient Descent

Although Theorem D.1 gives upper and lower bounds for the spectrum of the Hessian w.h.p., it only
holds when the current set of parameters W are independent of samples. When we use iterative
methods, like gradient descent, to optimize this objective, the next iterate calculated from the
current set of samples will depend on this set of samples. Therefore, we need to do resampling at
each iteration. Here we show that for activations that satisfies Properties 3.1, 3.2 and 3.3(a), linear
convergence of gradient descent is guaranteed. To the best of our knowledge, there is no linear
convergence guarantees for general non-smooth objective. So the following proposition also applies
to smooth objectives only, which excludes ReLU.

Theorem D.2 (Linear convergence of gradient descent, formal version of Theorem 4.4). Let W€ &
R¥*K be the current iterate satisfying

W =W < vigins® (1) / (KK N U

4 *
o)W

Let S denote a set of i.i.d. samples from distribution D (defined in (1)) Let the activation function
satisfy Property 8.1,8.2 and 3.3(a). Define

mo = O(v2,p(or)/(K*N)) and My = @(k:vfnaxofp).
For any t > 1, if we choose
S| > d - poly(log d, t) - k*vgamw*N07" / (vgnp” (01) (5)
and perform gradient descent with step size 1/My on ]?S(WC) and obtain the next iterate,
W=we-— J\ZJVJ?S(WC)’
then with probability at least 1 — d—X1),

W —W*|% < ( )|We — W3

my
T
Proof. To prove Theorem D.2, we need to show the positive definite properties on the entire line
between the current iterate and the optimum by constructing a set of anchor points, which are
independent of the samples. Then we apply traditional analysis for the linear convergence of gradient
descent.

In particular, given a current iterate W¢, we set d®+1/2 anchor points {Wacia.. aw+v/2
equally along the line EW™* + (1 — )W€ for £ € [0, 1].

According to Theorem D.1, by setting ¢ < t 4+ (p + 1)/2, we have with probability at least
1 — d~(+@+D/2) for each anchor point {W?},

mol < V2fs(W®) = Ml.

Then given an anchor point W¢, according to Lemma D.16, we have with probability 1 —
2d~(H+P+1/2) for any points W between (W1 + W®)/2 and (W* + Wet1)/2,

mol = V2fg(W) = Myl. (6)

Finally by applying union bound over these d®*+1/2 small intervals, we have with probability at
least 1 — d~! for any points W on the line between W¢ and W*,

mol = V2fs(W) = Mol.
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Now we can apply traditional analysis for linear convergence of gradient descent.
Let 1 denote the stepsize.

W —Ww*|%
= [|[W¢ —nVfs(W) — W*|%
= W = W*||% — 20(V fs(WE), (W — W*)) + ?||V fs(W°)||%

We can rewrite J?S(WC),
o~ 1 o~
VFs7) = ([ PR 4207 = Wy ) vl - ),

We define function Hg : R¥** — REXdk gch that

~

disve—w) = ([ V2R v - wan).

According to Eq. (6), R
mol = H < Myl. (7)

We can upper bound ||V]?5(WC)H%,

IV fs(WO) % = (Hs(We — W), Hs(W® — W*)) < Mo(W® — W*, Hg(W°¢ — W*)).

Therefore,
W — w7

< W= WHF = (=n*Mo + 20) (W = W* HW* = W*))

< IWE = WH[5 = (=0 Mo + 2n)mo||W* — W[5

_ c *12 @ c * (|12

= [[we—w MOIIW Wi e
mo c *(12

<(1-— -W

<= FIwe - W

where the third equality holds by setting n = M%) O

D.2 Positive Definiteness of Population Hessian at the Ground Truth
The goal of this Section is to prove Lemma D.3.

Lemma D.3 (Positive definiteness of population Hessian at the ground truth). If ¢(z) satisfies
Property 3.1,3.2 and 3.3, we have the following property for the second derivative of function fp(W)
at W*,

Qv23p(01) /(K2 = V2 fp(W*) = O(kvd, 05?1,

2
Umax

Proof. The proof directly follows Lemma D.6 (Section D.2.2) and Lemma D.7(Section D.2.3). O
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D.2.1 Lower Bound on the Eigenvalues of Hessian for the Orthogonal Case

Lemma D.4. Let Dy denote Gaussian distribution N'(0,1). Let ag = E,up, [¢/(2)], a1 = E.op, [¢(2)2],

0 = Eepy[§/(2)2%) o = B, [0%()] 52 = Eeop, [02(2)2%). Let p denote min{ (3 — of -
a?), (B2 — a2 —a3)}. Let P= [pl [ pk] € R¥*k Then we have,

2
(szu ¢ u) > pllPI% (8)

u~Dk

Proof. The main idea is to explicitly calculate the LHS of Eq (8), then reformulate the equation
and find a lower bound represented by «q, a1, az, B, B2-

=1
k k
= 33" B o (¢ () () - uu )]
=1 [=1
k
= ZuNE’Dk[ j((ﬁ’(ul)? wu D +ZUND ;i (¢( )¢,(ui)'uu—r)pl]
=1 ’ 1#£l

A B

Further, we can rewrite the diagonal term in the following way,

k
A=) E [p/ (¢'(u:)” uu')

=1 Pk
i _
= ZuNEDk <l5/ u e;e; —I-Zuluj ele + eje; ""ZZ“JUZEJGI i
=1 L J#i j#i 1#£i
i -
/
B ZuNEDk. ¢ (u ujeie; —i—Zu €€ ] Di
i=1 L jF#i
LT
= T )2u?] 2u2lesel | pi
- Z DPi uEEDk[(b (u;)“uilee; +Zu~Dk ) uileje; | pi
=1L J#i
T
= Z pi ﬁQeiezTJrZﬁo@jejT Di
=1 | i

k
= 3" 0] (B2 — Bo)ese] + Boli)pi

k k
= (Ba—Bo) Y _pi eiei pi+Po Y pi pi

i=1 i=1
= (B2 — Bo) | diag(P)||* + Boll P,
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{‘/5/(“1) uguj| =0, Vj # i and E {(/5/(“1) U5ty
expectatlom7 the fifth step follows by [qﬁ’ (ui)?u

u~D

ko k

where the second step follows by rewriting uu Z Z Ul el , the third step follows by
| = 0 Vj # [, the fourth step follows by pushing
=

Prand E [0/ (ui)?*u] = =N ¢/ (ui)?] = Bo,

k
and the last step follows by Zp“ = ||diag(P)||* and sz pi = |pill? = HPH%
i=1

We can rewrite the off- dlagonal term in the followmg way,

B=3" E [/ (¢/(w)¢'(u) - uu")p

i#l

= Z E |p [ ¢ (w)d (w)- | uleie] + ulzelel—r + uiul(eiel—r + e ) + Zuiujeie;—

il JF#£l
T T
+ Zujulejel + Z Z UjUjreje Dl
J# JFLL G Ful

= Z E |p| | ¢ (w)d (wi)- | vleie] +ulere] +uui(eie] +ee)) Zu ‘eje) | | m

u~Dy

i1 2
= ; [ ; (qupk[¢/(ul)¢,(ui)uz2]eie;r +UNIEDk[qb’(ul)qb’(ui)u?]elelT

+ B [0 (w)e (ui)uiw](eie] + ee]) -I-Z

/ 2 T
wD, = (Ul)¢ (ui)uj]ejej 2!
(2

u~Dy

= Z pz-T ozoaz(eieiT +€z€zT) +a%(€i€; +€l€;‘r) + Z a(Q)@jBJT b

i#£l J#ul
= Y bl ((a0as — ad)(eie] +ere]) +at(ese] +eie]) +adli) pi
i#l
= (apaz — o) Zp?(eie; +ee] )m+al sz eie] +ee] \p+ ol Zpl DI,
1#£l 1#£l 1#£l
By E?; B3

where the third step follows by ED (¢ (u) ¢’ (wi)usu;] = 0 and E (¢ (w) @ (us)ujruj] = 0 for
u~Dy, u~Dy,
J'# .
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For the term Bj, we have

Bi = (apaz —af) Y pi (eie] +ee) )p

il
= 2(agas —ag) Y pi eie pi
i;él
~ Sfagar—ad) S pee (zpl pz)
=1

= 2(0&00&2 — Oéo <Z p; €i¢e; Zpl sz €i€; pz)
= 2(apag — af)(diag(P) " ‘P 1 - Hdlag( )|

For the term Bs, we have

_alzpz eie] +eie] )i

1#£l
= of ZPZTQ‘QTPZ + ijezejpl
i#l i#l
k
T
L] P3O STLTHED SHEBIES 3 LIS SO
i=1 [=1 i=1 [=1

= af((diag(P) ' 1)* —Hdlag( P+ (P, PT) — || diag(P)|*)

For the term Bs, we have

Bs=0a3> pip
il

- (zp zpl zplpz)
;pi —;HPiHQ

= o (lP - 1]* ~ [1PII3)

Let diag(P) denote a length k column vector where the i-th entry is the (i,)-th entry of
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P € R*** Furthermore, we can show A + B is,

A+ B
— A+ By + By + B3
= (B2 — o)l diag(P)||” + Bol| P|I: + 2(cvoc2 — af ) (diag(P) " - P - 1 — ||diag(P)||?)
A B
+ of((diag(P)" - 1)* — |[diag(P)|* + (P, P") — ||diag(P)[|*) + o5 (|1P - 1]|* — || P||%)

BQ BS

2
= JlaoP - 1 + (az — ap)diag(P)||* + of (diag(P) " - 1) + %HP + P — 2diag(diag(P)) || %

C Ca Cs
+ (Bo — af — of)||P — diag(diag(P))||F; + (B2 — af — a3 )||diag(P)||*
Cy Cs
> (Bo — af — af)|| P — diag(diag(P))|[7 + (B2 — of — a3)|diag(P)||?
> min{(y — af — af), (B2 — o — a3)} - (||P — diag(diag(P))||% + [|diag(P)[|*)
= min{(fo — of — i), (B2 — af — a3)} - (||P — diag(diag(P))|% + ||diag(diag(P))|*)
> min{(fy — af — af), (b2 — of — a3)} - | P|%

PlIPIE,

where the first step follows by B = B; + By + Bj, and the second step follows by the definition
of A, By, By, B3 the third step follows by A+ By + By + By = C1 + Cy + C3 + Cy4 + Cs, the
fourth step follows by C1,Ca,C3 > 0, the fifth step follows a > min(a,b), the sixth step follows by
|diag(P)||?> = ||diag(diag(P))||?, the seventh step follows by triangle inequality, and the last step
follows the definition of p. O

Claim D.5. A+ B1+By+B3=C1 +Cy+C3+Cy+ Cs.

Proof. The key properties we need are, for two vectors a, b, ||a+b||? = ||a||* + 2{a, b) + ||b]|?; for two
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matrices A, B, |A+ B||% = ||A||% + 2(A, B) + || B||%. Then, we have
F F F

Ci14+Cy+C5+Cy+Ch
(o P - 1])* + 2(agag — ap) (P - 1, diag(P)) + (az — ap)?(|diag(P)[|* + of (diag(P) " - 1)°

Cl CQ

Oé2
+ 71(2HPH% + 4| diag(diag(P))|h + 2(P, PT) — 4(P, diag(diag(P))) — 4(P ', diag(diag(P))))

Cs
+ (B0 — o — &) (| PlF — 2(P, diag(diag(P))) + ||diag(diag(P))||%) + (B2 — of — a3)||diag(P)|?
C4 C.S
_ 2 2 2 . 201 1+ 2 2/ q- T 2
= ogl|[P - 1" + 2(ana — o) (P - 1, diag(P)) + (a2 — ap)”[|diag(P)[|” + ai(diag(P) - 1)
C1 C2
2
(0% . .
+ 31(2HPH% + 4||diag(P)||* + 2(P, PT) — 8| diag(P)|%)
Cs
+ (B0 — af — o)) (| P — 2||diag(P)|* + [|diag(P)[|*) + (B2 — of — o3)||diag(P)|?
C4 05

= a||P-1]* + 2(apas — of)diag(P)" - P -1 + o3(diag(P)" - 1)? + o3 (P, PT)
+ (Bo — o)IIPIF + (2 — ag)® — 207 — Bo + o + af + B2 — af — a3) ||diag(P)|?
B2—Bo—2(azap—a2+a?)

= 0 +2(azap—0ad)-diag(P)"P-1+a2 - ((diag(P)'1)> +(P,P"))+a2-||P-1|?

part of A

part of By part of By part of By
+ (B0 — ap) - [IP|E + (B2 — Bo — 2(azag — o + o)) - [|diag(P)||?
proportional to || P|2, proportional to ||diag(P)]|2
= (B2 — Bo)||diag(P)|I* + Boll P||% + 2(coaz — af)(diag(P) " - P - 1 — [|diag(P)|]*)
A B
+ oi((diag(P) " - 1)* — |[diag(P)||> + (P, P") — ||diag(P)[|*) + aj (| - 1]|* — || P[I%)
By B3

=A+ B+ By + B3

where the second step follows by (P, diag(diag(P))) = ||diag(P)||? and ||diag(diag(P))||% = ||diag(P)|*.
O
D.2.2 Lower Bound on the Eigenvalues of Hessian for Non-orthogonal Case

First we show the lower bound of the eigenvalues. The main idea is to reduce the problem to a
k-by-k problem and then lower bound the eigenvalues using orthogonal weight matrices.

Lemma D.6 (Lower bound). If ¢(z) satisfies Property 3.1,3.2 and 3.3, we have the following
property for the second derivative of function fp(W) at W*,

vminp(on)/ (K2 X)) = V2 fp(W*).
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T T
Proof. Let a € R%* denote vector [a] ag -+ af] ,letb € R% denote vector [by b - b/]

and let ¢ € R% denote vector [clT cg - c,I]T. The smallest eigenvalue of the Hessian can be
calculated by

2
V2F(W*) = IIHhinl a' V2F(W*)a Iy, = ”nr|1|1n1 L (Zv '(w} m)) Ly (9)
al|= a z~Dy
Note that
- o
min [E via) x- ¢ (wilx
min B (g o of (i)

k 27
= 1 E * AT Yy >}<T 2
lall£0 oD (Z(UZGZ) z - ¢ (w; x)> /llall

i=1

2 k
= min bT;c bi vl 2 by a; = bi/v}
S llbs /o7 112 LoD, <Z ¢ (w )> /<Z\ /il ) y /

i=1 i=1
2 k
= bz ¢ (w b Jvi |2
SNAE 7£03:~Dd (ZZ: )> /<;\ /|l >
k 2 N
> vrznin min K b;rx ’ ¢, w;k—rx b; 2 by Umin = Min v;
3, |Ibil|2#0 2~Dg (; ( )|/ ;H | min |

2
= Uhiy M min E (Za z-¢'(w >> (10)

Let U € R%* be the orthonormal basis of W* and let V = [vl Vg e vk] = UTW* € Rkxk,
Also note that V and W* have same singular values and W* = UV. We use U, € R¥*(@=F) ¢4

denote the complement of U. For any vector a; € R?, there exist two vectors bj € R* and cj € RA-F
such that

a; = Ubj + UJ_Cj.

We use Dy to denote Gaussian distribution N'(0, I), Dg_x to denote Gaussian distribution NV (0, I;_),
and Dy, to denote Gaussian distribution N (0, I). Then we can rewrite formulation (10) (removing
2

Vi) as

2 k 2
E (Za:c¢ )) = E <Z(bIUT+chj)x.¢(w*Tx)> =A+B+C

e~Pa | \ i3
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where

- .
A= E (;bi UTa- ¢ (w] )) ,
= )
B=E <z;c UIw-cé’(wz*Tx)) :
[ k k
C= E |2 (;bIU% ¢ (w )) : (;chjx ¢'(w T@)] :

We calculate A, B, C separately. First, we can show

2 2
A= E (ZbTUT:p ¢ (w} )) - E (Zsz ¢ (v, z>

Second, we can show

2
;ENDd (Z TULx ¢ ))
= oDy k7z~Dk (ZC S - ¢ *T )

k
- E ! by defini = uenal . Rd*k
swpd7k7z~pk[(y s)°] y defining y ;45 (v; 2)ci €
= [E E T .\2
E|E J@ 9 ]]
=4 by Elsis./] =0
_ 2 ‘
T, Zyﬂ' by 5; ~ N(0,1)
_‘]:1
=5 I U:TZ ¢ by definition of y
ZNDk

Third, we have C' = 0 since UIac is independent of w;‘Tx and U z. Thus, putting them all together,

2

2
zNDd <Za x- ¢ (w )) ZNDk (Zsz &' ( U ) +z~1%7k

E 2

S # W] 2)e

=1
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Let us lower bound A,

2
ZNDk <Zsz ¢ v; z)
k 2
& 2
27T e (Zzﬁv”s ¢(s >> e IVTSIR2 - det (V)| ds
& 2
o (ZbI ViTs. 6l(s >> e e TUDIIN2 | de(VT)lds
& 2
[en (ZbI VTufon (V1) ’(uz-/m(vT))) eI 12 det (V)| /o (V) du
¥

2
—/(277 —k/2 ( P u- ¢/(0k-Ui)> 67”u”2/2§du

2
Y [

where VT € R¥*F is the inverse of V € RF*F e, VIV =1, p! = b V1T /o1 (V1) and oy = o1 (W™).
&1 replaces z by z = VIiTs so vfTz = s;. & uses the fact [|[VTTs|| < oy (VT)||s]].
s =u/o1 (V). Note that ¢(o, - u;)’s are independent of each other, so we can simplify the analysis.
In particular, Lemma D.4 gives a lower bound in this case in terms of p;. Note that ||p;|| > ||bi]|/~-

Therefore,

k 2
1
E (Zb? z-qs'(vfz)) > plon) I

SN I\
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For B, similar to the proof of Lemma D.4, we have,

& 2
_ 1o TN
B—Z%k ;qﬁ(vl z)c;
& 2
= [en 2|5 o0 e
i=1

= / (2m)~k/2

k
> ¢ (o - ui)es
i=1

k
Z ¢'(ok - ui)e;
i=1

k
Z ¢ (ok - us)ci
i1

2

:iuiEDk ﬁ;df(ak-ui)c'
1 k
= 2\ ;uwpk[ff)/(% “ui) @ (o
B e wd > el
A\ z~Dy P
-+ (5w z>1)2 3
z~D1 i1

>

> =

1
> plon) el

olz12/2 4,

2
eIV u/ar(VOIR/2 . qet(VT /oy (VT))du

2
o~ IVITufor (V272 %du

’ 1
o lhul2/2 . Tdu

2
(ZE[EDIW(% - 2)%] - (ZEEbI[(b/(U’“ ‘ Z)]) ) Jlel?

where the first step follows by definition of Gaussian distribution, the second step follows by replacing
z by z = VITu/o1(VT), and then v, 2 = u; /o1 (VT) = u;op(W*), the third step follows by [lu[? >

1
o7

VTTuH2 , the fourth step follows by det(VT /oy (V1)) = det(VT)/o¥ (V1) = 1/, the fifth step

follows by definition of Gaussian distribution, the ninth step follows by x? > 0 for any = € R, and
the last step follows by Property 3.2.
Note that 1 = ||al|?> = ||b]|?> + ||c||?>. Thus, we finish the proof for the lower bound. O

D.2.3 Upper Bound on the Eigenvalues of Hessian for Non-orthogonal Case

Lemma D.7 (Upper bound). If ¢(z) satisfies Property 3.1,3.2 and 3.3, we have the following
property for the second derivative of function fp(W) at W*,

V2f'D(W*) = O(kjv?naxo-%p)l'
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Proof. Similarly, we can calculate the upper bound of the eigenvalues by

V2 F (W)l

= ”mHaX1 a' V2F(W*)a

2
= ¢2 max E aj z- ¢ (w'x)
llal|= lwak

= maxllm‘ﬁxlzz laf @ - ¢ (wi "2) - 0 @ - ¢ (w] "))

INDk

1/4
o2, maxZZ(mk DB 10T o) B (60 B [(ui0)")

" llall=1 = a~Dy o~ Dy, 2~Dy
S.z Umax ZZHQZH ||CL[H szHp ”wl Hp
|| H 11 1141
< U ZZH%H ail| - o
Jafj =1 £ 2
2
S kvfnaxo-lp’

where the first inequality follows Holder’s inequality, the second inequality follows by Property 3.1,
the third inequality follows by ||w}|| < o1(W™*), and the last inequality by Cauchy-Schwarz inequal-

ity.

O
D.3 Error Bound of Hessians near the Ground Truth for Smooth Activations
The goal of this Section is to prove Lemma D.8

Lemma D.8 (Error bound of Hessians near the ground truth for smooth activations). Let ¢(z)
satisfy Property 3.1, Property 3.2 and Property 3.3(a). Let W satisfy |W — W*|| < ox/2. Let
S denote a set of i.i.d. samples from the distribution defined in (1). Then for any t > 1 and
0<e<1/2,4f

|S| > e 2dr>*7 - poly(log d, t)
then we have, with probability at least 1 — 1/dﬂ(t)
IV2fs (W) = V2 fo(W)| S vpaxkol (ot + [|W = W*])).

Proof. This follows by combining Lemma D.10 and Lemma D.11 directly. 0l

D.3.1 Second-order Smoothness near the Ground Truth for Smooth Activations
The goal of this Section is to prove Lemma D.10.

Fact D.9. Let w; denote the i-th column of W € R¥¥ and w} denote the i-th column of W* € R¥*F,
If |W = W*|| < o1, (W*)/2, then for all i € [k],

1 3
St < il < 5o -
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Proof. Note that if |W — W*|| < o, (W*)/2, we have o3, (W*)/2 < 0;(W) < 30y(W*) for all i € [K]
by Weyl’s inequality. By definition of singular value, we have op(W*) < ||w}| < o1(W*). By
definition of spectral norm, we have ||w; — w|| < ||W — W¥*||. Thus, we can lower bound |jw;||,

* * k * * 3 *
lwill < llwi | + llwi = will < fJwill + W = W7 < flwi]l + ox/2 < S llwill-

Similarly, we have ||w;|| > %HwZ*H =

Lemma D.10 (Second-order smoothness near the ground truth for smooth activations). If ¢(z)
satisfies Property 3.1, Property 3.2 and Property 3.3(a), then for any W with |W — W*|| < 01/2,
we have

IV fp(W) = V2 fp(W*)I| S K*vfaxot W — W¥I.

Proof. Let A = V2 fp(W)—V2fp(W*). For each (i,1) € [k] x [k], let A;; € R™*? denote the (i,1)-th
block of A. Then, for i # [, we have

Big= B [ofoq (¢/(w] )6 (w] ) = ¢/ (wi @)/ (ui Ta) ) 22T

and for i = [, we have

AVE
k
= b, <Zl vp(uy 2) —y) v (w] wya” + 072 (62w @) — ¢ (w;Tw)) MT]
$~Dd (Z’U ¢ ’LUTTCU ) v;kgé//(w;rm)xx—r + IEEDd |:v;<2 <¢/2( ;rx) . (z) (w*Tm)) IE(ET:| ) (11)

In the next a few paragraphs, we first show how to bound the off-diagonal term, and then show
how to bound the diagonal term.
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First, we consider off-diagonal terms.

1A
= |5, [t (sl 000wl o) - 0w b i o)) 7]
< Ve o B |6/ ()6 () — ¢! (0 T)o! (uf )| - (T )

Vax max E (16wl ) = ¢/ (wiT2)ll6/ (w) 2)| + 16/ (w} @) |6f (w) @) — o (wi )] ) (2T a)?]

P lall=12~Dy

— e o B [1600]0) = i 0 ] D)0 ]

lali=1 \@~Dq

+ 5, [0 ol o) - i ol 0?] )

< Ve max< E |Lol(wi — w)) Talld (w] 2)|(270)?] + E |<z>’<wz‘T:c>|L2|<wlw,*)T:cumTa)?D
llall=1 \z~Dq 1 a~pg L

< 02 max< E |Lol(wi - w))TalL o] 2P (2 Ta)?| + E Ll\w:Tx|PL2|(wl—wf)Tx|(xTa)2D
llal=1 \z~Dq I a~Dg L

< vfnaXLng max ( E [\(wZ — w;-")Ta;leTa:|p(xTa)2 + E |[(w —wl*)T:erfTaﬂp(xTa)ﬂ)
lla]|=1 \&~Dqg 1 zipy L

< VmaxL1L2 maax ([fw; - w] [[wdlPllall® + lwe = wp [ ]w; 7 llall)
< Vmax L1 Laof (W)W — W7 (12)

where the first step follows by definition of A;;, the second step follows by definition of spectral norm
and vjv] < v2,.., the third step follows by triangle inequality, the fourth step follows by linearity of
expectation, the fifth step follows by Property 3.3(a), i.e., |¢'(w, z) — ¢/ (w} T x)| < Lo|(w; —w}) 2|,
the sixth step follows by Property 3.1, i.e., ¢/(z) < L1|z[P, the seventh step follows by Fact B.6, and
the last step follows by [|la|®> = 1, [|w; — w}|| < [|[W — W*||, |lws|| < 3{jw |, and [|w}| < o1 (W*).
Note that the proof for the off-diagonal terms also applies to bounding the second-term in the
diagonal block Eq. (11). Thus we only need to show how to bound the first term in the diagonal
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block Eq. (11).

xNDd [(Zv p(w, ) — )v ¢ (w; x )xxT] ‘

k
E [(Z (9w, x) — ¢(w§fTﬂf))> V¢ (w @ )MT]

_vfnaxZ” ax E [l6(w, 2) - 6wy 2)ll¢" (w 2)|(z"0)’]

| /\

WZW@% [6(w] ) = ¢} Tw) La(aTa)’]

k
< btz ) o E [ o r¢'<z>r-\<wr—w*>w-<wTa>2]

1 lall=12~Da | z€[w, z,w T ]
<w LZmaX max _ Lq|z|P- w—w*Tx-mTaQ]
<o} s B | mec Dl ) G

k
< hwba Y e B (ol + o3 o) [ =) - 0

—; llall=12~Da

S Vimax 1L Z[(Ilwrl\” + [Jwr[[P) [wr — wrl]]
r=1

< kvl L1 Lo (W)W — W, (13)

~ max

where the first step follows by y = Zf 1 U d(wy Tx), the second step follows by definition of spectral
norm and vv} < [vmax|?, the third step follows by Property 3.3(a), i.e., |¢"(w; )| < La, the fourth
step follows by |p(w, ) — p(w!Tz) < MAX, ¢ [T 3,02 T o] | (2)]] (W0r — w*) T x|, the fifth step follows
Property 3.1, i.e., |¢'(2)] < Li1|z[P, the sixth step follows by max +Tq [2[P < (Jw, z|P +

|w T x[P), the seventh step follows by Fact B.6.

z€[w] zw
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Putting it all together, we can bound the error by

V2 fo(W) = V2 fo(WH)|
= ”m”a:X aT(V2fD(W) — V2 fp(W*))a

k k
T
= E E ai A“al
IIaII

i=1 1#£l

k
> Cillail® + ) Colaillfla]

i=1 il

k k 2k
= o (clzaihcg (Zmin) = lai?

=1 =1

< fmax <Clzllaz|!2+02 (kZHazHZ Z!az\z»

= ”HlHaXi (C1+ Cy(k—1))

< KV L1L2of (W)W — W,

where the first step follows by definition of spectral norm and a denotes a vector € R% | the first
inequality follows by || Al| = max||zo,|y|-0 %, the second inequality follows by ||A; ;|| < C; and
|Ai1]] < Oy, the third inequality follows by Cauchy-Scharwz inequality, the eighth step follows by
> i1 llai|[? = 1, and the last step follows by Eq (12) and (13). O

D.3.2 Empirical and Population Difference for Smooth Activations

The goal of this Section is to prove Lemma D.11. For each i € [k], let o; denote the i-th largest
singular value of W* € RI*k,

Note that Bernstein inequality requires the spectral norm of each random matrix to be bounded
almost surely. However, since we assume Gaussian distribution for z, ||z/|? is not bounded almost
surely. The main idea is to do truncation and then use Matrix Bernstein inequality. Details can be
found in Lemma B.7 and Corollary B.S.

Lemma D.11 (Empirical and population difference for smooth activations). Let ¢(z) satisfy Prop-
erty 3.1,3.2 and 3.3(a). Let W satisfy |[W —W*|| < or/2. Let S denote a set of i.i.d. samples from
distribution D (defined in (1)). Then for anyt > 1 and 0 < e < 1/2, if

|S| > e 2dr?7 - poly(log d, t)

then we have, with probability at least 1 — d—9®)

7

IV Fs(W) = V2 fo (W) || Svmackol (eo? + [[W = W)
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Proof. Define A = V2fp(W) — szs(W). Let’s first consider the diagonal blocks. Define

AV [(Zv P(w, ) — ) v (w] 2)zx’ + v (w] x)zx "
NDd

k

1 n

s > <Zvﬁ¢(w;fﬂj) - y) vi o (w] xj)zz] + vt (w) x))we]
j=1 \r=1

Let’s further decompose A;; into A;; = A( ) + A® where

0,8 )

r=1
1 n
-3 (@l ay) = o) (w] )]
j=1
and
AP = B iRl o)) - - > o6 wls)ea ) (14)
<

The off-diagonal block is

k ok 1
Ay =vivi | B [l o)eeT] = =3 o wl0))d' (0] ap)esa]
=1

Combining Claims. D.12, D.13 and D.14, and taking a union bound over k? different A, ;, we
obtain if n > ¢ 2k2(W*)7d - poly(t,logd) for any € € (0,1/2), with probability at least 1 — 1/d",

IV2F5(W) = P2 W] £ 0Bkt (W) (o (W) + [W — W)

Claim D.12. For each i € [k], if n > dpoly(logd,t)
1 * *
JAZ N S koo f W)W — 17|
holds with probability 1 — 1/d*.
Proof. For each r € [k], we define function B, : R — Rixd,

Br(z) = LiLy - (Jw) 2P + |w 2|?) - |(wy — w?) 2| -z
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According to Properties 3.1,3.2 and 3.3(a), we have for each x € S,

~By(z) 2 ($(w]x) = p(w;T2))¢" (w] 2)wa” < By (x)

Therefore,

k
s =Y (B B+ TR,

$NDd
r=1 zeS

Let h.(x) = LiLo|w) z|P - |(w, — w})Tz|. Let B, = Eyp,[hr(x)zz']. Define function B, (z) =
hy(z)zz".

(I) Bounding |h,(x)|.

According to Fact B.1, we have for any constant ¢ > 1, with probability 1 — 1/(nd*),

| (2)] = LiLalw, 2| (w —w!) 2| S LiLelwe||?[[w, — wy]| (¢ logn) ®*+1/2.

ol

(IT) Bounding || B,||-

2 LnLolw, [P |lwy — wrl],

— w, —w) T x 2
B> E =) )
~Lq

[|wy — w

A e

o

where the first step follows by definition of spectral norm, and last step follows by Fact B.6. Using
Fact B.6, we can also prove an upper bound || B,||, | B.|| < LiLa|jw,||P||w, — w]|.
(I1T) Bounding (E,~p, [h*(x)])"/*
Using Fact B.6, we have

1/4

1/4 4
(LB, 0@1) = niza (5, (ol el —u)al)'] ) S Tabaldo, - wil.
x~Dy

{L’NDd

By applying Corollary B.8, if n > e 2d poly(log d, ), then with probability 1 — 1/d*,

. 1
IND {]w 2P - |(wy —w?) x|z’ ] K] (Z\w zi [P | (wr — )Tx]ma:T>H
¢ xeS
B, (
By |S\Z

z€eS

< ¢[B|
< el 7w, — wi]. (15)

If e < 1/2, we have

k
1 ) * *
A £ S 02| Brll S koot (W)W — W
=1
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Claim D.13. For each i € [k|, if n > e 2d7 poly(logd,t) , then

2
HAZ’L H ~ vrznax 1p

holds with probability 1 — 1/d*.
Proof. Recall the definition of A,

AP = E w2 (w, )z Z 2072 (w, x)xx ]
e

Let hi(x) = ¢'*(w,' z). Let B; = Eyp,[hi(x)zz "] Define function B;(z) = hi(z)zx .

(I) Bounding |h;(z)|.

For any constant ¢ > 1, (¢/(w, x))? < L}w, x| < L2||w;|?’t?logf (n) with probability 1 —
1/(nd*) according to Fact B.1.

(IT) Bounding || B;||-

E [¢7%(w x)aa’]

B = max E [¢’2(wlTa:)(xTa)2}

lla||=1 z~Dgq

2
= max E 2(w'z) (cwz + Bz v ]
mas B [¢ (w @) (aw] 2+ Bz "v)

= max E [¢/2(wz’T$) ((aw z)* + (B2 v) ﬂ

a2+82=1,|jv| =1 2~Dq

a?+p2=1 z~Dq

— (@ B 00l + 8 5, (6wl
= wax (B [6%(uill)2) B, [6%(1wi])])

~D;
where w; = w;/||w;|| and v is a unit vector orthogonal to w; such that a = aw; + Sv. Now from

Property 3.2, we have

E [¢7(w x)az’]

E < Lifjus.

p([[wi]) <

(I1T) Bounding (E,p, [hf(x)])"/4.
1/4 1/4
(EVﬂm) =(Ew%@w0 < L3y,

z~Dgy x~Dy

By applying Corollary B.8, we have, for any 0 < € < 1, if n > ¢ 2d ”(” il i) poly(logd,t) the
following bound holds

B; - |S|ZB < €| Bil|,
€S
with probability at least 1 — 1/d*.
; -2 _ (301 /2)*P . .
Therefore, if n > e “dr poly(logd,t), where 7 = T o T have with probability
1—1/d*
2
”Azz H ~ U1211axalp
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Claim D.14. For each i € [k|,j € [k],i # j, if n > e 2k27dpoly(logd,t), then

max

1441| < evhaxoi” (W)
holds with probability 1 — 1/d*.

Proof. Recall the definition of off-diagonal blocks A;;,

Ay = v} ( E [¢ (] 2)¢ (] z)zz] - ,; > ¢ (w] x)¢! (w] m)mT> (16)

#~Da z€S
Let hi (z) = ¢'(w; )¢’ (w]' z). Define function B, () = hi (z)xx". Let B = Epup, [hiy(x)zz ).

(I) Bounding |h;(x)|.
For any constant ¢ > 1, we have with probability 1 — 1/(nd?*)

|hig(@)] = 16 (w] )¢/ (w] )|
< Liljw; @||P[|lw] z||?
< L3 ||wi [P [lwi [P (¢ log n)?
S L%O‘%p(t logn)P

where the third step follows by Fact B.1.

(1) Bounding || B, /|-

Let U € R%*2 be the orthogonal basis of span{w;,w;} and U, € R4*(4=2) he the complementary
matrix of U. Let matrix V' € R?*2 denote U [w; wy], then UV = [w; w;] € R¥2. Given any vector
a € R, there exist vectors b € R? and ¢ € R?2 such that a = Ub + U, c. We can simplify ||B; ||
in the following way,

1Biall = || E [¢(w; 2)¢/(w w)aa"]

x~Dy

= max E [6/(w]2)¢/(w])(x a)’)

_ I T 1T T,T TrrT 2
; HMPT\?C}\{\Q:I zNEDd ¢ (w; )¢ (w; z)(b" U z+c Ujx)

max  E_[¢'(w]2)¢'(w 2)(0"U 2)? + (c"U[2)?)]
1612+]lcl|2=1 z~Dgq

E [¢/(vf )¢/ (v 2)(0T2)° ]+ E - [¢'(v] )¢/ (vg 2)(c 5)’]

max
[lI2+[ell*=1 | z2~D2 2~Da,s~Dy_o

A1 A2
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We can lower bound the term Ay,
A= E [0/ (v] 2)¢ (vg 2)(b" 2)?]
22

= [ (2m) L (0] 2)¢/ (vg 2) (b 2)%e A7/ 2

(2m) 1/ (51)¢' (s2) (0T VT )2 IVITsI/2 | det (V1) ds

= / (2m) 1 (51)¢ (52)) (0T VT )2t VOISI?/2 ) qet (V1| ds

o
N
~—
L
L
—
<
[
~
Q
—
<
=
=
S
—
<
N
~
Q
—
<
=
~—
=
=
_'
<
=
_|
<
~
Q
—
<
=
s
@
i
=
o
~
_w
Q.
[}
—+
—~
<
-
-
~
Q
[l V)
<
N
QU
N

_ V) 0T eaV) - u)d (0a(V) - )|

L [((p1u1)?® + (p2u2)® + 2p1paurus) ¢ (o2(V) - u1) ¢ (02(V') - up)]

i I B 00:(v) 227 B [¢/(02(v) - 2)

where p = Vb - 0o(V) € R2.

Since we are maximizing over b € R?, we can choose b such that ||p|| = ||b]|. Then
Ar= E [¢/(v]2)¢/(vs 2)(b 2)°]
2~Do
> 2R (B, [(aV) )] B, [(oaV) )] = B, oV - 2):F
- O'1(V) z~D1 z~D1 z~D1

For the term A,, similarly we have

A= E - [¢(v] 2)¢/ (v 2)(c"5)?]

2~D2,8~Dy_2

= E [¢/(0]2)¢/(v32)] _E [(cTs)

z~Do s~Dg_o

= lel?_E [6/(o] )6/ (0] 2)

oo (V
> eV

= (B [¢'(02(V)'Z)]>2

z2~Dq

For simplicity, we just set ||b]] = 1 and ||¢|| = 0 to lower bound,

B, (¢l 0)6 w a)ea”] |

x~Dy

oo (V

o1(

~—

v

2
(Z 5, 00V 92 B, [00a(V) 2] - (|5, (oa(v) - 2)2) )

S

v

—
~—

02

1(V)
1

= k(W)

\Y

p(o2(V))

<

Q

plo2(V))
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where the second step is from Property 3.2 and the fact that o1,/2 < 02(V) < 01(V) < 301/2.
For the upper bound of || Ezup,[¢' (w; 2)¢' (w;' z)zz ]|, we have

E [¢/(v] 2)¢' (v 2) (0 2)°] < LY E [Juf 2" - Jug z[P - [bT 2]
z~Da z~Da
< Lot |7 [Jvz 17101

2 _2p
S Lioy

where the first step follows by Property 3.1, the second step follows by Fact B.6, and the last step
follows by ||v1]] < o1, ||v2|| < o1 and [|b|| < 1. Similarly, we can upper bound,

E_ (0] 26/ (9 = el E (/0] 2)6 (03 2)] S Lio}?

z2~D2,s~Dy_2

Thus, we have

E [0/ (w] )¢/ (w] )we]

2 2
< Lioy” S ot

(I11) Bounding (E,p, [k, (2)]) /4.

1/4 1/4
(=pen) = (B 0wl o'wlo]) S BlulPlal $ o

Therefore, applying Corollary B.8, we have, if n > e 2x2(W*)7rd poly(logd, t), then

1A ]| < eVl o P (W),

max

holds with probability at least 1 — 1/d*. O

D.4 Error Bound of Hessians near the Ground Truth for Non-smooth Activa-
tions

The goal of this Section is to prove Lemma D.15,

Lemma D.15 (Error bound of Hessians near the ground truth for non-smooth activations). Let
¢(2) satisfy Property 3.1,3.2 and 3.3(b). Let W satisfy |W — W*|| < o1/2. Let S denote a set of
i.i.d. samples from the distribution defined in (1). Then for anyt > 1 and 0 < e < 1/2, if

|S| > e 2k*rd poly(logd, t)
with probability at least 1 — d—®)
IV2F5(W) = V2 o (W) £ ko (e + (o7 W — W),

Proof. As we noted previously, when Property 3.3(b) holds, the diagonal blocks of the empirical
Hessian can be written as, with probability 1,

Pfs(W) 1
= X 0l

(z,y)eS

48



We construct a matrix H € R¥**% with 4, [-th block as

H;; =vjvf H% ¢ (w, )¢ (w] z)zxT| e R Vi€ k], € [k].
T~

Note that H # V2 fp(W). However we can still bound ||H — V2fs(W)| and |H — V2 fp (W]
when we have enough samples and |W — W*| is small enough. The proof for ||H — VQfS( )l

basically follows the proof of Lemma D.11 as Agi) in Eq. (14) and Ay in Eq. (16) forms the blocks

of H — VQJ/C\S(W) and we can bound them without smoothness of ¢(-).
Now we focus on H — V2 fp(W*). We again consider each block.

Au= E (101 (8 (] )¢/ (w] @) = o (w; T 2) (i T))aw T

We used the boundedness of ¢”(z) to prove Lemma D.10. Here we can’t use this condition. Without
smoothness, we will stop at the following position.

LB i (6wl )¢/ (wx) — ¢ (wi ) (wf @)
16/ (w] @) (w] 2) = ¢/ (w] T 2)¢/ (w} ") (2T a)?]
< i | mox B ) = o (wi ") |6 (wf )]
+ 16/ (wi @) 16 (w] ) — &' (wi @) (2" 0)?]
= oo | o (M 16/ (w] @) = ¢/ (wi )16/ (w) @) (2" 0)?]

llall=1

< |vfvf| max E

lal|=1 2~Dq {
A

¢/ (w; @

+ B {10/ o)l (w] 2) — ¢'(uf T >|<zTa>2D . (17)

where the first step follows by definition of spectral norm, the second step follows by triangle
inequality, and the last step follows by linearity of expectation.

Without loss of generality, we just bound the first term in the above formulation. Let U be the
orthogonal basis of span(w;, w;, w;). If w;, w;,w; are independent, U is d-by-3. Otherwise it can be
d-by-rank(span(w;, w},w;)). Without loss of generality, we assume U = span(w;, w},w;) is d-by-3.
Let [v; vf v] = U [w; wi wy| € R3*3 and [u; i w| = UI[wi w; wy| € RE=3)%3 Let a = Ub+U ¢,
where U, € R?(473) is the complementary matrix of U.

E [I¢'(wl @)~ ¢/ (w; o)l (w] 2) (2" a)?]

o
= B |I¢w]2) ~ ¢/ i Ta)ll¢ (w] o)l (Ub+ VL))

S E [dw]e) — ¢ i Ta)6 (w o) ((@TUB + (2 TULe)) |

= B |[¢w]2) ¢/ (i )16 (w] )| (2T U)?]

+ E [0 2) = o (wfT2)|¢/(w] )] (TULe)’]

= E |I¢/(]2) = /i ) llo (0 2)I(=T)?]

+ Bl = o Tyl ] )l 7)) (18)
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where the first step follows by a = Ub + U ¢, the last step follows by (a + b)? < 2a® + 2b°.

By Property 3.3(b), we have e exceptional points which have ¢”(z) # 0. Let these e points
be p1,p2,- - ,pe. Note that if v z and v*Tz are not separated by any of these exceptional points,
i.e., there exists no j € [e] such that v z < p;j < U*TZ or U*TZ < p; < v;z, then we have
¢ (v z) ¢'(v; T 2) since ¢”(s) are zeros except for {pj }i=12,..e- So we consider the probability
that v z, U*TZ are separated by any exception point. We use §; to denote the event that v z, v*T
are separated by an exceptional point p;. By union bound, 1 — Zj:r Pr[¢;] is the probablhty that
v z,v5 Tz are not separated by any exceptional point. The first term of Equation (18) can be
bounded as,

E [I6/(v] 2) = ¢/ (i 2)l16) (0 2)I(=T0)?]

z~Ds3
= E [lusgld' 2) + (T2l (o] 2] (=70
1/2 1/2

< (N@J 1 @D (glgj (&0 2) + /(0T 2))%0/ (] z)Q(szr])

. 1/2 12
< (Smie) (5 [@@arswm e 26))

= 3 z2~D3

. 1/2
S Brlel] ol + o 7)ol

=1

Where the first step follows by if U z, v*Tz are not separated by any exceptional point then ¢’ (vzT z) =

¢' (v " 2) and the last step follows by Hélder’s inequality and Property 3.1.
It remains to upper bound Pr..p,[¢;]. First note that if v 2, U*TZ are separated by an excep-

tional point, p;, then |v} Tz — p;| < |v) 2 — v} T 2| <||v; — v}|||2]|. Therefore,
v 2 — pj]
P < Pr L < —vf
zwlgg[gﬂ = 2~Ds |: HZH HUZ U H

Note that (2 + 1)/2 follows Beta(1,1) distribution which is uniform distribution on [0, 1]

pe [0z =il _ ||w—vz‘rq

oD |2 HHU*H I A

AL Hvi—v*ll] < i =ofll W =W

7
VWa[HZ\IIIU?II_ [[o7 ] il ™~ oR(W*)

~

where the first step is because we can view U||zH and & IIZH as two independent random variables: the

former is about the direction of z and the later is related to the magnitude of z. Thus, we have

H<Z>(v 2) = &' (W 216/ (0] 2)|(z0)*] S (e|W — W[ /o (W) 2o (WH)|p]*. (19)

Sirnilarly we have

CE 1) = 6@l )l (70 S (EllW = W o (W) e (el (20)

Finally combining Eq. (17), Eq. (19) and Eq. (20), we have
1H = V2 o (W) S ko (e|W = W[ /o (W) 2o 1P (W),

max(

which completes the proof.
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D.5 Positive Definiteness for a Small Region

Here we introduce a lemma which shows that the Hessian of any W, which may be dependent on
the samples but is very close to an anchor point, is close to the Hessian of this anchor point.

Lemma D.16. Let S denote a set of samples from Distribution D defined in Eq. (1). Let W* €
RY>F be a point (respect to function fs( )), which is independent of the samples S, satisfying
|We —W*|| < or/2. Assume ¢ satisfies Property 3.1, 3.2 and 3.3(a). Then for any t > 1, if

|S| > dpoly(logd, t),

with probability at least 1 — d ', for any W (which is not necessarily to be independent of samples)
satisfying |W — W|| < o1/4, we have

IV2fs(W) = V2 fs(W)|| < ko2, ol (W = W + |[W — We|dPtD/2),

Proof. Let A = szs(W) - VQfg(Wa) € R¥*xdk then A can be thought of as k? blocks, and each
block has size d x d. The off-diagonal blocks are,

— vivf ,S,Z( ((w) @) = ¢ (wT2) (wf @) ) 22T

€S

For diagonal blocks,

A :iz ZU ¢(wy z) —y | vid" (w] x)ax” +v2¢? (w] x)aa”

- — Z quqﬁ wy Tz) —y | vie" (Wi )za” +v2¢? (wi x)za "

We further decompose A;; into A;; = Ag ) + A®  where

ll7

k
A =v ,S|Z > vgd(wg ) —y | ¢"(w ) wa )~y | ¢"(wi ") | 2z,

z€S q=1

and

s

Z |1 Z (w, )z — ¢ (wd z)za " (21)
z,y)€

o1



We can further decompose AE}Z-) into ALY and A(li’z),

¢ (wlz) — [ Y vgo(wye) —y | ¢"(wf w)za’

+ |; D> vi((wg ) — p(wy ) (¢ (wi @) — ¢ (wi @)z

zeS q=1
= ALY L AL2)
Combining Claim D.17 and Claim D.18 , we have if
n > dpoly(logd,t)
with probability at least 1 — 1/d*,
1A S ko2 (IWe = W] + [We — W|d@+D/2), (22)
Therefore, combining Eq. (22), Claim D.19 and Claim D.20, we complete the proof. O

Claim D.17. For each i € [k], if n > dpoly(logd,t), then

1,1

[ALV S koW — Wl /2

Proof. Define function hi(z) = ||z|[P™! and ho(z) = |w;Tx]p|(w;‘ - wg)Tx|. Note that hy and hg
don’t contain W which maybe depend on the samples. Therefore, we can use the modified matrix
(1)
i

0,0 "

Bernstein inequality (Corollary B.8) to bound A
(I) Bounding |h;(x)|.
By Fact B.2, we have hi(z) < (tdlogn)®+t1)/2 with probability at least 1 — 1/(nd*).
(I1) Bounding || Byep, [[lz]* 22T,
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Let g(z) = (27)~%2¢~1#1*/2 Note that zg(z)dz = —dg(x).

E [lelrtaeeT] = [ ol g@an ds
. / [P d(g(x))eT
— / P+ d (g / P+ g (2) Lada

- / d()lz ") g(x)z" + / [P+ g () Ladz
- / (0 + D)zl g(x)za T da + / P+ () Ladz

- / ol (o) Tad
= p+liy
B (Il
Since ||z||? follows x? distribution with degree d, E,p,[|z]|9] = 2q/2% for any ¢ > 0. So,

da/? S Epop, [z S d?/2. Hence, ||E$di[h1(33):mT]H > d®+t1/2 Also

E [m@aa] H < mox B [0

1/2 . 1/2
2 4
ma (L5, 0iw)) (5, [T
de+1/2.

IN

A

(I11) Bounding (E,~p,[h}(x)])"/*.

1/4
( E [hi‘(:v)]> < D2,

INDd

Define function B(z) = h(z)zz' € R4 Vi € [n]. Let B = Epup,[h(z)xx']. Therefore by
applying Corollary B.8, we obtain for any 0 < e < 1, if

n > e 2dpoly(logd,t)
with probability at least 1 —1/d",

z|[PHlza T [ T pHxxT}
’S|ZH | B ||l

T€S

< 5dP+1/2.

Therefore we have with probability at least 1 — 1/d,

Z [P+ T

a:ES

< qeth/2, (23)
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Claim D.18. For each i € [k], if n > dpoly(logd,t), then
1AL < koW — W,

holds with probability at least 1 — 1/d".

Proof. Recall the definition of Al}?,

A = |ZZ — o)) (w] @) — ¢ (wf Ta))anT

zesS q=1

In order to upper bound the ||AZ i’ ||, it suffices to upper bound the spectral norm of this quantity,
1 *
= 2 (@(wf x) — ¢(w] 2)) (¢ (w] ) — ¢ (wf " x))ax "

By Property 3.1, we have
p(wg @) — $(wy " 2)|  La(jwg @’ + Jwy "z ])|(w) — wf) "xl.
(

By Property 3.3, we have |¢"(w; 2) — ¢ (w¢Tx)| < 2Ls.
For the second part |wj;Tx\p|(w - wg)Tx|xxT, according to Eq. (15), we have with probability

1 —d™t, if n > dpoly(logd,t),

)

|w, w\p](w; — wg)Tx]:ch] - — Z \w*T:c|p )Tx]m:T

S O|lwg P llwg — wgll-
5|
€S

CBNDd |:

Also, note that

[|w*T:U|p|( w; — wg)%mq

E < gl -

Thus, we obtain

Z|w*Tx]p wy — wy) Tolex’
z€S

S W = Wlof. (24)

IS

Claim D.19. For each i € [k], if n > dpoly(logd,t), then

AP S koo IIW — W d®+D/2
holds with probability 1 — 1/d*.
Proof. We have
a2l < o | g P Z (0 (w] 2;) = &' (wiT2)) - (¢ (w] @) + ¢/ (wiTw))) T
< 01| i 35 (Baltws =)l LaChal o + ) T
< oW - o o (Lallel - La(uil?lal? + ug T P)) a2
zeS

Applying Corollary B.8 finishes the proof.
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Claim D.20. For each i € [k],j € [k],i # 7, if n > dpoly(logd,t), then

1A S vhaxat IWE = W]
holds with probability 1 — d*'.
Proof. Recall the definition of A;,
=] Ul |S‘ Z ( l—r‘r) - (b/(wz—rx)¢/(wla—r‘r)

€S
o/ (w] )¢/ (wf ) ¢’(w?Tx)¢’<w?Tx)) 2o

— vfuf ‘S‘Z( (w] )¢/ (w] 7) — &' (w] )¢/ (wj )

mGS

+ U;UEKE Z <¢)’(w;rm) ¢ (Wi z) — ¢ (Wi z)d (Wi x )) zz’
il 2 Z (L1 [P Lallwy = wf |2l + Lol — wi |z L g T2 ) "
Applying Corollary B.8 completes the proof. O

E Tensor Methods

E.1 Tensor Initialization Algorithm

We describe the details of each procedure in Algorithm 1 in this section.

a) Compute the subspace estimation from P, (Algorithm 3). Note that the eigenvalues
of P, and P, are not necessarily nonnegative. However, only k of the eigenvalues will have large
magnitude. So we can first compute the top-k eigenvectors /eigenvalues of both C' - I + P, and
C - I — Py, where C is large enough such that C' > 2||Pz||. Then from the 2k eigen-pairs, we pick
the top-k eigenvectors with the largest eigenvalues in magnitude, which is executed in ToPK in
Algorithm 3. For the outputs of TOPK, k1, ky are the numbers of picked largest eigenvalues from
C-1+P and C'- I — P respectively and m1(i) returns the original index of i-th largest eigenvalue
from C'- I + P2 and similarly mo is for C'- I — PQ Finally orthogonalizing the picked eigenvectors
leads to an estimation of the subspace spanned by {w} w3 --- wj}. Also note that forming Pg takes
O(n - d?) time and each step of the power method doing a multiplication between a d x d matrix
and a d x k matrix takes k - d? time by a naive implementation. Here we reduce this complexity
from O((k 4 n)d?) to O(knd). The idea is to compute each step of the power method without
explicitly forming Pg We take P = Mg as an example; other cases are similar. In Algorithm 3, let
the step P,V be calculated as PV = |S| P @yes Y@ (zTV) — V). Now each iteration only needs
O(knd) time. Furthermore, the number of iterations required will be a small number, since the
power method has a linear convergence rate and as an initialization method we don’t need a very
accurate solution. The detailed algorithm is shown in Algorithm 3. The approximation error bound
of ]32 to Py is provided in Lemma E.5. Lemma E.6 provides the theoretical bound for Algorithm 3.

b) Form and decompose the 3rd-moment Rs (Algorithm 1 in [KCL15]). We apply the
non-orthogonal tensor factorization algorithm, Algorithm 1 in [KCL15], to decompose R3 Accordlng
to Theorem 3 in [KCL15|, when Rg is close enough to Rs, the output of the algorithm, wu; will
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close enough to s;V ' w*
IRs — Rs)).

c) Recover the magnitude of w; and the signs s;,v’ (Algorithm 4). For Algorithm 4,
we only consider homogeneous functlons. Hence we can assume v € {—1,1} and there exist some
universal constants ¢; such that m;; = c;||w}||P™! for j = 1,2,3,4, where p + 1 is the degree of
homogeneity. Note that different activations have different situations even under Assumption 5.3. In
particular, if My = My = 0, ¢(-) is an odd function and we only need to know s;v}. If M3 = M; =0,
¢(+) is an even function, so we don’t care about what s; is.

Let’s describe the details for Algorithm 4. First define two quantities 1 and @2,

7, where s; is an unknown sign. Lemma E.10 provides the error bound for

k
Q1 =M, (Lo, ,0) = > vie, |Jwi [P (o @)}, (25)
(li-1) as =1
k
Q2 = M,(V,V,a,--+ ) =Y wie,|w; [P (o @) (VTw)) (V w;) T, (26)
M i—1

(I2—2) a’s

where [; > 1 such that M;, # 0 and Iy > 2 such that M;, # 0. There are possibly multiple choices
for 1 and lo. We will discuss later on how to choose them. Now we solve two linear systems.

Z zisiW; — Q1

The solutions of the above linear systems are

ZWT V)T - Qo

=1

(27)

= argmin
2€RF

, and r* = argmin
reRk

F

2f =wlsie, |lwi P (e siwh)h Y and v = vfs2e, ||lwi P (o siwr) 2.

We can approximate s;w; by Vu; and approximate @)1 and ()2 by their empirical versions @1 and
()2 respectively. Hence, in practice, we solve

k

D Vi - Q1

=1

k

2{:7ﬁuz (92

i=1

(28)

, and 7 = argmin
reRk

Zz = argmin
2€RF

F

So we have the following approximations,
Zi = v} cll||w [P (o Va1, and 7 ~ o} clew 1P (T V)22, Vi e [k].

In Lemma E.13 and Lemma FE.14, we provide robustness of the above two linear systems, i.e., the
solution errors, ||Z — 2z*|| and || — r*||, are bounded under small perturbations of w;,Q; and Qs.
Recall that the final goal is to approximate ||w}|| and the signs v}, s;. Now we can approximate
|wi || by (12:/ (e, (T V)= )Y P+D | To recover v}, s;, we need to note that if I; and Iy are both
odd or both even, we can’t recover both v} and s;. So we consider the following situations,

1. If My = M3 = 0, we choose 1 = lp = min{j € {2,4}|M; # 0}. Return vi(o) = sign(ric,) and
SEO) being —1 or 1.

2. If My = My = 0, we choose I} = min{j € {1,3}|M; # 0}, Io = 3. Return vi(o) being —1 or 1

and 31(»0) = sign(vz(o)%}cll).
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Algorithm 3 Power Method via Implicit Matrix-Vector Multiplication

1: procedure POWERMETHOD (P, k)

2 C < 3||Py||, T «+ a large enough constant.

3 Initial guess 171(0) € RIXk ‘72(0) € RIxk

4: fort=1— T do

5: ‘71(:5) — QR(CVI(t_l) + ]32171(t_1)) > 132171“‘1) is not calculated directly, see Sec. E.1(a)
6 V" Qr(cTTY — BviTY)y

7 end for

8 for j =1,2do

9: V;(T) — [63}1 6]',2 s aj,k}

10: fori—1—>kd0

11: Nji < |v ng] il > Calculate the absolute of eigenvalues
12: end for

13: end for

14: w1, T2, k1, ko TOPK()\, k) >y [k]] — [k] and ki + ko = k, see Sec. E.l(a)
15: for j=1,2do

16 Vi [0 Dm0 T

17: end for

180 Vo QR((I — WiV, )Va)
19: V< [V, VA

20: return V

21: end procedure

3. Otherwise, we choose Iy = min{j € {1,3}|M; # 0}, lo = min{j € {2,4}|M; # 0}. Return

vZ(O) = sign(7icy,) and 350) = sign(vi(o)%}-cll).

The 1st situation corresponds to part 3 of Assumption 5.3,where s; doesn’t matter, and the 2nd
situation corresponds to part 4 of Assumption 5.3, where only s;v} matters. So we recover ||w|| to
some precision and v}, s; exactly provided enough samples. The recovery of w; and v} then follows.
Sample complexity: We use matrix Bernstein inequality to bound the error between P2 and
P, which requires Q(d) samples (Lemma E.5). To bound the estimation error between Rs and Rs,
we flatten the tensor to a matrix and then use matrix Bernstein inequality to bound the error, which
requires Q(k3) samples (Lemma E.10). In Algorithm 4, we also need to approximate a Rd vector
and a R¥** matrix, which also requires €2(d). Thus, taking O(d) + O(k3) samples is sufficient.
Time complexity: In Part a), by using a specially designed power method, we only need
O(knd) time to compute the subspace estimation V. Part b) needs O(knd) to form R3 and the
tensor factorization needs O(k?) time. Part c) requires calculation of d x k and k? x k linear systems
in Eq. (28), which takes at most O(knd) running time. Hence, the total time complexity is O(knd).

E.2 Main Result for Tensor Methods

The goal of this Section is to prove Theorem 5.6.

Theorem 5.6. Let the activation function be homogeneous satisfying Assumption 5.5. For any
O<e<landt>1,if[S] > € 2.d-poly(t, k, k,logd), then there exists an algorithm (Algorithm 1)
that takes |S|k-O(d) time and outputs a matriz W € R>* and a vector v € R* such that, with
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Algorithm 4 Recovery of the Ground Truth Parameters of the Neural Network, i.e., w; and v;

1: procedure RECMAGSIGN(V, {U; }icfk), S)

2 if My = M3 =0 then

3 l1<—l2<—min{j€{2,4}|Mj7éO}

4: else if My = M, = 0 then

5: l1 min{j S {1,3}‘Mj #* O}, log <3

6 else

7 li <~ min{y € {1,3}|M; # 0}, [y + min{j € {2,4}|M; # 0}.

8 end if B

9 S1, Sy <= PARTITION(S, 2) > |S1], |S2] = Q(d)
10: Choose « to be a random unit vector

11: Q1 <+ Eg, [Q1] > @1 is the empirical version of Q1(defined in Eq.(25))
12: Q2 <+ Eg,[Q2] > (2 is the empirical version of Q2(defined in Eq.(26))
13: Z < argmin, Zle 2V — Q H

14: 7 < argmin, Zle ria, — Q\QHF

15: vgo) <« sign(ricr,)

16: sl(-o) — sign(vgo)z-cll)

1wl sO(5 (o, (V)Y EOVE,

18: return v, w”

i
19: end procedure

)

probability at least 1 — d—®)
WO — W*||p < e poly(k, &)||W*||, and v\”) = v},

Proof. The success of Algorithm 1 depends on two approximations. The first is the estimation of
the normalized w} up to some unknown sign flip, i.e., the error |[@w} — s;Vu;]|| for some s; € {—1,1}.
The second is the estimation of the magnitude of w; and the signs v}, s; which is conducted in
Algorithm 4.

For the first one,

1w} — sV | < [IVV o) —@f|| + IVV T — Vi

7 7

= |VVw; —wi|| + |V @} - s, (29)

(2

where the first step follows by triangle inequality, the second step follows by VTV = I.
We can upper bound ||VV @} — w}|,

IVVTw; —wi| < (1P = Pal|/or(P2) +¢)

< (poly(k, k)| Py — Pyl +€)
< poly(k, k)e, (30)

A

where the first step follows by Lemma E.6, the second step follows by ox(P2) > 1/ poly(k, k),
and the last step follows by Hﬁz — P|| < epoly(k, k) if the number of samples is proportional to
O(d/€?) as shown in Lemma E.5.

We can upper bound ||V '@} — s;1;]],

|V @} — ;|| < poly(k, &)||Rs — Rs|| < epoly(k, k), (31)
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where the first step follows by Theorem 3 in [KCL15|, and the last step follows by Hﬁg — R3|| <
e poly(k, k) if the number of samples is proportional to O(k?/€?) as shown in Lemma E.10.
Combining Eq. (29), (30) and (31) together,

l|w; — siVu,|| < epoly(k, k).

For the second one, we can bound the error of the estimation of moments, ;1 and @2, using
number of samples proportional to 6(d) by Lemma E.12 and Lemma E.5 respectively. The error of
the solutions of the linear systems Eq.(28) can be bounded by [|Q1 — @1\\, |Q2— @2”, i; — V Ty
and ||(I — VV T)w?| according to Lemma E.13 and Lemma E.14. Then we can bound the error
of the output of Algorithm 4. Furthermore, since vj’s are discrete values, they can be exactly
recovered. All the sample complexities mentioned in the above lemmata are linear in dimension
and polynomial in other factors to achieve a constant error. So accumulating all these errors we

complete our proof.
O

Remark E.1. The proofs of these lemmata for Theorem 1 can be found in the following sections.
Note that these lemmata also hold for any activations satisfying Property 3.1 and Assumption 5.3.
However, since we are unclear how to implement the last step of Algorithm 1 (Algorithm 4) for
general non-homogeneous activations, we restrict our theorem to homogeneous activations only.

E.3 Error Bound for the Subspace Spanned by the Weight Matrix
E.3.1 Error Bound for the Second-order Moment in Different Cases
Lemma E.2. Let My be defined as in Definition 5.1. Let ]\72 be the empirical version of Mo, i.e.,

— 1
MzZE Yy (wer—1I),

(zy)es
where S denote a set of samples from Distribution D defined in Eq. (1). Assume My # 0, i.e
mz(?) #0 for any i. Then for any 0 <e<1,t > 1, if

) - e 2dpoly(log d, t)

|S| > max(Hw |
ic[k]

with probability at least 1 —d ¢,
k
My — My < €D Joima,l.
=1

Proof. Recall that, for each sample (z,y), y = Zk vig(wiTx). We consider each component

i=1 "4

i € [k]. Define function B;(z) : R — R**? such that
Bi(z) = ¢(w] T z) - (z @ x — ).

Define g(z) = ¢(z) —¢(0), then |g(z)| = | [; ¢'(s)ds| < L1/(p+1)|z[PT, which follows Property 3.1.
(I) Bounding || B;(x)||.

1B:@)I'S (5 wi TP+ o)) (Il 1% + 1)

Jlwi [P+ 16(0))d poly (log d, )
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where the last step follows by Fact B.1 and Fact B.2.
(IT) Bounding || Ezp,[Bi(2)]l
Note that E,p,[Bi(z)] = mew;w; . Therefore, | Exwp,[Bi(z)]|| = |mal-
(I1T) Bounding max(E,p, || Bi(z)B;(x) ||, Ez~p, | Bi(z) " B;i(2)]|).
Note that B;(x) is a symmetric matrix, thus it suffices to only bound one of them.

E [Bf(x)]

I’\/Dd

1/2 1/2
= (Bjoerman) (B 0e1) 2GR+ oo

(IV) Bounding maX”aH:HbH:l(ExNDd[(aTBi(x)b)QD-
Note that B;(x) is a symmetric matrix, thus it suffices to consider the case where a = b.

1/4

mes (5 [@n@a]) 5 (5 wwme) s B s oo

lali=1 \a~Dy
Define L = |Jw?||P* + |¢(0)]. Then we have for any 0 < € < 1, if

> L2d + |mg|? + Lima;|d - poly(logd, t)e
~ €2ma,;[?

tlogd
with probability at least 1 — 1/d",

é e|m27i\.

Bil sz

zeSs

$NDd
O

Lemma E.3. Let M3 be defined as in Definition 5.1. Let M\g be the empirical version of Ms, i.e.,
—~ 1 -
My= g 3 v —aB)
(z,y)ES

where S denote a set of samples (each sample is i.i.d. sampled from Distribution D defined in
Eq. (1)). Assume M3 # 0, i.e., m3; # 0 for any i. Let a be a fived unit vector. Then for any
O<e<1l,t>1, f

S| > m%;}duw;‘Hp“/|mg,z-(wfa)\2 +1) - € *dpoly(log d, t)
1€

with probability at least 1 — 1/d",

k
IMs(I,1,0) = Ms(I,1,@)[| < €Y [v;ma(w; a)|.
=1

Proof. Since y = Zf L vFg(w;Tx). We consider each component i € [k].

Define function B;(z) : R* — R4 such that
Bi(z) = [p(w} " z) - (%3 — 2@D)](I,1,a) = ¢p(w} z) - (z")z®? —a 2l —az' —zal).

Define g(z) = ¢(z) — ¢(0), then |g(z)| = | [; ¢/(s)ds| < le |z[Pt1 < |2|P*1) which follows Prop-
erty 3.1. In order to apply Lemma B.7, we need to bound the following four quantities,
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(I) Bounding || B;(x)||.

||Bi<x>r\=\|¢<w“x>-<< Ta)2® —azly—az’ —za’)
< |o(w;T2)| - || (2 Of)ff®2—aT$I—awT—xaT||
S (Jwi Tt + 160 (2T )a®? — aTal —az” —za |
)

)
< (wi TP 1o (e al|* + 3la’ ),
);

where the third step follows by definition of g(z), and last step follows by definition of spectral norm

and triangle inequality.
Using Fact B.1 and Fact B.2, we have for any constant ¢t > 1, with probability 1 — 1/(nd*),

1Bi()ll < (lwi [P+ + |¢(0))d poly (log d, t).

(L) Bounding || E¢np,[Bi(x)]]-

Note that E,p,[Bi(z)] = ms,(w} " a)w;w; . Therefore, | Eywp,[Bi(2)]]| = |ms.i(@; ).
(ITT) Bounding max(|| Exp, [Bi(2)Bi(2) ]I, | Esnp, [Bi(z) " Bi(2)]|)).

Because matrix B;(z) is symmetric, thus it suffices to bound one of them,

< (o) (3, o) o)
< (lwf [P + |9(0)))%d

(IV) Bounding maX”aH:HbH:l(EJ;NDd[(aTBi(x)b)ﬂ)lﬂ'

E [Bf(x)]

x~Dy

mes (5 [@@o]) 5 (8 (o)) sl oo

lali=1 \a~Dq
Define L = |Jw? || + |¢(0)]. Then we have for any 0 < € < 1, if

L2d+ |m37i(@fa)|2 + L\mg,,;(@faﬂd - poly(logd, t)e

-tlogd
Elmg (@ a)[? &

1S12

with probability at least 1 — d~*,

E [B;(z)] |S|ZB

< elmsi(w] o).
INDd €S

O

Lemma E.4. Let My be defined as in Definition 5.1. Let ]\/4\4 be the empirical version of My, i.e.,

—~ 1 - -
My = 5 Yy (@ - (@)@ + V),
(z,y)ES

where S denote a set of samples (where each sample is i.i.d. sampled are sampled from Distribution
D defined in Eq. (1)). Assume My # 0, i.e., ma; # 0 for any i. Let o be a fized unit vector. Then
forany0<e<1,t>1, f

S| > mfﬁ(r\wz‘|r”“/rm4,z-r<wfa>2 +1)%- ¢ 2 - dpoly(logd, )
1€
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with probability at least 1 — 1/d°,

||M4(Iv I,Oé,Oé) - M\él( s 4y K (EITQ)Q‘

=1

Proof. Since y = Zk L vio(wiTx). We consider each component i € [k].
Define function B;(z) : RY — R%9 such that

Bi(z) = [p(w} z) (2% — (z @ 2)RI + IQN](I,I,a, )
= d(w ) ((xTa)%2®? — (o' 2)’ T - 2(a"2)(za” +az’) — 22" + 200" +1).

Define g(z) = ¢(z) — ¢(0), then |g(2)| = | [§ ¢/(s)ds| < L1/(p + 1)|z[P*! < |2|P*!, which follows
Property 3.1.
(I) Bounding || B;(z)]].

1Bi(2)]| Slo(wi )] - ((z"e)*|® + 1+ |z|* + (a2)?)
S(wi 2P+ 10(0)) - (2" a)?[lz]® + 1+ [|z]* + (o 2)?)

Using Fact B.1 and Fact B.2, we have for any constant ¢ > 1, with probability 1 — 1/(nd*),
I1Bi(@)|| S (lwf [P + |¢(0)])d poly (log d. t).

(IT) Bounding || Ez~p,[Bi(2)]l
Note that E,p,[Bi(x)] = mu (W *Ta)Qw*w*T Therefore, HEINDd[B( NI = |mas|(wr T a)?.

Z

(I1T) Bounding max(Eqp, ||Bi(2)Bi(x) ' ||, Eenp, | Bi(z) " Bi(2)l))-

1/2 1/2 1/2
< (5 owol) " (B leT) (|5, o)
< (7 + 6(0)])d

(IV) Bounding maX”aH:HbH:l(Ewad[(aTBi(x)b)2])1/2'

E [Bi(z)’]

xz~Dy

1/4

mes (5 [@@o]) 5 (8 (o)) sl oo

lafi=1 \#~Dy

Define L = |Jw} || + |¢(0)]. Then we have for any 0 < € < 1, if

"> L2d + ma*(@] T o)* + Lima,|(w] " o)*d poly(log d, t)e

-tlogd
22w T o) &

with probability at least 1 — d~*,

E [B;(z)] |S|ZB

wNDd z€eS

< elma|(w; T o).
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E.3.2 Error Bound for the Second-order Moment

The goal of this section is to prove Lemma E.5, which shows we can approximate the second order
moments up to some precision by using linear sample complexity in d.

Lemma E.5 (Estimation of the second order moment). Let Py and jo be defined in Definition 5.4.
Let S denote a set of i.i.d. samples generated from distribution D(defined in (1)). Let P, be
the empirical version of P» using dataset S, i.e., ﬁz = Eg[P]. Assume the activation function
satisfies Property 3.1 and Assumption 5.53. Then for any 0 < ¢ < 1 and t > 1, and mgy =
min;e i {[my, i*(@; Ta)?02=2)}, if

S| 2 0372 - d - poly(t, log d) /(¢*ma),

then with probability at least 1 — d—2®)

k
1P = Bl < € |oimy, i(w; ") 7.
i=1
Proof. We have shown the bound for jo = 2,3,4 in Lemma E.2, Lemma E.3 and Lemma E.4
respectively. To summarize, for any 0 < € < 1 we have if

|S| > max

(gl + 16(0)] + |mj (@} T a
1€[k]

)(j2—2)|)2 .
|y |2 (@] T )?3272) re “dpoly(logd, )

with probability at least 1 — d ¢,

k
1Py = Poll < € lofmy, i(w; ")),
i=1

E.3.3 Subspace Estimation Using Power Method

Lemma E.6 shows a small number of power iterations can estimate the subspace of {w] }icy to
some precision, which provides guarantees for Algorithm 3.

Lemma E.6 (Bound on subspace estimation). Let P» be defined as in Definition. 5.4 and P,
be its empirical version. Let U € R¥™F pe the orthogonal column span of W* € RY>* . Assume
|Py — Py < 0 (P2)/10. Let C be a large enough positive number such that C' > 2||Py||. Then after
T = O(log(1/€)) iterations, the output of Algorithm 3, V € R>F will satisfy

IUUT —VVT| S 1Py — Pall/ow(P2) + e,
which tmplies
11 = VV i || < (1P = Pall/ow(Pa) + €)l|wy].

Proof. According to Weyl’s inequality, we are able to pick up the correct numbers of positive eigen-
values and negative eigenvalues in Algorithm 3 as long as 132 and P, are close enough.

Let U = [U; U] € R™* be the eigenspace of span{w} w} --- w}}, where U; € R¥™ corre-
sponds to positive eigenvalues of Py and Uy € R¥*2 is for negatives.
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Let V1 be the top-k; eigenvectors of CI + ]32. Let V5 be the top-ko eigenvectors of CI — ]32.
Let V = [Vl VQ] S Rka. N

According to Lemma 9 in [HK13], we have ||(I—U U V1| < |Pa—PBall/ok(P2),||(I-UUSN) V|| <
|Ps — Py||/ox(P) . Using Fact B.4, we have ||(I — UUNV| = [UUT —VV ' |.

Let € be the precision we want to achieve using power method. Let V; be the top-k; eigenvectors
returned after O(log(1/e)) iterations of power methods on CI + P, and Vi € R¥™* for CT — P,
similarly.

According to Theorem 7.2 in [AKZ12|, we have lef —~V"|| € eand HVQV; ~WV, || <e

Let U} be the complementary matrix of U. Then we have,

(I = WUV || = Jnax I(1 = Uh U )V
= max [(ULU] + UUy YV 14l

llall=

= max \/|ULUT Vaal? + 005 Val?

> Hm‘ax |UU) Vyal|

= || U205 Vi, (32)

where the first step follows by definition of spectral norm, the second step follows by I = U;U; +
UQUQ—r + UI UI, the third step follows by UQ—r U, =0, and last step follows by definition of spectral
norm.

We can upper bound ||(I —UU ")V,

(1 -uUuh)V|
< (| = WUV + (I = U2US YV + [|UsU3 Vi || + |UWU] V)
<2(|(1 = iU V| + [[(I = UaUy )V )
S 1B — Poll/ow(P), (33)
where the first step follows by triangle inequality, the second step follows by Eq. (32), and the last
step follows by Lemma 9 in [HK13|.

We define matrix R such that VoR = (I — VlVlT)Vg is the QR decomposition of (I — V1V1T)V2,
then we have

(I = VoV )V
= =T _
= (I =V3Vy)I =iV, )R
— =T _
— (I = VoV (I = ViV, + ViV, —ViV)RR™Y|
Vy)

[=VAV)VR™ |+ | (1= VoV IR VAV, = ViV,
o 8

—~

where the first step follows by V3 = (I-V1V,")VaR™!, and the last step follows by triangle inequality.
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Furthermore, we have,

a+p
= I(I = VaVy = VAVOVaR™ Y + (1 = Vo V) IRYIVAV) — V|
< I = VoV VR 7Y + VAV VaR ™ + (|1~ VaV ) IIRIIVAV — VaVy' |
< [VaVy = VaVo IR+ VAV Vall|R7Y + (T = V2V ) IRTHIVAV — iV
= Va2V, — VoW IR7Y| + VAV Vall R + IRV VY — ViV |
< |IVaVy = VaVy IRV + I = VoV )Valll R + R IVA V) — ViV |
< 2|VaVy = VoVl |+ [VaVy = ViV IDIIR ™Y
< 3¢l|R7Y|
< 6e,

where the first step follows by definition of «, 5, the second step follows by triangle inequality,
the third step follows by ||ABJ| < ||AJ|||B]|, the fourth step follows by |[(I — VQV;—)H = 1, the
fifth step follows by Eq. (32), the sixth step follows by Fact B.4, the seventh step follows by

HVIVI ~WViV"|| < eand HVQV;— —VaV,"|| < ¢, and the last step follows by |[R™!|| < 2 (Claim E.7).
Finally,
lwuT - vvT < [UUT =V |+ [VV - vV
=l -UUTV| +|VV - VVT|
< ||Py = Pyl for(Po) + [VV ' —VVT|
< By = Poll/ow(Po) + VAV = ViVyT || + V2V, — VoV |
< ||Py — Pyl /ok(P2) + 2,

where the first step follows by triangle inequality, the second step follows by Fact B.4, the third
step follows by Eq. (33), the fourth step follows by triangle inequality, and the last step follows by

= =T = =T
ViV =ViViT|| < eand [[VoV, =11, < e
Therefore we finish the proof. O

It remains to prove Claim E.7.
Claim E.7. ox(R) > 1/2.

Proof. First, we can rewrite R' R in the follow way,

RIR=V, U -V, WVa=1-V, 1V, 1
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Second, we can upper bound ||V, V1| by 1/4,
NAAENAZRA
e vdl = =T
< |(VaVy' = VoV )W + [V V, Vi |
T = I =T T = 1 =T =T
< | (VaVy' = VoV YA + [V, ViV = VAV )| + [V, ViV ||
= =T =T = =T
= |(VaVy' = VoV WAl + [V, iV = ViV
vl =T = =T
< |VaVo' = VoV |- VAl + IV || - VAV = VAV ||
<e+te
< 1/4,

where the first step follows by VQTVQ = I, the second step follows by triangle inequality, the third step
follows by triangle inequality, the fourth step follows by ||V;r Vlvfu = 0, the fifth step follows by
IAB|| < || Al|-|B|, and the last step follows by [,V —ViViT|| <€, Vil = 1, |[VaVy —VaVy || < €
and HV;H =1, and the last step follows by € < 1/8.

Thus, we can lower bound o2(R),

02(R) = Amin(R"R)

= min a' R' Ra
llall=1

= min a'Ia— ||V, Via|?
llall=1

=1 — max ||V2—|—V1a||2
llall=1

=1— ||V, W
> 3/4

which implies o, (R) > 1/2. O

E.4 Error Bound for the Reduced Third-order Moment
E.4.1 Error Bound for the Reduced Third-order Moment in Different Cases

Lemma E.8. Let M3 be defined as in Definition 5.1. Let M\g be the empirical version of Ms, i.e.,
— 1 ~
Vo= 3 v -,
(z,y)es

where S denote a set of samples (where each sample is i.i.d. sampled from Distribution D defined
in Eq. (1)). Assume M3 # 0, i.e., m3; # 0 for any i. Let V € RY>* be an orthogonal matriz
satisfying |UUT — VV'T|| < 1/4, where U is the orthogonal basis of span{w},ws, - - - ,wit. Then
forany 0 <e< 1,t>1, if

5] > mf[ik)]i(Hw;kaH/]m&iP +1)-e 2 k?poly(log d, t)
ic

with probability at least 1 — 1/d,

k
IMs(V, V, V) = Ms(V,V, V)| < € [v7ma,l.
=1
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Proof. Since y = Z,’f Lvio(wiTx). We consider each component i € [k]. We define function

Ti(z) : RY — RF*F>XK gych that,
Ti(x) = dp(w; Tx) - (V' 2)® — (VT 2)1).

We flatten tensor T;(z) along the first dimension into matrix B;(z) € R¥*¥  Define g9(z) = o(2) —
$(0), then [g(2)| = | [y ¢'(s)ds| < L1/(p + 1)|2|P*?, which follows Property 3.1.
(I) Bounding || Bi()]|

1Bi ()] < [é(w; " 2)| - (V" 2l|* + 3k[|V " z])
< (i TP+ o)) - (IV " al® + 3|V T a5)

Note that VT2 ~ N(0, ;). According to Fact B.1 and Fact B.2, we have for any constant ¢ > 1,
with probability 1 — 1/(nd?),

I1Bi(2)ll < ([l [7*! + |(0))k*2 poly(log d. t)

(II) Bounding || Ex~p,[Bi(z)]]|-

Note that E,p,[Bi(x)] = mgﬂ(Vij)vec((VT@’{)(VTW;)T)T. Therefore, ||Ezp,[Bi(2)]|| =
Ima|||[V @3, Since [|[VVT —UUT|| <1/4, |[VV @ —w:| < 1/4 and 3/4 < |V Tw?| < 5/4. So
1lms | < [|B|| < 2[ms.).

(ITIT) Bounding max(E,p, HBZ-(ac)BZ-(x)TH,IExNDd ”Bl(w)TBZ(x)|’)

< (5 owmn) (g vmee)”

S (lof [P*! + 1(0)) K.

E [Bi(z)' Bi(x)]

Z‘NDd

1/2 1/2 12
: (leDd[(b(w*Tx) 4]> <z£%>d[”VTx”4]> Al (QEDJM’ (VTf"’)(VT@W‘])
S ([wi[IP* + [6(0)[) k.

(IV) Bounding maxHaH:HbH:l(Ewdi[(aTBi(I)b)Q]).

max ( E [(aTBi(x)b)2]>1/2

lall=[1bll=1 \@~Da

e~Dy lal=1 \z~Dy 1A =1 \&~Dq
< (lwi 77 + lg(0))k
Define L = |lw?||P** + |4(0)|. Then we have for any 0 < € < 1, if

L2k? + ’m37i’2 k3/2 poly(logd,t) ]mgzle
|ms |2

IS1Z og (k)
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with probability at least 1 — k¢,

Bil rstB

zeSs

< il
zNDd = €|m37l\

We can set t = T'log(d)/log(k), then if
S| > €7*(1 +1/|ms,f*) poly (T, log d)

with probability at least 1 —d =71,

< €elmg,q|.

E ; B;(
B, Bi@)] -~ g Z

€S

Also note that for any symmetric 3rd-order tensor R, the operator norm of R,

IR]| = juax |R(a; a,a)] < juax x |[R(a, I, D)l|p = |RV.

O

Lemma E.9. Let My be defined as in Definition 5.1. Let ]\/4\4 be the empirical version of My, i.e.,

—

1 ~ ~
M4:E Z y-(m®4—(x®a:)®l+[®[),
(z,y)eS

where S is a set of samples (where each sample is i.i.d. sampled from Distribution D defined in
Eq. (1)). Assume My # 0, i.e., my; # 0 for any i. Let o be a fixed unit vector. Let V &€
R>¥ be an orthogonal matriz satisfying |[UUT — VV'T|| < 1/4, where U is the orthogonal basis of
span{wy, w3, - ,wi}. Then for any 0 < e < 1,t>1, if

15| = gré%(l +[[wf [P fmai(aTw))[?) - €72 - k? poly(log d, )
with probability at least 1 —d ¢,

k
IMy(V.V,V,0) = Mu(V,V,V, @) < €3 [oimui(a@})].
=1

Proof. Recall that for cach (z,y) € S, we have y = S2F | v* (w?"x). We consider each component

i € [k]. We define function r(z) : R? — R¥ such that =
r(z) =V 'z
Define function Tj(z) : R? — R¥**** such that
Ti(z) = p(w} z) (xTa (2) @ r(z) @ r(z) — (VTa)®(r(z) @ r(@)) — o'z - r(z)BI + (vTa)@) :

We flatten Tj(z) : RY — RF*k¥k along the ﬁrst dimension to obtain function B;(z) : R — RFXE?
Define g(z) = ¢(z) — ¢(0), then |g(z)| = | [ ¢/(s)ds| < L1/(p+1)|z[P™!, which follows Property 3.1.
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(I) Bounding || B;(x)||.

1Bi ()| S(lwi " 2P+ 1¢(0)]) - (12" )V "al® + 3|V T e[|V ]|
+3[(z ")V a5 VE + 31V T al| VE)

Note that VT2 ~ N(0,1;). According to Fact B.1 and Fact B.2, we have for any constant ¢ > 1,
with probability 1 — 1/(nd?),

I1Bi(2)| S (w7 + |(0))&*? poly (log d, t)
(IT) Bounding || Ez~p,[Bi(2)]l
Note that E,p, [B;(x)] = ma;(aTw)(VTw!)vec((V Tw;)(VTws) ). Therefore,

E [Bi(z)]

:ENDd

\ = maa (0T VTP,
Since |[VVT —UUT|| < 1/4, |[VV Tw; —w}|| < 1/4 and 3/4 < |V Tw}|| < 5/4. So 2imua(a’w))| <

I Eanp,[Bi(2)]|| < 2lma (@),
(I1T) Bounding max(E,~p,[Bi(x)Bi(x) "], Ezup, [Bi(x) " Bi(x)]).

: <xNEDd [qﬁ(w*%ﬂ)l/z <x~Ebd [(aTx)A‘Dl/Q <x~EDd [HVTJZHG]>1/2

S (lof [PH! + 1(0) ) 2K,

E [Bi(x)B;(z)"]

z~Dy

E [Bi(z)" Bi()]

x~Dy

JENEE ]>1/2 <$£Epd[<a%>4])1/2 (. gdmmn‘*])m

) <||£ﬁ?)il INEDd [<A, (VTx)(VTx)T>4} > 1/2

< (i 77 + 1o (0)])%k.

(IV) Bounding maX”aH:Hszl(ExNDd [(CLTBZ({L')Z))2] )1/2.

o <x~Epd [(aTBi(l‘)b)Q])

1/4 1/4 1/2
< 4 Ty, T,..\4
s (B (g L0 ) (5, [0vTo)
A,

i (E et )”

< (w17 + 16 (0) k-

Define L = |Jw?||P* + |¢(0)]. Then we have for any 0 < e < 1, if

1/2

L2k + |ma; (o ")) ? + k32 poly (¢, log d) ma; (o @} ) |
e2(mai(aTwy))?

|S| > -tlogk
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with probability at least 1 — k¢,

< e\m47i(aT@§‘)\. (34)

B [Bi@)] = o 52 B

T€S

We can set t = T'log(d)/log(k), then if

(L + |ma (o "wy)|)?k? poly (T, log d)
2|my i (o T wy)|?

|S| > -Tlog*d

with probability at least 1 —d~7, Eq. (34) holds. Also note that for any symmetric 3rd-order tensor
R, the operator norm of R,

IR = juax |R(a,a,a)| < jax IR(a, I, 1) = |RW].

E.4.2 Final Error Bound for the Reduced Third-order Moment
Lemma E.10 shows ﬁg can approximate Rs to some small precision with poly(k) samples.

Lemma E.10 (Estimation of the reduced third order moment). Let U € R¥** denote the orthogonal
column span of W*. Let a be a fized unit vector and V. € R¥* denote an orthogonal matriz
satisfying |VV T —UU || < 1/4. Define Rz := P3(V,V, V), where P is defined as in Definition 5.4
using a. Let }?33 be the empirical version of Rs using dataset S, where each sample of S is i.4.d.
sampled from distribution D (defined in (1)). Assume the activation function satisfies Property 3.1
and Assumption 5.3. Then for any 0 < € < 1 and t > 1, define jz3 = min{j > 3|M; # 0} and
mo = minyeq{ (m (0 Tw}) P22}, if

S| > o17*% - k2 - poly(log d, ) /(e*mo)

then we have ,

|Rs — Rs|| <EZ\U M, (W5 )72,
=1

holds with probability at least 1 — d—2®).

Proof. The main idea is to use matrix Bernstein bound after matricizing the third-order tensor.
Similar to the proof of Lemma E.5, we consider each node component individually and then sum
up the errors and apply union bound.

We have shown the bound for j3 = 3,4 in Lemma E.8 and Lemma E.9 respectively. To summa-
rize, for any 0 < € < 1 we have if

S| > max (1 + wi P/ |my,. Z(w*Ta)(jrg)]Q) e 2. k% poly(log d, t)
1€

with probability at least 1 — d ¢,

k

1Ry — Rsll < €D [vimyyi(w; a)s~?).
i=1

70



E.5 Error Bound for the Magnitude and Sign of the Weight Vectors

The lemmata in this section together with Lemma E.5 provide guarantees for Algorithm 4. In
particular, Lemma E.12 shows with linear sample complexity in d, we can approximate the 1st-
order moment to some precision. And Lemma E.13 and Lemma FE.14 provide the error bounds of
linear systems Eq. (28) under some perturbations.

E.5.1 Robustness for Solving Linear Systems

Lemma E.11 (Robustness of linear system). Given two matrices A, Ae Rka, and two vectors
bbe R Let 2% = = argmin, g [|Az —b|| and Z = argmin_ g [(A+A)z—(b+Db)|. If | A|| < Loi(A)
and ||b]| < 111bll, then, we have

12 = 2]l S(o, (Aot (A) + o, 2(A) Bl A]l + o7 2 (A)or (A)][B])
Proof. By definition of z and Z, we can rewrite z and Z,
= Afp=(ATA) AT
T=(A+ADT0+0) = (A+AT(A+A) A+ A (b+b).

As || A]| < &ok(A), we have ||ATA + AT AJ[||(ATA)~!|| < 1/4. Together with [[b]| < 1[[b]|, we can
ignore the high-order errors. So we have

12— 27
<IATA) Y (ATb+ ATh) + (ATA) HATA+ ATA)(ATA) AT
S AT AT ANDI + ILANNBI) + 1CATA) 2] - [AJLA] | Allllb]
S o 2(A)(JA]Ib] + a1 (A)[[bl]) + o7 (A) - oF (A) || All[[b])-

E.5.2 Error Bound for the First-order Moment

Lemma E.12 (Error bound for the first-order moment). Let Q1 be defined as in Eq. (25) and
@1 be the empirical version of Q1 using dataset S, where each sample of S is i.0.d. sampled
from distribution D(defined in (1)). Assume the activation function satisfies Property 3.1 and
Assumption 5.3. Then for any 0 < € < 1 and t > 1, define j1 = min{j > 1|M; # 0} and
mo = mineg) (my, i (w; T a)t1)? if

1] > o2 2dpoly(t, log d) /(mo)

we have with probability at least 1 — d—)

1Q1 = Qull <GZIU mjy i (w5 " a) 7.

Proof. We consider the case when [; = 3, i.e.,

Vws

’L .

M»

Q1= Ms(I,a,a) = vmgzaw

=1



And other cases are similar.

Since y = Zf L vFo(wTx). We consider each component i € [k].

Define function B;(z) : R — R? such that
Bi(z) = [qb(wf—raz) . (:1:®3 - x@[)]([, a, ) = qu(w*Tx) ((azTa)zx — 2(33Toz)oz —x).

Define g(z) = ¢(z) — ¢(0), then [g(2)| = | [5 ¢'(s)ds| < Li/(p + 1)|z[P™!, which follows Prop-
erty 3.1.
(I) Bounding || B;i(z)]].

1Bi@)]| < lo(w;T2)|- (27 @)% — 20Tz — )|
< (Jwr 2P+ [e(0)) (2 ") + 1|z + 2|a " 2))
According to Fact B.1 and Fact B.2, we have for any constant ¢ > 1, with probability 1 — 1/(nd?),
I1Bi(2)|| S (lwf [P+ + 16(0)))Vd poly(log d, 1)

(IT) Bounding || Ez~p,[Bi(2)]
Note that E,p,[B;(r)] = ms;(w; ' a)*w;. Therefore, HIEQ;NDd[B( NI = |msi(w: " a)?|.
(111) Bounding max(E,~p, | B:(«) Bi(x) || Eoxp, | Bi(x) By(x)]).

5[50 5 (3, oo Dm (.2, [Wa)ng/z (.5, [||asu4]>l/2
< (lwf [P + |¢(0)])%d

1/2 1/2 1/2
< (5, ) (B [e]) (B, [070])
S (lwf P+ [(0)])?
(IV) Bounding maxHaH:HbH:l(EINDd[(aTBi(a:)b)2}).

E [Bi(x)Bi(x)T}

Q?NDd

1/4

mox (& [0n@a])" 5 (5 [terma)]) S wip ool

Define L = ||w?|[P** + |4(0)|. Then we have for any 0 < € < 1, if

L2d + |ma,;(w; T a)?|? + Lima (W} T a)?|v/dpoly(log d, t)e
€2|ms,i(w; T )|

1512 -tlogd

with probability at least 1 —1/d",

E, 1B,()] - g 3 Bilo)

INDd

Summing up all k£ components, we obtain if

{(WE‘H”“ +6(0)] + [ms; (W) "«
Imai (W) T or)?|?

)? ’)2} - e 2dpoly(logd, t)
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with probability at least 1 — 1/d,

k
1Ms(1, 0, ) = My(I, , )| < €Y [vima (@] a)?].
i=1
Other cases (j1 = 1,2,4) are similar, so we complete the proof. O

E.5.3 Linear System for the First-order Moment

The following lemma provides estimation error bound for the first linear system in Eq. (28).

Lemma E.13 (Solution of linear system for the first order moment). Let U € R¥* be the orthogonal
column span of W*. Let V€ R™* denote an orthogonal matriz satisfying that |[VV'T —UUT|| <
062 < 1/(k2VE). For each i € [k], let G; denote the vector satisfying ||i; — VTws|| < 55 < 1/(k2VE).
Let Q1 be defined as in Eq. (25) and Q1 be the empirical version of Q1 such that Q1 — @1\\ <
54]Q1 < @1l Let z* € R* and 2 € R be defined as in Eq. (27) and Eq. (28). Then

1% — 2| < (k%32 (00 + 83) + K2EY254) || 2% 1.

Proof. Let A € R¥*F denote the matrix where the i-th column is siw; . Let A € R¥** denote the

matrix where the i-th column is V4;. Let b € R¥ denote the vector Q1, let b denote the vector
@1 — Q1. Then we have

|l < VE.
Using Fact B.3, we can lower bound oy (A),
orp(A) > 1/k.
We can upper bound || A|| in the following way,
1Al < Vimax{|[Va; - s )}
<Vk riré%({HVﬂi — s VVTw + s, VV Wl — s, UU "wl |}
< V(33 + ).
We can upper bound ||b|| and ||b]],
k
1B =11Qull < k|21, and [b]l < 8aQull
i=1
To apply Lemma E.11, we need 8, < 1/4 and 85 < 1/(Vkr?2), 65 < 1/(v/kr2). So we have,

17 — 271l < (K282 + 83) + K2KY26,) | Qu |
k
< (K32 (52 + 0s) + K2K204) Y |27 ).
=1
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E.5.4 Linear System for the Second-order Moment

The following lemma provides estimation error bound for the second linear system in Eq. (28).

Lemma E.14 (Solution of linear system for the second order moment). Let U € R¥ be the
orthogonal column span of W* denote an orthogonal matriz satisfying that | LVVT UUT|| <69 <
1/(kVE). For each i € [k], let U; denote the vector satisfying ||U; —V '@ *|| <03 5 1/(VEK?). Let Qo

be defined as in Eq. (26) and Qs be the estimation of Qa such that |Qa—Qa||r < 54||Q2HF < 11Q2| F-
Let * € R* and 7 € R* be defined as in Eq. (27) and Eq. (28). Then

i — 17| < (k3/£853 + /{2k:254)||7“*||.

Proof. For each i € [k], let u; = V'w}. Let A € R**k denote the matrix where the i-th column
is vec(u;uy ). Let A € RF*** denote the matrix where the i-th column is vec(uu, — U, ). Let
b € R¥ denote the vector vex(Qs), let b € R¥ denote the vector vec(Qa — @2)

Let o be the element-wise matrix product (a.k.a. Hadamard product), W = [w} w5 --- wj] and
U=luyug - uy] =VTW . We can upper bound ||A|| and ||A]| as follows,

- ﬁax i) 5

< |U|?
<oi(VIW),

and
IA]l = vk max || 4]

1€[k]

< Vkmax ||usu] — 01, ||p
1€[k]

< Vkmax 2||u; — |2
1€[k]

< 2Vkds.

We can lower bound oy (A),
oi(A) = \/op(ATA)

= \Jor(UTU) o (UTD))
= min \/xT(UTU) o (UT))a

= min [|(UT0)!diag()(UT0) 2 p

> op(VIW)

where fourth step follows Schur product theorem, the last step follows by the fact that ||CB|p >
omin(C)||B||F and o is the element-wise multiplication of two matrices.

74



We can upper bound ||| and |5,

bl <l[Q2ll 7 < I,

18]l =[1Q2 — Qall» < dall7|.
Since HVVTW -WJ < \/Egg, we have for any = € ]Rk,
IVVIWaz|| > [Wa|| - |[(VVTW - W)z||
> o (W) | — 52k |

Note that according to Fact B.3, or(W) > 1/k. Therefore, if 5y < 1/(26VE), we will have
or(VIW) > 1/(2k). Similarly, we have o (VTW) < [|[V|[|W]| < Vk. Then applying Lemma E.11
and setting do < ﬁ, we complete the proof. O
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