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Abstract

Stochastic Dual Coordinate Descent (DCD) is
one of the most efficient ways to solve the fam-
ily of /5-regularized empirical risk minimiza-
tion problems, including linear SVM, logistic
regression, and many others. The vanilla im-
plementation of DCD is quite slow; however,
by maintaining primal variables while updating
dual variables, the time complexity of DCD can
be significantly reduced. Such a strategy forms
the core algorithm in the widely-used LIBLIN-
EAR package. In this paper, we parallelize the
DCD algorithms in LIBLINEAR. In recent re-
search, several synchronized parallel DCD algo-
rithms have been proposed, however, they fail
to achieve good speedup in the shared mem-
ory multi-core setting. In this paper, we pro-
pose a family of parallel asynchronous stochas-
tic dual coordinate descent algorithms (PASS-
CoDe). Each thread repeatedly selects a ran-
dom dual variable and conducts coordinate up-
dates using the primal variables that are stored in
the shared memory. We analyze the convergence
properties of DCD when different locking/atomic
mechanisms are applied. For implementation
with atomic operations, we show linear conver-
gence under mild conditions. For implementa-
tion without any atomic operations or locking,
we present a novel error analysis for PASSCoDe
under the multi-core environment, showing that
the converged solution is the exact solution for
a primal problem with a perturbed regularizer.
Experimental results show that our methods are
much faster than previous parallel coordinate de-
scent solvers.

1. Introduction

Given a set of instance-label pairs (&;,9;), ¢ = 1,--- ,n,
x; € R?, U; € R, we focus on the following empirical risk
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minimization problem w1th lo- regularlzatlon
P = |lwl? G (w" 1
min, Pw) = 3] +Z (@ z),

where x; = y;&;, 4;(+) is the loss functlon and || - || is
the 2-norm. A large class of machine learning problems
can be formulated as the above optimization problem. Ex-
amples include Support Vector Machines (SVMs), logis-
tic regression, ridge regression, and many others. Prob-
lem (1) is usually called the primal problem, and can
be solved by Stochastic Gradient Descent (SGD) (Zhang,
2004; Shalev-Shwartz et al., 2007), second order meth-
ods (Lin et al., 2007), or primal Coordinate Descent (CD)
algorithms (Chang et al., 2008; Huang et al., 2010).

Instead of solving the primal problem, another class of al-
gorithms solves the following dual problem of (1):

Zazwz +Z€* —oi), (2

where £7(-) is the conjugate of the loss function 4;(-), de-
fined by £ (u) = max,(zu — £;(2)). If we define

wie) =Y aw, 3)

then it is known that w(a*) = w* and P(w*) = —D(a*)
where w*, a* are the optimal primal/dual solutions respec-
tively. Examples include hinge-loss SVM, square hinge
SVM and /5-regularized logistic regression.

1
min D = —
acR™ 2

Stochastic Dual Coordinate Descent (DCD) has become
the most widely-used algorithm for solving (2), and it is
faster than primal solvers (including SGD) in many large-
scale problems. The success of DCD is mainly due to the
trick of maintaining the primal variables w based on the
primal-dual relationship (3). By maintaining w in memory,
(Hsieh et al., 2008; Keerthi et al., 2008) showed that the
time complexity of each coordinate update can be reduced
from O(nnz) to O(nnz/n), where nnz is the number of
nonzeros in the training dataset. Several DCD algorithms
for different machine learning problems are currently im-
plemented in LIBLINEAR (Fan et al., 2008) which is now
widely used in both academia and industry. The success of
DCD has also catalyzed a large body of theoretical stud-
ies (Nesterov, 2012; Shalev-Shwartz & Zhang, 2013).
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In this paper, we parallelize the DCD algorithm in a shared
memory multi-core system. There are two threads of
work on parallel coordinate descent. The focus of the
first thread is synchronized algorithms, including synchro-
nized CD (Richtarik & Takac, 2012; Bradley et al., 2011)
and synchronized DCD algorithms (Pechyony et al., 2011;
Yang, 2013; Jaggi et al., 2014). However, choosing the
block size is a trade-off problem between communication
and convergence speed, so synchronous algorithms usually
suffer from slower convergence. To overcome this prob-
lem, the other thread of work focuses on asynchronous CD
algorithms in multi-core shared memory systems (Liu &
Wright, 2014; Liu et al., 2014). However, none of the exist-
ing asynchronous CD algorithms maintains both the primal
and dual variables. As a result, the recent asynchronous
CD algorithms end up being much slower than the state-of-
the-art serial DCD algorithms that maintain both w and «,
as in the LIBLINEAR software. This leads to a challenging
question: how to maintain both primal and dual variables
in an asynchronous and efficient way?

In this paper, we propose the first asynchronous dual co-
ordinate descent (PASSCoDe) algorithm which addresses
the issue of primal variable maintenance in the shared
memory multi-core setting. We carefully discuss and
analyze three versions of PASSCoDe: PASSCoDe-Lock,
PASSCoDe-Atomic, and PASSCoDe-Wild. In PASSCoDe-
Lock, convergence is always guaranteed but the overhead
for locking makes it even slower than serial DCD. In
PASSCoDe-Atomic, the primal-dual relationship (3) is en-
forced by atomic writes to the shared memory; while
PASSCoDe-Wild proceeds without any locking and atomic
operations, as a result of which the relationship (3) between
primal and dual variables can be violated due to memory
conflicts. Our contributions can be summarized below:

e We propose and analyze a family of asynchronous
parallelization of the most efficient DCD algorithm:
PASSCoDe-Lock, PASSCoDe-Atomic, PASSCoDe-
Wild.

e We show linear convergence of PASSCoDe-Atomic
under certain conditions.

e We present an error analysis for PASSCoDe-Wild and
show that the converged solution is the exact solu-
tion of a primal problem with a perturbed regular-
izer. Therefore the performance is close-to-optimal
on most datasets. To best of our knowledge, this is
the first attempt to analyze a parallel machine learn-
ing algorithm with memory conflicts using backward
error analysis, which is a standard tool in numerical
analysis (Wilkinson, 1961).

e Experimental results show that our algorithms
(PASSCoDe-Atomic and PASSCoDe-Wild) are much
faster than existing methods. For example, on the
webspam dataset, PASSCoDe-Atomic took 2 seconds
and PASSCoDe-Wild took 1.6 seconds to achieve 99%
accuracy using 10 threads, while CoCoA (Jaggi et al.,

2014) took 11.5 seconds using the same number of
threads (LIBLINEAR took 10 seconds using 1 thread
to achieve the same accuracy).

2. Related Work

Stochastic Coordinate Descent. Coordinate descent is
a classical optimization technique that has been well stud-
ied (Bertsekas, 1999; Luo & Tseng, 1992). Recently it has
enjoyed renewed interest due to the success of “stochastic”
coordinate descent in real applications (Hsieh et al., 2008;
Nesterov, 2012). In terms of theoretical analysis, the con-
vergence of (cyclic) coordinate descent has been studied for
a long time (Luo & Tseng, 1992; Bertsekas, 1999), while
recently (Beck & Tetruashvili, 2013; Wang & Lin, 2014)
showed global linear convergence under certain conditions.

Stochastic Dual Coordinate Descent. Many papers
(Hsieh et al., 2008; Yu et al., 2011; Shalev-Shwartz &
Zhang, 2013) have shown that solving the dual problem
using coordinate descent algorithms is faster on large-scale
datasets. The success of DCD strongly relies on exploit-
ing the primal-dual relationship (3) to speed up the gradi-
ent computation in the dual space. DCD has become the
state-of-the-art solver implemented in LIBLINEAR (Fan
et al., 2008). In terms of convergence of the dual objec-
tive function, standard theoretical guarantees for coordi-
nate descent can be directly applied. Taking a different
approach, (Shalev-Shwartz & Zhang, 2013) presented the
convergence rate in terms of the duality gap.

Parallel Stochastic Coordinate Descent.  In order to
conduct coordinate updates in parallel, (Richtarik & Takac,
2012) studied an algorithm where each processor updates
a randomly selected block (or coordinate) simultaneously,
and (Bradley et al., 2011) proposed a similar algorithm
for ¢;-regularized problems. (Scherrer et al., 2012) stud-
ied parallel greedy coordinate descent. However, the above
synchronized methods usually face a trade-off in choosing
the block size. If the block size is small, the load balanc-
ing problem leads to slow running time. If the block size
is large, the convergence speed becomes much slower (the
algorithm can even diverges). These problems can be re-
solved by developing an asynchronous algorithm. Asyn-
chronous coordinate descent has been studied by (Bert-
sekas & Tsitsiklis, 1989), but they require the Hessian to be
diagonal dominant in order to establish convergence. Re-
cently, (Liu et al., 2014; Liu & Wright, 2014) proved linear
convergence of asynchronous stochastic coordinate descent
algorithms under the essential strong convexity condition
and a “bounded staleness” condition, where they consider
both consistent and inconsistent read models. (Avron et al.,
2014) showed linear rate of convergence for the asyn-
chronous randomized Gauss-Seidel updates, which is a
special case of coordinate descent on linear systems.

Parallel Stochastic Dual Coordinate Descent. For solv-
ing the one variable subproblem (Eq. (5)) in dual coordinate



PASSCoDe: Parallel ASynchronous Stochastic dual Co-ordinate Descent

descent, each coordinate updates only requires the global
primal variable vector w and one local dual variable «,
thus algorithms only need to synchronize w. Based on this
observation, (Yang, 2013) proposed to update several coor-
dinates or blocks simultaneously and update the global w,
while (Jaggi et al., 2014) showed that each block can be
solved with other approaches under the same framework.
However, both these parallel DCD methods are synchro-
nized algorithms.

To the best of our knowledge, this paper is the first to pro-
pose and analyze asynchronous parallel stochastic dual co-
ordinate descent methods. By maintaining a primal so-
lution w while updating dual variables, our algorithm is
much faster than the previous asynchronous coordinate de-
scent methods of (Liu & Wright, 2014; Liu et al., 2014)
for solving the dual problem (2). Our algorithms are also
faster than synchronized dual coordinate descent meth-
ods (Pechyony et al., 2011; Yang, 2013; Jaggi et al., 2014)
since the latest value of w can be accessed by all the
threads. In terms of theoretical contribution, the incon-
sistent read model in (Liu & Wright, 2014) cannot be di-
rectly applied to our algorithm because each update on «; is
based on the shared w vector. We show linear convergence
for PASSCoDe-Atomic, and study the properties of the con-
verged solution for the wild version of our algorithm (with-
out any locking and atomic operations). Our algorithm has
been successfully applied to solve the collaborative ranking
problem (Park et al., 2015).

3. Algorithms

3.1. Stochastic Dual Coordinate Descent

We first describe the Stochastic Dual Coordinate Descent
(DCD) algorithm for solving the dual problem (2). At
each iteration, DCD randomly picks a dual variable «;
and updates it by minimizing the one variable subprob-
lem arg ming D(a + de;). Without exploiting the struc-
ture of the quadratic term, solving each subproblem re-
quires O(nnz) operations, where nnz is the total number
of nonzero elements in the training data, which can be sub-
stantial. However, if w(a) that satisfies (3) is maintained
in memory, the subproblem D(a + de;) can be written as

1
D(a + de;) = §||w + x| 4 05 (— (i + 6)),
and the optimal solution can be computed by
wTa:i

2 4 ||ac1¢||2@(_(ai +9)).

J argmém2((5+ TENE
Note that all ||z;|| can be pre-computed and regarded as
constants. For each coordinate update we only need to
solve a simple one-variable subproblem, and the main com-
putation is in computing w? x;, which requires O(nnz/n)
time. For SVM problems, the above subproblem has a
closed form solution, while for logistic regression prob-
lems it has to be solved by an iterative solver (see (Yu et al.,

2011) for details). The DCD algorithm, which is part of the
popular LIBLINEAR package, is described in Algorithm 1.

Algorithm 1 Stochastic Dual Coordinate Descent (DCD)
Input: Initial @ and w = > | a;;

1: while not converged do

2:  Randomly pick ¢

3:  Update a; «— «; + Aay;, where

1
Aqy; — argméin §||w—|—5:13iH2 + 0 (—(a;+9)) 4

4:  Update w by w «— w + Aq;x;
5: end while

3.2. Asynchronous Stochastic Dual Coordinate Descent
To parallelize DCD in a shared memory multi-core system,
we propose a family of Parallel ASynchronous Stochastic
dual CO-ordinate Descent (PASSCoDe) algorithms. PASS-
CoDe is very simple but effective. Each thread repeatedly
run the updates (steps 2 to 4) in Algorithm 1 using the lat-
est w and « stored in a shared memory. The threads do
not need to coordinate or synchronize their iterations. The
details are shown in Algorithm 2.

Although PASSCoDe is a simple extension of DCD in the
shared memory setting, there are many options in terms of
locking/atomic operations for each step, and these choices
lead to variations in speed and convergence properties, as
we will show in this paper.

Algorithm 2 Parallel Asynchronous Stochastic dual Co-
ordinate Descent (PASSCoDe)
Input: Initial @ and w = > | a;;
Each thread repeatedly performs the following updates:
step 1: Randomly pick
step 2: Update o; «— «; + Acq;, where

1
Aoy — argmin 5 w5z, |+ (~(@i+5)) )

step 3: Update w by w «— w + Aayx;

Note that the Ac; obtained by subproblem (5) is exactly the
same as (4) in Algorithm 1 if only one thread is involved.
However, when there are multiple threads, the w vector
may not be the latest one since some other threads may not
have completed the writes in step 3. We now present three
variants of DCD.

PASSCoDe-Lock. To ensure w = Zl o, x; for the latest
o, we have to lock the “active” variables between step 1

and 2 in Algorithm 2:
step 1.5:  lock variables in N; := {w; | (@;): # 0}.

The locks are then released after step 3. With this lock-
ing mechanism, PASSCoDe-Lock is serializable, i.e., there
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Table 1. Scaling of PASSCoDe algorithms. We present the run
time (in seconds) for each algorithm on the rcv1 dataset with 100
sweeps, and the speedup of each method over the serial DCD al-
gorithm (2x means it is two times faster than the serial algorithm).

Number of threads Lock Atomic Wild
2 98.03s/0.27x  15.28s/1.75x  14.08s / 1.90x
4 106.11s/0.25x  8.35s/3.20x  7.61s/3.50x
10 114.43s/0.23x  3.86s/6.91x  3.59s/7.43x

Table 2. The performance of PASSCoDe-Wild using w or w for
prediction. Results show that @ yields much better prediction
accuracy, which justifies our theoretical analysis in Section 4.2.

Prediction Accuracy (%) by

# threads | w w | LIBLINEAR
news20 g g;é gg; 97.1
covtype g 2;2 328 66.3
S T R '
webspam g ggi ggi 99.1
b % gy g | 888

is a update sequence such that serial DCD generates the
same solution as PASSCoDe-Lock. Unfortunately, threads
will spend too much time to update due to the locks, so
PASSCoDe-Lock is very slow compared to the non-locking
version (and even slower than the serial version of DCD).
See Table 1 for details.

PASSCoDe-Atomic. The above locking scheme is to en-
sure that each thread updates a; based on the latest w val-
ues. However, as shown in (Niuetal., 2011; Liu & Wright,
2014), the effect of using slightly stale values is usually
small in practice. Therefore, we propose an atomic algo-
rithm called PASSCoDe-Atomic that avoids locking all the
variables in IN; simultaneously. Instead, each thread just
reads the current w values from memory without any lock-
ing. In practice (see Section 5) we observe that the con-
vergence speed is not significantly effected by using these
“unlocked” values of w. However, to ensure that the limit
point of the algorithm is still the global optimizer of (1), the
equation w* = ). o x; has to be maintained. Therefore,
we apply the following “atomic writes” in step 3:

step 3: For each j € N(i)
Update w; « w; + Ac;(x;); atomically

PASSCoDe-Atomic is much faster than PASSCoDe-Lock as
shown in Table 1 since the atomic write for a single variable
is much faster than locking all the variables. However, the
convergence of PASSCoDe-Atomic cannot be guaranteed
by tools used in the past, but we observe empirical con-
vergence. To bridge this gap between theory and practice,
we prove linear convergence of PASSCoDe-Atomic under
certain conditions in Section 4.

Locks Atomic Ops Nothing
Scaling: Poor ¢ s Good
Serializability: Perfect ¢ s Poor

Figure 1. Spectrum for the choice of mechanism to avoid memory
conflicts for PASSCoDe.

PASSCoDe-Wild. Finally, we consider Algorithm 2
without any locks and atomic operations. The result-
ing algorithm, PASSCoDe-Wild, is faster than PASSCoDe-
Atomic and PASSCoDe-Lock and can achieve almost linear
speedup. However, due to the memory conflicts in step 3,
some of the “updates” to w could be over-written by other
threads. As a result, the w and & do not satisfy Eq (3):

WA W= Zi &, (6)
where w, & are the primal and dual variables output by the
algorithm, and w defined in (6) is computed from &. It is
easy to see that ¢ is not the optimal solution of (2). Hence,
in the prediction phase it is not clear whether one should
use w or w. In Section 4 we show that w is actually the
optimal solution of a perturbed primal problem (1), where
the loss function is the same and the regularization term
is slightly perturbed. As a result, the prediction should be
done using w, and this also yields much better accuracy in
practice, as shown in Table 2.

We summarize the behavior of the three algorithms in Fig-
ure 1. Using locks, the algorithm PASSCoDe-Lock is seri-
alizable but very slow (even slower than the serial DCD). In
the other extreme, the wild version without any locking and
atomic operation has very good speedup, but the behavior
can be different from serial DCD. Theoretically, we pro-
vide a convergence guarantee for PASSCoDe-Atomic, and
show that PASSCoDe-Wild converges to the solution with
the same loss function with a perturbed regularizer.

3.3. Implementation Details

Deadlock Avoidance. Without a proper implementation,
a deadlock can arise in PASSCoDe-Lock because a thread
needs to acquire all the locks associated with N;. A simple
way to avoid deadlock is by associating an ordering for all
the locks such that each thread follows the same ordering
to acquire the locks.

Random Permutation. In LIBLINEAR, the random sam-
pling (step 2) of Algorithm 1 is replaced by the index from
a random permutation, such that each «; can be selected in
n steps instead of nlogn steps in expectation. Random
permutation can be easily implemented asynchronously
for Algorithm 2 as follows: Initially, given p threads,
{1,...,n} is randomly partitioned into p blocks. Then,
each thread can asynchronously generate the random per-
mutation on its own block of variables.

Shrinking Heuristic. For loss such as hinge and squared-
hinge, the optimal a* is usually sparse. Based on this prop-
erty, a shrinking strategy was proposed by (Hsieh et al.,
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2008) to further speed up DCD. This heuristic is also im-
plemented in LIBLINEAR. The idea is to maintain an ac-
tive set by skipping variables which tend to be fixed. This
heuristic can also be implemented in Algorithm 2 by main-
taining an active set for each thread.

Thread Affinity. The memory design of most mod-
ern multi-core machines is non-uniform memory access
(NUMA ), where a core has faster memory access to its local
memory socket. To reduce possible latency due to the re-
mote socket access, we should bind each thread to a phys-
ical core and allocate data in its local memory. Note that
the current OpenMP does not support this functionality for
thread affinity; a library such as libnuma can be used to
enforce thread affinity.

4. Convergence Analysis

In this section we formally analyze the convergence proper-
ties of PASSCoDe. Note that all the proofs can be found in
the Appendix. We assign a global counter j for all the asyn-
chronous updates based on the time of completion of step
2 (Eq. (5)) of Algorithm 2, and the index i(j) denotes the
component selected at the j-th update. Let {a!, a2, ...}
be the sequence generated by our algorithms, and

RN L o S |
Aay = aig) — %)
The update Ac; at iteration j is obtained by solving
. 1 ~ ] *
Aaj — argmin o [l + 0ai(;)[|* + £ (= (i) + ),

where w’ is the current w in the memory. We use w/ =
>, ax; to denote the “accurate” w at iteration j.

In PASSCoDe-Lock, w? = 1’ is ensured by locking the
variables. Howeyer, in PASSCoDe-Atomic and PASSCoDe-
Wild, @’ # w’ because some of the updates would not
have been written into the shared memory. To capture this
phenomenon, we define Z7 to be the set of all “updates to
w” before iteration j:
27 = {(t,k) |t <j k€ N(i()},

where N (i(t)) := {u| Xj(),, 7 0} is the set of all nonzero

features in @;(;). We define 247 C Z7 to be the updates that
have already been written into <’ . Therefore, we have

n 0
w-] = w —|— Z(t,k)euj (Aat)Xi(t),k:ek~

4.1. Linear Convergence of PASSCoDe-Atomic

In PASSCoDe-Atomic, we assume all the updates before the
(j — 7)-th iteration have been written into v’ therefore,
Assumption 1. The set U7 satisfies ZI~7 CUI C 27,
Now we define some constants used in our theoretical anal-
ysis. Note that X € R™*? is the data matrix, and we use
X € R™* o denote the normalized data matrix where
each row is 7 = ! /||z;||. We then define

P =

M; = X Xidll, M= M;,
;ngaﬁHteZS ol max

where [d] := {1,...,d} is the set of all the feature indices,
and X, ; is the ¢-th column of X. We also define R, =
min; ||z;]|?, Rmar = max; ||z;]|?, and L., to be the

Lipschitz constant such that |[VD(a;) — VD(aw)| <
Lynazllor — o] for all aq, ap within the level set {a |
D(a) < D(a’)}. We assume that R,,,, = 1 and there is
no zero training sample, so R,,;, > 0.

To prove the convergence of asynchronous algorithms, we
first show that the expected step size does not increase
super-linearly by the following Lemma 1.

Lemma 1. If 7 is small enough such that
(67(r +1)%eM)/\/n <1, (7)
then PASSCoDe-Atomic satisfies the following inequality:
E(o?™! = o’[?) < pE(le —a/TH%),  (8)

6(t+1)eM )2.

where p = (1 4+ NG

We use a similar technique as in (Liu & Wright, 2014) to
prove this lemma with two major differences:

e Their “inconsistent read” model assumes ﬁ);j =
>, &x; for some &. However, in our case w’ may
not be written in this form due to incomplete updates
in step 3 of Algorithm 2.

e In (Liu & Wright, 2014), each coordinate is updated
by 7V f () with a fixed step size y. We consider the
case that each subproblem (4) is solved exactly.

To show linear convergence, we assume the objective func-
tion satisfies the following property:

Definition 1. The objective function (2) admits a global
error bound if there is a constant k such that for all .,

e = Ps(a)|| < &[T () — el], ©)

where Pg(-) is the Euclidean projection to the set S of op-
timal solutions, and T : R™ —R" is defined by

Ti(a) = argmin D(a+ (u —oy)ey) Vi=1,...,n,

where ey is the standard t-th unit vector. We say that the
algorithm satisfies a global error bound from the beginning
if (9) holds for all iterates {c’ } ;—1 o, .. generated by the
algorithm.

This definition is a generalized version of Definition 6 in
(Wang & Lin, 2014). We show that many machine learning
problems satisfy this assumption (see Appendix 7).

Theorem 1. Support Vector Machines (SVM) with hinge
loss or square hinge loss satisfy a global error bound (9).
DCD for the ls-regularized logistic regression satisfies a
global error bound from the beginning.

Next we explicitly state the linear convergence guarantee
for PASSCoDe-Atomic.
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Theorem 2. Assume the objective function (2) admits a
global error bound from the beginning and the Lipschitz
constant L, q.. is finite in the level set. If (7) holds and

1> 2L ax 14 et M T2 M?2e?
- Vn n

min
then PASSCoDe-Atomic has a global linear convergence
rate in expectation, that is,

E[D(ca/t")] — D(e*) < n (E[D(c’)] — D(e*)), (10)

where o™ is the optimal solution and
K 2L ax et M T2 M3?e?
1-— 1+ .
Lm.am len \/ﬁ n

4.2. Error Analysis for PASSCoDe-Wild

In PASSCoDe-Wild, assume the sequence {c’} converges
to & and {w’} converges to 7. Now we show that the dual
solution & and the corresponding primal variables w =
Z?:l &;x; are actually the dual and primal solutions of a
perturbed problem:

Theorem 3. & is the optimal solution of a perturbed dual
problem n

& = arg HEH D(a) — Zi:l aelx;, (11
and w =), &;x; is the solution of the corresponding pri-
mal problem:

_ 1 og n T
W = argmin jw w + Zi:l Li((w—€)' x;), (12)
where € € R? is given by € = w — w.

The proof is in Appendix 9.1. Note that € is the error caused
by the memory conflicts. From Theorem 3, w is the opti-
mal solution of the “biased” primal problem (12), however,
in (12) the actual model that fits the loss function should be
W = w — €. Therefore after the training process we should
use w to predict, which is the w we maintained during the
parallel coordinate descent updates. Replacing w by w — €
in (12), we have the following corollary :

Corollary 1. w computed by PASSCoDe-Wild is the solu-
tion of the following perturbed primal problem:

W = argmin %('w +e) (w+e)+ ) Li(w"z) (13)
i=1

The above corollary shows that the computed primal solu-
tion  is actually the exact solution of a perturbed problem
(where the perturbation is on the regularizer). This strategy
(of showing that the computed solution to a problem is the
exact solution of a perturbed problem) is inspired by the
backward error analysis technique commonly employed in
numerical analysis (Wilkinson, 1961)!. Bounding the size
of the perturbation is a topic of future research.

'J. H. Wilkinson received the Turing Award in 1970, partly for
his work on backward error analysis

Table 3. Data statistics. 7 is the number of test instances. d is the
average nnz per instance.

n n d d C
news20 16,000 3,996 1,355,191 455.5 2
covtype 500,000 81,012 54 11.90.0625
rcvi 677,399 20,242 47,236 73.2 1

webspam 280,000 70,000 16,609,143 3727.7 1
kddb 19,264,097 748,401 29,890,095 29.4 1

5. Experimental Results

We conduct several experiments and show that the pro-
posed methods PASSCoDe-Atomic and PASSCoDe-Wild
have superior performance compared to other state-of-the-
art parallel coordinate descent algorithms. We consider
five datasets: news20, covtype, rcvi, webspam, and
kddb. Detailed information is shown in Table 3. To have
a fair comparison, we implement all methods in C++ us-
ing OpenMP as the parallel programming framework. All
the experiments are performed on an Intel multi-core dual-
socket machine with 256 GB memory. Each socket is
associated with 10 computation cores. We explicitly en-
force that all the threads use cores from the same socket
to avoid inter-socket communication. Our code is avail-
able in http://www.cs.utexas.edu/ rofuyu/
exp-codes/passcode-icmll5-exp/. We focus
on solving SVM with hinge loss in the experiments, but
the algorithms can be applied to other objective functions.

Serial Baselines.

e DCD: we implement Algorithm 1. Instead of sam-
pling with replacement, a random permutation is used
to enforce random sampling without replacement.

e LIBLINEAR: we wuse the implementation in
http://www.csie.ntu.edu.tw/ " cjlin/
liblinear. This implementation is equivalent to
DCD with the shrinking strategy.

Compared Parallel Implementation.

e PASSCoDe: We implement the proposed three vari-
ants of Algorithm 2 using DCD as the building block:
Wild, Atomic, and Lock.

e CoCoA: We implement a multi-core version of Co-
CoA (Jaggi et al., 2014) with 8x = 1 and DCD as
its local dual method.

e AsySCD: We follow the description in (Liu & Wright,
2014; Liu et al., 2014) to implement AsySCD with step
length v = 1 and the shuffling period p = 10 as sug-
gested in (Liu et al., 2014).

5.1. Convergence in terms of iterations.

The primal objective function value is used to determine the
convergence. Note that we still use P(w) for PASSCoDe-
Wild, although the true primal objective should be (13). As
long as @w” € remains small enough, the trends of (13) and


http://www.cs.utexas.edu/~rofuyu/exp-codes/passcode-icml15-exp/
http://www.cs.utexas.edu/~rofuyu/exp-codes/passcode-icml15-exp/
http://www.csie.ntu.edu.tw/~cjlin/liblinear
http://www.csie.ntu.edu.tw/~cjlin/liblinear
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P(w) are similar.

Figures 2(a), 3(a), 5(a), 4(a), 6(a) show the convergence re-
sults of PASSCoDe-Wild, PASSCoDe-Atomic, CoCoA, and
AsySCD with 10 threads in terms of the number of itera-
tions. The result for LIBLINEAR is also included for refer-
ence. We make the following observations:

e Convergence of three PASSCoDe variants are almost
identical and very close to the convergence behavior
of serial LIBLINEAR on three large sparse datasets
(revi1, webspam, and kddb).

o PASSCoDe-Wild and PASSCoDe-Atomic converge
significantly faster than CoCoA.

e On covtype, a more dense dataset, all three algo-
rithms (PASSCoDe-Wild, PASSCoDe-Atomic, and Co-
CoA) have slower convergence.

5.2. Efficiency

Timing. To have a fair comparison, we include both ini-
tialization and computation into the timing results. For
DCD, PASSCoDe, and CoCoA, initialization requires one
pass over the entire data matrix (which is O(nnz(X))) to
compute ||&;|| for each instance. In the initialization stage,
AsySCD requires O(n x nnz(X)) time and O(n?) space to
form and store the Hessian matrix @ for (2). Thus, we only
have results on news20 for AsySCD as all other datasets
are too large for AsySCD to fit () in even 256 GB memory.
Note that we also parallelize the initialization part for each
algorithm in our implementation to have a fair comparison.

Figures 2(b), 3(b), 5(b), 4(b), 6(b) show the primal objec-
tive values in terms of time and Figures 2(c), 3(c), 5(c),
4(c), 6(c) shows the accuracy in terms of time. Note that
the x-axis for news20, covtype, and rcv1 is in log-scale.
We have the following observations:

e From Figures 2(b) and 2(c), we can see that
AsySCD is orders of magnitude slower than other ap-
proaches including parallel methods and serial refer-
ence (AsySCD using 10 cores takes 0.4 seconds to run
10 iterations, while all the other parallel approaches
take less than 0.14 seconds, and LIBLINEAR takes
less than 0.3 seconds). In fact, AsySCD is still slower
than other methods even when initialization time is ex-
cluded. This is expected because AsySCD is a paral-
lel version of a standard coordinate descent method,
which is known to be much slower than DCD for (2).
Since AsySCD runs out of memory for all the other
larger datasets, we do not show the results in other
figures.

e In most cases, both PASSCoDe approaches outper-
form CoCoA. In Figure 6(c), kddb shows better ac-
curacy performance in the early stages which can be
explained by the ensemble nature of CoCoA. In the
long term, it still converges to the accuracy obtained
by LIBLINEAR.

o For all datasets, PASSCoDe-Wild is slightly faster than
PASSCoDe-Atomic. Given the fact that both methods
show similar convergence in terms of iterations, this
phenomenon can be explained by the effect of atomic
operations. We observe that more dense the dataset,
the larger the difference between PASSCoDe-Wild and
PASSCoDe-Atomic.

5.3. Speedup
We are interested in the following evaluation criterion:

time taken by the target method with p threads

speedup := time taken by the best serial reference method ’
This criterion is different from scaling, where the denomi-
nator is replaced by “time taken for the target method with
single thread.” Note that a method can have perfect scal-
ing but very poor speedup. Figures 2(d), 3(d), 5(d), 4(d),
6(d) shows the speedup results, where 1) DCD is used as
the best serial reference; 2) the shrinking heuristic is turned
off for all PASSCoDe and DCD to have fair comparison; 3)
the initialization time is excluded from the computation of
speedup.

o PASSCoDe-Wild has very good speedup performance
compared to other approaches. It achieves a speedup
of about about 6 to 8 using 10 threads on all the
datasets.

e From Figure 2(d), we can see that AsySCD hardly has
any “speedup” over the serial reference, although it is
shown to have almost linear scaling (Liu et al., 2014;
Liu & Wright, 2014).

6. Conclusions and Future Work

In this paper, we present a family of parallel asynchronous
stochastic dual coordinate descent algorithms in the shared
memory multi-core setting, where each thread repeatedly
selects a random dual variable and conducts coordinate up-
dates using the primal variables that are stored in the shared
memory. We analyze the convergence properties when dif-
ferent locking/atomic mechanisms are used. For the set-
ting with atomic updates, we show linear convergence un-
der certain conditions. For the setting without any lock or
atomic write, which achieves the best speedup, we present
an error analysis to show that the primal variable obtained
by the algorithm is the exact solution for a primal problem
with a perturbed regularizer. Bounding the size of this per-
turbation is a topic of future research. Experimental results
show that our algorithms are much faster than previous par-
allel coordinate descent solvers.
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7. Functions that admit global error bound
(Definition 1)

We list several important machine learning problems that
admit global error bounds:

e Support Vector Machines (SVM) with hinge loss (Boser
et al., 1992):

li(z;) = Cmax(1 — z;,0)
g*(_a_)_ —Q; lfOSOQSC, (14)
¢ Y Yoo otherwise.

e Support Vector Machines (SVM) with square hinge loss:

i(z) = Cmax(1 — 2;,0)?
(o) = —a; + a2 /AC  ifa; >0, (15)
g Y oo otherwise.

e /5-regularized logistic regression:

lfz;)=Clog (1 + e %)
oo

00 otherwise,

where we use the convention that 0log 0 = 0.

Note that C' > 0 is the penalty parameter that controls the
weights between loss and regularization.

Theorem 4. The Support Vector Machines (SVM) with
hinge loss or square hinge loss satisfy the global error
bound (9). The l5-regularized logistic regression satisfies

the global error bound from the beginning when we apply
PASSCoDe to solve it.

Proof. For SVM with hinge loss, each element of the map-
ping T'(-) can be written as

Ti(a) = argmin D (& + (u — ay)ey)
u

.1 .
= arg min §||w(a) + (u — )z || 4 05 (—u)

o (e 1) (Tie),

[l |2

where Ilx is the projection to the set X, and for hinge-loss

SVM X := [0, C]. Using Lemma 26 in (Wang & Lin,
2014), we can show thatforallt =1,...,n
—x(——5=)| > min(1,
e E
>min(l, —)

max

> |oy —x (VD

(@),

(C—a;)log(C—a;) if 0<a; <C,

where the last inequality is due to the assumption that
R0z = 1. Therefore,

lae = T(a)l2 > THQ T(a)|

}Z ¢ — Tz (V. D(@))|

7\|V+D(a)ll1

|V+D( )l

I \/

Y

la = Ps(c)]2,

HO\/E

where V' D(a) is the projected gradient defined in Defini-
tion 5 of (Wang & Lin, 2014) and ky is the  defined in The-
orem 18 of (Wang & Lin, 2014). Thus, with x = mo\/ﬁ,
we obtain that the dual function of the hinge-loss SVM sat-
isfies the global error bound defined in Definition 1. Sim-
ilarly, we can show that the SVM with squared-hinge loss
satisfies the global error bound.

For /5-regularized logistic regression, the objective func-
tion is strongly convex in the set A, := {a : ¢ < a <
C — €} for any ¢ > 0. Therefore, it suffices to show
that there exists an € > 0 such that (1) a* € A, and
2)a’l € A forall j = 1,2,.... Based on Lemma 1
in (Yu et al., 2011), the optimal solution of each dual coor-
dinate subproblem (7} («)) must be an interior point, which
implies 0 < Tj(a’/) < C for all ¢ and a/. Therefore,
the optimal solution * is an interior point (otherwise we
can find a ¢ such that T3(a*) is 0 or C), which implies
a* € A, for some ¢; > 0. Since the sequence of ol
converges to o™, there exists a J such that ol € A, for
all j > J. Since PASSCoDe updates each variable by the
optimal solution of the one-variable subproblem, Lemma
1 in (Yu et al., 2011) implies that 0 < o/ < C for all j.

1
||2) |y — It (Vi D(cx))| Therefore, there exists an €2 such that a; € A, for all

j < J. Let €3 = min(ey, €2), we then have o/ € A, for

!a . — Tx (v . D(a)) | all j. Therefore, ¢>-regularized logistic regression satisfies

the global error bound from the beginning when we apply
PASSCoDe. O
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8. Linear Convergence for PASSCoDe-Atomic Note that Bfg)l = g(J;)l and Bj o T(a’), where
8.1. Notations and Propositions T(-) is the operator defined in Eq. (9).
8.1.1. NOTATIONS e Let g’/ (u) be the univariate function considered at the
. . . j-th iteration:
e For all « = 1,...,n, we have the following defini-
tions: ) . p
ions ¢ (u):=D (a] F(u—a ) -ei(-))
0* (_U) i(J) J
hz(u) = 1., . j 9 .
Il |2 = §||wj + (u— %(j))wiH + ¢} (—u) + constant
1 2
prox,(s) :=argmin —(u — )+ h;(u , . ] S
() u %( ) () Thus, ﬁf(';)l = Ti(j)(ﬁﬂ,oz?(j)) is the minimizer for
Ti(w, s) :=argmin _flw + (u = s)z;[|* + £ (~u) g’ (u).
u
1 Te:\1°
=argmin 3 [u _ (5 _ T"TZ)} + hi(u), 8.1.2. PROPOSITIONS
u xXr;
' Proposition 1.
where w € R? and s € R. For convergence, Eij (ot —al|?) = l”dﬂl —all]?, (16)
we define T(w, s) as an n-dimension vector with Tf -
T;(w,s) = T;(w,s;) as the i-th element. We also Eij (187 = |?) = HH,QJ —al|]?, (17)

denote prox(s) as the proximal operator from R" to
R™ such that (prox(s)); = prox;(s;). We can see
the connection of the above operator and the proximal ~ Proof. Based on the assumption that i(j) is uniformly ran-
dom selected from {1, ..., n}, the above two identities fol-

low from the definition of & and 3. O

operator: T;(w, s) = prox;(s — ﬁlfiﬂzz)

o Let {a’} and {@w’} be the sequence gener-

ated/maintained by Algorithm 2 using Proposition 2.

- Ty, ad) ift = i(j) N -
it = T ap) i L =i()), |Xw’ - Xl <M Y |Aa. (18)
J
o it £ (), =,

where i(j) is the index selected at j-th iteration. For
convenience, we define
Proof.

RN o S |
Aaj = ayg) = %) o )
s IX@! — X’ || = | X( D (Aar) X pen)|
e Let {a’} be the sequence defined by (t.k)E2I\UI
At =T, (' al) Vi=1,...,n. = D (Aa) XXl

(t,k)EZI\UI

Note_ that &g(';)l = ozf(':)l and &' = prox(a’ — jer -1
X, < D 1AaMi <M Y Ay
, , t=j—1 t=j—7
o Letw/ = )" | alx; be the “true” primal variables
corresponding to o Thus, O
Ty(w?, a;5y) = T(e?), Proposition 3. For any w1, w,; € R% and 51,5, € R,

where T'(+) is the operator defined in Eq. (9). (w1 — wo)

EAE
19)

R T (w1, 51) — Ti(wa, s2)| < [s1 — s2 +
e Let {37}, {3 } be the sequences defined by

ﬁj-i'l — Tt.('wj’a{) ift =i(j),
¢ ol if t £ i(j), Proof. Tt can be proved by the connection of T;(w, s) and

iy o prox;(+) and the non-expansiveness of the proximal opera-
I — T (@, ) Vt=1,...,n. tor. 0
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Proposition 4. Let M > 1, q = Sr+DeM

and

1< q_ ATAM +4ME
NG

Proof. By the definition of p and the condition ¢(7 + 1) <

1, we have

1/q q(T+1)
p(7+1)/2 _ ((p1/2) )

= ((1 Jrq)l/q)q(ﬂ_l) < el < ¢

By the definitions of g, we know that

e p=(1+0q)?
and 0 = 37, pt/2 If q(1 + 1) < 1, then pT+1)/2 < ¢,

e the strong convexity of g/ (u): as all the conjugate
functions are convex, so it is clear that ¢’ (u) is
[l ;)||?-strongly convex.

(20)

e the Lipschitz continuous gradient of g7 (u): it follows
from the Lipschitz assumption of VD(ax).

With the above two properties of ¢’ (u) and the fact that
u* = ﬁf(j)l is the minimizer of ¢/ (u) (which implies that

Vg’ (u*) = 0), we have the following inequalities:

H z(]) ”

J+ J+112
g= o212 80 DeM 3 (et~ 1) 9 (aiy) 29’ (BG) + logegy = iy |
Vn 2 At+DeM (by strong convex1ty),
. ; ] 5 ] Lmax ]
We can derive gj(ag(';)l) ng(ﬁi:;)l) + 5 ||0‘z(—§)1 g(%j—)lnz
3 _ Vi(p'/? 1) (by Lipschitz continuity).
2 At+1)eM
ﬁ(ﬂl/z—l) . (T+1)/2 S .
=4+ 1)p(7+1)/2M . P( 1/ <e By the definitions of ¢7, o/, ol and [)‘H'l, we know that
1/2 _ 1 T
(1+0)p = g (o) — g (BLL)) = D(e?) — D(BH),
_ p,1/2 .
_ \/M ey = BIE 1P = llad = 872,
+ . .
J(AJT1 j+1 J+1y j+1
- \/’ﬁ(l _ p_l) _1/2 - 1 g (az(])) — (/6)1(]) ) ( ) D(ﬁ )a
— 1 1 j
T 41+ 0)M P - ||043(J§) ﬂfa_) 1> = [la’** — ﬁj+1|‘27
Combining the condition that M > land 1 +6 > 1, we
have
Vn(l—pt)—4 - va(l—=p™") 1 - which imply (21) and (22). O
41+6)M  — 4Q+0)M 27
8.2. Proof of Lemma 1
which leads to
Similar to (Liu & Wright, 2014), we prove Eq. (8) by in-
41+ 0)M < Vn — \/ﬁp—1 —4 duction. First, we know that for any two vectors a and b,
. 4+4M+4M0 we have
posl- Vi
O lall* = [1b1* < 2[lal[|b - al.
Proposition 5. Forall j > 0, we have
25|12 See (Liu & Wright, 2014) for a proof for the above inequal-
D(ad) > D(BHY) + ml(;) lad — @712 (21) ity. Thus, for all j , we have
, . Lonaw _
D(e?*') < D) + =5 e - e Ea )

Proof. First, two properties of g’ (u) are stated as follows.

e

< 2ol - &l &t -

derlHZ

oAl (23)
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The second factor in the r.h.s of (23) is bounded as follows: which implies

Haj & it + de

J_ i1 1
<led ~ o] Blllo’ o | <~ Ellle’ =67 ) < pE(or' ~a? ).
R e 1 _ atan
+ || prox(a — X4?) — prox(a/ ™" — X7 7)|| vn o
j i—1 i o i1 il
<Jo? = + [[(ef = Xa’) — (o’ — X' where the last inequality is based on Proposition 4 and the
<llo? o 1 4 flod — oI Y| ¢ | Kol — K| et 0D > 1
=2[|a’ — &7 Y| 4 || X’ — X'} Induction Step. By the induction hypothesis, we assume

“2fo 07|
+ HXﬁ)j_X@j+X@j_X@j—1+X@j—1_ij—1l| E[||at_1—dt||2] < pEH|at_dt+1”2] V< j—1. (28)
L2led — a7 + | X - Xw' |

+ ([ Xw’ — Xa!|| + || Xa' ' - Xa’' ™ The goal is to show

j—1 j=2
<@+M)[d =/ M+ Y Aql|M+ Y Ay M , , S
t=j-7 t=j—7-1 Ella’™" = &|°] < pE[lad — & ).
j—2
=2+2M)[a’ — oM +2M > (A (24)
t=j—7—1 First, we show that for all ¢t < j,

Now we prove (8) by induction.

induct.ion Hypothesis. Using Propositipn 1, we prove the > [||at—at+1 e & ”] - plu—1-)/2 - |:Haj717dj ”2]
ollowing equivalent statement. For all 7, Vn

B(lad™t - &) < pE(lla? = &*'2),  @29) @
Induction Basis. When j = 1,

la! — &% +a’ —a'| < (2+2M)|ja’ — a°.
Taking the expectation of (23), we have Proof. By (26) with ¢ = n'/2y, where v = p(t+1-9)/2,

Ella® - &'|*] - E[lla’ — &|1?)
<2E[|a’ — &' la' - &* - a® + &' E[nat ~attled"t — &

< (@A +4ME(|a’ - &'[la® — o).

IN

1 . ,

LB 2yt - 1R + 02 it - ]

From (16) in Proposition 1, we have E[||a’ — a!||?] = %

Lla® — &'||>. Also, by AM-GM inequality, for any =~ — 5]gg[nl/%ﬂgwoﬁ — a1 + 2y ol - dJHQ}

1, e > 0 and any ¢ > 0, we have 1
Lo = SE[n 72 lat = &P 02 ol T - &

pipe < 5 (cpy + e ). (26)
! (by Proposition 1)

Therefore, we have 1 ) ) . ) .
SB[ 200 0d = &P+ el -

IN

Ela® - a'[lla® - o]

1 1/2(| A0 12 1/2( ~1 02 (by Eq. (28)
< fE[ — +n” 0 — } 4 . , A
-9 n ||a o ” n ||a o ” < %E[nfl/%yfluajfl _ dJH2 +n71/2,}/71“dJ71 _ a]”ﬂ
1 _ - _ N
= SB[’ = &2 +n 1 2)at a2 by(16) " (by the definition of 7)
_ o —1/2 0 ~1p2 (G—1-1)/2 _ .
n~EE[la” — &t |7]. <P NG E[”aj—l — &l
Therefore, "
- - 44+4M -
Ella’-a'|*]-E[|la’ —a?|?] < Ella®-at|?], O

Jn
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Let 0 = >7_, p*/%. We have

BB - a2
=E|) (Ti(w,a) —Tt('zbj,ag))2]

Lt=1

, \T 2

Ellad=! — &7 121 — Elllad — &i+1 |12 n (,,jUJ_,,jUJ) @,

I . . , . ” ] , <K Z — By Proposition 3
< B2’ — &|[((2+ 2M)]j0/ — ad 7 Pt |

S (@ — a2
+2M Y ot —at_1||)] by (23), (24) =E [IIX(w -’ }
t=j—71—1 r i 27
A _ .
= (A+4AM)E(||a?~t — &l |||a? — a?7Y)) < M2E Z lat+! — o] By Proposition 2
j-1 ) . t=j—1
+AM Y B[led T =& flat — ot - :
t=j—7—1 Jj—1
< (44 4M)n~2E]|&d — o Y2 <M?E |1 [t — af|? By Cauchy Schwarz
— t=j—1
-2 - N
+ 4Mn_1/2E[||a3_1 —a | p(J_l_t)/2 by (29)S FM2E ( pled — aj+1|2>‘| By Lemma 1
t=j—1—7 P

< (4 +4M)n " 2E[|60 — o0 e [ |

+AMn V2B — & ] < < pt> E [||6zjJrl —a’[]?] By Proposition 1

t=1

A+ AM +4AMO . 202 , |

< TE[”O‘] —a |7, < T " E [Hd”‘l _ a3||2]

which implies that

L 1
Blle’™ = &/ |°) < +—inrrmm
Jr

< pB[lod — &’ |7,

Ellle? — &%

where the last inequality is based on Proposition 4.

8.3. Proof of Theorem 2

. Sl
We can bound the expected distance E |[|3~ — &'*! Hﬂ

by the following derivation.

Proposition 4 implies p("t1)/2 < e, which further implies
p” < e? because p > 1. Thus,

. 2272 ,2
~i+l T*M*<e o .
BB &) < T B[l - o).

Applying Cauchy-Schwarz Inequality, we obtain 0
BB - o] G1)
—B[I8" — &t v &t - ol )]
<p2(IB" &P+ ol — o) |
<2 <1 + 6272‘]\42) E[|a/t! —ad|]. (32)

Next, we bound the decrease of objective function value by
D(a) - D(a*)
= (D(a?) = D(B)) + (D(B"*") = D(a ™))

2
> (LI vt - g} - (Luasgrvr vz
2 2
by Proposition 5
> <R7;in Haj ﬁj+1|2) _ (Lr;am ||ﬁj+1 B aj+1||2>
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So For the second part of the theorem, let’s consider the fol-

) . lowing equivalent primal problem and its Lagrangian:
E[D(a)] = E[D(a/*)]

_ : 1 -
2 Rmzn [H,@J+l ajHQ] LmaT [”ﬁj+1 _d]+1”2] %l? EwTw+Z£7(€7) s.t. gl — (’LU*G)T.’IH Vi = 1’”"”
by Proposition 1 17 n
T T T
Rmm 1 Linag T2M?e* o L(w, € ) = sww + Z{fi(ﬁi) +ai(§i —w T + € x;)}
> BB —od|?] == ———E[|a’ o] 2 =
by (30) The corresponding convex version of the dual function can
Rmm J+1 , be derived as follows.
> fomin g o)) A
2L 72 V262 er M , D(a) = max —L(w, &, )
e T (14 T BlIE - of ] by 1 )
27 72,2 = ——wT wl
Roin 2Lmman etM\ (T°M*e max —sw w + Z QW Ty
> 1-— 1+ X v i1
2n Roin Vn n .
j+1 :
E[BFT -7 + Z <H1§§X —4;(&) — ai§i> — e’ @,
i=1 ‘
Leth = (1— 2nas (14 <2} (222) ) and combin- 1 & d
Le o (150 ) (57 ) and combin = Y a3 () — iz,
ing the above mequallty with Eq (9) we have 2 = =
EID(a?)] - E[D(a*1)] 2 brE[o — Ps(a)]] _Dle)- Y el
b )
> — " E[D(a’) - D).
s The second last equality comes from
Theref h
erefore, we fave o the substitution of w* = Y, a;a; obtained by set-
E[D(a?*Y)] — D* ting Vo — L(w, &, ) = 0; and
A , L o the definition of the conjugate function £ (—q;).
= E[D(a)] = (E[D(c)] = E[D(e)]) = D*
bre The second part of the theorem follows. O

<(1- )(E[D(a’)] — D)

max

<1 (E[D(a)] = D*),

wherenzl—Lb—“

max

9. Error Analysis for PASSCoDe-Wild
9.1. Proof of Theorem 3

Proof. By definition, & is the limit point of PASSCoDe-
Wild. Combining with the fact that {@’ } — b, we have

—wT x; € 0o, b} (—dy), Vi
Since w = w — €, we have
—(ﬁ) — )Tﬂli S 8 f*(— Ai) Vi
—wx; € On, ((}(—&;) — dye’x;), Vi

1 . v . R )
0 € B, <2” Z Qimil|* + 05 (—di) — Oészmz) . Vi
i=1

which is the optimality condition of (11). Thus, & is the
optimal solution of (11).
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