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ABSTRACT

Distance metric learning is a fundamental problem in mazhgarn-
ing and data mining. The success of popular algorithms sach a
k-means clustering or nearest neighbor searches depeneé as-th
sumption that the underlying distance functions re ect dam
speci ¢ notions of similarity for the problem at hand. Theop#
lem of distance metric learningeeks to optimize a distance func-
tion subject to constraints that arise from fully-supegdi®r semi-
supervised information. Several recent algorithms haes lpgo-
posed to learn such distance functionsow dimensional settings.
One major shortcoming of these methods is their failure abeso
high dimensional problems that are becoming increasingly ubiqu
tous in modern data mining applications. In this paper, ves@nt
metric learning algorithms that scale linearly with dimiensl-
ity, permitting ef cient optimization, storage, and evation of the
learned metric. This is achieved through our main techrtioatri-
bution which provides a framework based on the log-deteantin
matrix divergence which enables ef cient optimization dfus-
tured, low-parameter Mahalanobis distances. Experinigntee
evaluate our methods across a variety of high dimensionmahifts,
including text, statistical software analysis, and caiative |-
tering, showing that our methods scale to data sets with @éns
thousands or more features. We show that our learned meinic ¢
achieve excellent quality with respect to various critef@r ex-
ample, in the context of metric learning for nearest neighthas-

si cation, we show that our methods achieve 24% higher amur
over the baseline distance. Additionally, our methodsdyiedry
good precision while providing recall measures up to 20%héiig
than other baseline methods such as latent semantic analysi
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The problem of comparing examples is a fundamental issue as
popular algorithms such dsmeans clustering and nearest neigh-
bor searches rely on an underlying distance funciton. Widla-
mon practice has traditionally appealed to off-the-shédtashce
functions or hand-tuned metrics, the distance metric lagrprob-
lem instead seeks to automatically optimize a distancetifumén
either semi-supervised or fully supervised settings. Toal @f
metric learning is to optimize a distance function that sthe
domain-speci ¢ notion for the problem at hand.

Metric learning algorithms typically work by optimizing art
get distance under various types of constraints. In sepersised
clustering applications, constraints are typically aitheust-link"
(two examples should be in the same cluster), or "cannkt-{two
examples should be in different clusters). In informatietrieval
settings, constraints relating pairs of examples can legried from
click-streams. For example, a click on a second searchtnegh}
out a click on the rst indicates that the former result stibbe
closer to the search target than the latter. Finally, cairds can
be directly inferred in fully-supervised settings, whexamples in
the same classes can be constrained to be similar if theg dhar
same class label and dissimilar otherwise.

One class of distance functions that has shown good gererali
tion properties is the Mahalanobis distance [3, 12, 6]. The M
halanobis distance generalizes the standard squaredi&aicldis-
tance commonly used by algorithms such asktimearest neighbor
classi er. Intuitively, the Mahalanobis distance works $galing
and rotating the feature space, giving certain featureg meight
while also incorporating correlations between featureathdmat-
ically, the function is de ned over a-dimensional vector space
parametrized by @ d positive de nite matrix. Recently, sev-
eral papers have proposed methods for learning Mahalanwdbis
trices subject to a given set of constraints [3, 12, 13, 6]er@V,
algorithms proposed in these papers have resulted in igatise
tance functions with excellent generalization perforneafar low
dimensional problems.

However, inhigh dimensional settings, the problem of learning
and evaluating a Mahalanobis distance function with iteeissed
d d matrix becomes quickly intractable due to the quadratic de-
pendency ord. This quadratic dependency affects not only the
running time for both training and testing, but also posem#n-
dous challenges in estimating a quadratic number of pammet
For example, a data set with 10,000 dimensions requiranaistin
of a symmetric positive de nite matrix with about 50 milliqre-
rameters! This represents a fundamental limitation oftexdsap-
proaches, as many modern data mining problems posseseaiglat
high dimensionality. For example, in text-analysis dorsastan-
dard bag-of-words models can reach the size of thousandseor e
tens of thousands of features. Statistical software aisadysplica-



tions that monitor program paths or method counts similagye
features sets with sizes of thousands or more. Finally, iialzo
orative lItering domains, objects are typically rated bytisands
or even millions of reviewers. Methods in these domainscitby

compare content (e.g. movies, songs, etc.) using a repatieen
in which each reviewer can be viewed as a single feature.

In this paper, we present algorithms for learning structvia-
halanobis distance functions that scale linearly with tingethsion-
ality. Instead of searching for a full d matrix with O(d?) pa-
rameters, our methods search for compressed represest#tiat
typically haveO(d) parameters. This enables the Mahalanobis dis-
tance function to be learned, stored, and evaluated eftlgiémthe
context of high dimensionality.

In particular, the technical contributions of our paper tre
problem formulations and resulting algorithms that coraputo
types of structured low parameter matrices: a low-rankesgm-
tation, and a diagonal plus low-rank representation. Therknk
representation, HDLR, results in a distance measure whistmii-
lar to that used by latent semantic analysis (LSA) [4]. Tlésathce
projects data into a low dimensional factor space, and thatirg
distance between two examples is the distance betweenptteeir
jections. Our low-rank method can be viewed as a semi-sigestv
variant of LSA, and is well suited for applications in whicigher
recall is desired. The second method, HDILR , learns a dialgon
plus low-rank matrix, and is well suited for problems wheotho
high recall as well as high precision are important. Thichlieved
by comparing examples at both the factor level in additiorato
component that compares examples at a much ner, featuet-le
resolution.

Computationally, our algorithms are based on the inforomati
theoretic metric learning method presented in [3]. The |enobis
formulated as one of learning a “maximum entropy” Mahalasiob
distance that satis es a given set of constraints. Matheaiat,
this results in a convex programming problem with a mateksed
objective function called the log-determinant (LogDetatgence.
We provide two new algorithms based on the LogDet divergence
that enable learning Mahalanobis distances in high dimessiBoth
of these algorithms scale linearly with dimensionalityC(s).

Experimentally, we evaluate our methods in the context of se
eral modern domains, including text, statistical softwamalysis,
and collaborative Itering. We provide experimental evide to
show that existing metric learning algorithms do not scalbigh
dimensional data sets, while demonstrating that our meticad
easily handle data with upwards of ten thousand dimensives.
compare our methods in the context of learning metrics farest
neighbor searches on the basis of several criteria, inoudccu-
racy, precision and recall. As baseline measures, we usstdhe
dard Euclidean distance and LSA. Additionally, we compase o
methods against a heuristic in which an existing full-rangtna
learning algorithm LMNN [12] is used to learn a low-rank diste
function. In general, we show that our low-parameter mégdecn-
ing algorithms can learn high quality distance functions:. &am-
ple, classi cation accuracy for the Classic3 data set isrovpd by
24% over standard Euclidean distance measures. Additypoat
methods achieve precision as high as all other methods yikild-
ing recall values up to 20% higher than a baseline LSA approac

The paper is organized as follows. Section 2 introducesribie-p
lem and provides background on related metric learning atsth
Section 3 outlines limitations of these methods and previse
low-parameter Mahalanobis distance forms. Section 4 fhzea
our low parameter metric learning problems using the aferem
tioned proposed distance functions, and we provide eftcam
scalable algorithms. Finally, we present experimentaliltesn

section 5.

2. BACKGROUND & RELATED WORK

One class of distance measures that has shown good geaeraliz
tion potential is the Mahalanobis distance. This distancetion
generalizes the standard squared Euclidean distance pacais-
eterized by a positive (semi)-de nite matrix:

da =(x Y)TA(X y):

Learning such a distance function has been the focus of neich r
cent research [3, 12, 13, 6], and has proven to be quite ssfates
in low dimensional domains. These distance functions gpe ty
cally learned given supervised or semi-supervised cdnstata.
For example, the information-theoretic metric learningoaithm
presented by Davis et. al. [3] learns a distance functiofestio
similarity and dissimilarity constraints. The large-miargearest
neighbor method (LMNN) presented by Weinberger et. al. [12]
takes a related approach in comparing three examples aediten

X is more similar toy than toz).

A common theme in existing methods is the regularizatiomter
found in the problem objective. In Xing et. al., a method is-pr
sented in which the learned mat#xis optimized with respect to a
sum-of-squares Frobenius objective [13]. LMNN is formathas
a semi-de nite programming problem with a linear objectoyti-
mizing the trace of the matri&. The information-theoretic metric
learning (ITML) method seeks a matrix that minimizes théedif
ential relative entropy between a baseline Gaussian paraec:
by Ao to a target Gaussian parametrized Ay Mathematically,
this entropic objective results in a convex programmingbfem
that minimizes thdog-determinantLogDet) divergence with re-
spect to the baseline matiix .

The methods we present in this paper attempt to learn a struc-
tured positive semi-de nite matrix using the LogDet prabl&éame-
work, and are similar to ITML, which we now describe in detail
The problem assumes a given set of similarity constrehend
dissimilarity constraint® between pairs of examples. Constraints
may be inferred from true labels (where examples in the sdass ¢
are constrained to be similar and examples from differessgs
are constrained to be dissimilar), or constraints may bdictp
provided. Other constraints that are linear in the entrfe& gan
also be easily incorporated. Additionally, ITML assumesaad?
line Mahalanobis distance function parametrized by a jppesitef-
inite matrixAo. The formal goal is to learn a Mahalanobis distance
parametrized byA that has minimum LogDet divergence to a given
baseline matriXA, while satisfying the given constraints:

2.1)

FTLin D-a(AjAo)
subjectto da(xi;x) u  (i;j)2S; (2.2)
da (Xi; %) (i;j) 2 D:

The LogDet objective functioD-4(AjAo) is a non-negative,
convex function that in the absence of constraints is miréahi
whenA = Ay. Itis dened overd d positive de nite matri-
cesA andAo:

D-a(AjAo) = tr( AAY)  logjAALY

wherejX j denotes the determinant of the matkx In practice,
slack variables for the constraints can be incorporatedti above
formulation but are omitted for the sake of clarity.

3. STRUCTURED MAHALANOBIS DISTANCES



A major shortcoming of ITML and other existing approaches
is their quadratic (or even cubic) dependency on the dinoeasi
ity. Learning full-rank Mahalanobis matrices for problemkere
dimensionality is large is prohibitive for several reasorfairst,
optimizing via algorithms with quadratic dependencies loa di-
mensionality can be quite expensive. Second, learningl-acnk
d dmatrix can be viewed as a statistical inference proceduze ov
O(d?) parameters. For example, in text analysis applicatiorts, da
sets with thousands of dimensions result in full-rank Mahabis
matrices parametrized by millions of values. For even thetmm
bust methods, learning under such conditions is prone tottug
and requires a very large amount of supervision. Finallynmat-
ing the distance between two points with respect to a Malbalan
distance function parametrized by a dense, full-rank magrian
O(d?) operation. To overcome these problems, we now present
Mahalanobis distance functions that are parametrized(a) val-
ues.

3.1 Low-Rank Mahalanobis Distances

Term frequency models represent text documents in terms of i
dividual words and their respective frequencies and anedstal
representations used in many text analysis applicatiopnsTHese
models typically compute the distance between two exanples

andy using the cosine similaritygos(x;y) = é;gaj Note
that whenx andy are normalized to have unit, norm, the co-
sine similarity is equivalent to the standard Euclideartadise:
di(x;y) =2 2 cos(x;y). In many high dimensional do-
mains, feature representations tend to be very sparse,eamd t
frequency models are no exception. This poses severalgmsbl
for standard Euclidean measures. In term frequency moteds,
documents can have very similar contextual meaning, yetmoay
necessarily share many of the same words. Hence, the ino@r pr

uct between two documents can be quite small or even zero, re-

sulting in large Euclidean distances. An example of thishims
in Figure 1, where we have three sentences about metridigarn
Sentence pairs (A,B) and (B,C) share several common woris. S

tences A and C, however, share no common words and the Eu-

clidean distance between them will therefore be quite laTds,
even though A and C are contextually similar, the model daés n
re ect their similarity.

Latent factor models work by representing objects in teriins o
their context or underlying topics [5]. Instead of repragenan
objectx in its original high dimensional space, latent factor mod-
els provide a mapping that transformsx into some lowerk-
dimensional space. In Figure 1, we saw that if examples A and C
are compared using the Euclidean distance via their oflidiria
dimension representations, the resulting distances \illange.
This is in spite of the fact that the two examples are in fadtequ
similar. The goal of a latent factor model is to learn a magpin
such thaf (A) andf (C) are close to each other.

A popular class of latent factor models such as latent seman-
tic analysis (LSA) [4] are those that are parametrized loy ak
projection matrixR. Here, the factor model's mapping function is
f (x) = RT x. Consider the Euclidean distance between the latent
factors of two pointx andy:

di (f (x);T(¥)) d (R"x;R"y)
(R"x RTY)(R"x Ry)
da (X;Y);

whereda _js a low-rank Mahalanobis distance de ned by the low-
rank matrixA- = RR':

da 5 Y)=(x y)'RRT(x y):

(3.1)

(3.2)

A) Metric learning is animportant Word A B C
problem in data mining. metric 1 0 0
B) High dimensional problems learn 1 0 0
arecommonin data mining. g‘:g&retﬁqm i (1) 8
C) Optimizing distance functions data 1 1 0
in high dimensionsis challenging mining 1 1 0
common 0O 1 O
high 0 1 1
dimension| 0 1 1
A B C optimiz o 0 1
Al6 3 0 distance 0o 0 1
B|3 6 2 function o 0 1
cC|0 2 6 challeng 0o 0 1
Figure 1: The upper left corner lists three sentences. The tae

on the right shows word counts for each word from the sen-
tences. We can see from the inner product matrix on the lower
left that even though all three sentences are about metric &&n-
ing, the distance between documents A and C is large. This
toy example illustrates that term frequency models are qui¢
accurate when inner products are larger, yet can be inaccuriz
when inner products are small or zero.

Whereas a full-rank Mahalanobis matrix is parametrize®og?)
values, this low-rank matrix is parametrized by édk) parame-
ters inR.

Computationally, we can see from equation (3.1) that lomkra
Mahalanobis distances can also be computed ef cienti@ {ak)
time, as the distance between tdalimensional instances and
y can be computed by rst mapping them to a lower dimensional
space by computing" x andR "y, and then computing the stan-
dard squared Euclidean distance between the low-dimesigiomts.

3.2 Diagonal Plus Low-Rank Mahalanobis Dis-
tances

In Figure 1, we saw an example of two sentences that were of
similar context but had large Euclidean distances due to @aegr-
lap (i.e. zero inner product) between their respectiveufeasets.
Thus, it would be incorrect to conclude that in the contexieom
frequency models, if two objects have zero or small innedpro
ucts, then they are contextually different. However, theveose
of this statement is much more likely to hold true. That igyib
documents share many commons words, then they are likelg to b
contextually similar. However, in traditional low-rank ohels such
as LSA this overlap is largely ignored when data is mappealant
low dimensional space.

We now examine this observation in the context of two stashdar
measures used in information retrieval, precision andlreca

Number of Relevant Documents Returned (3.3)
Total Number of Relevant Documents '

Precision is measured as the number of relevant documents re
turned, divided by the total number of documents returned:

recall =

Number of Relevant Documents Returne 2)
Total Number of Documents Returned "

Term frequency models tend to result in higher precisioreneas
low-rank factor models provide better recall.

Figure 2 illustrates this behavior for the Classic3 texadsdt.
More details regarding this data set will be presented ini@es.
Precision is plotted for various recall values, comparimgrest
neighbor searches using a Tf-ldf Euclidean distance modt#l w

precision =
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Figure 2: Precision-recall curve for the Classic3 text data
set. term frequency models using Euclidean distance yielcet-

atively high precision, while the low-rank LSA method has
higher recall.

that of LSA. We see that for relatively low recall values (vehen
a relatively small number of documents is returned), thentiee-
quency model signi cantly outperforms a ten-dimension8H fac-
tor model in terms of precision. However, as recall increatiee
precision for the Euclidean distance model starts to shaipt
crease, after which LSA eventually achieves noticeablidigre-
cision.

In domains where both high recall and high precision are eged
we propose a second Mahalanobis distance that incorpdrates
e ts of both the Euclidean distance as well as a low-rank comp
nent. We propose a Mahalanobis distance parametrized byrxma
| + A+, whereA- is low-rank:

(x N U+AXNX vy)
(x N(x y+(x AKX VY
di (X;y) + da (X Y): (3.5)

divadXyy) =

Since this proposed measure compares vectors in both gjiaairi
feature space as well as in a projected low-rank factor feafpace,
one would expect it to achieve both high recall as well as piglei-
sion. Revisiting Figure 1, we can see that the Euclidean oot
is a good predictor for two of the three distances, resuliingla-
tively small distances when comparing (A,B) and (B,C). Heere
the Euclidean distance between A and C is large, and thedok-r
component is needed here to effectively compare sentencesl A
C.

So far, we have proposed and motivated two forms of low-patam
Mahalanobis distances. In the next section, we formaliesetwo
problems and provide ef cient algorithms to optimize them.

4. LEARNING STRUCTURED METRICS

4.1 Low-Rank Mahalanobis Distances

We now extend the full-rank ITML algorithm to learn low-rank
matrices. LetR be thed k factor matrix for the rank regu-
larization matrixAo, i.e. Ag = RRT. We formulate our high
dimensional low-rank (HDLR ) metric learning problem as:

min D-a(AjRRT)
subjectto da (Xi;X;) u (i;j)2S; (4.1)
da (Xi; X;) (i:j) 2 b;
rank (A) k:

Comparing this to the full-rank ITML formulation (2.2), westhat

Ao here is low-rank, and an additional constraint has beencadde
enforcing the rank of the optimal Mahalanobis matix Recent
work by Kulis et. al. [9] considers a related problem of leagn
low-rank kernel matrices subject to linear constraints lom rha-
trix. In [9], the LogDet divergence was extended to the pasit
semide nite cone, and it was shown that two matrices have a nite
LogDet divergence if and only if they share the same rangeespa
The following was shown in [9]:

LEMMA 1. The objectiveD-4(AjRRT) of problem (4.1) is -
nite if and only ifA is positive semi-de nite with range space equal
to the range space &t.

So, if the baseline Mahalanobis distance function is panareel

by a rankk matrix, the optimal solution to the HDLR metric learn-
ing problem (4.1) without the rank constraint will necefigdrave
rank k (assuming that the optimization problem 4.1 is feasible).
Therefore, the rank constrairgnk (A)  k need not be explicitly
enforced. In section 4.5, we present methods that can betased
choose an appropriate baseline matrix.

4.2 HDLR Algorithm

We now present Algorithm 1 that solves our HDLR formula-
tion (4.1). The algorithm optimizes a slightly modi ed vérs of
problem (4.1) that incorporates slack variables to allowst@int
violation in the case of incorrect or noisy constraints. Bleck
penalty parameter determines the relative weighting given to the
LogDet component of the objective as opposed to the slackltyen
component of the objective. Whenis large, more weighting is
given to the slack terms, and the nal solution will more @bs
satisfy the constraints. Whenis small, more emphasis is given to
the LogDet objective, yielding smoother solutions which elioser
to the regularization matriko. In practice, is chosen via cross-
validation.

The algorithm uses the method of cyclic projections and work
by iteratively projecting the current solution onto a saglon-
straint. Instead of directly working on thé d matrix A, the
algorithm instead directly optimizes its k factor matrixB. The
main loop starting in line 2 iterates over each constrairil con-
vergence. In practice, convergence can be checked by miogito
the change in the dual variables Steps 5-10 compute the projec-
tion parameter . In step 11, this parameter is then used to upBate
via a rank-one update. Each projection can be computed sedlo
form and require©(dk) computation, wheré& is the rank ofA,.
Finally, the optimal solution is\ = BB T. Note that the latter
step may not be needed since as shown in (3.1), the low-rark Ma
halanobis distance between two points can be computéq|dik)
time without the need to explicitly compuse.

4.3 Diagonal Plus Low-Rank Distances

We now formulate the high-dimensional identity plus lowka
(HDILR ) metric learning problem. LeR be ad  k matrix, and
let U be an orthogonal representation of the columndRofi.e.
U= R(RTR)"Z,sothatU"™ U = ). We will constrain the low-
rank componenA- of our identity plus low-rank matriXA given
in (3.5) to take on the formJUT (A Ao)UUT. This matrix



Algorithm 1 High Dim. Low-Rank (HDLR ) Metric Learning

Require: Ag = RRT: baseline Mahalanobis matrix,; slack
penalty,X =[Xy;::; Xn]: set of constrained point$S; D):
similarity / dissimilarity constraints.

1:B=R; j =08ij; bj =08i;j

2: while not convergedlo

3 () similarity or dissimilarity constraint
4: 1if similarity constraint, 1 if dissimilarity constraint
5 d (X «X) BTB(Xi )

6: min -, —r % %

7 =1+ d)

8 i

90 by =pbi=( + Dby)

10: = 1+ 1

11: B B+ (xi X)(x Xx)'B

12: end while

13: A BBT

can be viewed as the difference of two matrideé&)]” AUUT and
UUT AqUUT . The rstterm is a function of the learned matex,
while the second term can be viewed as a low-rank offset geali
by the regularization matridg. If A = Ao, the low-rank term
A- will always be zero, and the distance function will reduce to
that of the standard Euclidean distance. Agliverges fromAg,
the low-rank term starts to dominate, giving more emphastbe
underlying factor model.

We will now present the HDILR metric learning problem that
learns a full-rank Mahalanobis matrix with the constrafnt=
I + UUT(A 1)UUT. The analysis and algorithms presented
below can be generalized to arbitrary regulariz&es(i.e. A =
I + UUT(A Ao)UUT). The HDILR problem is:

nlin D-a(Ajl)
subjectto da(Xi;Xj) U ('.?J. )2S; (4.2)
da (Xi;%;) (i;j) 2 D;
A=1+UU"(A 1)uUu":

Consider the distance constraints used in this formulation
di+a£Xi;X%j)

di (Xi3 X))+ da £Xi; %))

di (Xi;Xj)  dyyT(XiiXj)+ dyyTavu T(Xis X))

da(Xi;Xj) =

The rst two terms are independent of the learned ma#idand
are therefore constants in the context of the optimizatrahlgm.
Moving these to the right hand side, we can rewrite the proble

rrlin D-4(Ajl) (4.3)
subjectto dyyTagu T(Xi;Xj) U G (i;j)2s;
dyytavu T(Xi; %) 7 G (i;j) 2 D;

A=1+UUT(A 1)uu";

wherecj = di (Xi;X;) dyyT(Xi;X;). Note thatc; =0 when
the training points<; andx; lie in the range space & (and hence,
U). Recall that the original problem constrains the fullicatis-
tance between points andx; . In (4.3), alow-rank approximation
of the learned Mahalanobis distance is constrained. Relfor
the low-rank HDLR formulation presented in the previoustiseg

if Ao is low-rank, then the optimal solution is also low-rank. The
next theorem characterizes the solution for problem (4l&)wing

that the optimal solution satisea == | + UUT (A= 1)UuUT,
thereby obviating the need to explicitly enforce this idignplus
low-rank constraints

THEOREM 1. LetA Fe the optimal solution to an instance of
the information-theoretic metric learning problem (4.3jttwsim-
ilarity constraintsS, dissimilarity constraintdD, and orthogonal
projection matrixU. ThenA Sdatisesl + UUT (A™ 1)uuT.

PROOF For appropriately de ned constarts , the Lagrangian
of problem (4.3) can be written as

L(A )=4( A) logjAj
<

+ tr(UUT AUU T (x;

il X)X X)) G
i5j
where j are dual variables withy 0, j =+1 for similarity
constraints and;; = 1 for dissimilarity constraints. Using the
fact thatr a logjAj = A1 [2], the gradient of the Lagrangian is,
y=1 A7+
i5j

rAL(A; ij ijUUT(Xi Xj)(Xi Xj)TUUTI

Setting the gradient to zero and solving for?,

(A5 = 1+ i g UUT (i x)(xi x;)TuUT
i [}
> i
= | +uU’ i (i x)0a x)T uuT
i5j
= 1+UU'PUU":

Thus, the inverse of the optimal solution has the form idgmtius
low-rank. To see that the solutign™also has this form, we can use
the Sherman-Morrison-Woodbury formula [7], which statest for
any invertible matrixy andd  k complex matrixZ :

(Y+2zz™)y =yt vz +z"yTtz)yTtzRy R
Note thatZ may be complex, and we dendfd' as its conjugate
transpose. Applying the above equation Yor= |, and forZ =
UUT C,whereC isd dandis de ned suchtha8C" = P, we
have:

A== (1+uuTpuuT)

uuTca + ctuuTuuTc)ytctulT
I UuTAuUT;
for A = c(1 + cfuuTuuTc)~tcH. Finally, using the fact
thatUT U = I¥, we have

uuT (A= 1uuT

= |+UU" | UuuTAuuT |

I uUuTAuuT
= AH

|+

uu’

O
4.4 HDILR Algorithm

The metric learning problem HDILR formulated in the prevdou
section learns a full-ranki d matrix. Using algorithms presented
in [3], both running time and storage requirements for thipa
rithm would still be quadratic in the dimensionality. Ingtgection,
we show that by exploiting the identity plus low-rank sturet of
formulation (4.2), we can transform the problem to an edaiva



matrixM SThe optimal solution can be constructed using Lemma 2
asA™2 | + UM "J". Note that this matrix never needs to be ex-
plicitly constructed, since a Mahalanobis distance patéreg by
A™¢an be expressed as the sum of two Mahalanobis distances as
shown in equation (3.5). Finally, it is possible that thehtiband

side of problem (4.3) is negative. This presents problemshe
slack variables used in Algorithm 2. However, in practite, goal

is to learn a metric in which constraints are satisrethtively, and

this issue can be solved by adding a scalar 0 to the right hand

side of (4.3) in order to ensure positivity.

problem ink dimensions. Via this transformation, the problem can
then be solved in time quadratic kn The solution can then by
mapped back to the optimal solution of the original problémar
simple matrix operation.
Consider the followind-dimensional metric learning problem:
min  D-g(Mjl ")

subjectto dw (U xi;U"x;) U g (4.4)

dv (UTxi;UT %) g

(i5j)2s;
(i;j) 2 D;

Algorithm 2 Identity Plus Low-Rank (HDILR ) Algorithm

Require: U: low-rank basis, : slack penaltyX = [Xi;::; Xn]:
set of constrained pointéS; D): similarity / dissimilarity con-
straints.

: Form the projected data 98t=[UT x1; ;U Xn]

: Compute optimal solutiorM “to full-rank ITML prob-
lem (4.4) with constraint® andS over the projected data set
X using Algorithm 1

3: Return optimal solutiod =% | + UM "J7

where the superscript drf is used to emphasize the dimensionality
of the matrix. We now show how to construct the optimal soluti
to problem (4.2) given the optimal solutidth “to problem (4.4).

LEMMA 2. Let M The an optimal solution to problem (4.4). 1
Then the optimal solution to problem (4.3) can be constadicte 2
AR 19+ UM = I9HUT.

PROOF We rst show that problems (4.4) and (4.3) are equiv-
alent. Speci cally, we show that for any two matricks andA
satisfyingM = UT AU, (a) problem (4.4) is feasible if and only if
problem (4.3) is feasible, and (b) the problem objectivéfeidby
at most a constant. To see equivalence with respect to fiigsib

dv (UTxi;UTx;) = x)TUMU T (xi %)
(xi x;)"UUTAUUT (x
= dyyTauy T(Xii X))

To see that the objective functions of the two problems diffeat
most a constant, we consider the trace term:

tr(A) = tr( 19+ UUT(A 1%UU")
tr( UTAUUTU) +tr( 19 UUT)
tr( M)+tr( 1% UUT):

Since the matrixJ is orthogonal™ U = 1, sotr(1¢ UUT) =
d k. Next consider the log det term. L& be the orthogonal
complement tdJ,i.e. ad (d k) matrixsuchthat® UU' =
WWT andU™W =0.
A 19+ uuT (A 1Huu’
= uuTAuUT + 1% uUT
= uUuTAUU" + wwT

4.5 Choosing an Appropriate Basis

The metric learning algorithms presented in the previoot@e
are parametrized by a low-rank matrix. Algorithms 1 and 2kwor
by optimizing with respect to a given basis. In order to mazam
the quality of the learned metric, an appropriate basis Ishbe
chosen.

A standard basis used in unsupervised settings such asdaten
mantic analysis is the left singular vectors of the singualue
decomposition (SVD) [7]. LSA works by taking the SVD of the
data matrix. LetX be ad n data matrix, where each column
represents d-dimensional instance, and let the SVD of this ma-
trix be UDV T, whereU andV are orthogonal matrices, arial
is diagonal. LetU* denote the rstk columns ofU. The ma-
trix UX is typically referred to as the tdp principal components,
and the matrixJ* (U¥)T represents a projection from the original
space onto a rank-subspace. LSA uses this projection in comput-
ing distances (or cosine similarities) between poidts(x;y) =
DykkT(X;Y). Thus, the baseline matrix that results from this
LSA basis isAg = UUT.

While the use of the SVD in methods such as LSA has been
shown to achieve good results in many information retrieset
» -» tings, itis fundamentally an unsupervised method. Whed usth

UTAU 0 U ] ; . | A -

0 | d—k wT our metric !ea_rnlng alg_orlthms along Wlth S|m|I_ar|ty and;simllar-
ity constraint information, the result is a semi-superdiferm of
The determinant of a matrix is invariant under the orthodsimai- LSA.
larity transformation byU W], so In cases where data is fully supervised, we propose a method
which chooses a low-rank basis according to the class la¥#isreas

(xi

%)

= [uw]

logjAj =log jUT AUj +log jl “™%j = log jM j: LSA chooses vectors based on the SVD, the class-mean method
; forms vectors directly using the class labels. tete the num-
Finally, we have ber of distinct classes and lktbe the size of the desired basis. If
D (Ajl d) = tr( A) logjAj d k = c, then each class mea&nis computed to form the basis matrix
= tr(M)+d k logjMj d R =[ri:::rc]. If k < c a similar process is used but restricted
. to a randomly selected subset lofclasses. Ik > c, instances
= D(MjI): within each class are clustered into approximat;emusters. Each
n cluster's mean vector is then computed to form the low-raakrix

R

Algorithm 2 shows how this lemma can be used to ef ciently LSAs use of the SVD results in an orthogonal low-rank basis.

solve the HDILR metric learning problem (4.2). Step 1 prtgec
the originald-dimensional data ontoledimensional subspace us-
ing the low-rank basit). Next, step 2 solves the (full-rank) ITML
problem in this much lowek-dimensional space, returnindgka k

The supervised class means method presented here will net-ge
ally result in an orthogonal basis. As a nal step in forminglass

means basis, we orthogonaliRe resulting in a regularization ma-
trix Ao = R(RTR)™IRT. Orthogonalization reduces distortion



of the low-rank distance. For example, distances betweasscl
means are preserved. bgtandr; be two class mean vectors (i.e.
columnsi andj of R). Then

dao(risri) = (ri 1) R(RTR)T'R'(ri  1y)
= (et ¢)R'R(R'TR)'R'R(ei ¢)
= (ei ej)RTR(ei e,-)
= (ri m)'(rn n)=drn);

wheree; is a vector of all zeros with a one in th& position.

5. EXPERIMENTAL RESULTS

We now present sample results for our methods from a varfety o
high-dimensional domains: text analysis, statisticatveafe anal-
ysis, and collaborative ltering. These datasets can altharac-
terized by relatively high dimensionality (from 5,000 to radhan
100,000 features) and represent a broad sample of modeym, hi
dimensional problems.

We evaluate performance of our learned distance metridsein t
context of both classi cation accuracy for thenearest neighbor
algorithm, as well as in the context of precision/recalfgenance
for general nearest neighbor searches. KHnearest neighbor clas-
si er usesk = 10 nearest neighbors, breaking ties arbitrarily. Ac-
curacy is de ned as the number of correctly classi ed exagspl
divided by the total number of classi ed examples. Recadl pre-
cision are computed as de ned in equations (3.3) and (3.4).

Our experiments compare our two algorithms, HDLR and'HB,
given in Algorithms 1 and 2. We also compare these algorittans
a heuristic based on the Large-Margin Nearest Neighbor (NYIN
metric learning algorithm. In [12], LMNN is presented as ainael
for learning full-rank Mahalanobis distance matrices. ¢Jeve use
a heuristic in which data is rst projected onto some lowkan
dimensional basit). LMNN is then run over this -dimensional
problem, yielding gr  r) matrix A. Finally, this matrix is trans-
formed back to the original, high-dimensional spaceUasU ™.
We emphasize that this procedure does not optimize a wetidd
global objective, whereas our approaches optimize a logragnant
objective function. The LMNN implementation used is a Mhtla
implementation provided by Weinberger, one of the authbf$aj.

For our proposed algorithms, pairwise constraints arerriefe
from true labels. For each class 100 pairs of points are rahdo
chosen from within the class and are constrained to be simihal
100 pairs of points are drawn from different classes to foisa d
similarity constraints. Giver classes, this results ibO0c simi-
larity constraints, and00c dissimilarity constraints, for a total of
200c constraints. The upper and lower bounds for the similarity
and dissimilarity constraints are determined empiricaithe1®
and99" percentiles of the distribution of distances computed us-
ing a baseline Mahalanobis distance parametrizeA hyFinally,
the slack penalty parametemused by Algorithms 1 and 2 is cross-
validated using valuefs:01; :1; 1; 10; 100; 1000g.

All metrics are trained using data only in the training se¢stT
instances are drawn from the test set and are compared t@BR&am
in the training set using the learned distance function. Es¢
and training sets are established using a standard twocfolsk
validation approach. For experiments in which a baselistadce
metric is evaluated (for example, the squared Euclideaants),
nearest neighbor searches are again computed from tembdest
to only instances in the training set.

5.1 Timing Comparison

We rst compare the computational speed of our low-paramete
algorithms as compared to existing full-rank methods, LMad

ITML. Figure 3 shows the time taken to learn metrics of dimens
ality 50 to 2000 over a synthetic data set with 900 instanoes3a
classes. All implementations are in Matlab and are run omget |
Pentium processor with 4 GB of RAM. Noting that the time axis
is displayed on a log-scale, we can see that our HDLR algurith
scales roughly linearly with dimensionality, whereas &g full-
rank methods scale quadratically as dimensionality iregeaFur-
ther, LMNN ran out of memory when learning a 3000-dimensliona
metric. Running times of the HDILR method are comparable to
those shown for the low-rank HDLR algorithm in Figure 3.
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Figure 3: Running times of our high-dimensional algorithms
compared to existing full-rank methods. Full-rank Maha-
lanobis distance learning algorithms do not scale well to Igh
dimensionality, whereas our method HDLR does.

5.2 Text Analysis

Our text data sets are created by standard bag-of-worddfTf-1
representations. Words are stemmed using a standard Biamer
mer and common stop words are removed. The text models are lim
ited to the 5,000 words with the largest document frequenoyts.

We provide experiments over two data sets: CMU's 20-newsgro
data set [11], and the Classic3 data set [10]. Classic3 istvedy
small 3 class problem with 3,891 instances. The newsgrotasdh
is much larger, having 20 different classes from varioussgyraup
categories and 20,000 instances.

Figure 4 shows classi cation accuracy across various réoks
the Classic3 dataset, along with the full newsgroup dateasdt
a subset of the data restricted to the three politics relet@skes:
talk.politics.guns, talk.politics.mideast, and talkipos.misc. Here,
the diagonal plus low-rank method HDILR uses the class means
basis as described in section 4.5. Comparing this to thdibase
Euclidean measure, we can see that for low dimensionalig, t
accuracy of the two algorithms is similar, with HDILR haviiag
slightly higher value. For larger ranks, the accuracy ofHiHLR
method slowly increases, while the accuracy of the low-tdDk R
class means method increases much more quickly. In facthéor
largest 20-class Newsgroup data set (b), we can see tharfmr|
ranks, the HDLR method outperforms the HDILR method. Here,
the HDLR method achieves accuracy 27% higher than the basel
Euclidean distance.

The HDILR and HDLR class means methods require full super-
vision in order to form the low-rank basis. In semi-supegdiset-
tings, forming this basis from the similarity and dissimiya con-
straints used in our low-rank metric learning algorithmsas pos-
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Figure 4: Classification accuracy for Mahalanobis metrics évarious ranks. Overall, our methods outperform existing methods.

sible and a low-rank LSA basis may be used instead. Recdll tha
the LSA basis described in section 4.5 requires no supervish
Figure 4, we see that our HDLR method outperforms the baselin
unsupervised LSA method across all data sets for most diorens
This is compared to LMNN using the same LSA badiswhich
generally performs only comparably to LSA.

Figure 5 shows recall-precision curves for four methodan-st
dard Euclidean distance Tf-ldf measure, LSA, and our twohmet

ods using a class means basis. The rank used for LSA and our

two methods is ten. We can see that for low recall values, thath
Euclidean distance and the HDILR method achieve signi gant
higher precision values than the other two low-rank methdss
desired recall levels increase, the precision of the Eealiddis-
tance decreases rather quickly, while the HDILR continaehieve
higher precision values that are comparable to or bettar tha
low-rank methods. For the Classic3 data set, HDILR outparéo
all other methods for all recall values, marking an improeem
over LSA of up to 20%. For the newsgroups Politics subset, the
HDILR method outperforms HDLR for low recall values, yet asles
slightly worse precision for higher recall values.

5.3 Software Analysis

We now present results from the Clarify system [8] which at-
tempt to improve software error messaging via nearest heigh
software support. The basis of the Clarify system lies inféu
that modern software design promotes modularity and atigira
When a program terminates abnormally, it is often uncleackwh
component should be responsible for providing an error ntepo
Clarify works by monitoring a set of prede ned program faas!
(the data sets used here represent function counts) durigggm
run-time which are then analyzed in the event of abnormainam
termination. In order to troubleshoot problems, Clarifgsisiear-
est neighbor searches to nd similar failing executionsrirother
users. Ideally, the neighbors returned should not only biaveor-
rect class label, but should also represent those with aimilo-
gram con gurations or program inputs. The four data setsvsho
here are Mpg321 (an mp3 player, 4 classes, 128 dimensiams), F
pro (a database manager, 4 classes, 12,670 dimensionsjwvand
Linux kernel applications, Iptables and Iproute (having dlasses
and 50-250 dimensions). As described in [8], these datansss
created by running each program many times with varioustipu
exposing each of the error classes. Program features deeteal
from each program run and each run corresponds to a singte tra
ing instance.

Figure 6 provides accuracy results forkeNN classi er used
with our learned rank-10 distance metrics HDLR and HDILR .
We compare this against four baseline methods. The classsmea

g O HDILR
B HDLR
B Class Means
@ LSA
O Euclidean
o
S
. |
(S}
g
g 3 ]
< o
©
©
<
o
Iptables Iproute Mpg321 Foxpro

Figure 6: Classification accuracy for four statistical soft
ware analysis datasets across six different algorithms: HDR,
HD?LR, a baseline class means method, latent semantic analy-
sis (LSA), and the Euclidean distance.

used to parametrize a low-rank Mahalanobis distance wither
forming any additional learning. Con dence intervals ini@s shown
are computed for the" and95" percentiles. Overall, we see that
our HDLR and HDILR methods outperform the other four meth-
ods.

5.4 Collaborative Filtering

Finally, we present experiments over a set of Yahoo song re-
views. Here, 14,596 songs are reviewed by a total of 120,897 r
viewers. Each review has a score ranging from "1' (the resiew
does not like the song) to "5’ (the reviewer liked the songixtiker,
each song is categorized into one of ve genres: Rock, R&R,Po
Rap, and Country.

Many of today's recommender systems work by performing-near
est neighbor searches over such collaborative data in tvdezip
users nd similar songs, movies, or products to the ones lileat
or she already enjoys. Here, we consider the problem of {earn
ing a distance function over the Yahoo song data that resgeci-
res. Such a distance function is important as often peomeipr
songs from a limited number of genres, yet genre informaison
not known for all songs. In fact, the 14,596 labelled song=ius
this data set represent a very small subsefls) of the entire set
of all songs in the Yahoo music data set, most of which have the

method is a supervised method in which the class mean basis isgenre type “unknown'.
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Figure 5: Precision-recall curves comparing our low-rank Mahalanobis distance functions to standard LSA and Tf-1df masures for
the Classic3 text data set, and the politics newsgroups sutts Overall, the HDILR method achieves both high precision ad high
recall that is competitive or better than Euclidean distan@ and LSA, respectively.

Figure 7 shows classi cation accuracy for this data set fanrf
different methods across a varying number of dimensionse ke

see that the low-rank method HDLR (64.5% accuracy) perfdrme

signi cantly better than HDILR (53.9% accuracy). This datt is

extremely sparse, with an average of 33 reviews per son§1{9®.

sparse).
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Figure 7: Classification accuracy for distance functions ofar-
ious ranks for the Yahoo music data set. Here, the HDLR
method significantly outperforms the HDILR method. This
suggests that HDLR method may yield better results in prob-
lems that are extremely sparse.

6. CONCLUSIONS

As seen in the previous section, the quality of a neareshbeig
search can be greatly improved by learning an appropriatartie

measure. In this paper, we have proposed formulations @ud al

rithms that are well suited for learning metrics in high dimsional
settings. Nearest neighbor searches are very simple g, yet

AcknowledgementsWe would like to thank Yahoo for the use of
their collaborative Itering data set.
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