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Equationafdutomated
Theorem Poving

¥ Want to sohe thewor d pr oblem
automaticait

¥ Does a bnite set of identities taeory )
entail another identity?



Exampld heory:
Groups

¥For examplethe theory of groups (G) is
axiomatized g three identities:




Word Problem br
Groups

¥ Theword pr oblem for G:is an identity a
conseguence of the axioms ofagip theory?

¥ E.g.a left-irverse lemma:




Group Theory Poof

¥ Yes there is a left inerse lemma! He®the
proof:

X't (x! 1)

X! 1! (X! (X! 1! (X! 1)! 1))
X! 1! ((X! X! 1)! (X! 1)! 1)
X! 1! (1! (X! 1)! 1)

(X! 1! 1)! (X! 1)! 1
X! 1! (X! 1)! 1
1




Automating Goup
Theory Poofs

¥ Found pioof fully

automaticajl using a tool

calledW aldmeister

¥ Implements an atgithm called

completion

¥ Input:theory* (
¥ Output: equiva

Dnite set of identities).

ent ewriting system (also

called acompletion ) used to decide
whether or not an identity holds.
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Group Theory
Completion

dblieion e ol e Sl e vlr 2 el vl k)

¥ Input:G
¥ Output: rewriting system equivalent to G.

¥ To prove an identity holds;ewrite both
sidesthen test br syntactic equality

x!(y! z)




Group Theory Poofs
Made Easy

¥ With a completionjt® easy to sok the
word problem.Works every time.

(y!x)!'(xty)t " (y!'x)!(x'tryh)
Coy (¢ Ty D)
y!yll
1

(y!x) *t(xty)y " (y'Ix Hl(x!y)
oy (X (x D))
y iy
1




Another Completion

RIS (xty)ytz" x!(y! z

x'11x" 1 h(x!y)" h(x)! h(y)

¥ Input:groups + one endomorphism (GE

¥Output: completion br GE;. Use this to
sole the word problem br GE:. Easy!

x(ylz)" (x!'y)!z
(X!y)!lll X!l!yll
(x!'y)ty 1" x
(x'y Hly" x

NG 1" h(x' )
h(x)! h(y) * h(x!y)
(x* 1)t x (x'h(y)!h(z)" x!h(y! 2z




Completion Falls!

ST G e IR (xty)tz" x!(y! 2z

fxly)" ) EQy) axty)™ agx)taly) f(x)!aly)” aly)! f(x)

¥Input:theory of gioups + two commnuting

endomorphisms (CGIx:

¥ Output: ...not a completion!
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What WentWrong?

* Begond the theory, completion also needs
anor der ,used to orient each identity

¥Wa|dmeister accepts an oer as inputor
males a pugh guess befe staiting.

¥ Works for simple theoriesfails on CGE

¥ WhyWaldmeister ony looks br orders of
a cettain classand no suitable ater in that
class existoor CGE.
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Life without a
Completion

¥ Without a completionwe must resort to
other methods to sole word problem,e.g.
paramodulationpr our heads

¥Othe~r methods generallless efpciengnd
don©yield completions.

¥Completions peferred because thecan
lead to hight efbcient decision pcedules
(e.g.for SMT).



Our Mission

¥ReV|se the alg)rlthm used lyWaId_melster
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But Prst...

¥ Waldmeistegalg@rithm relies on esults in
the exciting pPeld aoferm r ewr iting .

¥ Today® agenda:

¥ Cover important details fom term
rewriting theory (paticularly proving
termination .)

¥ Discusscompletion  (Waldmeiste)
algrithm).

¥ See wly completion fails and thelpx it .
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All About theWord
Problem

¥ |t@undecida ble (in general).

¥ Can decide the wrd problem br some
theories,but not all.
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Word Problem Ppofs

¥ How do we know an identityholds in a
theory? Find a qmof.

¥ Proof is a sequence of termstarting with
one side of the identity and ending with th
other side

¥ Successesterms ceated ly replacing
Instances of one side of the thepaxioms
with instances of the other

¥ Easy to checlyut had to bnd.
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Proof Construction ty
Rewriting

¥ ldeaorient axioms D nw calledr ules.

¥ Replace instances of Ihs with instances o
rhs D calledewr iting .

¥ Rewrite terms to normal form.

¥ Two sides of identity ha same normaldrm
Iff identity holds.
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Reawriting to Normal
Form

¥ To solve the word problem like this,normal
forms nust:

1. require only Pnitey mary steps to
compute

2. be unique b same endsult regadless of
reduction sequence
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Properties of Ra&vriting
Systems

¥These equirements corespond to two
Important properties of rewriting systems:

1. Termination :no inPnitey long
reduction sequences.

2. Confduence :If aterm is ewritten to
distinct termsthen those terms can be
rewritten to a common term [oined ).

¥ Termination + confRuence = convergence.
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Rewriting Example 1

¥ The non-conBuenterminating system

f(x,y)! x gxX)! x f(x,x)! h(x)

applied to termf(x,g(x)ould yield
either reduction sequence:

1. f(x,9(x))! X

2. T(x,gx)! f(x,x)! h(x)
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Rewriting Example 2

¥ The conRuentyonterminating system

t(x)! gh(x)) ax)! 1(x)

applied to termf(x)yields this looping
reduction sequence:

T(x)! g(h(x))!
t(h(x))! g(h(h(x)))!

T (h(h(x))) ! g(h(h(h(x)))) !
f (h(h(h(x)))) I g(h(h(h(h(x))))) ! &aa
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Rewriting Example 3

¥ The convergent system

ack(O,n)! n+1
ack(m+ 1,0)! ack(m, 1)

ack(m+ 1,n+ 1) ! ack(m,ack(m+ 1,n))

applied to termadk(3,3)yields this long
reduction sequence:

ack(3,3) ! ack(2,ack(3,2))! ack(2, (ack(2,(ack(3,1)))))!
ack(2, (ack(2, (ack(2,ack(3,0)))))) ! ack(2, (ack(2, (ack(2,ack(2,1))))))!

ack(2, (ack(2, (ack(2,ack(1,ack(2,0)))))))! &a! 61
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Proving Re&vriting
Properties

¥ To sole the word problem with rewriting,
systems mast be terminating and conf3uen

¥ How do we prove these poperties?
¥ What if we can?
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Decidabllity of
Termination

¥ If we canprove terminationwe€® stuck.
¥Unfortunatey, termination isrtQust

undecidablgt® a
¥ Undecidable c

SO hadl.

asseseavast3-rule

monadic systemsjngle-rule systems.

¥ Decidable classesarelatively modest:

right-ground.
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TerminationWarm-up

¥ Do the followingTRSXerminate Why?

¥ (Remembera counterexample equires
exhibiting a term that stas an inbnte
reduction sequence)
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Reduction Oders

¥ The bundation of most termination @ofs
IS a leduction oder.

¥ Def.Arewrite or der > is stable under
1. contextss >t— C[g] > C[t],
2. substitutions s >t — so > t0.

¥ Def A reduction or der is a well-bunded
rewrite order.
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Characterizing
Termination

¥ Reduction oders characterize termination
of term rewriting systems.

¥ Thm: aTRS is terminating iff it is compatib
with some eduction oder.

¥ An order > iscompatib le with aTRS
if | > rfor all rulesl = r.
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ProvingTermination

¥ Three was to shav termination:

1. Semantical Beduction oder debned
w.r.t. a well-ounded algebra.

2. Syntactical Peduction oder debPned
using the subterm mperty.

3. Transbrmational B pply a termination-
presewing ma M, then repeat withp(R).

¥ Examples of 1 and 2 toda
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Semantical Methods
f (g(x)) — f (h(f (x))) g(g(x)) — f (g(h(x)))

¥ Ideainterpret ground terms as natural
numbers N.

¥ Want interpretation s.trulesO rhs aralvays
less than Ihs with the usual der <.

¥ Each ewrite yields smaller intergatation.

¥ Because (N,<) is all-oundedno inbnite
reduction sequences @aipossible
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Example Interpgtation

f(a(x)) = T(h(t(x)))  9(a(x)) — 1(g(h(x)))

¥Interpret function symbols as functions in
¥N:N->N, g":N—=N, N:N = N.

¥iNx)=x, g'(x) =1+x, N(X) = x.
¥ Shaw |hs is geater than r

1.
2

QOO = 1+x > x= [f(

g(g(X)N = 2+x > 1+x =

30
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2-Algebras

¥ Asignatur e Z=30U 31U >2U ...
¥ AS-algebra A = (A" s.t.
SA = [fA:AN A | f <iEN

¥ (A <) is awell-founded Z-algebraf < is
well-founded onA.

¥ A monotone well-foundedZ-algebrahas,
<|f* <A, <] a,b<mA :

a<b— fA(.a,..) <A(.b,...).
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Semantical Methods

¥ Def Let A be a vell-bunded monotones-

algebralhen t <, tO iff [} < [tO} for every
variable assignment.

¥ | em <, is a reduction oder.

¥ ThmATRS terminates iff it admits a

compatible vell-ounded monotone-
algebra.
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Polynomial Oders

¥ Most common algebras used with seman
Interpretation ake polynomials with
coefbcients in N eer N*.

¥ Induces the class oéduction oders called
polynomial or der s.

¥ Decent heuristics exisof Pnding
polynomials to associate with each functic
symbol.
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Weaknesses of
Polynomial Oders

¥ Existence of suitable algebra is undecida
¥ Worse, proving compatibility is undecidab

¥ Proof-theoretic strength is limitedCan®
prove termination IfTRS either

1. has eduction sequences of length 3°2,

2. computes a supegpolynomial mmber
theoretic function.
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Syntactical Methods

¥ We can debneeduction oders without
relying on a well-founded algebra.

¥ But ary order must be well-bundedand
this Is just what hang a semantic
Interpretation helped with.
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Subterm Odering

¥ |deat; < t» iff t1 is a poper subterm of 4.

¥ Unfortunatel, weak B length ofeduction
sequences limitedybdepth of term.

¥ Can we Pnd arextension of this order
that remains well-founded?
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Simplibcation Qxers

¥m: any strict rewrite order with the
subterm poperty is well-founded.

¥Reduction oders with subterm poperty
are calleasimplibcation or der s.

¥ Important because the(typicaly):
1. are relatiwely powerful,
2. have simple ecursie debnitions,
3. are easy tested br compatibility

4. are decidable
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Recursie Path Oders

¥ Common orers:recursie path oders

(RPO) and

Koth-Bendix oder (KBO).

¥ |dea behino

RPO

¥del3ne paral pr ecedence or der on2;

¥ decide oder by comparing oot symbols
then recursiely comparing arguments.

¥ RPOSifer in how the arguments ar

compaked:e.

g.lexicogrghicaly (LPO)as

multisets (MPO).
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Debnition of LPO

Let | be a bnite signature and > be a strict order on ! .
Then S >|p0 t i"

LPO1 t= Var(s) and sk t; or
LPO2 s=1f(S1,...,Sm), t = 9(ty,...,ty); and

LPO2a "1# i# m:s; $p0t; OF

LPO2b f >gand % # ] # n:sS>p0 tj; OF

LPO2c f =g, % # | # n:s>potj,
and"1# 1 # m:s;=1t1,...,Si_1=t_1
and s >1po 1j.




LPO Example 1

X+ 0 — X X +s(y) — s(X +Y)

¥ Above TRS shwn LPO-terminating with
precedence + >s > 0:

1. (LPO1) because rhs is a variable in |hs

2. (LPO2b) + > s in pecedenceso check
that Ihs >0 of rhs subtermYes:(LPO2c)

then (LPO1) thee times.
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LPO Example 2

D ORI X+ s(y)! s(x+vy)
x"0! O X"s(y)! x+ (x"vy)

exp(x,0) ! s(0) exp(x,s(y))! x"exp(x,y)

¥ Above TRS shwn LPO-terminating with
precedence exp >*>+>s>0.

¥ Multiplication rules:
1. (LPO2Db) * > 0and O has no subterms.

2. (LPO2b) * > +so0 check that Ihs 3 of
rhs subterms(LPO1) and (LPO2cand
(LPO1) thee times.
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LPO Example 3

ack(0,x) ! s(x)
ack(s(x),0) ! ack(x, s(0))

ack(s(x),s(y)) ! ack(x, ack(s(x),y))

¥ Above TRS is shan terminating with
precedence ack >s >0

1. (LPO2b) ack > shen (LPO1).

2. (LPO2c)(LPO1)(LPO2b)(LPO2a),
(LPO1).

3. (LPO2c)(LPO1)(LPO2¢c)(LPO1),..



LPO Is petty great

¥I\/Iuch stonger than pofnomial oders
proves termination of functions that gw
faster than ay primitive recursie function.

¥Compatibi|ity easyl checled in poy time.

¥ Existence is NP-hdrb just ty all possible
total orders on2 B but decidable



LPO Is not peréct

IElDEEX &l g (xty)ylz" x! (y! z)
Fxty)" T(x)ET(y) alxty)™ g(x)laly) T()Paly)” aly)! f(x)
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AutomatedTermination

Checlers

¥There are nifty tools toautomatically
prove termination using @vious met

nods.

¥ Works for systems that a& compatib

e with

any one (or a combination of) a variety of

reduction oders.

¥ E.g.APr oVE :fastefiective and poduces

human-eadable pvofs.
¥ Will be useful later.
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Proving Conl3uence

¥ ConRuence is undecidable in gendvat,
decidabledr rewriting systems that &
terminating.

¥ Proceed ly shawing joinability of a paicular
(Pnite) set of pairs of terms.

¥ Finite computation that implies conBuenc

46



bining Critical Pairs

¥ Statt with a common instance of tarulesO
Ihs:s;.

¥ Rewrite with both rules to two different
terms:to < s — t1.

¥ Try to join those terms 6 a common term:
B m oo ) e pet B

¥ (t1 t2) called acritical pa ir .

¥ Thm: joinability of all critical pairs implies
conf3uencdor terminating systems

47



Critical Pair Example |

Fx,g(x)) !t x  glgx))! x

¥ Common instances of rulesO |banites
two ways:




Non-Conl3uent Systen

¥But simpy orienting the axioms of man
theories yields a non-conf3uehRS.

¥ If a system is not conRuespmetimes &
can bnd arequivalent system that is.

¥Systems a equivalent if an identity holds
one systemiff it holds in the other
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Equivalent Conf3uent
Systems

¥ Start with a terminating systencompatible
with reduction oder >.

¥ Compute a non-joinable critical pait ).

¥ |ft; > to,thenadd r ule t; — t2 to system.

¥ Now (t1,t2) is ]

olnable

¥ Continue unti

all critical pairs arjoinable

50



Critical Pair Example

Fx,g(x)) ! x  g(g(x)) ! X

¥ Add unjoinable critical pair agwrite rule.
New, equivalent system:
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Completion

¥ Calledcompletion pr  ocedur e, invented
by Knuth inO70.

¥ Completion can helgolv e the w ord
problem .

¥Use the equivalentonvergent ewrite
system (thecompletion ) to normalize
both sides of ay identity

¥ If normal brms ae the sameidentity
holds,otherwise it doesnO
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Limits of Completion

¥ Completion doesn@lways work:

¥ An unorientable critical pair could be
generated (completiohalls);

¥Critical pair generation might not
terminate

¥ Failsonly if reduction oder is
Incompatible with the n& rule.

¥ (Can shav that OinPniteO egutions lead to
semidecision wcedure.)
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Completion Specibec

Formally

¥Completion typicall speciPed aan
Infer ence system .

¥ Operates on pairs (E,R) P set of identities

and set of ewrite rules.
¥ Stat with (Eo,<y) and Pnish with<{y
¥ K is the theory andR is an equiva

).

ent

convergent system (the completion).
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Completion as an
Inference System

(E#{s$ t},R)
orient : (E,R#{s! t}) if s>t
(E.R)
deduce: (E#{s$ t},R) ifs%ru! gt
(E#{s$ s},R)
del ete : (E,R)
(E#{s$ t},R)

simplify :  (E#{u$ t},R)
(E,R#{s! t})
compose: (E,R#{s! u})
(E,R#{s! t})
colla pse: (E#{v$ t},R)
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Correctness of
Completion

¥ If executions eentualy consider all critical
pairs (ae fair ) and can orient gery identity
(isnon-f ailing ),completion succeeds.

¥ Theorem: a non-failingair execution with
identitiesE yields a comergent,equivalent
rewriting systenmR,which can be used to
solhe the word problem br E
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Completion and CGE

ST G e IR (xty)tz" x!(y! 2z

fxly)" ) EQy) axty)™ agx)taly) f(x)!aly)” aly)! f(x)

¥ Recallcompletion didrt@vork with the two
comnuting endomorphisms (CGJEtheory.

¥ Doesnffail per sebecause it neer starts.

¥ How to orient identitieshat reduction
order to use?
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The Reduction Oder

Requiement

¥Completion requires compatible@duction
order,usual provided ly the user

¥ Can®bnd one in usud classes.Wedk looked.
¥ Een if we found ongwe couldniGpecify it

P n
Wa

0 oders suppoted by tools (eg.
dmeister) a& compatible

Y Wit

nout an order,completion is useless.
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Issues with Completio

¥ WeOlld solve the bllowing pro

1. Compatible orders had for t
Pnd

nlems:

ne user o

2. Implementations of mmpletion only

Implement a few classes of

alers (Bven

If a ompatible order exists user ca

specify it.)
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The Orient Rule

(E#{s$ t},R)

ORIENT: (E,R#{s! t})

¥ Trouble is with the useisupplied oder.

¥Manifested In theorient rule b only plae
the order Is needed

¥ Completion would work for more theories
if the user didr®have to explicitly povide
an omer & the stat.
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A New Orient Rule

¥Idea wha If we use a ermination checker
Instead?

¥ New otient precondition: require that

adding s — t presewes termination of the
rewriting system

¥ Implies theexistence of a compatible
reduction oder.
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New Precondition

¥ Tentative change b orient rule precondition:

(EY 8= R <— Original
orient : (E,R! {s" t}) if s>t
Modibed

\

(E! {s=1},R)

orient : (E,R! {s" t}) If R! {s" t} terminates
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Correctness of the Ne
Orient Rule

¥ Different from standad completion in an
Important way B

¥ Termination implies the existence of a
compatible oder, but the or der could be
dif fer ent each time the orient rule Is

applied.

¥ Like perbrming completion wittmultiple
or der s.
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Completion with
Multiple Orders

¥ Completion with nultiple orders was used
for years (without corectness poof) In
some systems.

¥ Useful  if an unorientable identity is
encounteed,just Pnd another compatible
order and lkeep @ing.
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Multiple Orders Not
Correct

¥Correctness an open pblem br years.
¥ Settled ly Sattlerklein inO94 B not coect.

¥Multiple orders with completion can yield
non-confduenmon-terminating systems.
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A Correct Special Cas

¥But SattlerKlein also poved that one kind
of.mult| ordered completlon IS ccnect

il 3 ) a L E AT g 4 T e I e I
- PR R e STl aine T i Ty
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Compose and Collase

E.R#{s! t})

compose: E.R#{s! u}) ift! ru

(

(

(E,R#{s! t})

(E#{v$ t},R) ifsl gv

colla pse:

¥Why?These ae the ony rules that change
or remove rules fom the curent rewriting
system.

¥ Without these, the intermediate ewrite
systemsdrm anincr easing cha in.

¥ The bnal order could hae been used &m
the stait without failure.
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Constraint System

¥ Could use ne orient rule without compose
and coll@se but perbormance suérs.

¥ Insteadcheck termination of @onstr aint
rewriting system not aéficted ly compose
and collpse

¥ LemTermination of constraint system
Implies termination of@writing system and
existence of inaasing chain ofduction
orders.
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Revised Completion

(Eu{s~t},R,C)
orient : (E,RU{s—1},CU{s—1}) if CuU{s — t} terminates
(E,R,C)
deduce: (Eu{s=~t},R,C) if s«<gpU—Rt
(Eu{s~s},R,C)
del ete : (E,R,C)

(Eu{s~t},R,C)
simpl ify : (Eu{u=~t},R,C)
(E,RU{s—1},C)
compose: (E,RuU{s—u},C)
(E,RuU{s—1},C)
colla pse: (Eu{v=t},R,C)

¥ Key diferencesconstraint systenC and
termination pedicate in orient pecondition.
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Completion Searh

¥ What if a if a rule can be oriented tw
different ways?

¥ st try both.Search for a correct
completion.

¥ (Seach aoids problems with pesky inPnite
executions mentioned earligr

¥ Breadth-brst seah guarantees that evwill
eventualy bnd a completion.
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Revised Completion

¥ Revised method isorr ect .

¥ Order isdisco ver ed, not provided.

Y Wit

the

N perfect termination-checking abiljty
method completes antheory

compatible with someeaduction oder.

¥ With real termination-checking pgram
that decides a class of @ers O, then revised
method completes antheory compatible
with an orer in O.
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Slothiop

¥ Implementation of evised poceduse:
Slothiop.

¥ 3500-line Ocaml mgram.

¥ Integrates withtAPrOVE termination
checler,and recentlyy with TPA.

¥App|ications of orient rule peceded with
calls to checer to verify termination of
constraint system.

¥ Best heuristicsize(C + E + cp(R))
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Completion of CGEk

¥Slothrop completes a variety of theories
(e.g.groups and other algebraic struces).

¥ Completed CGEDPrst ev er automatic
completion!

x!'y'lz# x!(ylz) fQ# 1

Dt A | fXx)t# f(x?)

el o] f)f(y)# f(x!y)

X! (xtry)# vy fX)(f)!'2)# f(x!y)!z
X1 (x!'y)# vy g1 # 1

(x'y)7# y*Ixt  (g(x)*# gx)

1V x# x a(x) ! aly) # a(x!y)

X!1# X gx)! (a(y)! z2) # g(x!'y)! z
1I*# 1 FO)aly) # aly)! f(x)
D FE(ay)t ) # aly)! (F(x)! 2)
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Performance

¥ Time:6s to Pnd G completiorg0s br GE;,
15m pr CGE.
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Evaluation of Slotlop

¥ Efbciency is a limitatioout with patience
hard completions a& found.

¥ Works well on small-to-medium theories,
slow on large theories.

¥ Not yet able to Pnd completion of CGE
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Future Work

¥Improved termination checking:

¥ Stronger B incease class of theories tha

can be comp

¥ Faster B bnc
Incr emental

eted.

completions fastéeed
termination checking.

¥ Improved seach heuristic:

¥ Hard question :how can dierging
completion instances be identiPed?



Conclusion
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Conclusion










Conf3uence Detalls

L ocal confuence:

ConRBuence: (!

¥Critical pair lemmapinability of critical
pairs implies local conf3uence

¥ Newmanlemmaltocal confRuence +
termination implies conf3uence
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