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A Good Order is 
Hard to Find

¥Input to completion: set of identities and a 
compatible reduction order.

¥Compatible orders hard to Þnd.

¥Compatible orders hard to specify.

¥Tools implement only a few classes of 
orders. 

2



Completion with Termination Checking Wehrman, Stump, Westbrook

Main Idea
¥Use a termination checker instead.

¥User doesnÕt explicitly provide a 
compatible reduction order.

¥Ensures termination of intermediate 
rewrite systems.

¥Goal: help complete more theories in 
practice. 
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Completion Refresher
¥Completion as an inference system:
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a rule l ! R r " R such that l is not reducible by the rule s ! R t. This technical

side-condition is a requirement for the proof of correctness, irr elevant to later proofs.

orient:
(E # {s

.
$ t}, R)

(E, R # {s ! t}) if s > t

deduce:
(E , R)

(E # {s $ t}, R) if s %R u ! R t

delete:
(E # {s $ s}, R)

(E, R)

simplify:

(E # {s
.

$ t}, R)

(E # {u
.

$ t}, R) if s ! R u

compose:
(E , R # {s ! t})
(E, R # {s ! u}) if t ! R u

collapse:
(E , R # {s ! t})
(E # {v $ t}, R) if s !! R v

Figure 3-3: Standard Knuth-Bendix Complet ion (C)

A deduction of C, writ ten (E, R) &C (E ′, R′), consistsof Þnite setsof identit ies

E, E ′ and rewrit ing systemsR, R′. A execution ! of the systemC is valid if it begins

with the pair (E0, ' ) and is followed by a possibly inÞnite sequence of deduct ions

(E0, ' ) &C (E1, R1) &C (E2, R2) &C · · · ,

where E0 is the Þnite set of identities provided as input by the user, and each

deduction results from an application of exactly oneof the inference rules of C.

The persistent identities E! (persistent rules R! ) are those that appear in

someintermediate setof identities Ei (rulesRi) and remain in all futur e intermediate

setsof identiti es Ej (rules Rj) for j > i ,

E! =
⋃

i∈N

⋂

j≥i

Ej and R! =
⋃

i∈N

⋂

j≥i

Rj.

The persistent setsare usedto reasonabout inÞnite executions of a complet ion pro-

cedure,and to state the main theorem about the correctness of C. For consistency,

weallow Þniteexecutionsto beconsiderasinÞnite executions: a Þnite execution! of

length n can be extended to an inÞnite executionö! such that (Em, Rm) = (En, Rn)
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ModiÞed Orient Rule
¥Tentative change to orient rule precondition:
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executions of C in this paper; the infinite case is discussed briefly in Sect. ??.)
The length of γ, written |γ|, is the number of deductions in γ. A finite execution
γ of C succeeds if E|γ| = ∅ and R|γ| is a convergent rewrite system equivalent to
E as described above; otherwise it fails. Elsewhere ([?], [?]), C is proved correct
in that any successful, finite execution γ results in a convergent rewrite system
R|γ| equivalent to the input identities E.

orient:

(E ∪ {s .
= t}, R)

(E, R ∪ {s→ t}) if s > t

deduce:

(E, R)

(E ∪ {s = t}, R) if s←R u→R t

delete:

(E ∪ {s = s}, R)

(E, R)

simplify:

(E ∪ {s .
= t}, R)

(E ∪ {u .
= t}, R) if s→R u

compose:

(E, R ∪ {s→ t})
(E, R ∪ {s→ u}) if t→R u

collapse:

(E, R ∪ {s→ t})
(E ∪ {v = t}, R) if s

!→R v

Fi g. 1. Standard Knuth-Bendix Completion (C)

The main difficulty with the standard completion procedure is in finding
an appropriate reduction order. Choosing a suitable RPO, KBO or polynomial
interpretation (the only options available in known tools) is difficult even for
experienced users, and for many theories no such path ordering exists. In the
next section, we solve this problem with a variant on the standard completion
procedure which discovers a suitable reduction ordering without input from the
user.

3 Completion with Termination Checking

We now present a modification of the standard Knuth-Bendix completion pro-
cedure. The primary difference is that no reduction order is explicitly provided
as input, only a finite set of identities. Lacking any specific reduction order to
guide the search, we preserve termination of each intermediate rewrite system
Ri by ensuring that some reduction order "i compatible with Ri exists. The
orders "i are constructed using terminating rewrite systems Ci, specifically as
the transitive closure of the reduction relation on Ci, written +→Ci . This rela-
tion is a well-founded order exactly when the system Ci is terminating. While
in the standard system C a rule s → t is added by orient to Ri only if s > t
with the user-specified reduction order, in the modified system the rule is added

Original

ModiÞed

only if the addition of s → t to Ci preserves terminat ion. Of course,deciding
terminat ion is not possible in general. In Sect. 4, we discusshow thi s test is
accomplished in practi ce.

Figure 3 providesthe inference rules for a modiÞcation of the standard com-
pleti on procedure, which we refer to as system A. A deduction of A, written
(E,R, C) "A (E! , R! , C ! ), consists of identi ties E,E! and rewri te systems R,R!

as in standard completion, and Þnite constraint rewriti ng systems C,C ! new to
A. A Þnite execution ! of the system A is the tr iple (E0, ∅, ∅) followed by a Þnite
sequence of deduct ions

(E0, ∅, ∅) "A (E1, R1, C1) · · · "A (En, Rn, Cn),

with E0 the set of input ident ities and where each deduction results from an
application of one inference rule from A. We consider only Þnit e executions of
A; inÞnite executions are discussed in Sect. 6. We write |! | to denote the length
of the sequence. An execution ! of A is equivalent to an execution " of C when
the intermediate equations and rewrite systems are the same at each step. A
Þnite execution ! of system A succeeds when E|α| = ∅ and R|α| is a convergent
rewrite system equivalent to E. Because we only consider Þnite executions,every
execution that doesnot succeed fails.

orient :

(E ∪ {s .
= t}, R)

(E , R ∪ {s→ t}) if R ∪ {s→ t} terminates

deduce :

(E , R)

(E ∪ {s = t}, R) if s←R u →R t

del et e:

(E ∪ {s = s}, R)

(E , R)

simplify :

(E ∪ {s .
= t}, R)

(E ∪ {u .
= t}, R) if s→R u

compose:

(E , R ∪ {s→ t})
(E , R ∪ {s→ u}) if t →R u

colla pse:

(E , R ∪ {s→ t})
(E ∪ {v = t}, R) if s !→R v

Fi g. 2. Broken Modified Knuth-Bendix Completion (A)

The rules ded uce , delete , simpl if y , compose and colla pse of A are
identical to those of C, except for the presence of the const raint system C which
is carried unmodiÞed from antecedent to consequent. The critical di! erence be-
tween A and C is in the deÞniti on of the orient rule. In the standard system
C, an identit y s

.= t of E is added to R as rule s → t only when s > t for the
given reducti on order. In the modiÞed system A, we add the rule s → t to R
only when the augmented const raint system C ∪ {s → t} is terminating. The
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Multiple Orders
¥Equivalent formulations? 

¥Compatible order  ⇒  termination.

¥Termination  ⇒  compatible order exists. 

¥No: could be a different order for each 
application of orient rule.

¥Completion with multiple orders not 
correct Ð counterexamples by Sattler-Klein. 
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ReÞning Orders

¥Obs: if intermediate rewriting systems 
terminate and form an increasing chain, 
an increasing chain of compatible orders 
exists. 

¥The one Þnal order of the chain is 
compatible with all intermediate 
systems. 
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Constraint Systems
¥Removing redundant rules important for 

performance though. 

¥Fix: use a constraint rewriting system C.

1. Intermediate constraint systems form 
increasing chain.

2. C terminates ⇒ R terminates. 

¥C is like R, but rules are only added. 
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ModiÞed Completion
¥Completion with termination checking:
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30

A . An execution ! of the system A is valid if it begins with the triple (E0, ! , ! ) and

is followed by a sequence of deductions

(E0, ! , ! ) " A (E1, R1, C1) " A (E2, R2, C2) " A ááá,

with E0 the set of input identities and where each deduction results from an applica-

tion of one inference rule from A . An execution ! of A is equivalent to an execution

" of C when the intermediate equations and rewriting systems are the same at each

step. A execution ! of system A succeeds when E|α| = ! and R|α| is a convergent

rewriting system equivalent to E.

orient :

(E # { s
.

$ t} , R, C)

(E, R # { s % t} , C # { s % t} ) if C # { s % t} terminates

deduce :

(E, R,C)

(E # { s $ t} , R, C) if s & R u %R t

del ete :

(E # { s $ s} , R, C)

(E, R,C)

simpl ify :

(E # { s
.

$ t} , R, C)

(E # { u
.

$ t} , R, C) if s %R u

compose:

(E, R # { s % t} , C)

(E, R # { s % u} , C) if t %R u

colla pse:

(E, R # { s % t} , C)

(E # { v $ t} , R, C) if s
!%R v

Figure 5-1: Modified Knuth-Bendix Completion (A )

The rules deduce , del ete , simpl ify , compose and colla pse of A are

identical to those of C, except for the presence of the constraint system C which is

carried unmodified from antecedent to consequent. The critical di! erence between

A and C is in the definition of the orient rule. In the standard system C, an

identity s
.
= t of E is added to R as rule s % t only when s > t for the given

reduction order. In the modified system A , we add the rule s % t to R only when

the augmented constraint system C # { s % t} is terminating. The system A accepts

as input only the finite set of identities E; no reduction order is explicitly provided.
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Completion Search

¥What if an identity can be oriented in either 
direction? 

¥Just try both ways Ð search for a 
convergent completion. 

¥Succeeds if search is fair (e.g., breadth-Þrst).
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Implementation
¥Completion with termination checking 

implemented: Slothrop. 

¥~7k line Ocaml program, integrates with 
AProVE. 

¥Applications of orient rule preceded with 
calls to AProVE to verify termination of 
constraint system. 
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SlothropÕs Completions

¥Slothrop automatically Þnds completions for 
small theories (groups, etc.) and some larger 
theories (> 20 eqs).

¥First automatic completion of theory 
of two commuting group endomorphisms 
(CGE2). 

¥Time: ~6s groups, ~1hr CGE2. 
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Conclusion

¥Details in tech report WUCSE-2006-45. 

¥Slothrop available online at cl.cse.wustl.edu.

¥Thanks to AProVE team for help with 
integration. 
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