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Optimal Virtual Topologies for One-To-Many
Communication in WDM Paths and Rings

Jeff R. K. Hartline, Ran Libeskind-Hadas, Member, IEEE, Kurt M. Dresner, Ethan W. Drucker, and Katrina J. Ray

Abstract—In this paper we examine the problem of constructing
optimal virtual topologies for one-to-many communication in op-
tical networks employing wavelength-division multiplexing. A vir-
tual topology is a collection of optical lightpaths embedded in a
physical topology. A packet sent from the source node travels over
one or more lightpaths en route to its destination. Within a light-
path, transmission is entirely optical. At the terminus of a lightpath
the data is converted into the electronic domain where it may be re-
transmitted on another lightpath toward its destination. Since the
conversion of the packet from the optical to the electronic domain
introduces delays and uses limited physical resources, one impor-
tant objective is to find virtual topologies which minimize either the
maximum or average number of lightpaths used from the source to
all destination nodes. Although this problem is NP-complete in gen-
eral, we show that minimizing the maximum or average number of
lightpaths in path and ring topologies can be solved optimally by
efficient algorithms.

1. INTRODUCTION

AVELENGTH-DIVISION MULTIPLEXING (WDM)

has emerged as a key optical networking technology for
realizing low cost, high bandwidth, and scalable data services.
Each fiber optical physical link in a WDM network is parti-
tioned into multiple data channels each of which operates on
a separate wavelength. Thus, WDM permits use of enormous
fiber bandwidth by providing data channels whose individual
bandwidths more closely match those of the electronic devices
at their endpoints [13]. As WDM technology matures, it
is likely to be widely used in systems ranging from local
and metropolitan area networks to the backbone of the Next
Generation Internet.

Manuscript received March 29, 2002; revised March 3, 2003; approved by
IEEE/ACM TRANSACTIONS ON NETWORKING Editor C. Qiao. This work was
supported by the National Science Foundation under Grant CCR-9900491 to
Harvey Mudd College.

J. R. K. Hartline was with the Department of Computer Science, Harvey
Mudd College, Claremont, CA 91711 USA. He is currently with the Depart-
ment of Computer Science, Cornell University, Ithaca, NY 14853 USA (e-mail:
jhartlin@cs.cornell.edu).

R. Libeskind-Hadas is with the Department of Computer Science, Harvey
Mudd College, Claremont, CA 91711 USA (e-mail: hadas@cs.hmc.edu).

K. M. Dresner was with the Department of Computer Science, Harvey Mudd
College, Claremont, CA 91711 USA. He is currently with the Department
of Computer Science, University of Texas, Austin, TX 78712 USA (e-mail:
kdresner@cs.hmc.edu).

E. W. Drucker was with the Department of Computer Science, Harvey Mudd
College, Claremont, CA 91711 USA. He is currently with the Department of
Computer Science, University of California, Los Angeles, CA 90095 USA
(e-mail: ethan@cs.ucla.edu).

K. J. Ray was with the Department of Computer Science, Harvey Mudd
College, Claremont, CA 91711 USA. She is currently with the Department of
Computer Science, New Mexico State University, Las Cruces, NM 88003 USA
(e-mail: kray @cs.nmsu.edu).

Digital Object Identifier 10.1109/TNET.2004.826283

In many applications, a single source node in a network is
required to send data to a number of destination nodes. The
data sent to the destination nodes may be identical (multicast
communication) or may be personalized. Ideally, each message
is transmitted from the source to a destination without any op-
tical-to-electronic conversion within the network. Such all-op-
tical communication can be realized by using a single wave-
length to establish a connection to each destination, but such
connections require many dedicated optical paths which may,
in general, be difficult or impossible to find [11]. Alternatively,
all-optical wavelength converters may be used to convert from
one wavelength to another within the network but such con-
verters are likely to be prohibitively expensive for most appli-
cations in the foreseeable future [13]. Moreover, in all-optical
communication a path is typically dedicated for communication
from the source to a specific destination, potentially under-uti-
lizing the bandwidth of the channels on that path.

A second approach is to embed a set of lightpaths in the net-
work. A lightpath is a path comprising channels on a single
wavelength. A packet may travel over multiple lightpaths from
the source to a destination node. Within a lightpath, transmis-
sion is entirely optical. At the terminus of a lightpath the data is
converted into electronic form and is delivered to the local node
if it has reached its destination and is otherwise retransmitted
on another lightpath toward its destination. Intermediate nodes
on a lightpath simply allow the packet to pass through optically,
but do not have access to the packets themselves. Thus, a single
lightpath from node x to z passing through intermediate node y
is different from two lightpaths, one from z to y and one from y
to z, even if these two lightpaths use the same wavelength. The
collection of lightpaths is called the virtual topology.

In a virtual topology, the hop distance' from node s to node
d is defined to be the minimum number of lightpaths over all
paths from s to d. Each hop in a path incurs latency due to con-
version of the packet from the optical to the electronic domain,
application of the routing function, queueing, and retransmis-
sion on the next lightpath. Thus, minimizing the number of hops
is a performance metric of interest in networks in which hop la-
tency dominates channel propagation latency [3], [14]. It has
also been observed that under certain assumptions, minimizing
the average hop distance is meaningful in wide area networks
as well [2]. In addition to minimizing the maximum or average
hop distance, other optimization criteria that are typically con-
sidered are minimizing congestion, minimizing use of certain
network resources (transceivers, add/drop multiplexers, wave-
length converters, among others), and minimizing propagation
delay.

The virtual topology problem has been widely studied in
the literature for a variety of network models and optimization

IThis is also sometimes called virtual hop distance.
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criteria. Recently, several aspects of virtual topology design
have been considered for one-to-many communication in
switch-based networks. Due to the apparent intractability of
these problems, most existing solutions use either integer linear
programming formulations or heuristics. The integer linear
programming formulations allow optimal solutions, although
they require exponential time in the worst case. In contrast,
heuristics are generally fast but provide no guarantees on the
optimality of the solutions. For example, Sahasrabuddhe and
Mukherjee [10] use a mixed-integer linear programming for-
mulation to minimize the average hop distance or the average
number of transceivers used in a network. Zhang et al. [15]
proposed and evaluated several heuristics for sparse-splitting
networks in which only a subset of the nodes support multicast
in hardware. Liang and Shen [8] examined the problem of
minimizing the total cost of a multicast tree in which a cost
is associated with each wavelength on each link and with
converting from one wavelength to another. They showed that
finding a virtual topology of minimum total cost in this model
is NP-complete but that a polynomial-time approximation
algorithm exists for this problem. Examples of other related
results can be found in [1], [7], and [10]. Thaker and Rouskas
[12] provide an excellent survey of results on multicasting in
broadcast star networks. Finally, we note that the problem of
finding optimal virtual topologies has also been studied in other
types of networks. For example, related problems arise in ATM
networks [4], [5].

Although the virtual topology problem in switch-based
networks is computationally intractable in many cases, in this
paper we demonstrate that the problem can be solved optimally
in polynomial time for paths and rings under the objective
of minimizing the average or maximum hop distance. These
results are of potential practical and theoretical significance.
In practice, rings are among the most prevalent topologies
used in WDM networks. Moreover, the techniques and results
described here may be useful in obtaining similar results for
other related topologies.

The remainder of this paper is organized as follows. In
Section II we describe the problem formally and give some
preliminary results which will be used in the remainder of the
paper. In Section III we give the fundamental result for paths
and rings. In Section IV we generalize this result to the case of
minimizing the weighted average hop distance. We conclude
in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

We model a network by a directed graph G = (V, E). We
assume that the graph is symmetric so that if (u,v) € E then
(v,u) € E. We henceforth use the terms “vertex” and “node”
interchangeably and the terms “directed edge” and “physical
link” interchangeably.

Let s € V be the source vertex and D C V — s be a set of
destination vertices. The pair (s, D) is henceforth called a com-
munication group. Let w be the number of wavelengths on each
physical link which may be used to build the virtual topology
for communication group (s, D). (Note that this may be the ac-
tual number of wavelengths present or may be a bound estab-
lished in order to reserve wavelengths for other virtual topolo-
gies.) A w-wavelength virtual topology for the group (s, D) is
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apair T = (P, f) where P is a set of directed paths in G called
lightpaths and f : P — {1,...,w} is an assignment of light-
paths to wavelengths such that:

* Any two lightpaths in P which share a directed edge are
assigned distinct wavelengths. That is, if p, p’ € P and
Je € E suchthat e € pNp’ then f(p) # f(p').

* For each d € D there exists a set of lightpaths
{p1,...,px} C P such that p; originates at s, pg

terminates at d, and for 1 < 7 < k — 1, the end vertex of
p; is the starting vertex of p; 1.

Henceforth, we use the term virtual path to indicate a path
from the source to a destination vertex comprising one or more
lightpaths.

For a fixed communication group (s, D) the hop distance
from s to d in virtual topology 7', denoted hr(d), is defined
to be the minimum number of lightpaths over all virtual paths
from s to d. The maximum hop distance with respect to T is
M(T) = maxge p{hr(d)} and the average hop distance with
respect to 1"is A(T) = (3 4cp hr(d)/|D]).

Our objective is to find virtual topologies which are optimal
with respect to metrics M or .A. The following theorem states
that the optimal virtual topology problem is, in general, compu-
tationally intractable for both of these metrics.

Theorem 1: The problem of minimizing the maximum hop
distance or average hop distance in an arbitrary symmetric di-
rected graph is NP-complete.

The proof of this theorem is somewhat involved and is
omitted in the interest of brevity. The interested reader is
referred to [6].

Although the general problem is NP-complete, in the re-
mainder of the paper we show that optimal virtual topologies
can be found in polynomial time for symmetric paths and rings.
We note that related problems were studied by Gerstel et al. in
the context of ATM networks [4], [5]. In that model the path is
unidirectional and thus all virtual paths are oriented in the same
direction. This is not required in the WDM model, which makes
the algorithms and analysis substantially more complicated.

Underlying our algorithms are two lemmas which are stated
and proved below.

Lemma 1: Let G = (V, E) be a symmetric graph and (s, D)
a communication group in the graph. Let T” be any virtual
topology for (s, D). There exists a virtual topology T' such
that for each d € D exactly one lightpath terminates at d and
hr(d) < o (d).

Proof: Let T" be an arbitrary virtual topology for (s, D)
and letd € D be a vertex such that two or more lightpaths termi-
nate at d. Let 7 be a virtual path in 7" from s to d comprising the
minimum number of lightpaths. The lightpath in 7 terminating
at d is preserved and the remaining lightpaths terminating at d
are eliminated. This transformation does not increase the hop
distance to any vertex in D. This process is repeated until ex-
actly one lightpath terminates at each d € D. The resulting vir-
tual topology is 7. O

Next, we define the concept of crossing-free virtual topolo-
gies in paths. Let P be a symmetric path of nn vertices vy, . . . , v,.
Let s be one of the vertices in the path and let D be a subset of
vertices in the path excluding s. Let T’ be an arbitrary virtual
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topology for communication group (s, D). Let indices i, j, k,
£ be such that i < j < k < /. Let p and p’ be two lightpaths
in T” such that p originates at v; and terminates at vy, or vice
versa, and p’ originates at v; and terminates at vg, or vice versa.
In this case, lightpaths p and p’ are said to cross. The four pos-
sible ways in which p and p’ can cross are illustrated in Fig. 1.
A virtual topology for a path in which no lightpaths cross is said
to be crossing-free.

Lemma 2: Let P = wvy,...,v, be a symmetric path and
(s, D) a communication group in the path. Let 7" be an arbi-
trary virtual topology for (s, D). There exists a virtual topology
T for (s, D) such that T is crossing-free and hr(d) < hri(d)
for every d € D.

Proof: If T’ is crossing-free then the lemma is vacuously
true. Assume, therefore, that 7" has at least one pair of crossing
lightpaths. By Lemma 1, without loss of generality we may as-
sume that there is a unique virtual path in 77 from s to each
d e D.

We first show that for each of the four possible ways in which
a pair of lightpaths can cross (as indicated in Fig. 1), the two
crossing lightpaths can be replaced by a new pair of lightpaths
which do not cross, do not introduce new crossings, and do not
increase the hop distance from s to any vertex in the network.

Let p and p’ denote a pair of crossing lightpaths and let A and
M denote the wavelengths assigned to these lightpaths, respec-
tively. Note that A and A’ may or may not be equal, depending
on the relative orientations of p and p’.

First, consider the case in Fig. 1(a). In this case the wavelength
A assigned to p is distinct from the wavelength A’ assigned to p’.
If hrs (v;) < hp/(v;) then replace p’ with a lightpath from vy, to
vg assigned to wavelength \". The new hop distances to v;, v;, and
vy, are unchanged and the new hop distance to v, is hy (v;) +2 <
hri(v;) + 1 = hy(v,). No other hop distances are affected and
no new crossings are introduced. If Ay (v;) > hys(v;) thenre-
move p from 7" and add a lightpath from v, to v assigned to
wavelength \. The hop distance to v, decreases or remains un-
changed and all other hop distances remain unchanged. The case
in Fig. 1(b) is analogous.

Next, consider the case in Fig. 1(c). If hq(v;) < hps(ve)
then replace p’ with a virtual path from v to v; assigned to
wavelength \’. Note that all hop distances remain unchanged
with the possible exception of the distance to v; which is now
hr(v;) +2 < hyi(ve) +1 = hy(v;). The case that by (v;) >
hr:(ve) is analogous. In both cases, no new crossings are in-
troduced. If hq(v;) = hp(ve) then replace p and p’ with vir-
tual paths from v; to v; and v, to v, assigned to wavelengths
A and )\, respectively. All hop distances remain unchanged and
no new crossings are introduced.

Finally, consider the case in Fig. 1(d). If hr/(v;) < hgr(vg)
then replace p with a virtual path from v; to v; assigned to wave-
length . The case for kg (v;) > hp:(vs) is analogous. In both
cases no hop distances are increased and no new crossings are
introduced. If hr/(v;) = hr/(vi) then replace p with a virtual
path from v; to v; assigned to wavelength A and replace p’ with
a virtual path from vy, to v, assigned to wavelength \’. All hop
distances are unchanged and no new crossings are introduced.

Note that each of the four transformations described above
reduces the total number of crossings. Thus, given a virtual

p p' p p'
v, v; Vi v Y Vi Vi v,
(a) (b)
p p' P p'
v; J Vi vV, v Vi v,

(c) (d)

Fig. 1. The four possible ways in which two paths p and p’ can cross.

topology T” with c crossings the transformations can be applied
at most ¢ times until no crossings remain, resulting in a new
crossing-free virtual topology 7" such that A (d) < h7/(d) for
alld € D. ]

Since our objectives are to minimize the maximum or av-
erage hop distance in a virtual topology, Lemma 2 implies that
we may henceforth restrict our attention to crossing-free virtual
topologies.

In the next section we use these results to show that the op-
timal topology problem, with respect to M or A, can be solved
efficiently in paths and rings. Moreover, we show how to con-
struct virtual topologies that simultaneously minimize both the
maximum and the average hop distance in these topologies. In
Section IV we generalize the problem formulation by associ-
ating a positive real number weight with each destination node
in D. We give polynomial-time dynamic programming algo-
rithms for minimizing the average weighted hop distance or the
maximum weighted hop distance in paths and rings.

III. UNWEIGHTED PATHS AND RINGS

In this section we characterize the relationship between
the number of nodes, the number of wavelengths, and the
maximum and average hop distance in a virtual topology
for paths and rings. In addition, we show how to construct
optimal virtual topologies with respect to minimizing both the
maximum and the average hop distance in these topologies. We
begin by considering symmetric directed paths. By Lemma 2
we assume, without loss of generality, that all virtual topologies
are crossing-free. Note that if the source vertex s is an interior
vertex in a path, we may assume without loss of generality
that an optimal virtual topology contains no lightpath which
originates at a vertex u to the right (respectively, left) of s and
terminates at a vertex v to the left (respectively, right) of s;
any such topology could be trivially transformed into a virtual
topology in which the terminus v of the lightpath receives
the message in fewer hops directly from s. Thus, if s is an
interior vertex in a path, we may simply partition the path into
two paths, one containing s and all vertices to its right and
one containing s and all vertices to its left. The two virtual
topology problems can then be solved as two independent
problems in which the source is the leftmost and rightmost
vertex, respectively. Since the cases that the source is the left or
right endpoint of the path are symmetric, we henceforth assume
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without loss of generality that the source s is the leftmost vertex
in the path.

Given positive integers h and w, we first find the longest pos-
sible path for which there exists a virtual topology such that at
most w wavelengths are used per directed edge, each vertex in
the path can be reached within at most h hops, and for each
hop value i between 0 and h the number of vertices within %
hops of the source is maximized. More formally, we find a vir-
tual topology 7 (h, w) in a symmetric directed path with the fol-
lowing properties:

1) T (h,w) uses at most w wavelengths per directed edge.

2) The maximum hop distance in 7 (h, w) is h.

3) Let 7" be any crossing-free virtual topology in a path
using up to w wavelengths per directed edge. For each
0 < 4 < h, the number of vertices in 7" with hop distance
i is no larger than the number of vertices in 7 (h, w) with
hop distance .

We then find a closed form for the number of nodes in 7 (h, w).
Finally, we use these results to construct optimal virtual topolo-
gies with respect to M and A in paths and then rings.
Although we assume that each edge has the same number,
w, of wavelengths available, our subsequent analysis is sim-
plified by defining a topology T'(h, wout, win) Which uses at
most w,,t wavelengths on edges oriented out away from the
source and at most wj, wavelengths on edges oriented in to-
ward the source. Let T'(h, wout, win) denote the reflection of
T(h, Wout, win) With respect to s.
Definition 1: T(h,Wout,win) is constructed recursively as
follows:
1) If h = 0 or wouy = 0 then T'(h, Wout, win) is a single
vertex (the source vertex, s).
2) If h > 0 and weye > 0 then T'(h, wout, win ) comprises a
lightpath from s to a vertex v on wavelength wey. Vertex
v is the source of T'(h — 1, wout,wiy) to its right and
T(h — 1, Win, Wour — 1) to its left. Vertex s is also the
source of T'(h, Wout — 1, win) to its right.

This construction is shown Fig. 2.2 For example, T'(2, 2, 2) is
shown in Fig. 3 where lightpaths using one of the two wave-
lengths are shown using solid edges and lightpaths using the
second wavelength are shown using dashed edges. Note that
T(h, Wout, win) is crossing-free by construction.

Theorem 2: Let T’ (wout, Wiy ) be an arbitrary crossing-free
virtual topology in a path using at most w,,t wavelengths on
each link oriented out away from s and at most w;,, wavelengths
on each link oriented in toward s. For each 7, 0 < 7 < h, the
number of vertices in 7'(h, wout, win) With hop distance ¢ is at
least as large as the number of vertices in 7" (Wout, Win) With
hop distance .

Proof: The proof is by strong induction on b+ wgut + Win .

Basis: When h + wout + win = 0, h = weut = wiy, = 0.
In this case, no vertices are reachable from the source and the
only possible virtual topology is a single vertex. By Definition
1, T(0,0,0) comprises a single vertex.

2Note that T'(h, woys, ’w;n) is well-defined although there is no base case
given for w;,, = 0.If h > 0, woue > 0, and w;, = 0, then none of
T(hyWou, — 1,win), T(h — 1, Win, Wour — 1), and T(h — 1, Wour, Win)
contain negative arguments and thus each is well-defined.
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Wout

1)

Fig. 2. The construction of T'(h, w;n, Wout ) in Definition 1.

T °

Fig.3. T(2,2.2) withone wavelength indicated with solid edges and the other
wavelength indicated with dashed edges.

Induction Step: Assume that the claim is true for 0 < h +
Wout + Win < n and consider the case that n = h + Wout + Win-
If h = 0 then by construction T'(h, weut, win) comprises only
the source vertex and the claim is trivially true. If woye = 0
then both T (wout, win) and T'(h, weut, win ) comprise only the
source vertex and the claim is also true. Thus, we may assume
that A > 0 and woy; > O.

Consider crossing-free virtual topologies 7" (wout, win) and
T (h, Wout, Win). In T' (Wout, Win ), let u be the rightmost vertex
connected to s by a single lightpath and let p denote this light-
path. Without loss of generality, p is assigned wavelength wes .
Without loss of generality, all destination vertices to the right of
u are reached using lightpath p. If not, there exists a destination
vertex y to the right of w which is reached via a vertex at  to the
left of . The path from z to y comprises one or more lightpaths.
If the path comprises one lightpath, then this lightpath crosses
p, contradicting the assumption that 7" is crossing-free. Other-
wise, the path from z to y comprises two or more lightpaths.
Since T” is crossing-free, one lightpath on the path from z to y
must terminate at « and one lightpath must originate at u. In this
case, y can be reached using fewer hops by first using lightpath
p and then continuing from « as in the original path in 7”7 from
r to y.

Let v be the rightmost vertex in T'(h, Woyut, win) connected
to s by a single lightpath, as in the construction in Fig. 2. By
construction, the vertices to the right of v in T'(h, wout, Wiy ) are
the destination vertices of 7'(h — 1, wout, win ). By the induction
hypothesis, for each 7, 0 < i < h — 1, the number of vertices in
T(h — 1, Wout, Win) to the right of v with hop distance 7 from v
is at least as large as the number of vertices to the right of  in
T’ (wout, win) With hop distance 4 from w.

Next, consider the set of destination vertices in T’ (wout , Win )
to the right of s but to the left of u. Let D,, denote the set of these
destination vertices that are reached using the lightpath from s
to u and let D, denote the remaining vertices. By Lemma 2, we
may assume that the vertices in D,, are strictly to the right of
the vertices in Dj. Since wavelength w,,t is used for the light-
path from s to u, only wavelengths 1, ..., Wout — 1 are avail-

able in the out direction while all wavelengths 1, ..., w;, are
available in the in direction between vertices s and u. Thus, in
T (wout, win ), the destination vertices in D, are reached from

s using up to weyt — 1 wavelengths in the out direction and
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wi, wavelengths in the in direction. Since the edges oriented
in toward u and out those oriented out away from w are those
oriented out away from s and in toward s, respectively, the des-
tination vertices in D,, are reached from u using up to wy,, wave-
lengths on edges oriented away from » and up to we,t — 1 wave-
lengths on edges oriented toward u. By construction, the vertices
inT'(h, wout, win ) to the right of s and to the left of v are the des-
tination vertices of T'(h, Wous — 1, win ) and T'(h— 1, Wiy, Weut —
1). By the induction hypothesis, for each 7, 0 < i < h, the
number of vertices in T'(h, wout — 1, wiy) With hop distance
1 from s is at least as large as the number of vertices in D
with the same hop distance. Similarly, by the induction hypoth-
esis, for each 7, 0 < ¢ < h — 1, the number of vertices in
T(h, win, Wout — 1) with hop distance 4 from v is at least as large
as the number of vertices in D,, with the same hop distance. [J

Since we are interested in the case that the number of wave-
lengths available on each edge is the same, regardless of the ori-
entation of the edge, we now introduce the following definition:

Definition 2: T (h,w) is defined to be T'(h, w, w).

Corollary 1: Let T'(w) be an arbitrary crossing-free virtual
topology in a path which uses at most w wavelengths on each
link. For each 7, 0 < ¢ < h, the number of vertices in 7 (h, w)
with hop distance i is at least as large as the number of vertices
in 7'(w) with hop distance 7.

Proof: Follows from Theorem 2 and Definition 2. O

Let A'(h,w) denote the total number of vertices in 7 (h, w).
We next derive a closed form for A (h,w). Although the in-
ductive definition of T'(h, weut, wiy) induces a recurrence re-
lation, this recurrence is evidently difficult to solve directly.
We therefore employ a combinatorial argument to find an ex-
pression for V' (h,w). To simplify the combinatorial argument
let 7 (h,w) be the superposition of 7 (h,w) and its reflection
with respect to the source vertex, s. We count the total number
of vertices in 7 (h,w), which we denote N'(h,w). Note that
N (h,w) = (1/2)(N(h, w)+ 1) because the source vertex is in
both 7 (h, w) and its reflection.

We begin by defining the concept of a w-string. It is easily
shown that there is a bijection between the w-strings of length
at most h and the set of all vertices in 7 (h, w). We then find a
closed form for the number of w-strings of length at most h.

Definition 3: Let w be a nonnegative integer. Let %, =

— = —y — — — . .
{1,2,...,w,1,2,...;,w}ifw > 1and §) otherwise. A
string in X7 is said to be a w-string if it satisfies the following
two properties:

1) If 7" appears to the left of 77, or 7 appears to the left of
— S
7 ,thens > j and
2) All occurrences of a given symbol are contiguous.
. . — o —
For example, the following are 3-strings: 3 2 2 3
e e ———
2321,331,213.

[l

Theorem 3: There is a bijection between the w-strings of
length at most A and the set of all vertices in 7 (h, w).
Proof: For nonnegative integers wyy, and wi, let &2

Wout ~—
— = _ . . '
{1, 2,..., Wout} if Wour > 0 and () otherwise. Let X,,,, =
— — — . .
{1,2,..., W} ifwy, > 0and @ otherwise. A (Wout, Win)-

string is defined to be a string over alphabet (32 U X, )"

Wout

such that if % appears to the left of 7", or % appears to the
left of 77, then ¢ > j and all occurrences of a given symbol
are contiguous. Let S(h, wout, win) denote the set of all (wout,
wiy )-strings of length at most A such that first symbol in the
string is not an element of ¥, . For each (wout, wiyn)-string, s,
let the reflection of s, denoted s, be the string constructed by
replacing each occurrence of 7 in s by % and replacing each
occurrence of 7 in s by 7 . For aset A of (Wout, Wiy )-strings,
define the reflection of A, denoted A, to be the set of reflections
of all strings in A.

We claim that there is a bijection between the strings in
S(h, wout, win) and the set of all vertices in T'(h, Wout, Win )-
The theorem is then shown to follow immediately from the
correctness of this claim.

The proof is by strong induction on h + weyt + Wip-

Basis: When A + wip + Wout = 0, h = Wiy = Wout =
0. In this case, there is exactly one (wi, + Wout)-string, the
empty string. There is also only one vertex, the source vertex, in
T'(h, wout, win). Thus, a bijection exists between the two sets.

Induction Step: Assume that the claim is true for 0 < h +
Weout + Win < M and consider the case that n = h + Wout + Win.
If h = 0 or wour = 0 then S(h, Wout, win) contains only the
empty string. Otherwise, let s denote a string in S(h, Wout , Win )-
The first symbol in s is either Wout OF 7 where i < weyt. We
consider these two cases separately.

Case 1) The first symbol in s is W out. Then the remainder of
the string may begin with either a symbol in ¥,,,_, or
Yw,, - In the former case, the remainder of the string
is any string in S(h—1, Wout, win ). In the latter case,
the remainder of the string is any string in S(h —
1, Win, Wout — 1). By the induction hypothesis, there
is a bijection between S(h—1, Wout, win) and T'(h—
1, Wout, Win ) and also between S(h — 1, wiy,, Wout —
1) and T'(h—1, win, Wout — 1) and therefore between
S(h—1,win, Wout — 1) and T (h — 1, Win, Wous — 1).
Case 2) The first symbol in s is 7 where i < Woys. In this
case, s is any string in S(h, Wout — 1, win) and, by
the induction hypothesis, there is a bijection between
this set and T'(h, wout — 1, wip ).
Therefore, there is a bijection between S(h,wout,wi,) and
T(h, wout, win). This completes the inductive proof of the
claim.

Now consider S(h,w,w) and its reflection set S(h,w,w).
From the above induction proof, there is a bijection between
T(h,w,w) and S(h,w,w) and between T(h,w,w) (the
reflection of T'(h,w,w)) and S(h,w,w). Moreover, 7 (h, w)
is simply the superposition of T'(h,w,w) and T(h,w,w),
which are disjoint with the exception of the source vertex. Also,
S(h,w,w) and S(h,w,w) are disjoint with the exception of
the empty string and their union is exactly the set of w-strings
of length at most h. O

We now give an expression for N (h,w). We use the standard
notation (Z) to denote the number of ways to choose k£ items
from n without repetition and ((})) to denote the number of
ways to choose k£ items from n with repetition allowed.3

3Recall that (7) = (n!/k!(n — k) and (7)) = ("*F7H).
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Theorem 4:

minf[ 5w}
~ w 2w+1
N (h,w) =
=3 () (7))
_ Proof: From Theorem 3 the total number of vertices in
7T (h,w) is equal to the number of w-strings of length at most h.
— — = — — — = —

Let X ={1,2,...,w}and ¥ ={1,2,...,'w}. Leta
right block be defined as a maximal substring of symbols from
Y and a left block to be a maximal substring of symbols from

. A transition is said to occur in a w-string whenever a right
block is adjacent to a left block, in either order, or the string
begins with a nonempty left block.

Since there can be at most one transition per symbol in a
string, a w-string of length A has at most h transitions. More-
over, such a string can have no more than 2w transitions, one
between each of the 2w distinct symbols. Thus, there are at most
min{h, 2w} transitions. For each 0 < 7 < min{|(h/2)], w},
let ¢(7) be the set of w-strings of length at most ~ which have a
total of either 27 or 2¢ 4 1 transitions.

A string with either 2: or 2¢ + 1 transitions must be of the
form roflorify ... 7¢; where each rj and £;, 0 < j < 4,isa
right block and left block, respectively. We note that ¢ or 4;
may be empty, but the remaining blocks may not be empty. If /;
is empty there are 23 transitions and otherwise there are 2z + 1
transitions.

We count the number of strings in ¢(4) as follows. We choose

from 3 the first symbol in each of the nonempty right blocks

71,...,7i. There are (%) choices. Similarly, we choose from bS]
the last symbol in each of the nonempty left blocks £, . .., £;_1.
There are again (7}) choices. Next, the remaining symbols are
chosen. There are a total of 2w symbols to choose from and, in
addition, we may choose the empty symbol in order to construct
a string of length less than A. Thus, from 2w + 1 symbols we
must choose h—2¢ more symbols, with repetition allowed. Thus,
there are ((2}:’131)) choices for the remaining symbols. By the
definition of w-strings, the locations of these h — 2¢ symbols
in the string are induced by the choice of the already selected
symbols. Therefore, the total number of strings in #(4) is

w\? [ (2w + 1
7 h—2i
and the theorem follows. O
Corollary 2:

min{ 4]}

s ((G)

Proof: Follows immediately from Theorem 4 and the def-
inition of N (h, w). O
Theorem 5: Let 1 = wy,...,v, be a symmetric directed
path where v; is the source vertex and all remaining vertices are
destinations. Let w denote the number of wavelengths available
on each directed edge. Let h = min{z|N(z,w) > n}. Let

Nhw) = 3

IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 12, NO. 2, APRIL 2004

T denote the virtual topology constructed by removing excess
vertices from 7 (h, w) in decreasing order of hop count distance
from source vy, until exactly n vertices remain. Virtual topology
7T is optimal for 7 with respect to both metrics M and A.

Proof: By the definition of 4 in the Theorem, N (h —
1,w) < n. Also, from Corollary 1 it follows that 7 (h — 1,w)
and 7 (h,w) contain the same number of destination vertices
with hop distance 7, 0 < 7 < h — 1. Therefore, the only vertices
removed from 7 (h, w) in the construction of 7 are vertices with
hop distance h. Moreover, 7 must have at least one vertex with
hop distance h and the number of vertices in 7 with hop dis-
tance ¢, 0 < ¢ < h, is equal to the number of vertices with hop
distance 7 in 7 (h, w).

Next, we show that 7 is optimal with respect to metric M.
Assume that 7" is a virtual topology for 7 using at most w wave-
lengths per edge and M(7") < M(T) = h. Without loss of
generality, 7' is crossing-free. From the above observations and
Corollary 1, it follows that for each i, 0 < ¢ < h, 7 contains
at least as many vertices at hop distance i as does 7'. However,
7T also has at least one vertex with hop distance h, and thus
T contains a larger number of destination vertices than does
T, contradicting the assumption that both 7 and 7" are virtual
topologies for path m with n vertices.

Finally, we show that 7 is optimal with respect to metric .A.
Assume that 7” is a virtual topology for 7 using at most w wave-
lengths per edge and A(7") < A(T). Without loss of gener-
ality, 7" is crossing-free. Therefore, the sum of the hop distances
with respect to 7" is smaller than the sum of the hop distances
with respectto 7. Letdy,...,d, and d}, ..., d], be the hop dis-
tances in 7 and 7, respectively, in nondecreasing order. By as-
sumption, there exists ¢, 1 < 4 < n, such that d; < d;. Since
d; < h we have d} < h. Now, from the observations above and
Corollary 1, we know that 7 has at least as many vertices with
hop distance less than or equal to d’; as does 7. This contradicts
the assumption that d; < d;. O

From the recursive definition of 7 (h,w) it is easily verified
that the optimal virtual topology 7 defined in Theorem 5 can
also be constructed directly via a simple breadth-first procedure:
First, w vertices within one hop of s are constructed and as-
signed lightpaths with wavelengths as defined in Definition 1.
Next, all vertices within two hops of s are constructed and this
process is repeated until n vertices are thus constructed. This
breadth-first construction takes time O(n).

Finally, we note that the extension of these results to rings
is immediate. Consider a bidirectional ring with n nodes, one
of which is the source and let w be the number of wavelengths
available. By Lemma 2, we may restrict our attention to
crossing-free virtual topologies. Thus, without loss of gener-
ality, a topology which is optimal with respect to metrics M
and A can be partitioned into two disjoint virtual topologies,
one which reaches a contiguous subset of nodes clockwise
with respect to the source and one which reaches a subset of
nodes counter-clockwise with respect to the source. In order to
minimize the average or maximum hop distances, the ring is
therefore partitioned into two sets of nodes of sizes [(n —1)/2]
and [(n — 1)/2], one clockwise and one counter-clockwise
with respect to the source. Each of these is then treated as a
separate path problem using the results in this section.
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IV. WEIGHTED PATHS AND RINGS

In this section we consider the problem of minimizing the
weighted average number of hops in a symmetric path under
the assumption that each destination has a positive real weight
associated with it. More precisely, let vy, v1,...,v, be a bidi-
rectional path with source node vy and let ¢(v;) be a positive
real cost or weight associated with each destination node v;,
1 < 4 < n. For a given number of available wavelengths, w,
our objective is to find a w-wavelength virtual topology T" which
minimizes the weighted-average hop distance defined as:

WA(T) = % Z }LT(’UZ‘)C(’UZ‘)

Note that the average hop distance is a special case of the
weighted-average hop distance when all weights are equal
to 1. The weighted-maximum hop distance could be de-
fined analogously, but this is a straightforward analog of the
weighted-average and is not described here in the interest of
brevity. Henceforth, we use the term optimal virtual topology
to mean optimal with respect to the weighted-average hop
distance. For simplicity, we also refer to vertices in the path by
their inﬂces.

Let W (i, j,7,£) denote the minimum weighted-average hop
distance for the case that the source is vertex ¢, ¢ < 7, the desti-
nation vertices are 1 +1, . . ., 7, and there are r and / wavelengths

’ ’

available on each edge oriented to the right and left, respectively.
Similarly, let W(L j,r,£) denote the minimum weighted-av-
erage hop distance for the case that the source is vertex 7, ¢ > 7,
the destinations vertices are ¢ — 1,..., 7, and there are r and
¢ wavelengths available on each edge oriented to the right and

left, respectively. Note that WA(T) = W(O, n, W, w).

Theorem 6: If i = j then W(i,j,r.{) = 0 and
— —
W(i,j,r,) = 0.If i < j and r = O then W (i,4,7,¢) = o0
and if ¢ > j and £ = 0 then W(z’,j, r,¢) = oo. Otherwise, for
i < 7,
— —
W(i,j,r,£) = min min W(i,t —1,r — 1,¢)

1<s<ji<t<s

J
+W(S,t,’l‘ - 176) + W(S,j, Tvg) + ZC(’Uk)
k=t

and forz > j,

= . . . . = .
W(i,j,r,£) = min min W(i,t+1,r,¢—1)
71<s<is<t<1

t
—I—W(s,t,r,f -1)+ W(s,j, r,l) + Z c(vg)

k=j

Proof: When ¢ = j there are no destination nodes and the
weighted-average hop distance is 0. When 7 < j and r = 0,
no wavelengths are available to reach the nonzero number of

—
destination nodes and thus W (%, j,r, £) = oo since there exists
no solution with finite average weight. Similarly, when ¢ > j

—
and £ = 0, W(i,j,r,{) = co.

Next, consider the case that ¢ < j and » > 0. By Lemma
2, there exists an optimal virtual topology with source 7 and
destinations z + 1, ..., 7 which is crossing-free. The rightmost
vertex connected to ¢ by a single lightpath has index s where
1 < s < j. Since the virtual topology is crossing-free, ver-
tices s + 1,...,7 are reached via this lightpath. Thus, these
vertices are reached from s using an optimal virtual topology
with all  and ¢ wavelengths in the right and left directions
available, respectively. However, each such node incurs an extra
hop from ¢ to s, and thus the contribution of these destina-

— — :
tions to W (4, j,7,£) is W (s, j,7,£) + 3 %—qyq c(vr). Vertices
i+1,...,s— 1are either reached via s or not. Since the virtual
topology is crossing-free, there exists an index ¢, 1 < t < s,
such that vertices ¢,...,s — 1 are reached via s and vertices
i+1,...,t—1 arereached from ¢ but not via s. Each of these two
sets of destinations is reached using optimal topologies. Vertices
i+1,...,t— 1 contribute W(i,t — 1,7 — 1,£) to W (4, j,,£)
since one of the wavelengths in the right direction is used for
the lightpath from i to s. Vertices ¢, ..., s — 1 are visited from s
using an optimal topology with source s and r — 1 wavelengths
available in the right direction and all ¢ wavelengths available
in the left direction. However, the paths to these vertices incur
an extra hop from ¢ to s. Therefore, the contribution of these
. by SR . 55 s—1 .

vertices to W (i, j,r,£) is W (s, t,r —1,£) + 3, _, c(vy). Fi-
nally, s itself has hop distance 1 and thus contributes ¢(vs) to
W(z’,j, r,£). Therefore,

= . . . . = .
W(i,j,r,¢) = min min Wi, t—1,r —1,¢)
1<s<71<t<s

J
—l—W(s,t,r -1,0) + W(s,j, rl) + Z c(vg)
k=t
The case that ¢ > j and 7 > 0 is analogous. O

We can now use a dynamic programming algorithm to com-
pute W(z, j,r,¢) and W(z j,r,¢) and thus find a w-wavelength
virtual topology which is optimal with respect weighted-av-
erage hop distance: First, from Theorem 6, W(LLn £) and
W(i,i,r,é) are set to O forall 4,0 < 4 < mand 0 < 7,
I < w. Similarly, V_[}(i?j,o./ﬂ) and W(Lj,r,O) are set to oo
for all values of 4, j, £, and r. Then, for each value of x ranging
from 1 to n, for each ¢, j pair where 0 < 4, j < nand |i—j| = =z,
we compute W(i,j,r, ¢) and W(i,j, r,0) forall0 < r, ¢ <w
as indicated in Theorem 6. Note that this ordering of the compu-
tation ensures that W(z, j,r,¥) and W(z, j,r,{) are computed
using only previously computed terms.

In Theorem 6, each term W(i,j,r, £) and W(i,j,r, )
examines O(n?) combinations of indices s and t. For each
s, t pair, the first three terms in the equations W/(L, g, L)
and W(z j,r,£) in Theorem 6 are found in constant time
by dynamic programming lookup. The fourth terms can also
be computed in constant time by performing the following
preprocessing step prior to executing the dynamic program: For
each i, 1 <4 < n, compute the partial sum S(i) = > %_; c(v;)
and define S(0) = 0. Then, within the dynamic program we
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can compute i:t c(vg) as S(j) — S(t — 1), which requires
constant time. Using an analogous computation, we can find
ZZ: ;¢(vr) in constant time. The preprocessing step takes
time O(n). Finally, the number of entries computed by the
dynamic program is O(n2w?) and each entry takes time O(n?),
resulting in a total running time of O(n*w?).

The case of minimizing the weighted-average in bidirectional
rings is an immediate extension of this result. By Lemma 2,
there exists an optimal solution which is crossing-free. Thus, an
optimal solution in the ring partitions the destinations into a con-
tiguous block counter-clockwise with respect to the source and
a contiguous block clockwise with respect to the source. Each of
these blocks induces a path problem which can be solved using
the dynamic programming algorithm above. Consequently, we
can examine O(n) partitions of the destinations into two con-
tiguous blocks and solve each of these problems in O(n%w?)
time, resulting in a O(n°w?) time algorithm. The running time
can be improved to O(n*w?) by the following simple observa-
tion: The dynamic programming algorithm for paths can first
be performed from the source to all n destination nodes in the
clockwise orientation. Then, the algorithm can be performed
from the source to all n destination nodes in the counter-clock-
wise orientation. The dynamic programming tables now con-
tain, among their entries, the best solutions from the source to
the first & clockwise and counter-clockwise nodes, for each k,
0 < k < n. Therefore, we can now look at the O(n) different
partitions, and for each one we can determine the weighted-av-
erage hop distance in constant time by examining the appro-
priate dynamic programming table entries. Thus, the running
time is O(n*w?).

V. CONCLUSION

In this paper we have examined the problem of finding vir-
tual topologies which minimize the maximum or average hop
distance from a source node to a set of destination nodes. Such
a virtual topology can be used for either standard multicast com-
munication, in which the source node sends the same data to all
destination nodes, or personalized multicast communication, in
which the source node may send different data to different des-
tination nodes.

Although the problem of finding optimal virtual topologies
is in general NP-complete, we have shown that a simple O(n)
time construction simultaneously minimizes the maximum and
average hop distance in paths and rings. Moreover, for the more
general case of minimizing the weighted average (or maximum)
hop distance in paths and rings, a polynomial-time dynamic pro-
gramming algorithm can be employed.

Finally, we note that some optical switches have the capa-
bility of splitting a lightpath to multiple output ports. Using
this functionality, a single lightpath may be “tapped” by mul-
tiple nodes. The number of nodes that can tap a lightpath is
bounded, however, since the lightpath experiences some loss of
power each time it is tapped. The results presented in this paper
can be easily generalized for the case that a lightpath can be
tapped at any given number of nodes [6]. The generalization of
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this problem in which each physical link may have a different
number of available wavelengths is evidently computationally
more complex and some results on this problem have been ob-
tained in [9].
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