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Abstract

The schedulability testing for the deferrable scheduling
algorithm for fixed priority transactions (DS-FP) remains
an open problem since its introduction. In this paper, we
take the first step towards investigating necessary and suf-
ficient conditions for the DS-FP schedulability. We propose
a necessary and sufficient schedulability condition for the
algorithm in discrete time systems, and prove its correct-
ness. Based on this condition, we propose a schedulability
test algorithm that is more accurate than the existing test
that is only based on a sufficient condition. Our algorithm
exploits the fact that there is always a repeating pattern in
a DS-FP schedule in discrete time systems. We demonstrate
through examples that our schedulability test algorithm out-
performs the existing algorithm in terms of accuracy.

1 Introduction

The quality and timeliness of data values sampled from
real-world entities have been critical for real-time data ser-
vices. These sampled data, usually called real-time data,
could become invalid with the passage of time since the sta-
tus of the corresponding entity in the real-world may change
continuously. Sensor update transactions (or update trans-
actions for short) need to constantly sample real-world data
values and install them into Real-Time Databases (RTDBS).
Otherwise, the system cannot detect and respond to environ-
mental changes in a timely manner.

One efficient way to determine the correctness of real-
time data is to define a validity constraint [20, 18, 11, 12,
13, 5, 22, 10, 14, 7, 8, 3, 23, 24] or age constraint [2],
which determines a validity interval length for each real-
time data object. A real-time data value is only valid within
the validity interval. In practice, for safety and reliability
reasons, RTDBSs require continuous generation of update
transactions to refresh real-time data objects regardless of
how much the status of the corresponding real-world enti-
ties have been changed. To meet this constraint, it is impor-

tant to produce a schedule for all update transactions such
that for any consecutive updates of a real-time data object,
the next update is completed before the previous data ver-
sion expires. It is crucial to schedule update transactions
efficiently in the design of real-time applications.

Most of the work in update transaction scheduling as-
sumes a periodic transaction model. For example, a peri-
odic update transaction model is adopted in the more-less
(ML) scheme [23, 14, 3]. ML can guarantee the validity of
real-time data objects. Recently, the deferrable scheduling
algorithm for fixed priority transactions (DS-FP) was pro-
posed [24] to reduce the total update transaction workload.
The intuition of DS-FP is to schedule an update transaction
job as late as possible based on the sampling time of its pre-
vious job.

DS-FP reduces update workload by sacrificing the pe-
riodicity of the update transactions. This poses great
challenges for its schedulability analysis. One prominent
method in classical schedulability analysis is based on the
critical instant test. A critical instant makes sense for pe-
riodic tasks. Also sporadic task sets are usually reduced to
periodic ones for their schedulability analysis. For exam-
ple, the minimum separation times are treated as periods
in the schedulability analysis of sporadic tasks. In a DS-
FP schedule, however, the distance of the release times of
two consecutive jobs is not a constant. This distance may
vary from a transaction’s execution time to its validity inter-
val minus the execution time. It is only proved so far that
DS-FP could schedule any transaction set that is schedu-
lable by ML [25]. This sufficient condition has seriously
restricted the schedulability of a transaction set under DS-
FP. While experimental results have demonstrated that DS-
FP outperforms ML significantly [24], the transaction sets
used in the experiments are all schedulable by ML. DS-FP
is demonstrated with its lower processor untilization while
there exists no method to determine if a transaction set is
schedulable by DS-FP even if it is not schedulable by ML.
The open theoretic question is whether there is any neces-
sary and sufficient condition to determine if a transaction
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Symbol Definition
Xi Real-time data object i
τi Update transaction updating Xi

Ji,j The jth job of τi (j = 0, 1, 2, ..)
Ri,j Response time of Ji,j

Ci Execution time of transaction τi

Vi Validity (interval) length of Xi

fi,j Finishing time of Ji,j

ri,j Release (Sampling) time of Ji,j

di,j Absolute deadline of Ji,j

Pi Period of transaction τi in ML
Di Relative deadline of transaction τi in ML
P A fixed pattern repeating in a DS-FP schedule
Ps Pattern P starting time
Pl Length of pattern P
Sτ (t) State of transaction τ at time t
ST (t) State of transaction set T at time t
Θi(a, b) Total cumulative processor demands from higher-

priority transactions received by τi in interval [a, b)

Table 1. Symbols and definitions.
set is schedulable by DS-FP (even if it is not schedulable by
ML).

This paper takes the first step towards addressing this im-
portant problem. We prove that there always exists a re-
peating pattern for a given DS-FP schedule in discrete time
systems. This provides an important foundation to derive a
necessary and sufficient condition for schedulability test of
DS-FP. Based on this condition, a schedulability test algo-
rithm is derived.

This paper is organized as follows: Section 2 briefly re-
views the background and related work in the area. Sec-
tion 3 presents the major contributions of this paper. In par-
ticular, we present the proof of our necessary and sufficient
schedulability condition in discrete time systems, and our
schedulability test algorithm based on this condition. We
conclude the paper in Section 4.

2 Background and Related Work

This section briefly reviews the temporal validity of real-
time data, and the More-Less (ML) [2, 23] and deferrable
scheduling (DS-FP) [24] algorithms. Formal definitions of
the frequently used symbols are given in Table 1.

Definition 2.1: A real-time data object (Xi) at time t is tem-
porally valid (or absolutely consistent) if, for its jth update
finished latest before t, the sampling time (ri,j) plus the va-
lidity interval (Vi) of the data object is not less than t, i.e.,
ri,j + Vi ≥ t [18]. �

A data value for real-time data object Xi sampled at any
time t will be valid up to (t + Vi). The actual length of
the temporal validity interval of a real-time data object is
application dependent [18, 19, 17]. One of the important
design goals of RTDBS is to guarantee that real-time data
remain fresh, i.e., they are always valid.

Given a set of transactions T = {τi}mi=1, we assume
without loss of generality that τk has higher priority than
τj for k < j. Please note that both ML and DS-FP are
preemptive scheduling algorithms.
More-Less: ML adopts the periodic task model [15] for
sensor update transactions whose derived deadlines are not
larger than their periods. Consider synchronous transac-
tions whose first jobs all start at time 0. A time instant
after which a transaction job has the worst-case response
time is called a critical instant, e.g., time 0 is a critical in-
stant for all the transactions with deadlines no larger than
their periods if those transactions are synchronous [15].
Note that we only consider synchronous transactions. In
ML, there are three constraints to follow for transactions τi

(∀i, 1 ≤ i ≤ m) [23]:

• Validity constraint: the sum of the period and relative
deadline of transaction τi is always less than or equal
to Vi, i.e.,

Pi + Di ≤ Vi (1)

• Deadline constraint: the period of an update transac-
tion is assigned to be more than or equal to half of the
validity length of its updated object, while its corre-
sponding relative deadline is less than or equal to half
of the validity length of the same object. For τi to be
schedulable, Di must be greater than or equal to Ci,
the worst-case execution time of τi, i.e., Ci ≤ Di ≤
Pi.
• Schedulability constraint: for a given set of update

transactions, the Deadline Monotonic scheduling al-
gorithm is used to schedule the transactions. Conse-
quently,

∑i
j=1(�Di

Pj
� · Cj) ≤ Di (1 ≤ i ≤ m).

ML assigns priorities to transactions based on Shortest Va-
lidity First (SVF), i.e., in the inverse order of validity length,
and ties are resolved in favor of transactions with larger ex-
ecution time (Ci). It assigns deadlines and periods to τi as
follows:

Di = fml
i,0 − rml

i,0 , (2)

Pi = Vi −Di, (3)

where fml
i,0 and rml

i,0 are finishing and sampling times of the
first job of τi, respectively. Note that in a synchronous sys-
tem, rml

i,0 = 0 and the first job’s response time is the worst-
case response time in ML. We use superscript ml to distin-
guish the finishing and sampling times in ML from those in
DS-FP.
DS-FP: ML is pessimistic on the deadline and period as-
signment. This is because it uses a periodic task model that
has a fixed period and relative deadline for each transac-
tion, and the relative deadline Di is equal to the worst-case
response time of the transaction. According to the validity
constraint in ML, the larger the deadline Di, the smaller the
period Pi. In order to increase the separation of two con-
secutive jobs (and thus reduce the sensor update workload),
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Ji, j

Vi

di, jri, j

ri, j+1

di, j+1

Ji, j+1

r'i, j+1

di, j+2

d'i, j+2

Vi

Vi

Ji, j+1 Higher-priority
preemption to Ji, j+1

Ji, j

Ji, j+1

Figure 1. Illustration of DS-FP scheduling: ri,j+1

can be shifted to r
′
i,j+1 without violating the valid-

ity constraint.

DS-FP adaptively derives the relative deadline and separa-
tion of one job from its previous job and preemptions from
higher-priority transactions. Given release time ri,j of job
Ji,j and deadline di,j+1 of job Ji,j+1 (j ≥ 0),

di,j+1 = ri,j + Vi (4)

guarantees that Eq. 1 can be satisfied, as depicted in Figure
1. Correspondingly, the following equation follows directly
from Eq. 4:

(ri,j+1 − ri,j) + (di,j+1 − ri,j+1) = Vi. (5)

If ri,j+1 can be shifted onward to r
′
i,j+1 along the time line

in Figure 1, it does not violate Eq. 5. After the shift, tem-
poral validity can still be guaranteed as long as Ji,j+1 is
completed by its deadline di,j+1. The idea of DS-FP is to
defer the sampling time (i.e., release time), ri,j+1, of Ji,j’s
next job as late as possible while still guarantee Eq. 1. We
now introduce a definition that is used in the description of
DS-FP.

Definition 2.2: Let Θi(a, b) denote the total cumulative pro-
cessor demands made by all jobs of higher-priority transac-
tion τj for ∀j (1 ≤ j ≤ i−1) during the time interval [a, b)
from a schedule S produced by a fixed priority scheduling
algorithm. Then,

Θi(a, b) =
i−1∑

j=1

θj(a, b),

where θj(a, b) is the total processor demands made by all
jobs of single transaction τj during [a, b). �

According to the fixed priority scheduling theory, ri,j+1

in DS-FP can be derived backwards from its deadline di,j+1

as follows:

ri,j+1 = di,j+1 −Ri,j+1(ri,j+1, di,j+1); (6)

Ri,j+1(ri,j+1, di,j+1) = Θi(ri,j+1, di,j+1) + Ci. (7)

where Ri,j+1(ri,j+1, di,j+1) (or Ri,j+1 for simplicity in
DS-FP) denotes the response time of Ji,j+1 deriving back-
wards from its deadline di,j+1. Note that the schedule of all
higher-priority jobs that are released prior to di,j+1 needs to
be computed before computing Θi(ri,j+1, di,j+1).

Similar to ML, DS-FP also assigns priorities to transac-
tions according to SVF. Readers are referred to [25] for the
details of the DS-FP algorithm. Now we summarize the al-
gorithm as follows. First we set ri,0 = 0, ∀i, 1 ≤ i ≤ m.
The highest priority job among the outstanding jobs is al-
ways scheduled first. It is only preempted when a new
job with higher priority is ready. As soon as a job Ji,j is
completed, we derive the ri,j+1 of its next job according to
above calculations. The algorithm fails when a job misses
its deadline. Otherwise it keeps running. It is proved that
any task set that is scheduled by ML is also scheduled by
DS-FP [25].

Theorem 2.1: (Corollary 3.2 in [25]) Given a synchronous
update transaction set T with known Ci and Vi (1 ≤ i ≤
m), if T can be scheduled by ML, then it can also be sched-
uled by DS-FP.

3 DS-FP Schedulability Analysis

It is unclear how to perform a schedulability test for DS-
FP if a set of transactions cannot be scheduled by ML. This
section presents a method based on DS-FP pattern analy-
sis that can be used for DS-FP schedulability testing. In
Section 3.1, our examples demonstrate that transaction sets
schedulable by DS-FP are not necessarily schedulable by
ML. Section 3.2 proves the existence of repeating patterns in
a valid DS-FP schedule. Section 3.3 presents an algorithm
that searches for the repeating pattern in a DS-FP schedule.
The search algorithm leads to a schedulability test algorithm
in Section 3.4. Finally Section 3.5 discusses DS-FP in Con-
tinuous Time Systems.

From here on, it is assumed that transactions are studied
in a discrete time system unless it is specified otherwise.
It is also assumed that the DS-FP scheduler only considers
the worst-case execution time of a transaction in its sched-
ule. In other words, if the execution time of a transaction
job is less than the worst-case execution time of the trans-
action, the job can be idled in its assigned time slots af-
ter its execution is finished. This assumption simplifies our
schedulability analysis.

3.1 ML vs. DS-FP

Theorem 2.1 states that DS-FP dominates ML in terms
of schedulability. That is, if T can be scheduled by ML,
then it can also be scheduled by DS-FP. However, the con-
verse statement is not true. This can be demonstrated in the
following examples.

Example 3.1: Consider a set of two transactions {τ1, τ2}
with execution times 2 and 3, and validity intervals 6 and
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T1:  {C1=2, V1=6}

0 5 201510

T2: {C2=3, V2=12}

Time

(a) ML is unschedulable

J2, 0 completes after V2/2

0 5 201510

Repeating pattern

(b) DS-FP is schedulable

J2, 0 completes after V2/2

Time

Figure 2. Two transactions that can be scheduled
by DS-FP but not by ML

12 respectively. Figure 2 (a) depicts a schedule of the trans-
actions under ML. The first job of τ2, J2,0, completes at time
7, which is greater than V2

2 = 6. Thus the set of transactions
is not schedulable by ML.

Figure 2 (b) depicts a schedule of the transactions under
DS-FP. The same transaction set is schedulable by DS-FP
because the schedule pattern between time 7 and 19 repeats
itself forever. �

DS-FP is better in Example 3.1 because DS-FP allows
J2,0 to be completed later than V2

2 . There are also transac-
tion sets in which for every transaction τi, Ji,0 is completed
no later than Vi

2 in DS-FP, and further more these transac-
tion sets can be scheduled by DS-FP but not by ML. This
is because DS-FP leaves extra processor time early on to be
used by Ji,0s of lower priority transactions. The next exam-
ple illustrates this point.

Example 3.2: Consider a set of three transactions {τ1, τ2,
τ3} with execution times 2, 3, 3, and validity intervals 6,
15, 47, respectively. Figure 3 (a) depicts a schedule of the
transactions under ML. The ML period and deadline for τ2

are 8 and 7, respectively. The first job of τ3, J3,0, completes
at time 24, which is greater than V3

2 = 23.5. Thus the set of
transactions is not schedulable by ML.

Figure 3 (b) depicts a schedule of the transactions under
DS-FP. The same transaction set is schedulable by DS-FP
because the schedule pattern between time 26 and 50 re-
peats itself forever. In this schedule J3,0 completes at time
19, which is smaller than V3

2 (i.e., 23.5). This is beacuse
J2,2 is scheduled later than that of ML. �

Note that DS-FP fully utilizes the processor in both ex-
amples. We could easily derive examples in which the pro-

0 10 20

Time

(b) DS-FP is schedulable

Repeating pattern

(a) ML is unschedulable

T1:  {C1=2, V1=6} T2:  {C2=3, V2=15} T3:  {C3=3, V3=47}

504030

J3, 0 completes after V3/2

0 10 20 504030

Time

J3, 0 completes before V3/2

50 60 70 1009080

Time

Figure 3. Three transactions that can be sched-
uled by DS-FP but not by ML

cessor idles once in a while. For example, in Figure 2 we
could change C2 to 2.5 and in Figure 3 we could change C3

to 2.75. After both changes the transaction sets still cannot
be scheduled by ML but can by DS-FP. Further more, we
could then scale up the numbers to make them all integers
again.

Note that we prove that a transaction set is schedulable
by DS-FP by demonstrating that a repeating pattern occurs
for the transaction set. The remaining questions are whether
a repeating pattern always exists in a DS-FP schedule if the
transaction set is schedulable, and if so, how to find it. We
answer those questions next.

3.2 DS-FP Pattern Analysis

As mentioned before, we study the DS-FP schedulability
problem in a discrete time system. In order to prove that
there always exists a repeating pattern if a transaction set is
schedulable by DS-FP, we shall first review the Pigeonhole
Principle.
The Pigeonhole Principle [6]: If m pigeons occupy n pi-
geonholes and m > n, then at least one pigeonhole has two
or more pigeons roosting in it.

In a discrete time system, a repeating pattern always ex-
ists for any successful DS-FP schedule because we know
the fact that the execution times, validity intervals, and the
number of transactions are all finite integers, and so an ex-
ecution state can be defined that characterizes the progress
of an execution in meeting the timing constraints for any
particular time. Given infinite time, there must be a pat-
tern repeating itself in the DS-FP schedule inasmuch as the
number of distinct execution states is finite. The following
theorem states that there must exists a fixed pattern repeat-
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ing itself in a bounded time interval in the DS-FP schedule.

Theorem 3.1: Given an update transaction set T with
known Ci and Vi (1 ≤ i ≤ m), if it can be sched-
uled by DS-FP, then the DS-FP schedule has a fixed re-
peating pattern that occurs at least once in the interval
[Vm − Cm,Vm − Cm + Πm

i=1(Vi − Ci + 1)− 1].

Proof. The theorem can be proved by the following two
claims using induction:

1. There is a fixed pattern repeating itself for τ1 in the
interval [Vm − Cm,Vm − Cm + V1 − C1].

2. For any k, 1 ≤ k < m, if there is a fixed pattern re-
peating itself for the schedule of τ1, .., τk in the interval
[Vm−Cm,Vm−Cm+Πk

i=1(Vi−Ci+1)−1], then there
is a fixed pattern repeating itself for τ1, .., τk, τk+1 in
the interval [Vm − Cm,Vm − Cm + Πk+1

i=1 (Vi − Ci +
1)− 1].

The first claim is obvious because there is a fixed pat-
tern of length (V1 − C1) repeating itself from time 0. As a
matter of fact, any schedule of length (V1 − C1) is a fixed
pattern, thus the schedule of length (V1 − C1) from time
Vm − Cm must repeat itself. Note that the theorem does
not require that the first instance of the fixed pattern in the
interval [Vm − Cm,Vm − Cm + Πm

i=1(Vi − Ci + 1) − 1]
starts exactly on time Vm − Cm.

Now let us prove the second claim. We shall rely on
the Pigeonhole Principle to identify two time points in two
recurring patterns for transactions τ1, .., τk such that the fol-
lowing two conditions are satisfied: 1) the two time points
are τk+1’s release times; 2) the two time points have the
same offsets within their patterns. If such two time points
are identified, then the schedule of τ1, .., τk, τk+1 between
those two time points is a fixed pattern repeating itself there-
after. This is because the schedules after those two time
points are identical for transactions τ1, .., τk , thus it is also
identical for τk+1.

Suppose that the fixed pattern for τ1, .., τk starting from
time t has length L. We have t ≥ (Vm − Cm) and L ≤
Πk

i=1(Vi −Ci + 1)− 1. There are two cases, L ≥ (Vk+1 −
Ck+1) and L < (Vk+1 − Ck+1).
Case I: Suppose L ≥ (Vk+1 − Ck+1). In every recurring
instance of the fixed pattern of length L starting from time t,
there is at least one job of τk+1 since L ≥ (Vk+1 − Ck+1).
Let us examine the last τk+1 job in each recurring instance
of the pattern. Denote d to be the distance from its release
time to the end of the pattern. The length of d cannot ex-
ceed (Vk+1 − Ck+1), otherwise there must be another job
afterwards in the pattern in order to satisfy τk+1’s validity
constraint. Since d > 0, it can be one of (Vk+1 − Ck+1)
possible values (pigeonholes). Let us look at τk+1’s last job
(pigeon) in each of the (Vk+1 − Ck+1 + 1) recurring pat-
terns since time t. It follows from the Pigeonhole Principle

that there must be two jobs’ release time at the same offset
within their corresponding pattern instances. Denote t1 and
t2 to be the two job release times, and t1 < t2. We then
have a fixed pattern in the interval [t1, t2] repeating itself
thereafter for transactions τ1,.., τk , τk+1. Since t1 ≥ t ≥
(Vm−Cm) and t2 < (Vm−Cm)+L(Vk+1−Ck+1 +1) <
(Vm −Cm) + Πk+1

i=1 (Vi −Ci + 1)− 1, we have proved the
first case.
Case II: Suppose L < (Vk+1 − Ck+1). Denote Jk+1,w

to be the first τk+1’s job that executes after time t. Jk+1,w

and all its subsequent jobs appear in different instances of
the pattern. There are only L possible offsets (pigeonholes)
within a pattern for τk+1’s jobs to start. Let us look at the
first (L + 1) jobs (pigeon) of τk+1, i.e., Jk+1,w through
Jk+1,w+L. It follows from the Pigeonhole Principle that
there must be two jobs starting at the same offset within
their corresponding pattern instances. Denote t1 and t2 to
be the two job release times in DS-FP, and t1 < t2. We then
have a fixed pattern in the interval [t1, t2] repeating itself for
transactions τ1,.., τk, τk+1. Since t1 ≥ t ≥ (Vm−Cm) and
t2 < (Vm−Cm)+(L+1)(Vk+1−Ck+1) < (Vm−Cm)+
Πk+1

i=1 (Vi − Ci + 1)− 1, we have proved the second case.
Based on the above two claims, the theorem is proved. �

According to the theorem, if a transaction set can be
scheduled by DS-FP in the interval [0, (Vm − Cm) +
Πm

i=1(Vi−Ci +1)−1], then it is schedulable by DS-FP be-
cause a fixed pattern appearing in the interval repeats itself
forever. Thus we have the following corollary.

Corollary 3.1: An update transaction set T can be sched-
uled by DS-FP if and only if it can be scheduled by DS-FP
in the interval [0, (Vm − Cm) + Πm

i=1(Vi − Ci + 1)− 1].

Although the length of the interval in Corollary 3.1 is
O(Πm

i=1Vi), Corollary 3.1 provides a foundation for the
schedulability test of DS-FP.

3.3 DS-FP Pattern Search Algorithm

Theorem 3.1 proves the existence of a repeating pattern
for a given DS-FP schedule. This subsection studies the
properties of the pattern and provides a search algorithm
that finds the shortest and earliest pattern.

Denote tuple P = (Ps,Pl) to be the DS-FP schedule
of length Pl starting from time Ps. If a DS-FP schedule
repeatsP forever after timePs+Pl, thenP is a fixed pattern
of the DS-FP schedule. Given a pattern P , DS-FP may not
necessarily be idle immediately before Ps.

Denote tuple Sτ (t) = (d, e) to be the state of transaction
τ at time t, where d is the distance to τ ’s last job release
time before time t, and e is the remaining outstanding ex-
ecution time of τ at time t. e = 0 if τ ’s last job before t
is already finished. Let ST (t) be the combined Sτ (t) states
of all the transactions in the set T at time t. Note once
ST (t) is known, the DS-FP schedule from t onward is de-
termined. Given a repeating pattern P = (Ps,Pl), the fol-
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lowing corollary follows directly from the fact that all trans-
actions have the same states at times Ps + t and Ps + t+Pl

for t > 0, i.e., ST (Ps + t) = ST (Ps + t + Pl).

Corollary 3.2: If P = (Ps,Pl) is a pattern repeating itself
from time Ps, then (Ps + t,Pl) (t > 0) is also a pattern
repeating itself from time Ps + t.

We now prove the next lemma.

Lemma 3.1: Given all the patterns P , P ′
, ... of a DS-FP

schedule for transaction set T , let P be a pattern with the
minimum length among all patterns, i.e., Pl ≤ P

′
l for any

other pattern P ′
l . Then P ′

l is a multiple of Pl, i.e., P ′
l =

NPl where N is a positive integer.

Proof. Let t1 = P ′
s + P ′

l ∗ n1 (n1 > 0 is an integer) such
that t1 > Ps. Both (t1,Pl) and (t1,P

′
l ) are patterns.

We prove the lemma by contradiction. Suppose P ′
l is

not a multiple of Pl and P ′
l = Pl ∗ r − s, r ≥ 2, and

0 < s < Pl. We have the state ST ((t1 + P ′
l ) + s) =

ST (t1 + Pl ∗ r) = ST (t1) = ST (t1 + P ′
l ). It follows that

the pattern (t1 + P ′
l , s) repeats itself from time (t1 + P ′

l )
with length s. As 0 < s < Pl, this contradicts the fact that
Pl is the minimum length among all repeating patterns. So
P ′

l must be a multiple of Pl. �

In the proof above, since P ′
l is a multiple of Pl, (P ′

s,Pl)
must also be a pattern.

Corollary 3.3: Given all the patterns of a DS-FP sched-
ule, let P be a pattern with the minimum Pl. For any other
pattern P ′

, (P ′
s,Pl) is also a repeating pattern.

Lemma 3.1 and Corollary 3.3 imply that there exists a
shortest pattern P that is also the earliest. Any other pat-
tern P ′

could be derived from P . P ′
could be of the same

length but with some offset from a P’s repeat; P ′
could be

a multiple of P’s repeats; or P ′
could be a multiple of P’s

repeats with some offset.

Lemma 3.2: If P ′ and P ′′ are two different repeating pat-
terns of a DS-FP schedule, then (P ′

s,P
′′
l ) and (P ′′

s ,P ′
l ) are

also repeating patterns.

Proof. Let P be the shortest and earliest pattern. Accord-
ing to Lemma 3.1, P ′′

l is a multiple of Pl. According to
Corollary 3.3, (P ′

s,Pl) is also a repeating pattern. Because
(P ′

s,Pl) is a pattern and P ′′
l is a multiple of Pl, (P ′

s,P
′′
l ) is

also a repeating pattern.
By the same argument, (P ′′

s ,P ′
l ) is a repeating pattern. �

Given transaction set T of size m, we call P i a pattern
of the first i (1 ≤ i ≤ m) highest priority transactions
(τ1, .., τi) by ignoring all other lower priority transactions
τi+1,...,τm in the schedule. In other words, P i is a pattern
of the transaction set consisting of only the first i highest
priority transactions.

Lemma 3.3: If P i is the shortest and earliest pattern of the
first i (1 ≤ i < m) highest priority transactions, and P i+1

is the shortest and earliest pattern of the first i + 1 highest
priority transactions, then

1.P i
s ≤ P i+1

s .

2.P i+1
l is a multiple of P i

l .

Proof. By ignoring the schedule of τi+1 in P i+1, P i+1 is
also a repeating pattern of the first i highest priority trans-
actions. By definition, P i

s ≤ P i+1
s . By Lemma 3.1, P i+1

l is
a multiple of P i

l . �

We now present the pattern search algorithm. The al-
gorithm follows the idea in the proof of Theorem 3.1. It
searches for the pattern of the first i (2 ≤ i ≤ m) highest
priority transactions based on the repeating pattern of the
first i− 1 highest priority transactions. After the algorithm
completes for the lowest priority transaction, it returns the
pattern for the transaction set.

Algorithm 3.1 SearchPattern:

Input: A successful DS-FP schedule.
Output: The earliest and shortest pattern Pm.

1 P1 ← (0,V1 − C1); // Pattern of the first transaction.
2 for i = 2 to m do
3 // Find the pattern when adding the next transaction.
4 P i ← SearchNextTask(i,P i−1);
5 od
6 return Pm;

Alg. 3.1 invokes Alg. 3.2 whose input is the pattern of
the first i−1 (1 < i ≤ m) highest priority transactions, and
output is the pattern of the first i highest priority transac-
tions. Alg. 3.2 scans the DS-FP schedule for the jobs of the
ith highest priority transaction to find the first two jobs such
that each starts at the same offset within its corresponding
input patternP i−1. The schedule between these two release
times forms the output pattern for the first i highest priority
transactions.

Algorithm 3.2 SearchNextTask:

Input: Pattern P i−1 of transactions τ1, .., τi−1.
Output: Pattern P i of transactions τ1, .., τi−1, τi.

1 k ← 1;
2 ri,j ← first τi release time after P i−1

s ;
3 maxL← 1 + No. of idle slots in P i−1;
4 while (k ≤ maxL) do
5 for r = ri,j to ri,j+k−1 do
6 if ((ri,j+k − r) % P i−1

l = 0)
7 then
8 P i ← (r, ri,j+k − r); //Find the shortest pattern.
9 // The next loop finds the earliest pattern.

10 while (ST (P i
s − 1) = ST (P i

s − 1 + P i
l )) do
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11 P i ← (P i
s − 1,P i

l );
12 od
13 return P i;
14 fi
15 od
16 k ← k + 1;
17 od
18 return No pattern found;

Note that in Alg. 3.2, τi can only be scheduled in the idle
slots of the input patternP i−1. According to the Pigeonhole
Principle, Alg. 3.2 does not need to examine more jobs than
the number of idle slots plus 1 in P i−1. In other words,
the while loop of line 4 in Alg. 3.2 does not need to loop
more than the number of idle slots in P i−1 plus 1. Thus the
condition at line 6 can be true at least once before the while
loop beginning from line 4 ends.

Line 8 in Alg. 3.2 produces the shortest pattern start-
ing from the release time of one of τi’s jobs. Given a job
τi,j+k that satisfies condition ((ri,j+k − r) % P i−1

l = 0)
at line 6, the while loop at line 10 cannot not run for
more than Vi − Ci times, otherwise the algorithm must
have returned P i based on τi,j+k’s previous job because
((ri,j+k−1 − r) % P i−1

l = 0) implies that the pattern
(r, ri,j+k−1 − r) can be returned. This while loop shifts the
identified pattern to its earliest possible starting time. Also
note that the while loop cannot move back to τi’s first job
Ji,0 (i ≥ 2) because the release time of Ji,0 (i.e., time 0) is
not the beginning time of Ji,0’s execution in the DS-FP al-
gorithm. As an example, in Figure. 2 (b), P = (7, 12) is the
shortest pattern. At time 6, Sτ2(6) = (6, 1) and Sτ2(18) =
(4, 1). This implies ST (Ps − 1) �= ST (Ps − 1 + Pl) thus
P is the earliest pattern and can not be moved back further.
Here Sτ2(6) �= Sτ2(18) because the release time of J2,0

(time 0) is not the beginning time of J2,0’s execution.

Theorem 3.2: Pm returned by Alg. 3.1 is the shortest and
earliest pattern if such a pattern exists.

Proof. We shall prove that if the input to Alg. 3.2 is the
shortest and earliest pattern, so is the output.

We first prove that Alg. 3.2 returns a pattern. Alg. 3.2 re-
turns only when the condition at line 6 is true. The condition
implies that r and ri,j+k are of the same offsets within their
respective input patterns. So P i derived at line 8 is a pattern
for transactions τ1, .., τi−1, τi. Furthermore, the condition
of line 10 guarantees that P i remains to be a pattern when
it is shifted along the timeline.

We then prove that the returned P i is the shortest. Let
us examine P i produced at line 8. Assume that the shortest
pattern is of length L and L ≤ P i

l , then according to Corol-
lary 3.3 (P i

s, L) must be a pattern. The algorithm indicates
that τi must have a job J released at time P i

s + L, which is
earlier than or equal to P i

s + P i
l . According to Lemma 3.3,

L is a multiple of P i−1
l . This means that J satisfies the con-

dition at line 6. Since (P i
s, L) is the shortest, J should be

the first examined job that satisfies the condition. In other
words, L = P i

l . Finally, since P i at line 8 is the first pattern
that starts with a τi’s release time, the while loop at line 10
guarantees that the returned P i is the earliest pattern for the
first i highest priority transactions.

We have now proved that if the input to Alg. 3.2 is the
shortest and earliest pattern, so is the output. We also know
that line 1 in Alg. 3.1 assigns the shortest and earliest pattern
for τ1. By induction,Pm returned by Alg. 3.1 is the shortest
and earliest pattern of the transaction set. �

Alg. 3.1 runs in pseudo-polynomial time and has time
complexity O(m(Πm

i=1Vi)2). However, it can be improved
to O(mΠm

i=1Vi) if an array of size O(P i−1
l ) can be used to

keep relative offsets of τi’s jobs within their corresponding
patterns (i.e., P i−1). Note that the while loop at line 10
is only executed once although it is within the two outer
loops. It loops at most Vi − Ci times. Thus it is ignored in
the complexity calculation.

3.4 DS-FP Schedulability Test Algorithm

Alg. 3.1 also implies a schedulability test algorithm. We
begin the schedulability test with τ1. Given a subset of
transactions τ1, .., τi−1 (1 < i ≤ m) that has been tested,
we test transaction τi by adding the transaction to the subset
until an added transaction is not schedulable or a pattern for
all transactions is found. Given transaction τi, we sched-
ule it along with the schedule of the higher priority transac-
tions τ1, .., τi−1, for which a pattern has already been found.
Alg. 3.3 and Alg. 3.4 are modified versions of Alg. 3.1 and
Alg. 3.2 for the schedulability test, respectively.

Algorithm 3.3 SchedulabilityTest:

Input: A transaction set T .
Output: Whether T is schedulable.

1 P1 ← (0,V1 − C1); // Pattern of the first transaction.
2 for i = 2 to m do
3 if (TestNextTask(i,P i−1) = FALSE)
4 then return T is unschedulable; fi
5 od
6 return T is schedulable;

Algorithm 3.4 TestNextTask:

Input: Pattern P i−1 of transactions τ1, .., τi−1.
Output: Returns TRUE and pattern P i of transactions

τ1, .., τi−1, τi if a pattern of those transactions exists.
Otherwise, returns FALSE.

1 Schedule up to, including τi’s first request after P i−1
s ;

2 if (Line 1 fails)
3 then return FALSE; fi
4 ri,j ← τi’s first release time since P i−1

s ;
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5 k ← 1;
6 while (k ≤ P i−1

l ) do
7 Schedule ri,j+k;
8 if (Line 7 fails)
9 then return FALSE; fi

10 for r = ri,j to ri,j+k−1 do
11 if ((ri,j+k − r) % P i−1

l = 0)
12 then // Found the shortest pattern.
13 P i ← (r, ri,j+k − r);
14 return TRUE;
15 fi
16 od
17 k ← k + 1;
18 od

If Alg. 3.3 returns TRUE, it also produces the shortest
pattern and the DS-FP schedule. The following example
illustrates how the algorithm works.

Example 3.3: Consider a set of three transactions {τ1, τ2,
τ3} with execution times 1, 1, 2, and validity intervals 3, 7,
14, respectively. It is not schedulable by ML because τ3 is
finished by 8, which is more than V3

2 = 7. Now we test
whether it can be scheduled by DS-FP or not.

Figure 4 (a) corresponds to line 1 of Alg. 3.3. It shows
the pattern of τ1.

Figure 4 (b) depicts the result of invoking Alg. 3.4 for
τ2. There is only one idle time slot in {τ1}’s pattern, so
the release times of two consecutive jobs J2,1 and J2,2 after
P1

s = 0 forms a pattern P2 = (5, 6).
Figure 4 (c) depicts the result of invoking Alg. 3.4 for

τ3. There are two idle time slots in {τ1, τ2}’s pattern P2 =
(5, 6), and the algorithm examines three consecutive jobs
J3,1, J3,2, and J3,3 after P2

s = 5 to find an output pattern
P3 = (9, 18). Note that r3,1 has an offset 4 within the
pattern P2 = (5, 6), while r3,2 has an offset 2 within its
corresponding pattern P2 = (17, 6), and r3,3 has an offset
4 within its corresponding pattern P2 = (23, 6). The offset
of r3,3 matches that of r3,1. So Alg. 3.4 goes to line 13, and
Alg. 3.3 returns that the transaction set is schedulable.

Note that the pattern returned from Alg. 3.3 is the short-
est but not the earliest. The shortest and earliest pattern for
P3 is (8, 18), one time unit earlier than the starting time of
P3 returned from Alg. 3.3. This earliest pattern can be re-
turned by Alg. 3.1, which is actually calculated at lines 10
and 11 in Alg. 3.2. �

Given a DS-FP schedule, there always exists a repeating
pattern and our schedulability test algorithm can be applied.
However, the space and time complexity of the algorithm is
high. The question remains if there is a better schedulability
test that is more efficient. On the other hand, a repeating
pattern in the DS-FP schedule can be found off-line and
used repeatedly to construct the DS-FP schedule. This can
significantly reduce the on-line scheduling overhead of the
DS-FP algorithm.

0 5 10 Time

(c) {T1, T2, T3}'s pattern

Repeating pattern

(a) {T1}'s pattern

T1:  {C1=1, V1=3} T2:  {C2=1, V2=7} T3:  {C3=2, V3=14}

252015

Time

(b) {T1, T2}  pattern

0 5 10 252015

0 5 10 Time252015

Repeating pattern

Repeating patternr2,1 r2,2

r3,1 r3,2 r3,3

Figure 4. Illustration of the schedulability test al-
gorithm

3.5 DS-FP in Continuous Time Systems
So far we assume discrete time systems for DS-FP. Now

we move on to the schedulability discussions of DS-FP in
continuous time systems. Given a DS-FP schedule, it can
be proved that a repeating pattern still exists if only ratio-
nal numbers are considered for transaction parameters (i.e.,
validity intervals and execution times). Denote l to be the
least common multiple of all the denominators of all those
rational numbers. If we measure time in the unit of 1

l , then
we again have an interger problem which has a pattern for
a successful DS-FP schedule. This schedule is the same as
the one that only has transaction parameters with original
rational numbers although their granularities are different.

However, if execution times or validity intervals can be
real numbers, it may not be possible to identify such a re-
peating pattern in a DS-FP schedule. We shall illustrate this
with the following example.

Example 3.4: Consider a set of two transactions {τ1, τ2}
with execution times 1 and 1 + d, and validity intervals
5 and 9 respectively. Suppose that d is an infinitesimally
small real number. Figure 5 (a) depicts a schedule of the
transaction set under DS-FP. Let i to be the largest integer
such that 3 − i × d > 1, i.e., i = 	 2d
. r2,1, r2,2, ..., r2,i

occur in every other repeating pattern of τ1. In addition,
∀k, (1 ≤ k ≤ i), the offset of r2,k within τ1’s pattern P is
3−k×d. There exists no pattern for τ2’s first i jobs. Hence
there exists no pattern from time 0 to t = 2Pli = 8	 2d
.
Time t can be arbitrarily large if d is infinitesimally small.
In other words, if execution time C2 of τ2 is a real number
infinitesimally close to 1, there exists no repeating pattern
for the DS-FP schedule. Note that the transaction set has fi-
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T1:  {C1=1, V1=5}

0 5 201510

T2: {C2=1+d, V2=9}

Time
3-d

25

3-2d 3-3d

0 2p

Repeating pattern

(a) A schedule without a repeating pattern

T1:  {C1=p , V1=3p } T2: {C2=1, V2=5e}

(b)  A schedule with a repeating pattern

4p 6p 8p

Time

Figure 5. DS-FP schedules for transaction sets
with real number parameters

nite number of transactions, and finite values for execution
times and validity intervals.

We can also prove that the transaction set is schedula-
ble by DS-FP using induction. We know J2,0 and J2,1

are schedulable. We can easily prove that if J2,i, i > 0 is
schedulable, so is J2,i+1. Another proof follows from Theo-
rem 2.1 because the transaction set is obviously schedulable
by ML. �

Our observation from Example 3.4 is the following:
given an arbitrarily large time t (t → +∞), there always
exists a transaction set with finite number of transactions
and finite real number parameters that has a successful DS-
FP schedule without any repeating pattern in the interval
[0, t]. However, there also exist transaction sets with finite
number of transactions and finite real number parameters
that have successful DS-FP schedules with repeating pat-
terns, which is illustrated by the following example.

Example 3.5: Define two real numbers p = π = 3.14159...
and e = 2.71828.... Consider a set of two transactions {τ1,
τ2} with execution times p, 1, and validity intervals 3p, 5e,
respectively. Figure 5 (b) depicts the DS-FP schedule of the
transaction set with a repeating pattern. �

4 Conclusions and Future Work

Distinct from past studies of maintaining the freshness
(or temporal validity) of real-time data that adopt the peri-
odic task model, DS-FP adopts the aperiodic task model.
In DS-FP, the deadlines of jobs and the separation of two
consecutive jobs of an update transaction are adjusted judi-
ciously so that the farthest distance of the sampling times
of two consecutive jobs can be achieved. However, the

aperiodic model in DS-FP poses a great challenge for its
schedulability test. This paper addresses this issue in dis-
crete time system by providing a necessary and sufficient
schedulability condition for DS-FP. We prove the existence
of a repeating pattern for any successful DS-FP schedule,
and derive the corresponding schedulability test algorithm.
While this provides a schedulability analysis of DS-FP in
discrete time systems, there are still unanswered questions
for DS-FP schedulability in continuous time systems. Fur-
thermore, the achievable time complexity of our schedula-
bility test algorithm is O(mΠm

i=1Vi), thus it is highly desir-
able to improve the efficiency of the algorithm.
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