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Abstract

Program v eri�cation is the idea that prop erties of programs can b e

precisely stated and pro v ed in the mathematical sense. In this pap er,

some simple heuristics com bining ev aluation and mathematical induction

are describ ed, whic h the authors ha v e implemen ted in a program that

automatically pro v es a wide v ariet y of theorems ab out recursiv e LISP

functions. The metho d the program uses to generate induction form ulas

is describ ed at length. The theorems pro v ed b y the program include that

REVERSE is its o wn in v erse and that a particular SORT program is correct.

A list of theorems pro v ed b y the program is giv en.

key w ords and phrases : LISP , automatic theorem-pro ving, structural

induction, program v eri�cation

cr ca tegories: 3.64, 4.22, 5.21

1 In tro duction

W e are concerned with pro ving theorems in a �rst-order theory of lists, akin to

the elemen tary theory of n um b ers. W e use a subset of LISP as our language

b ecause recursiv e list pro cessing functions are easy to write in LISP and b ecause

theorems can b e naturally stated in LISP; furthermore, LISP has a simple syn tax

�
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and is univ ersal in Arti�cial In telligence. W e emplo y a LISP in terpreter to

\run" our theorems and a heuristic whic h pro duces induction form ulas from

information ab out ho w the in terpreter fails. W e com bine with the induction

heuristic a set of simple rewrite rules of LISP and a heuristic for generalizing

the theorem b eing pro v ed. Our program accepts as input a LISP expression,

e.g.

(EQUAL (REVERSE (REVERSE A)) A),

p ossibly in v olving Sk olem constan ts (e.g. A , B , and C throughout this pap er)

whic h stand for univ ersally quan ti�ed v ariables ranging o v er all lists. The pro-

gram attempts to sho w that the v alue of the input expression is alw a ys equal

to T (whenev er the Sk olem constan ts are replaced b y arbitrary lists). Theorems

w e ha v e pro v ed automatically include

(EQUAL (REVERSE (REVERSE A)) A)

(IMPLIES (OR (MEMBER A B) (MEMBER A C))

(MEMBER A (UNION B C)))

and

(ORDERED (SORT A)),

where EQUAL is a LISP primitiv e function (and built in to the theorem-pro v er)

but REVERSE , IMPLIES , OR , MEMBER , UNION , ORDERED , and SORT are de�ned in

LISP b y the user of the program. The program uses only its kno wledge of

the LISP primitiv es and the LISP de�nitions supplied b y the user. No further

information is required of the user. This pap er describ es man y asp ects of the

program in brevit y . A thorough presen tation can b e found in [22].

2 Our LISP Subset

W e use a subset of pure LISP [18] whic h has as primitiv es NIL , CONS , CAR , CDR ,

COND , and EQUAL . With these primitiv e w e can de�ne recursiv e functions suc h as

those in App endix A, and w e can pro v e theorems suc h as those in App endix B

ab out these functions. Our curren t theorem-pro v er assumes that the functions

with whic h it is concerned are total recursiv e functions, i.e. that they terminate

and return an output for an y input. (Hence our theorem-pro v er merely pro v es

\partial correctness.") W e do not pro v e theorems ab out functions that in v olv e

side e�ects. Our only atom is NIL . W e use lists of NIL s to represen t natural

n um b ers: 0 is NIL , 1 is (CONS NIL NIL) , and ADD1 is de�ned as

(LAMBDA (X) (CONS NIL X)).

Our arithmetic is th us a v ersion of P eano arithmetic.
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NIL is the false truth v alue. The true truth v alue in our language is (CONS

NIL NIL) , whic h w e abbreviate as T .

(CAR (CONS A B)) is de�ned to b e A , and (CDR (CONS A B)) is B . (F or the

sak e of completeness, w e de�ne CAR and CDR of NIL to b e NIL , but our theorem-

pro v er nev er uses this de�nition.)

Our equalit y primitiv e is EQUAL rather than EQ . Our conditional primitiv e,

COND , tak es three argumen ts. (COND A B C) in our system is (COND (A B) (T

C)) in traditional LISP and means if A is not NIL then B else C .

The user of the theorem-pro v er supplies function de�nitions almost exactly

as in LISP; for example,

(APPEND (LAMBDA (X Y)

(COND X

(CONS (CAR X)

(APPEND (CDR X)

Y))))).

APPEND concatenates its t w o list argumen ts.

Our language is simple but p o w erful enough to encompass primitiv e recursiv e

n um b er theory . F urthermore, our language could, with suitable con v en tions,

use lists to represen t non- NIL atoms, arra ys, and strings just as programming

languages use bit strings to represen t these data t yp es.

3 EV AL

Our LISP in terpreter, EV AL , is similar in man y w a ys to a normal LISP in-

terpreter; EV AL applies function de�nitions and handles primitiv es lik e COND .

EV AL is recursiv e; it ev aluates argumen ts b efore applying and ev aluating func-

tion de�nitions. Our EV AL has sp ecial pro visions for handling Sk olem constan ts

and terms in whic h they app ear. The follo wing examples illustrate the b eha vior

of our EV AL :

EV AL( NIL ) = NIL

EV AL( A ) = A

EV AL( (CONS A B) ) = (CONS A B)

EV AL( (CAR (CONS A B)) ) = A

EV AL( (CDR (CAR (CONS A B)))) = (CDR A)

EV AL( (COND (CONS A B) C D) ) = C

EV AL( (APPEND (CONS A B) C) ) = (CONS A (APPEND) B C)).

The last example is justi�ed b ecause regardless of the v alues of A , B , and C , the

�rst argumen t to APPEND is not NIL , so that the COND in the de�nition of APPEND

can b e ev aluated.

EV AL tries to ev aluate (APPEND B C) further but fails b ecause it \recurses

in to" the Sk olem constan t B . (See the de�nition of APPEND ab o v e.)

3



When ev aluating the form (FOO t

1

:::t

n

) where FOO is a de�ned function, w e

recursiv ely ev aluate the argumen ts �rst. Call the v alue of t

i

, t

0

i

. EV AL binds the

formal v ariables of FOO to their v alues and then ev aluates the de�nition of FOO .

If a recursiv e call of FOO is encoun tered in this function b o dy the argumen ts

are ev aluated as usual. Then, if one of the ev aluated argumen ts is a CAR or

CDR expression, it is added to a list called the BOMBLIST . In this case the

de�nition of FOO is not reapplied for this recursiv e call. The curren t ev aluation

of the function b o dy is con tin ued in the hop es of adding more terms to the

BOMBLIST . Finally , EV AL returns (FOO t

0

1

:::t

0

n

) .

Th us, in ev aluating (APPEND B C) the recursiv e call (APPEND (CDR B) C)

is encoun tered in the de�nition of APPEND . (CDR B) is added to the BOMBLIST

indicating recursion on B . Finally , (APPEND B C) is returned as the v alue of

(APPEND B C) .

4 Ev aluation and Induction

P artial ev aluation is su�cien t to pro v e a few trivial theorems; for example,

(EQUAL (APPEND NIL B) B)

EV AL s to T since partial ev aluation of the APPEND yields B , ev en though the

structure of B is not kno wn. Ho w ev er, induction is usually needed to pro v e ev en

simple theorems ab out recursiv e LISP functions.

It is intuitively cle ar that evaluation and induction ar e c omplements. The

paradigm for ev aluating a simple recursiv e function FOO is: Ev aluate (FOO (CONS

A B)) in terms of (FOO B) and handle the NIL case separately . The paradigm

for a simple inductiv e pro of that (FOO X) is T for an y argumen t X is: Sho w that

(FOO NIL) is T , and then assuming that (FOO B) is T , sho w that (FOO (CONS

A B)) is T .

In particular, recursion starts with some structure and decomp oses it while

induction starts with NIL and builds up. This dualit y can b e used to great ad-

v an tage: Ev aluation can b e used to reduce the induction conclusion (FOO (CONS

A B)) to a statemen t in v olving the induction h yp othesis (FOO B) pro vided that

the (CONS A B) is one of the structures that FOO decomp oses in its recursion.

Supp ose that w e wish to pro v e b y induction that (FOO X) is T for all X .

T o sho w that (FOO NIL) is T , the ob vious thing to do is call EV AL and let

ev aluation solv e the problem (for example, EV AL( (APPEND NIL B) ) is B ). W e

then assume that (FOO B) is T , and try to sho w that (FOO (CONS A B)) is T ,

for a new Sk olem constan t A . The ob vious thing to do no w is to call EV AL

again and let the recursion in FOO decomp ose the (CONS A B) . The result will

(hop efully) b e some simple expression E , in v olving (FOO B) ; w e then use the

h yp othesis that (FOO B) is T to sho w that E is T. This pro cess is illustrated b y

the examples in the next t w o sections.
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Of course, if FOO has more than one argumen t, one m ust c ho ose whic h one(s)

to induct up on. But the link b et w een ev aluation and induction mak es the c hoice

ob vious: Induct on the structures that are b eing recursiv ely decomp osed b y

FOO . By c ho osing those structures w e insure that when EV AL is called on the

induction conclusion, (FOO (CONS A B)) , FOO will b e able to recurse at least one

step and the problem will b e reduced b y EV AL to one in v olving the induction

h yp othesis, (FOO B) .

Ho w ev er, the terms that FOO is trying to recurse on are just those that

generate the \errors" noted earlier. T o determine what to induct up on w e �rst

EV AL the expression (exp ecting to fail) and then induct up on some term on

the BOMBLIST , that is, some term whic h EV AL failed to ev aluate.

5 A Simple Example of Ev aluation and Induc-

tion

Supp ose w e wish to sho w that

(1) (EQUAL (APPEND A (APPEND B C))

(APPEND (APPEND A B) C))

alw a ys ev aluates to T , for an y A , B , and C .

The ob vious w a y to pro ceed is to EV AL the expression and see if it is T .

EV AL is unable to mak e an y headw a y in ev aluating (1) and simply returns (1)

as its answ er. Ho w ev er, in attempting to ev aluate (1) , EV AL placed four terms

on the BOMBLIST . Recall that in the de�nition of APPEND the �rst argumen t

is CDR ed in the recursion but the second argumen t is not c hanged. In form ula

(1) there are four calls to APPEND . Tw o recurse up on A , one up on B , and one

up on (APPEND A B) .

Resorting to induction, w e c ho ose to induct up on A (w e migh t ha v e c hosen

B , but w e c ho ose A b y \p opularit y"). First w e try the \ NIL case" (i.e. (1) with

A replaced b y NIL ):

(2) (EQUAL (APPEND NIL (APPEND B C))

(APPEND (APPEND NIL B) C)).

When w e EV AL this, partial ev aluation of the APPEND s mak es (2) equiv alen t to

(3) (EQUAL (APPEND B C) (APPEND B C)),

since APPEND returns its second argumen t if the �rst is NIL . Ho w ev er, (3) is just

a partial result, and no w that the argumen ts ha v e b een EV AL ed, the EQUAL is

ev aluated to T , since in our LISP t w o iden tical expressions return EQUAL results.

So the \ NIL case" has b een sho wn to b e T b y ev aluation.

Next w e m ust sho w that

(4) (EQUAL (APPEND (CONS A1 A) (APPEND B C))

(APPEND (APPEND (CONS A1 A) B) C))
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is alw a ys T , if w e assume that

(5) (EQUAL (APPEND A (APPEND B C))

(APPEND (APPEND A B) C))

is T .

But EV AL transforms (4) in to

(6) (EQUAL (CONS A1 (APPEND A (APPEND B C)))

(CONS Al (APPEND (APPEND A B) C)))

and then (from its kno wledge of EQUAL ) transforms (6) in to

(7) (EQUAL (APPEND A (APPEND B C))

(APPEND (APPEND A B) C)).

But (7) is exactly the same as (5) whic h w e are assuming (inductiv ely) is

alw a ys T . Hence, b y ev aluation and the induction h yp othesis w e ha v e sho wn that

(4) , the induction conclusion, is alw a ys T . So the asso ciativit y of APPEND has

b een pro v ed. Observ e that EV AL w as resp onsible for con v erting the induction

conclusion (4) in to an expression in v olving the induction h yp othesis (5) .

Our program pro duces precisely this pro of. Its only kno wledge ab out APPEND

is its LISP de�nition.

6 Using the Induction Hyp othesis and General-

ization

Using the induction h yp othesis is not alw a ys as easy as it w as ab o v e. A go o d

example o ccurs in our program's pro of of

(8) (EQUAL (REVERSE (REVERSE A)) A),

where the de�nition of REVERSE is

(LAMBDA (X)

(COND X

(APPEND (REVERSE (CDR X))

(CONS (CAR X) NIL))

NIL)).

If w e induct on A in (8) w e �nd that the NIL case ev aluates to T . W e therefore

assume (8) as our induction h yp othesis and try to pro v e

(9) (EQUAL (REVERSE (REVERSE (CONS A1 A))) (CONS A1 A)).

This ev aluates to

(10) (EQUAL (REVERSE (APPEND (REVERSE A) (CONS A1 NIL)))

(CONS A1 A)).
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W e no w wish to use the induction h yp othesis, (8) . Since it is an equalit y our

heuristic is to \cross-fertilize" (10) with it, b y replacing the A in the righ t-hand

side of (10) b y the left-hand side of (8) , giving

(11) (EQUAL (REVERSE (APPEND (REVERSE A) (CONS A1 NIL)))

(CONS A1 (REVERSE (REVERSE A)))).

W e then consider (8) to b e \used" and thro w it a w a y . W e m ust no w pro v e

(11) .

A t this p oin t w e note that (REVERSE A) is a subform ula whic h app ears

on b oth sides of an EQUAL . F urthermore, from the de�nition of REVERSE , the

program can determine that the output of (REVERSE A) can b e an y list at all.

On these grounds w e c ho ose to generalize the theorem to b e pro v ed b y replacing

(REVERSE A) in (11) b y a Sk olem constan t, B , and set out to pro v e

(12) (EQUAL (REVERSE (APPEND B (CONS A1 NIL)))

(CONS A1 (REVERSE B))).

But (12) is easy to pro v e. EV AL tells us to induct on B . The NIL case EV AL s

to T . Assuming (12) as the induction h yp othesis, w e EV AL the \ CONS case":

(13) (EQUAL (REVERSE (APPEND (CONS B1 B) (CONS A1 NIL)))

(CONS A1 (REVERSE (CONS B1 B))))

and get

(14) (EQUAL (APPEND (REVERSE (APPEND B (CONS A1 NIL)))

(CONS B1 NIL))

(CONS A1 (APPEND (REVERSE B) (CONS B1 NIL)))).

W e no w use our h yp othesis, (12) , b y cross-fertilizing (14) with it, replacing

(REVERSE (APPEND B (CONS A1 NIL))) in the left-hand side of (14) b y the

righ t-hand side of (12) , yielding

(15) (EQUAL (APPEND (CONS A1 (REVERSE B)) (CONS B1 NIL))

(CONS A1 (APPEND (REVERSE B) (CONS B1 NIL)))).

Finally , (15) EV AL s to T b ecause the left-hand side APPEND ev aluates to

(CONS A1 (APPEND (REVERSE B) (CONS B1 NIL))),

whic h is the righ t-hand side, so the EQUAL returns T . The theorem is therefore

pro v ed.

Our theorem-pro v er tak es 8 seconds to pro duce this pro of. If the reader

thinks that this theorem is utterly trivial, he is in vited to try to pro v e the

similar theorem

(EQUAL (REVERSE (APPEND A B))

(APPEND (REVERSE B) (REVERSE A))),

whic h is also pro v ed b y the program.
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7 A Description of the Program

Besides EV AL there are �v e basic subroutines in our system: NORMALIZE ,

REDUCE , FER TILIZE , GENERALIZE , and INDUCT . Belo w are brief descrip-

tions of these routines.

NORMALIZE applies ab out ten rewrite rules to LISP expressions. F or ex-

ample,

(COND (COND A B C) D E) b ecomes

(COND A (COND B D E) (COND C D E)),

and (COND A A NIL) b ecomes A . App endix C lists the rewrite rules.

REDUCE attempts to propagate the results of the tests in COND statemen ts

do wn the branc hes of the COND tree. Th us,

(COND A (COND A B C) (P A)) b ecomes (COND A B (P NIL)).

FER TILIZE is resp onsible for \using" the h yp othesis of an implication when

it is an equalit y . A theorem of the form x = y ! p ( y ) is rewritten to p ( x ) _ x 6= y .

W e mak e fertilizations of the form

x = y ! f ( z ) = g ( y ) b ecomes f ( z ) = g ( x ) _ x 6= y :

b efore an y other kind. W e call suc h substitutions \cross-fertilizations;" w e prefer

cross-fertilizations b ecause they frequen tly allo w the pro ofs w e w an t. After

fertilizing w e nev er again lo ok at the equalit y h yp othesis, although w e retain it

for soundness.

GENERALIZE is resp onsible for generalizing the theorem to b e pro v ed. This

is done b y replacing some common subform ulas in the theorem b y new Sk olem

constan ts. T o pro v e something of the form p ( f ( A )) = q ( f ( A )), w e try pro ving

p ( B ) = q ( B ); and to pro v e p ( f ( A )) ! q ( f ( A )), w e try p ( B ) ! q ( B ), where

B is a new Sk olem constan t. Ho w ev er, if the subform ula f ( A ) is of a highly

constrained t yp e, for instance, it is alw a ys a n um b er, an additional condition is

imp osed on the new Sk olem constan t.

If the theorem to b e generalized is

(EQUAL (ADD (LENGTH A) B) (ADD B (LENGTH A))),

GENERALIZE pro duces as output

(COND (LENGTYPE C) (EQUAL (ADD C B) (ADD B C)) T),

where LENGTYPE is a LISP function written b y GENERALIZE from the LISP

de�nition of LENGTH . In this particular case, the function written b y GENER-

ALIZE has precisely the de�nition of NUMBERP , namely ,

(LAMBDA (X)

(COND X

(COND (CAR X) NIL (NUMBERP (CDR X)))

T)).
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T o p erform the generalization describ ed in the previous section, GENER-

ALIZE wrote the \t yp e function" for REVERSE ,

(LAMBDA (X) T),

whic h w as recognized as b eing no restriction at all and then ignored. The

problem of recognizing the output of a recursiv e function is clearly undecidable

and v ery di�cult. T o write these t yp e functions, GENERALIZE uses some

heuristics whic h are often useful.

INDUCT is the program that em b o dies our induction heuristic. W e no w

describ e the form in whic h it presen ts the new induction form ula to the other

routines and ho w the induction h yp othesis is sa v ed for use.

If the theorem to b e pro v ed b y induction is (FOO A) and EV AL indicates

that FOO recurses on the CDR of A , the output of INDUCT is

(COND (FOO NIL)

(COND (FOO A) (FOO (CONS A1 A)) T)

NIL),

whic h b ecomes the theorem to b e pro v ed. This is just the LISP expression for

(FOO NIL) ^ ( (FOO A) ! (FOO (CONS A1 A)) ) :

The de�nitions of AND and IMPLIES are in App endix A.

The precise form of the induction form ula output b y INDUCT is dictated

b y the t yp es of \errors" encoun tered b y EV AL . F or example, if b oth the CAR

and the CDR of A o ccur on the BOMBLIST , then the induction form ula is

(FOO NIL) ^ (( (FOO A1) ^ (FOO A) ) ! (FOO (CONS A1 A)) ) :

F or sim ultaneous recursion on t w o v ariables (e.g. LTE in App endix A) and more

complicated recursion (e.g. ORDERED ), INDUCT pro duces appropriate induction

form ulas. All of this information is collected from the BOMBLIST pro duced b y

EV AL .

8 Con trol Structure of the Program

The con trol structure of our system is v ery simple. T o pro v e that some LISP

expression, THM , alw a ys ev aluates to T , w e execute the follo wing lo op:

loop: set OLDTHM to THM ;

set THM to REDUCE(NORMALIZE(EV AL(THM))) ;

if THM = T, then return ;

if THM is not equal to OLDTHM , then goto loop;

if fertilization applies, then set THM to FER TILIZE(THM)

otherwise, if THM is of the form (COND p q NIL)

then set THM to (COND INDUCT(GENERALIZE(p )) q NIL)

otherwise, set THM to INDUCT(GENERALIZE(THM)) ;

goto loop;
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It should b e noted that all of the imp ortan t con trol structure is em b edded

in the LlSP expression THM . F or example, when INDUCT needs to pro v e the

conjunction of the NIL case and the induction step, it is actually done b y re-

placing the expression THM b y a LISP expression whic h has v alue T if and only

if that conjunction is true. If the NIL case ev aluates to T , then EV AL returns

the second conjunct, whic h b ecomes the theorem to b e pro v ed.

9 F ailures

The program will pro v e an in teresting v ariet y of theorems, as illustrated b y

App endix B. Ho w ev er, the system is far from b eing a practical to ol for program

v eri�cation b ecause it fails to pro v e man y in teresting theorems.

W e b eliev e that the curren t program is incapable of pro ving theorems more

di�cult | in an in tuitiv e sense | than the correctness of the list sorting func-

tion in App endix A. T o pro v e that the output of SORT is ORDERED requires the

generation and pro of of t w o lemmas: that ADDTOLIST pro duces an ordered list

when its second argumen t is ordered, and that the function LTE (less than or

equal) has the prop ert y that (for all X and Y ), X is LTE Y , or Y is LTE X . The

program generates these t w o lemmas and pro v es them b y induction. (Note: In

order to pro v e the correctness of SORT , one m ust not only sho w that its output

is ORDERED but that the output is a p erm utation of the input. The program

pro v es this as w ell.)

Although the correctness of SORT is in teresting, computers are full of pro-

grams m uc h more complicated. Th us the statemen t that the ab o v e theorem is

essen tially at the limit of the curren t program's p o w er is esp ecially disturbing

to those in terested in practical applications.

Belo w w e discuss t w o common causes of the theorem-pro v er's failure to pro v e

man y theorems.

The �rst cause is simply that the induction mec hanism is to o simple. As

mathematicia ns ha v e kno wn for y ears, it is often not at all ob vious what one

m ust assume in order to pro v e a theorem inductiv ely . The curren t program

su�ers from making the wrong h yp otheses, ev en when the righ t ones are ob vious.

Consider the function

(REVERSE1 (LAMBDA (X Y)(COND X

(REVERSE1 (CDR X)

(CONS (CAR X) Y))

Y))).

Note that as the function recursiv ely destro ys X , it recursiv ely constructs Y .

If a theorem in v olving (REVERSE1 A B) is to b e pro v ed b y induction on A ,

the conclusion will in v olv e the term (REVERSE1 (CONS A1 A) B) . When this

is sym b olically ev aluated it yields (REVERSE1 A (CONS A1 B)) . Therefore, this
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term should b e in v olv ed in the h yp othesis if the h yp othesis is to b e useful. Ho w-

ev er, the curren t program supplies the term (REVERSE1 A B) in the h yp othesis,

b ecause it fails to note the w a y the second argumen t is b eing used.

A second cause of failure in v olv es generalization and induction. T o pro v e

the theorem

(IMPLIES (SUBSET A A) (SUBSET A (CONS A1 A)))

requires the generalization

(IMPLIES (SUBSET A B) (SUBSET A (CONS A1 B))).

The program can easily pro v e the generalization, but it fails to pro v e the orig-

inal theorem. Recognizing the need for the generalization and deciding whic h

v ariables to \separate" is di�cult.

W e feel that despite the shortcomings of the curren t program, the approac h

to program v eri�cation discussed here is promising. Just as it is di�cult if not

imp ossible to in tegrate sym b olically certain form ulas without certain `tric ks," it

is di�cult if not imp ossible to pro v e certain theorems without certain \tric ks."

The program is an implem en tation of some of these tric ks and w e b eliev e it is

p ossible to disco v er more and implemen t them in a w a y that is within the spirit

of the curren t approac h, if not within the framew ork of the curren t program.

10 Conclusion

W e �nd it natural to use the routines EV AL , NORMALIZE , and REDUCE b oth

to rewrite LISP expressions and pro v e theorems. Our exp erience con�rms, and

w as motiv ated b y , a con viction that pro ofs and computations are essen tially

similar. This con viction w as inspired b y con v ersations with Bob Ko w alski and

P at Ha y es, and the b eaut y of LISP . Our program is in the st yle of theorem-

pro ving programs written b y Bledso e [1, 2].

W e w ould lik e to note that our program uses no searc h and has no kno wledge

of user functions other than their de�nitions. Consequen tly our theorem-pro v er

frequen tly repro v es simple facts lik e the asso ciativit y of APPEND .

11 Related W ork

An excellen t surv ey of the v arious metho ds for v erifying programs is presen ted

in Manna, Ness, and V uillemin, 1972 [16].

Brotz, 1973 [3] has implemen ted an arithmetic theorem-pro v er v ery similar

to ours. His system generates its o wn induction form ulas and uses the generaliza-

tion heuristic w e use (without \t yp e functions"). He inducts up on the righ tmost

Sk olem constan t app earing in the statemen t of the theorem rather than using

EV AL and the BOMBLIST as w e do. His heuristic will alw a ys c ho ose a term

11



recursed up on (due to restrictions on the forms of recursiv e equations allo w ed),

but it will not alw a ys c ho ose the one w e c ho ose.

Our program uses structural induction, whic h w as in tro duced in to the litera-

ture b y Burstall, 1969 [4], although it w as used earlier b y McCarth y and P ain ter,

1967 [19] in a compiler correctness pro of. Comm on alternativ e inductiv e meth-

o ds for recursiv e languages are computational induction (P ark, 1969 [24]) and

recursion induction (McCarth y , 1963 [17]). Both are essen tially induction on the

depth of function calls. Milner, 1972 [20] and Milner and W eyhrauc h, 1972 [21]

describ e a pro of c hec k er for Scott's Logic for Computable F unctions (Scott, 1970

[25]) whic h uses computational induction. The most commonly used metho d is

for 
o w diagram languages and w as suggested b y Naur, 1966 [23] and Flo yd,

1967 [10]. In this approac h, inductiv e assertions are attac hed to p oin ts in a

program and are used to generate \v eri�cation conditions," whic h are theorems

that m ust b e pro v ed to establish the correctness of the program. King 1969

[15], Go o d, 1970 [12], Co op er, 1971 [5], Gerhart, 1972 [11], Deutsc h, 1973 [7],

Igarashi, London, and Luc kham, 1973 [13], Elspas, Levitt, and W aldinger, 1973

[9], and T op or and Burstall, 1973 [26] ha v e implemen ted systems whic h use this

metho d for languages whic h include assignmen ts (p ossibly to arra ys), jumps or

lo ops, and de�ned pro cedure calls. These programs require the user to in v en t in-

ductiv e assertions. Elspas, 1972 [8], W egbreit, 1973 [27], and Katz and Manna,

1973 [14] presen t heuristics for generating inductiv e assertions automatically .

Darlington and Burstall, 1973 [6] describ e a system whic h will tak e functions

suc h as the ones in our LISP subset and write equiv alen t programs whic h are

more e�cien t. This system will replace recursion b y iteration, merge lo ops, and

use data structures (destructiv ely) when p ermitted.

App endix A. F unction De�nitio ns

App endix A con tains the de�nition of the LISP functions w e use in the pro ofs

of the theorems in App endix B. The program automatically pro v es all of the

theorems in App endix B. The a v erage time to pro v e eac h theorem is 8 seeonds

on an ICL 4130 using POP-2. The time is almost completely sp en t in POP-2

list pro cessing, where the time for a CONS is 400 microseconds, and for a CAR

and CDR is 50 microseconds.

(ADD (LAMBDA (X Y)

(COND (ZEROP X)

(LENGTH Y)

(ADD1 (ADD (SUB1 X)

Y)))))

(ADD1 (LAMBDA (X)

(CONS NIL X)))

(ADDTOLI ST (LAMBDA (X Y)

(COND Y (COND (LTE X (CAR Y))

(CONS X Y)

(CONS (CAR Y)
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(ADDTOLIST X (CDR Y))))

(CONS X NIL))))

(AND (LAMBDA (X Y)

(COND X (COND Y T NIL)

NIL)))

(APPEND (LAMBDA (X Y)

(COND X (CONS (CAR X)

(APPEND (CDR X)

Y))

Y)))

(ASSOC (LAMBDA (X Y)

(COND Y (COND (CAR Y)

(COND (EQUAL X (CAR (CAR Y)))

(CAR Y)

(ASSOC X (CDR Y)))

(ASSOC X (CDR Y)))

NIL)))

(BOOLEAN (LAMBDA (X)

(COND X (EQUAL X T)

T)))

(CDRN (LAMBDA (X Y)

(COND Y (COND (ZEROP X)

Y

(CDRN (SUB1 X)

(CDR Y)))

NIL)))

(CONSNOD E (LAMBDA (X Y)

(CONS NIL (CONS X Y))))

(COPY (LAMBDA (X)

(COND X (CONS (COPY (CAR X))

(COPY (CDR X)))

NIL)))

(COUNT (LAMBDA(X Y)

(COND Y (COND (EQUAL X (CAR Y))

(ADD1 (COUNT X (CDR Y)))

(COUNT X (CDR Y)))

0)))

(DOUBLE (LAMBDA (X)

(COND (ZEROP X)

0

(ADD 2 (DOUBLE (SUB1 X))))))

(ELEMENT (LAMBDA (X Y)

(COND Y (COND (ZEROP X)

(CAR Y)

(ELEMENT (SUB1 X)

(CDR Y)))
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NIL)))

(EQUALP (LAMBDA (X Y)

(COND X (COND Y (COND(EQUA LP (CAR X)

(CAR Y))

(EQUALP (CDR X)

(CDR Y))

NIL)

NIL)

(COND Y NIL T))))

(EVEN1 (LAMBDA (X)

(COND (ZEROP X)

T

(ODD (SUB1 X)))))

(EVEN2 (LAMBDA (X)

(COND (ZEROP X)

T

(COND (ZEROP (SUB1 X))

NIL

(EVEN2 (SUB1(SUB1 X)))))))

(FLATTEN (LAMBDA(X)

(COND (NODE X)

(APPEND (FLATTEN (CAR (CDR X)))

(FLATTEN (CDR (CDR X))))

(CONS X NIL))))

(GT (LAMBDA (X Y)

(COND (ZEROP X)

NIL

(COND (ZEROP Y)

T

(GT (SUB1 X)

(SUB1 Y))))))

(HALF (LAMBDA (X)

(COND (ZEROP X)

0

(COND (ZEROP (SUB1 X))

0

(ADD1 (HALF (SUB1 (SUB1 X))))))))

(IMPLIES (LAMBDA (X Y)

(COND X (COND Y T NIL)

T)))

(INTERSE CT (LAMBDA (X Y)

(COND X (COND (MEMBER (CAR X)

Y)

(CONS (CAR X)

(INTERSECT (CDR X)

Y))

(INTERSEC T (CDR X)
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Y))

NIL)))

(LAST (LAMBDA (X)

(COND X (COND (CDR X)

(LAST (CDR X))

(CAR X))

NIL)))

(LENGTH (LAMBDA (X)

(COND X (ADD1 (LENGTH (CDR X)))

0)))

(LIT (LAMBDA (X Y Z)

(COND X (APPLY Z (CAR X)

(LIT (CDR X)

Y Z))

Y)))

(LTE (LAMBDA (X Y)

(COND (ZEROP X)

T

(COND (ZEROP Y)

NIL

(LTE (SUB1 X)

(SUB1 Y))))))

(MAPLIST (LAMBDA (X Y)

(COND X (CONS (APPLY Y (CAR X))

(MAPLIST (CDR X)

Y))

NIL)))

(MEMBER (LAMBDA (X Y)

(COND Y (COND (EQUAL X (CAR Y))

T

(MEMBER X (CDR Y)))

NIL)))

(MONOT1 (LAMBDA (X)

(COND X (COND (CDR X)

(COND (EQUAL (CAR X)

(CAR (CDR X)))

(MONOT1 (CDR X))

NIL)

T)

T)))

(MONOT2 (LAMBDA (X Y)

(COND Y (COND (EQUAL X (CAR Y))

(MONOT2 X (CDR Y))

NIL)

T)))

(MONOT2P (LAMBDA (X)

(COND X (MONOT2 (CAR X)
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(CDR X))

T)))

(MULT (LAMBDA (X Y)

(COND (ZEROP X)

0

(ADD Y (MULT (SUB1 X)

Y)))))

(NODE (LAMBDA (X)

(COND X (COND (CAR X)

NIL

(COND (CDR X)

T NIL))

NIL)))

(NOT (LAMBDA (X)

(COND X NIL T)))

(NUMBERP (LAMBDA (X)

(COND X (COND (CAR X)

NIL

(NUMBERP (CDR X)))

T)))

(OCCUR (LAMBDA (X Y)

(COND (EQUAL X Y)

T

(COND Y (COND (OCCUR X (CAR Y))

T

(OCCUR X (CDR Y)))

NIL))))

(ODD (LAMBDA (X)

(COND (ZEROP X)

NIL

(EVEN1 (SUB1 X)))))

(OR (LAMBDA (X Y)

(COND X T (COND Y T NIL))))

(ORDERED (LAMBDA (X)

(COND X (COND (CDR X)

(COND (LTE (CAR X)

(CAR (CDR X)))

(ORDERED (CDR X))

NIL)

T)

T)))

(PAIRLIS T (LAMBDA (X Y)

(COND X (COND Y (CONS (CONS (CAR X)

(CAR Y))

(PAIRLIST (CDR X)

(CDR Y)))

(CONS (CONS (CAR X)
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NIL)

(PAIRLIST (CDR X)

NIL)))

NIL)))

(REVERSE (LAMBDA (X)

(COND X (APPEND (REVERSE (CDR X))

(CONS (CAR X)

NIL))

NIL)))

(SORT (LAMBDA (X)

(COND X (ADDTOLIST (CAR X)

(SORT (CDR X)))

NIL)))

(SUB1 (LAMBDA (X)

(CDR X)))

(SUBSET (LAMBDA (X Y)

(COND X (COND (MEMBER (CAR X)

Y)

(SUBSET (CDR X)

Y)

NIL)

T)))

(SUBST (LAMBDA (X Y Z)

(COND (EQUAL Y Z)

X

(COND Z (CONS (SUBST X Y (CAR Z))

(SUBST X Y (CDR Z)))

NIL))))

(SWAPTRE E (LAMBDA (X)

(COND (NODE X)

(CONSNODE (SWAPTREE (CDR (CDR X)))

(SWAPTREE (CAR (CDR X))))

X)))

(TIPCOUN T (LAMBDA (X)

(COND (NODE X)

(ADD (TIPCOUNT (CAR (CDR X)))

(TIPCOUNT (CDR (CDR X))))

1)))

(UNION (LAMBDA (X Y)

(COND X (COND (MEMBER (CAR X)

Y)

(UNION (CDR X)

Y)

(CONS (CAR X)

(UNION (CDR X)

Y)))
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Y)))

(ZEROP (LAMBDA (X)

(EQUAL X 0)))

App endix B. Theorems Pro v ed

(EQUAL (APPEND A (APPEND B C)) (APPEND (APPEND A B) C))

(IMPLIES (EQUAL (APPEND A B) (APPEND A C)) (EQUAL B C))

(EQUAL (LENGTH (APPEND A B)) (LENGTH (APPEND B A)))

(EQUAL (REVERSE (APPEND A B)) (APPEND (REVERSE B) (REVERSE A)))

(EQUAL (LENGTH (REVERSE D)) (LENGTH D))

(EQUAL (REVERSE (REVERSE A)) A)

(IMPLIES A (EQUAL (LAST (REVERSE A)) (CAR A)))

(IMPLIES (MEMBER A B) (MEMBER A (APPEND B C)))

(IMPLIES (MEMBER A B) (MEMBER A (APPEND C B)))

(IMPLIES (AND (NOT (EQUAL A (CAR B))) (MEMBER A B)) (MEMBER A (CDR B)))

(IMPLIES (OR (MEMBER A B) (MEMBER A C)) (MEMBER A (APPEND B C)))

(IMPLIES (AND (MEMBER A B) (MEMBER A C)) (MEMBER A (INTERSEC T B C)))

(IMPLIES (OR (MEMBER A B) (MEMBER A C)) (MEMBER A (UNION B C)))

(IMPLIES (SUBSET A B) (EQUAL (UNION A B) B))

(IMPLIES (SUBSET A B) (EQUAL (INTERSECT A B) A))

(EQUAL (MEMBER A B) (NOT (EQUAL (ASSOC A (PAIRLIST B C)) NIL)))

(EQUAL (MAPLIST (APPEND A B) C) (APPEND (MAPLIST A C) (MAPLIST B C)))

(EQUAL (LENGTH (MAPLIST A B)) (LENGTH A))

(EQUAL (REVERSE (MAPLIST A B)) (MAPLIST (REVERSE A) B))

(EQUAL (LIT (APPEND A B) C D) (LIT A (LIT B C D) D))

(IMPLIES (AND (BOOLEAN A) (BOOLEAN B))

(EQUAL (AND (IMPLIES A B) (IMPLIES B A)) (EQUAL A B)))

(EQUAL (ELEMENT B A) (ELEMENT (APPEND C B) (APPEND C A)))

(IMPLIES (ELEMENT B A) (MEMBER (ELEMENT B A) A))

(EQUAL (CDRN C (APPEND A B)) (APPEND (CDRN C A) (CDRN (CDRN A C) B)))

(EQUAL (CDRN (APPEND B C) A) (CDRN C (CDRN B A)))

(EQUAL (EQUAL A B) (EQUAL B A))

(IMPLIES (AND (EQUAL A B) (EQUAL B C)) (EQUAL A C))

(IMPLIES (AND (BOOLEAN A) (AND (BOOLEAN B) (BOOLEAN C)))

(EQUAL (EQUAL (EQUAL A B) C) (EQUAL A (EQUAL B C))))

(EQUAL (ADD A B) (ADD B A))

(EQUAL (ADD A (ADD B C)) (ADD (ADD A B) C))

(EQUAL (MULT A B) (MULT B A))

(EQUAL (MULT A (ADD B C)) (ADD (MULT A B) (MULT A C)))

(EQUAL (MULT A (MULT B C)) (MULT (MULT A B) C))

(EVEN1 (DOUBLE A))

(IMPLIES (NUMBERP A) (EQUAL (HALF (DOUBLE A)) A))

(IMPLIES (AND (NUMBERP A) (EVEN1 A)) (EQUAL (DOUBLE (HALF A)) A))

(EQUAL (DOUBLE A) (MULT 2 A))

(EQUAL (DOUBLE A) (MULT A 2))

(EQUAL (EVEN1 A) (EVEN2 A))
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(GT (LENGTH (CONS A B)) (LENGTH B))

(IMPLIES (AND (GT A B) (GT B C)) (GT A C))

(IMPLIES (GT A B) (NOT (GT B A)))

(LTE A (APPEND B A))

(OR (LTE A B) (LTE B A))

(OR (GT A B) (OR (GT B A) (EQUAL (LENGTH A) (LENGTH B))))

(EQUAL (MONOT2P A) (MONOT1 A))

(ORDERED (SORT A))

(IMPLIES (AND (MONOT1 A) (MEMBER B A)) (EQUAL (CAR A) B))

(LTE (CDRN A B) B)

(EQUAL (MEMBER A (SORT B)) (MEMBER A B))

(EQUAL (LENGTH A) (LENGTH (SORT A)))

(EQUAL (COUNT A B) (COUNT A (SORT B)))

(IMPLIES (ORDERED A) (EQUAL A (SORT A)))

(IMPLIES (ORDERED (APPEND A B)) (ORDERED A))

(IMPLIES (ORDERED (APPEND A B)) (ORDERED B))

(EQUAL (EQUAL (SORT A) A) (ORDERED A))

(LTE (HALF A) A)

(EQUAL (COPY A) A)

(EQUAL (EQUALP A B) (EQUAL A B))

(EQUAL (SUBST A A B) B)

(IMPLIES (MEMBER A B) (OCCUR A B))

(IMPLIES (NOT (OCCUR A B)) (EQUAL (SUBST C A B) B))

(EQUAL (EQUALP A B) (EQUALP B A))

(IMPLIES (AND (EQUALP A B) (EQUALP B C)) (EQUALP A C))

(EQUAL (SWAPTREE (SWAPTREE A)) A)

(EQUAL (FLATTEN (SWAPTREE A)) (REVERSE (FLATTEN A)))

(EQUAL (LENGTH (FLATTEN A)) (TIPCOUNT A))

App endix C. Rewrite Rules Applied b y Normalize

In the rules b elo w, lo w er-case letters represen t arbitrary forms. F orms matc h-

ing those on the left-hand side of thc arro ws are replaced b y the appropriate

instances of the forms on the righ t. IDENT is a routine whic h tak es t w o terms

as argumen ts and returns "equal" if they are syn tatically iden tical (suc h as

(CONS A B) and (CONS A B) , or (CONS NIL NIL) and 1 ), "unequal" if they

are ob viously unequal (suc h as (CONS A B) and NIL, or (CONS A B) and A ),

or "unknown" . BOOLEAN is a routine whic h returns true or false dep ending

up on whether its argumen t is Bo olean. BOOLEAN handles recursiv e functions

b y insp ecting their de�nitions with an inductiv e assumption that an y recursiv e

calls are to b e considered Bo olean. NORMALIZE rewrites the argumen ts to

the term it is giv en b efore rewriting the top-lev el expression. Finally , an y rule

in v olving EQUAL has a symmetric v ersion not presen ted in whic h the argumen ts

to the EQUAL ha v e b een in terc hanged.

(EQUAL x y) ) T, if IDENT( x , y ) = "equal"

(EQUAL x y) ) NIL, if IDENT( x , y ) = "unequal"
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(EQUAL x T) ) x, if BOOLEAN( x )

(EQUAL (EQUAL x y) z) ) (COND (EQUAL x y) (EQUAL z T)(COND z NIL T))

(COND (CONS u v) x y) ) x

(COND NIL x y) ) y

(COND x T NIL) ) x, if BOOLEAN( x )

(COND x y y) ) y

(COND x x NIL) ) x

(f x ::: (COND y u v) ::: z) ) (COND y (f x ::: u ::: z)( f x ::: v ::: z))
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