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Abstract. This pap er sho ws ho w classic inductiv e assertions can b e used in conjunction with

an op erational seman tics to pro v e partial correctness prop erties of programs, without the in-

tro duction of a v eri�cation condition generator. In particular, w e sho w ho w a formal statemen t

ab out the op erational seman tics can b e deduced more or less directly from v eri�cation con-

ditions. Both iterativ e and recursiv e programs are considered. Assertions are attac hed to the

program b y de�ning a predicate on states. This predicate is then \completed" to an alleged

in v arian t b y the de�nition of a tail-recursiv e partial function de�ned in terms of the state

transition function of the op erational seman tics. If this alleged in v arian t can b e pro v ed to b e

an in v arian t under the state transition function, it follo ws that the assertions are true ev ery

time they are encoun tered in execution and th us that the p ost-condition is true if reac hed from

a state satisfying the pre-condition. But b ecause of the manner in whic h the alleged in v arian t

is de�ned, the v eri�cation conditions are su�cien t to pro v e in v ariance. The fact that the asser-

tions are completed via tail-recursion means that it is unnecessary to pro v e that the completion

pro cess terminates. Indeed, the in v arian t function ma y b e though t of as a state-based v eri�ca-

tion condition generator built in a single function de�nition from the state transition function

of the op erational seman tics. The metho d allo ws standard inductiv e assertion st yle pro ofs to

b e constructed directly in an op erational seman tics setting. T o demonstrate the tec hnique, a

pre-existing mo del of the Ja v a Virtual Mac hine is used as the op erational seman tics. P artial

correctness theorems ab out sev eral simple Ja v a metho ds are presen ted. These theorems are

con trasted total correctness results pro v ed b y de�ning \clo c k functions" that c haracterize ho w

man y steps are to b e executed.

1 Summary

A formal op erational seman tics consists of a represen tation of a mac hine state (including some

program to b e run) as some ob ject in a formal logic, together with the formal de�nition of a state

transition function, step . The A CL2 [6] logic is used here. F unction application is denoted as in

Lisp. Hence, (step s) denotes the state obtained b y applying the state transition function to s .

The expression (run k s) is de�ned to b e the state obtained b y stepping s k times.

A t ypical total c orr e ctness theorem in this setting is a form ula of the form

(implies ( P n0 s)

( Q n0 (run (clock n0) s)))

Here, P is the pre-condition for the program in s with initial inputs n0 . F or simplicit y , supp ose that

the pre-condition includes the requiremen t that the program coun ter (p c) of s b e some single en try

p oin t, h entr y i . Q is the p ost-condition. Supp ose it includes the requiremen t that the p c b e at a

single exit p oin t h exit i . (Clock n0) is de�ned to return the n um b er of steps necessary to driv e the

program from the en try to the exit when the pre-condition is true. This is a strong total correctness



2

theorem b ecause it not only guaran tees termination but sp eci�es ho w long the program runs. Man y

suc h examples ma y b e found in [12].

Supp ose a \partial correctness" theorem is desired. Suc h a theorem migh t tak e the form:

(implies (and ( P n0 s)

(equal (pc (run k s)) h exit i ))

( Q n0 (run k s)))

The theorem ma y b e read as \if s satis�es the pre-condition and a run of arbitrary length k pro duces

a state where con trol has reac hed h exit i , then the p ost-condition is true."

Suc h theorems are t ypically pro v ed b y the inductiv e assertion metho d. This is not new. What

is new is ho w the inductiv e assertion metho d is formally em b edded in to an op erational seman tics

mo del.

The �rst step is to attac h assertions at selected cut-p oin ts b y de�ning a function suc h as:

(defun assert (n0 s)

(cond ((equal (pc s) h entr y i ) ( P n0 s))

((equal (pc s) h l oop i ) ( I n0 s))

: : :

((equal (pc s) h exit i ) ( Q n0 s))

(t nil)))

Next, this assertion is completed to an alleged in v arian t on states b y de�ning the partial function:

(defpun invariant (n0 s)

(if (member (pc s) '( h entr y i h l oop i : : : h exit i ))

(assert n0 s)

(invariant n0 (step s))))

This tail-recursiv e de�nition can b e admitted to the A CL2 logic soundly since Manolios and Mo ore

[9] pro v ed that ev ery tail-recursiv e equation has an admissible total function as a witness. (The

invariant function will not terminate if ev ery lo op is not cut.) T o mem b ers of the Bo y er-Mo ore

comm unit y , the only no v el idea in this pap er is the observ ation that the assertion can b e completed

to an in v arian t in a tail-recursiv e w a y without incurring a termination pro of.

The third step is to pro v e that invariant is, indeed, in v arian t under stepping.

(implies (invariant n0 s)

(invariant n0 (step s)))

When invariant is de�ned as sho wn here, this generates the same pro of obligations as a con v en tional

\v eri�cation condition generator" (V CG) w ould.

The fourth step is to observ e, b y a trivial induction whic h is automatic for A CL2, that the

in v arian t holds for arbitrary runs.

(implies (invariant n0 s)

(invariant n0 (run k s)))

The desired partial correctness result follo ws from the in v ariance ab o v e: if a state at h entr y i

sati�es the pre-condition and a run reac hes a state at h exit i then the p ost-condition holds.

The inductiv e assertion metho d for pro ving programs correct is among the oldest suc h metho ds.

The idea w as implicitly used b y v on Neumann and Goldstine in [3] and made explicit in the classic

pap ers b y Flo yd [2] and Hoare [4]. The �rst mec hanized v eri�cation condition generator, whic h

generates pro of obligations from co de and attac hed assertions, w as written b y King [7]. McCarth y [10]
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made explicit an alternativ e approac h, op erational seman tics, in whic h \the meaning of a program

is de�ned b y its e�ect on the state v ector."

This pap er concerns the com bination of the t w o, namely , the use of inductiv e assertions to pro v e

theorems ab out programs mo deled with an op erational seman tics. Inductiv e assertions, and more

generally , the establishmen t of state in v arian ts, is essen tial in v erifying partial correctness, safet y ,

and other prop erties in an op erational setting. Another view of this w ork is that it prop oses a metho d

of de�ning state in v arian ts b y completing assertions pro vided for selected cut p oin ts in a program.

The use of inductiv e assertions in conjunction with a formal op erational seman tics to pro v e

partial correctness results mec hanically is not new. Rob ert S. Bo y er and the author dev elop ed it

for their A nalysis of Pr o gr ams course at the Univ ersit y of T exas at Austin as early as 1983. In

that class, an op erational seman tics for a simple pro cedural language in Nqthm [1] w as de�ned and

the course explored program correctness pro ofs that com bined op erational seman tics with inductiv e

assertions. These pro ofs motiv ated the exploration of total v ersus partial correctness, Hoare logics,

and v eri�cation condition generation. F or an Nqthm pro of script illustrating the use of inductiv e

assertions in an op erational seman tics setting, see [11].

A recen t example of the use of assertions to pro v e theorems ab out a program mo deled op era-

tionally ma y b e found in [13], where a safet y prop ert y of a non-terminating m ulti-threaded Ja v a

system is pro v ed with resp ect to an op erational seman tics for the Ja v a Virtual Mac hine [12].

So what is new? A careful lo ok at the earlier w ork rev eals that the in v arian t explicitly included

an assertion for ev ery v alue of the p c. (The in v arian t m ust recognize ev ery reac hable state and so

m ust handle ev ery p c; the issue is whether it do es so explicitly or implicitly .) The classic Flo yd-

Hoare inductiv e assertion metho d requires an assertion only for selected cut p oin ts; a V CG is used

to pro duce the pro of obligations b y propagating the assertions through the co de.

An alternativ e w a y to com bine inductiv e assertions at selected cut p oin ts with an op erational

seman tics in a completely formal setting is to formalize and v erify a V CG with resp ect to the

op erational seman tics. In [5], for example, an HOL pro of of the correctness of a V CG for a simple

pro cedural language is describ ed. The w ork includes supp ort for m utually recursiv e pro cedures.

F ormal pro ofs of the v eri�cation conditions could, in principle, b e used with the theorem stating the

correctness of the V CG, to deriv e a prop ert y stated op erationally . But the metho d describ ed here

do es not require the de�nition of a V CG m uc h less a pro of of its correctness.

1

Another w a y to use inductiv e assertions to pro v e theorems in an op erational setting is admit

invariant under the de�nitional principle. The admission w ould require pro ving termination of the

recursion, whic h w ould, in turn, require de�ning a measure of the distance to the next cut p oin t and

pro ving that it decreased under step . That w ould represen t a pro of burden not generally incurred

b y the user of a V CG.

The tec hnique used here exploits the observ ation that invariant is tail-recursiv e and hence

admissible without pro of obligation, giv en the w ork of Manolios and Mo ore [9] in whic h it w as

pro v ed that ev ery tail-recursiv e equation ma y b e witnessed b y a total function. The tail-recursiv e

function ma y not b e uniquely de�ned b y the equation | this o ccurs if insu�cien t cut p oin ts are

c hosen. Suc h a failure is manifested b y an in�nite lo op in the pro cess of generating/pro ving the step

in v ariance. This is the same b eha vior a V CG user w ould exp erience in the analogous situation.

The observ ation that the assertions at the cut p oin ts can b e completed to an alleged in v arian t

without incurring pro of obligations b ey ond those of the classic metho d immediately op ens the do or

to inductiv e assertion-st yle pro ofs in an op erational seman tics setting.

1

One could regard invariant , ab o v e, as a V CG. But if so it di�ers from classic V CGs in t w o senses. First,

it is state based. Second, it is trivial b y comparison to con v en tional V CGs, b ecause it lev erages the formal

de�nition of op erational seman tics.
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The tec hnique here is similar in spirit to one used b y P ete Manolios [priv ate comm unication] to

attac k the 2-Job v ersion of the Appren tice problem [13]. There, he de�ned the reac hable states of

the Appren tice problem as all the states that could b e reac hed from certain states b y the execution

of a �xed maxim um n um b er of steps.

T o illustrate the tec hnique an op erational seman tics m ust b e in tro duced. In this pap er a pre-

existing op erational seman tics for a signi�can t fragmen t of the JVM [8] is used. The mo del is called

M5 [12]. The seman tics of the JVM are of no sp ecial in terest in this pap er. M5 w as c hosen b ecause

it w as a v ailable and it w as realistic. W riting a V CG for JVM b yteco de is a serious and error-prone

undertaking. The seman tics of the b yteco de ma y b e gathered from [8] or b y insp ection of the formal

mo del. In this pap er, commen ts in displa y ed b yteco de explain the language. Roughly sp eaking, the

JVM is a stac k mac hine in whic h eac h metho d in v o cation allo cates a new stac k frame whic h is

p opp ed up on return. Eac h frame con tains a stac k for the computation of in termediate results b y the

b yteco de of the metho d. The most primitiv e nativ e arithmetic is 32-bit t w os complemen t, here called

\ int arithmetic" after the Ja v a term for suc h in tegers. In int arithmetic, o v er
o w is not signaled;

adding one to the most p ositiv e in teger pro duces the most negativ e in teger. M5 mo dels this and man y

other asp ects of Ja v a, including the creation of instance ob jects in the heap, the in v o cation of static,

sp ecial, and virtual metho ds, the creation of m ultiple threads, and sync hronization via monitors.

The later details are not exp osed in this pap er, with one exception: the step function for M5 tak es

t w o argumen ts instead of just one: (step th s) is the state obtained b y stepping thread th in state

s . The run function, instead of taking the n um b er of steps, tak es a list of thread iden ti�ers, called

a sc hedule, and steps those threads sequen tially . In this setting, the \clo c k functions" men tioned

earlier b ecome \sc hedule functions" sp ecifying exactly ho w to step the v arious threads to reac h the

desired state.

The pap er describ es partial correctness pro ofs of sev eral simple M5 programs via the inductiv e

assertion metho d. See the supp orting material for tec hnical details, including some lemmas not

men tioned here. In the theorems displa y ed b elo w, the hin ts and other pragmatic advice sometimes

pro vided to the theorem pro v er b y the author ha v e b een omitted. Readers in terested in getting these

form ulas pro v ed with A CL2 should see the supp orting scripts. The pap er fo cuses on the basic idea

of inductiv e assertions in an op erational seman tics, not on ho w to get a particular theorem pro v er

to pro v e the v eri�cation conditions.

2 An Iterativ e Program

Belo w is an M5 program that decremen ts its �rst lo cal, informally called n , b y 2 and iterates un til the

result is 0. On eac h iteration it adds 1 to its second lo cal v ariable, here called a , whic h is initialized

to 0. Th us, the metho d computes (/ n 2) , when n is ev en. It do es not terminate when n is o dd.

The program is sligh tly simpler to deal with if it is assumed that n is a non-negativ e int . The

program actually terminates for ev en negativ e int s, b ecause Ja v a's int arithmetic wraps around:

the most negativ e int , -2147483648 , is ev en and when it is decremen ted b y 2 it b ecomes the most

p ositiv e ev en, 2147483646 . F or simplicit y , the program concludes with the �ctitious HALT instruction,

whic h stops the mac hine. The program constan t b elo w is named *flat-prog* b ecause it do es not

return to a caller but stops the mac hine. Metho d in v o cation is discussed later in the pap er.

(defconst *flat-prog*

'((ICONST 0) ; 0

(ISTORE 1) ; 1 a := 0

(ILOAD 0) ; 2 top of loop:

(IFEQ 14) ; 3 if n=0, goto 17
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(ILOAD 1) ; 6

(ICONST 1) ; 7

(IADD) ; 8

(ISTORE 1) ; 9 a := a+1

(ILOAD 0) ;10

(ICONST 2) ;11

(ISUB) ;12

(ISTORE 0) ;13 n := n-2

(GOTO -12) ;14 goto top of loop

(ILOAD 1) ;17 push a

(HALT))) ;18

Let the initial v alue of n b e n0 . The goal is to pro v e that if n0 is a non-negativ e int and

con trol reac hes p c 18, then n0 is ev en and (/ n 2) is on the stac k. That is, if the program halts the

initial input m ust ha v e b een ev en and the �nal answ er is half that input. The pro of is done without

de�ning a sc hedule or clo c k function and without coun ting or caring ab out ho w man y instructions

are executed and without incurring an y more pro of o v erhead than had a V CG for the JVM b een

used.

Rather than deal with in teger division during the co de pro of, the follo wing function is in tro duced.

The decision to use this function rather than algebraic expressions to express the prop erties of the

co de is indep enden t of the decision to express the prop erties with inductiv e assertions.

(defun halfa (n a)

(if (zp n)

a

(halfa (- n 2) (int-fix (+ a 1)))))

Here, int-fix returns the in teger represen ted b y the lo w-order 32-bits of its argumen t and th us

implemen ts int wrap-around. The inductiv e assertion metho d will b e used to establish that if the

program terminates it will lea v e (halfa n0 0) on the stac k. A second theorem, indep enden t of the

co de, establishes that (halfa n0 0) is (/ n 2) under certain conditions. Suc h decomp osition of

co de pro ofs in to \algorithm" and \requiremen ts" is standard in the A CL2 comm unit y and indep en-

den t of whether inductiv e assertions are b eing used. It is p ossible, of course, to mix the t w o via

inductiv e assertions ab out division or m ultiplication b y t w o.

3 The Assertions at the Three Cut P oin ts

The cut p oin ts, to whic h assertions will b e attac hed, are at p cs 0 (en try), 2 (lo op), and 18 (exit). The

assertions themselv es are captured b y the follo wing function de�nitions. The names of the functions

are, of course, irrelev an t but indicate ho w they will b e used.

(defun flat-pre-conditi on (n0 n)

(and (equal n n0)

(intp n0)

(<= 0 n0)))

(defun flat-loop-invari ant (n0 n a)

(and (intp n0)

(<= 0 n0)

(intp n)
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(if (and (<= 0 n)

(evenp n))

(equal (halfa n a)

(halfa n0 0))

(not (evenp n)))

(iff (evenp n0) (evenp n))))

(defun flat-post-condit ion (n0 value)

(and (evenp n0)

(equal value (halfa n0 0))))

The details of the assertions are not germane to this pap er. The assertions are t ypical inductiv e

assertions for suc h a program. They are complicated primarily b ecause of Ja v a's int arithmetic.

Halfa trac ks the b eha vior of the program only as long as n sta ys non-negativ e. Things w ould b e

simpler if the pre-condition required that n0 b e ev en. Under that more restrictiv e pre-condition it

w ould b e easy to de�ne a clo c k function and pro v e total correctness. The pre-condition used here

do es not require n0 to b e ev en. Instead, it will b e pro v ed that if the program terminates then n0

is ev en: the p ost-condition asserts that n0 is ev en. In addition the p ost-condition asserts that the

v alue computed is (halfa n0 0) .

4 V eri�cation Conditions

Giv en *flat-prog* , the informal attac hmen t of the three assertions to the c hosen cut p oin ts, and

a V CG for the JVM, the follo wing v eri�cation conditions w ould b e pro duced.

(defthm VC1 ; entry to lo op

(implies (flat-pre-conditi on n0 n)

(flat-loop-invari ant n0 n 0)))

(defthm VC2 ; lo op to lo op

(implies (and (flat-loop-invari ant n0 n a)

(not (equal n 0)))

(flat-loop-invari ant n0 (int-fix (- n 2)) (int-fix (+ 1 a)))))

(defthm VC3 ; lo op to exit

(implies (and (flat-loop-invari ant n0 n a)

(equal n 0))

(flat-post-condit ion n0 a)))

These are easily pro v ed. The c hallenge is: ho w can these three theorems b e used to v erify a partial

correctness result for *flat-prog* ?

5 A ttac hing the Assertions to the Co de

The assertions are attac hed to the co de b y de�ning the follo wing predicate.

(defun flat-assertion (n0 th s)

(let ((n (nth 0 (locals (top-frame th s))))

(a (nth 1 (locals (top-frame th s)))))

(and (equal (program (top-frame th s)) *flat-prog*)
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(case (pc (top-frame th s))

(0 (flat-pre-conditi on n0 n))

(2 (flat-loop-invari an t n0 n a))

(18 (let ((value (top (stack (top-frame th s)))))

(flat-post-condi tio n n0 value)))

(otherwise nil)))))

The let iden ti�es parts of the JVM state of in terest: the 0

th

lo cal of thread th , called n , and

the 1

st

lo cal of thread th , called a . It requires that the program b eing executed b y the thread b e

*flat-prog* . It then case splits on the p c of thread th and for eac h of p cs 0 , 2 , and 18 mak es an

assertion ab out n , a , and n0 . The v ariable sym b ol value at the p ost-condition is b ound to the v alue

on top of the stac k at the conclusion of the program.

6 The Nugget: De�ning the In v arian t

The n ugget in this pap er is ho w the assertions, attac hed to selected cut p oin ts, are completed in to

an in v arian t on states.

This is accomplished b y using a tail-recursiv e \de�nition" in tro duced without a termination pro of

obligation under the defpun utilit y of [9]. The assertions are tested at the three cut p oin ts and all

other statemen ts inherit the in v arian t of the next statemen t.

(defpun flat-inv (n0 th s)

(if (or (equal (pc (top-frame th s)) 0)

(equal (pc (top-frame th s)) 2)

(equal (pc (top-frame th s)) 18))

(flat-assertion n0 th s)

(flat-inv n0 th (step th s))))

Had defun b een used instead of defpun , a termination pro of w ould b e required. An appropriate

measure w ould b e the distance to the next cut p oin t. The termination pro of w ould b e tan tamoun t

to pro ving that all lo ops w ere cut | a pro of obligation not incurred b y the user of a V CG.

After de�ning flat-inv ab o v e a tec hnical lemma is pro v ed that forces A CL2 to expand calls of

flat-inv if the state is p oised at some p c other than 0 , 2 , or 18 . See flat-inv-make-st at e- ope ne r

in the script for the details. If all the lo ops ha v e b een cut, this op ening will stop and a \v eri�cation

condition" will emerge. If some lo op is not cut, the A CL2 rewriter will not terminate | a situation

exactly comparable to what w ould happ en in the classic approac h.

7 Pro ofs

Here is the k ey theorem. It is pro v ed without further guidance giv en the three v eri�cation conditions

VC1 , VC2 , and VC3 .

(defthm flat-inv-step

(implies (flat-inv n0 th s)

(flat-inv n0 th (step th s))))

The pro of is giv en b elo w. Ho w ev er, it is describ ed in terms of the pro cess that generates it: the

mec hanical manipulation of the de�nitions and goal ab o v e.
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Pro of . Expand the de�nition of flat-inv in the h yp othesis. This pro duces four subgoals: the p c is

at 0 , 2 , 18 , or somewhere else. In the last case, the h yp othesis b ecomes the conclusion and there is

nothing more to pro v e. In the case where the p c is 18 , the step is a no-op b ecause the instruction

executed is HALT so the conclusion b ecomes the h yp othesis. There are th us t w o non-trivial cases.

Case: p c = 0 . Then the h yp othesis b ecomes (flat-pre-condit ion n0 n) . The step in the conclu-

sion expands, sym b olically executing the �rst instruction, and pro duces a state with p c 1 and with 0

on top of the stac k. There is no assertion attac hed to p c 1 and so flat-inv p erforms another step ,

executes another instruction sym b olically , dep osits the 0 in to the 1

st

lo cal, and pro duces a state

with p c 2 . There is an assertion here. When applied to the state it b ecomes (flat-loop-invari an t

n0 n 0) . This is VC1 and is th us pro v ed.

Case: p c = 2 . The h yp othesis b ecomes (flat-loop-invari ant n0 n a) . The step pro duces a state

with p c 3 . Since no assertion is found there, another step is tak en, sym b olically executing the IFEQ

instruction. This pro duces t w o p ossible successor states, dep ending on whether n is 0 . Sym b olic

stepping con tin ues on b oth paths un til an assertion is reac hed. One of the paths pro duces VC2 and

the other pro duces VC3 .

Q.E.D.

Note that the pro of pro cess describ ed ab o v e actually gener ates the v eri�cation conditions. Th us,

it is not actually necessary to iden tify and pro v e them separately . De�ning flat-assertion and

flat-inv as sho wn, and then attac king flat-inv-step , is exactly equiv alen t to generating and

pro ving the v eri�cation conditions but pro duces a theorem ab out the op erational seman tics.

Ha ving pro v ed the in v ariance of flat-inv under step the next theorem in the \metho dology"

is trivial. The theorem states that flat-inv is in v arian t under arbitrarily long runs of the thread in

question.

(defthm flat-inv-run

(implies (and (mono-threadedp th sched)

(flat-inv n0 th s))

(flat-inv n0 th (run sched s))))

where

(defun mono-threadedp (th sched)

(if (endp sched)

t

(and (equal th (car sched))

(mono-threadedp th (cdr sched))))).

Pro of of flat-inv-run is trivial b y induction and app eal to flat-inv-step .

Th us, if the initial state has p c 0 and satis�es the pre-condition, and, after some arbitrary mono-

threaded run, a state with p c 18 is reac hed, then it satis�es the p ost-condition, namely , n0 is ev en

and the answ er is (halfa n0 0) . F ormally this can b e written as follo ws.

(defthm flat-main

(let ((s1 (run sched s0)))

(implies (and (intp n0)

(<= 0 n0)

(equal (pc (top-frame th s0)) 0)

(equal (locals (top-frame th s0)) (list n0 any))

(equal (program (top-frame th s0)) *flat-prog*)

(mono-threadedp th sched)
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(equal (pc (top-frame th s1)) 18))

(and (evenp n0)

(equal (top (stack (top-frame th s1)))

(halfa n0 0))))))

This is pro v ed b y using the instance of flat-inv-run obtained b y letting s b e s0 .

Flat-main is essen tially the goal, except it c haracterizes the answ er as (halfa n0 0) . If (/ n0

2) w ere preferred, either a separate pro of relating (halfa n0 0) to (/ n0 2) could b e p erformed,

or the assertions could b e stated in terms of division in the �rst place. In an y case, this issue is

indep enden t of the use of inductiv e assertions.

Notice what has b een accomplished. Flat-main is a partial correctness theorem ab out a JVM

program, formalized with an op erational seman tics. The creativ e part of the pro of consisted of the

de�nition of the three assertions. The pro of of the k ey lemma, flat-inv-step , generated (and

requires the pro of of ) the classic v eri�cation conditions just as though a V CG for the JVM w ere

a v ailable. But no V CG w as de�ned. The pro of do es not establish termination of the co de under

the pre-conditions but do es c haracterize necessary conditions to reac h the HALT statemen t. Finally ,

neither the theorem nor the pro of in v olv ed coun ting instructions or de�ning a clo c k function.

8 Metho d In v o cation and Return

The HALT instruction in the previous program is �ctitious but handy . Stepping the mac hine while

on a HALT lea v es the mac hine at the HALT . Th us, the in v ariance of the exit assertion is easy to pro v e

once the exit is reac hed. In realistic co de, the mac hine do es not halt but returns con trol to the caller

and non-trivial stepping con tin ues. A useful inductiv e assertion metho dology m ust deal with call

and return.

On the JVM, metho d in v o cation pushes a new stac k frame on the in v o cation stac k. Abstractly ,

that frame ma y b e though t of as con taining the b yteco de for the newly in v ok ed metho d with initial

p c 0 . The new frame con tains an initially empt y \op erand stac k" for in termediate results. When

certain return instructions are executed, the topmost item, v , on the op erand stac k is remo v ed, the

in v o cation stac k is p opp ed, and v is pushed on to the op erand stac k of the caller.

2

T o prev en t the mac hine from running \past" the return of in terest, de�ne

(defun run-to-return (sched th d0 s)

(cond ((endp sched) s)

((<= d0 (sdepth (call-stack th s)))

(run-to-return (cdr sched) th d0 (step (car sched) s)))

(t s)))

whic h runs a state s with sc hedule sched un til the depth of the in v o cation stac k of thread th is less

than d0 . If that condition is nev er satis�ed, the state is run un til the sc hedule is exhausted. This

function is easily related to run .

Using run-to-return instead of run in the main theorem, returns can b e dealt with via inductiv e

assertions. Let *half-prog* b e the b yteco de that results from replacing the last instruction in

*flat-prog* b y (IRETURN) , whic h returns one int v alue to the caller.

Here is the assertion function for *half-program* . It is comparable to flat-assertion in its

program-sp eci�c con ten t but con tains supplemen tary material to handle features of the JVM, in-

cluding the in v o cation stac k.

2

Some forms of return implemen t void metho ds and return no v to the caller.
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(defun half-assertion (n0 d0 th s)

(cond

((< (sdepth (call-stack th s)) d0) ; See note 1.

(let ((value (top (stack (top-frame th s)))))

(flat-post-cond it ion n0 value)))

(t

(let ((n (nth 0 (locals (top-frame th s))))

(a (nth 1 (locals (top-frame th s))))

(stack (stack (top-frame th s))))

(and (equal (sdepth (call-stack th s)) d0) ; See note 2.

(equal (program (top-frame th s)) *half-prog*)

(equal (sync-flg (top-frame th s)) 'UNLOCKED) ; See note 3.

(case (pc (top-frame th s))

(0 (flat-pre-conditi on n0 n)) ; See note 0.

(2 (flat-loop-invari ant n0 n a))

(18 (let ((value (top (stack (top-frame th s)))))

(flat-post-condit io n n0 value)))

(otherwise nil)))))))

Note 0: The assertions are exactly those used in the 
at example. Note 1: This clause asserts that

when con trol returns from depth d0 , the exit assertion (also found for p c 18 ) is true. Think of d0

as the depth of the call stac k while con trol is in the program in question. Note 2: This conjunct

asserts that when con trol is in *half-prog* the call stac k has length d0 . Recursiv e metho ds require

an inequalit y here and that is illustrated later. Note 3: Return from \sync hronized" metho ds on the

JVM release the monitor on a certain instance ob ject in the heap. The conjunct here asserts that the

*half-prog* metho d is not sync hronized and th us the heap is not a�ected b y return. Otherwise,

this function is flat-assertion .

The in v arian t for *half-prog* is exactly analogous to what w as sho wn for *flat-prog* , with

one more case to handle the return from the metho d.

(defpun half-inv (n0 d0 th s)

(if (or (< (sdepth (call-stack th s)) d0)

(equal (pc (top-frame th s)) 0)

(equal (pc (top-frame th s)) 2)

(equal (pc (top-frame th s)) 18))

(half-assertion n0 d0 th s)

(half-inv n0 d0 th (step th s))))

The in v ariance theorem is also analogous:

(defthm half-inv-step

(implies (and (integerp d0)

(< 1 d0)

(<= d0 (sdepth (call-stack th s)))

(half-inv n0 d0 th s))

(half-inv n0 d0 th (step th s))))

Ho w ev er it requires that d0 a p ositiv e in teger (guaran teeing that a call frame is b elo w that for the

program in question { this is the frame to whic h con trol will return when the IRETURN is executed)

and that d0 not exceed the depth of the call stac k. The pro of of this theorem pro ceeds exactly as
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b efore, with one additional but trivial v eri�cation condition: the assertion at the IRETURN insures

the assertion for the caller's frame.

3

F rom the in v ariance theorem it follo ws trivially that:

(defthm half-inv-run-to -re tu rn

(implies (and (mono-threadedp th sched)

(integerp d0)

(< 1 d0)

(half-inv n0 d0 th s))

(half-inv n0 d0 th (run-to-return sched th d0 s))))

and hence

(defthm half-main

(let ((s1 (run-to-return sched th (sdepth (call-stack th s0)) s0)))

(implies (and (intp n0)

(<= 0 n0)

(equal (pc (top-frame th s0)) 0)

(equal (locals (top-frame th s0)) (list n0 any))

(equal (program (top-frame th s0)) *half-prog*)

(equal (sync-flg (top-frame th s0)) 'unlocked)

(< 1 (sdepth (call-stack th s0)))

(mono-threadedp th sched)

(< (sdepth (call-stack th s1))

(sdepth (call-stack th s0))))

(and (evenp n0)

(equal (top (stack (top-frame th s1)))

(halfa n0 0))))))

The �nal theorem captures partial correctness for *half-prog* : Supp ose thread th of state s0

satis�es the pre-condition for *half-prog* , namely , n0 is a p ositiv e int , the p c is 0 , the �rst lo cal

is n0 , the program is *half-prog* , the frame is not sync hronized, and the call stac k depth exceeds

1 . Suc h a frame migh t b e pro duced b y calling a metho d whose b o dy consists of the b yteco des in

*half-prog* . Supp ose sched is an mono-threaded sc hedule on th and is of arbitrary length. Let s1

b e the result of running s0 with sched \un til" the return from depth d0 . There is no guaran tee that

suc h a return o ccurs. Ho w ev er, the last h yp othesis ab o v e supp oses that it do es.

Then the conclusion is that n0 is ev en and the top item on the caller's op erand stac k is (halfa

n0 0) (ak a (/ n0 2) ).

9 Recursiv e Metho ds

T o handle recursiv e metho ds the assertion m ust include a description of the in v o cation stac k do wn

to the external caller. T o illustrate the elab orations necessary to handle this, consider the b yteco de

generated for the follo wing Ja v a b y the Sun javac compiler.

public static int fact(int n) f

if (n>0)

f return n*fact(n-1); g

3

The assertion at the IRETURN ma y b e eliminated en tirely but this presen tation mak es the assertion more

closely resem ble that for *flat-prog* .
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else return 1;

g

That b yteco de, in M5 notation, is

(defconst *fact-def*

'("fact" (INT) NIL

(ILOAD 0) ;;; 0

(IFLE 12) ;;; 1

(ILOAD 0) ;;; 4

(ILOAD 0) ;;; 5

(ICONST 1) ;;; 6

(ISUB) ;;; 7

(INVOKESTATIC "Demo" "fact" 1) ;;; 8

(IMUL) ;;; 11

(IRETURN) ;;; 12

(ICONST 1) ;;; 13

(IRETURN))) ;;; 14

Note that the constan t ab o v e includes the b yteco de for fact but also includes other information

from the class table en try for fact . The b o dy of fact is actually the cdddr of this constan t.

The follo wing function c haracterizes an in v o cation stac k of in ternal calls of fact . Note that when

the INVOKESTATIC instruction at p c 8 is executed, the p c is adv anced to 11 in the caller's frame and

\then" the new frame is pushed.

(defun fact-caller-fram esp (cs n0 k)

(cond ((zp k) t)

((and (equal (pc (top cs)) 11)

(equal (program (top cs)) (cdddr *fact-def*))

(equal (sync-flg (top cs)) 'UNLOCKED)

(intp (nth 0 (locals (top cs))))

(equal (+ n0 (- k)) (- (nth 0 (locals (top cs))) 1))

(equal (nth 0 (locals (top cs)))

(top (stack (top cs)))))

(fact-caller-fram es p (pop cs) n0 (- k 1)))

(t nil)))

This predicate c hec ks that the top k frames on the in v o cation stac k cs (\call stac k") are in ternal

calls of fact . Namely , the p c is 11 , the program is that for fact , the frames are unsync hronized,

the �rst lo cal is an int , the �rst lo cal is related to n0 appropriately giv en its depth in the call stac k,

and the �rst lo cal is also on top of the op erand stac k.

The assertion for fact is then written as follo ws. This lo oks complicated but con tains a lot of

\b oilerplate" common to all recursiv e JVM metho ds. The expression (! n) b elo w denotes the math-

ematical factorial function applied to n and is un b ounded (unlik e fact , whic h uses int arithmetic).

(defun fact-assertion (n0 d0 th s)

(cond

((< (sdepth (call-stack th s)) d0)

(equal (top (stack (top-frame th s)))

(int-fix (! n0))))

(t

(let ((n (nth 0 (locals (top-frame th s)))))
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(and (equal (program (top-frame th s)) (cdddr *fact-def*))

(equal (lookup-method "fact" "Demo" (class-table s))

*fact-def*)

(equal (sync-flg (top-frame th s)) 'UNLOCKED)

(intp n0)

(intp n)

(<= 0 n)

(<= n n0)

(equal (sdepth (call-stack th s)) (+ d0 (- n0 n)))

(fact-caller-fram esp (pop (call-stack th s)) n0 (- n0 n))

(case (pc (top-frame th s))

(0 t)

((12 14) (equal (top (stack (top-frame th s)))

(int-fix (! n))))

(otherwise nil)))))))

When con trol exits from depth d0 , the assertion is that the top item on the op erand stac k of the

caller is the int-fix of (! n0) (the t w os-complemen t in teger denoted b y the lo w-order 32 bits

of the mathematical factorial of the input). While in the fact metho d, the assertion c hec ks that

the program is that for fact , the b yteco de con tin ues to b e found in the class table, the frame is

unsync hronized, n0 and n (the �rst lo cal) are int s suc h that 0 � n � n0 , the call stac k depth

is appropriately related to d0 , n0 and n , and the appropriate n um b er of frames b elo w this one are

in ternal calls of fact . Finally , the sp eci�c cut p oin ts c hosen for fact are the en try , p c 0 , and the t w o

exits, p cs 12 and 14 . The pre-condition is v acuous (all has already b een said). The p ost-condition

is that the top of the stac k con tains the int-fix of (! n) .

It is not necessary to in tro duce explicitly suc h functions as pre-condition , loop-invariant ,

and post-condition . The assertions ma y b e written \inline" in the fact-assertion function, as

done ab o v e.

The in v arian t is de�ned with defpun exactly analogously to previous examples. The in v ariance

theorem is also analogous.

(defthm fact-inv-step

(implies (and (integerp d0)

(< 1 d0)

(<= d0 (sdepth (call-stack th s)))

(fact-inv n0 d0 th s))

(fact-inv n0 d0 th (step th s))))

The four v eri�cation conditions pro v ed are in teresting. The �rst considers the path from the en trance

at p c 0 through the \base case" exit at p c 14 . The second considers the path from the en trance at

p c 0 through the INVOKESTATIC instruction at p c 8 , to the recursiv e en trance in the frame pushed

b y the INVOKESTATIC . The third and fourth consider the paths from the t w o exits (at p cs 12 and 14 )

to the exits in caller's frame. That is, one condition sta ys in the curren t frame, one condition relates

the curren t frame to the newly pushed one up on recursiv e metho d in v o cation, and the other t w o

relate (b oth exits from) the curren t frame to the caller's frame. The pro of actually generates more

than four cases b ecause the assertions are inlined and cause case splits. This is akin to optimization

and simpli�cation built in to the V CG.

The run-to-return theorem is exactly analogous to that sho wn for *half-prog* and is pro v ed

automatically .

(defthm fact-inv-run-to -re tu rn
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(implies (and (mono-threadedp th sched)

(integerp d0)

(< 1 d0)

(fact-inv n0 d0 th s))

(fact-inv n0 d0 th (run-to-return sched th d0 s))))

Finally , the main theorem is the desired partial correctness theorem for an int v alued recursiv e

fact metho d.

(defthm fact-main

(let ((s1 (run-to-return sched th (sdepth (call-stack th s0)) s0)))

(implies (and (intp n0)

(<= 0 n0)

(equal (pc (top-frame th s0)) 0)

(equal (locals (top-frame th s0)) (list n0))

(equal (program (top-frame th s0))

(cdddr *fact-def*))

(equal (sync-flg (top-frame th s0)) 'unlocked)

(equal (lookup-method "fact" "Demo" (class-table s0))

*fact-def*)

(< 1 (sdepth (call-stack th s0)))

(mono-threadedp th sched)

(< (sdepth (call-stack th s1))

(sdepth (call-stack th s0))))

(equal (top (stack (top-frame th s1)))

(int-fix (! n0))))))

It ma y b e read as follo ws. Let thread th of state s0 satisfy the pre-conditions of the fact metho d.

Supp ose the depth of the call stac k exceeds 1 so that a caller is kno wn to b e b elo w the curren t frame.

Run s0 with an arbitrary mono-threaded sc hedule un til it returns or the sc hedule is exhausted; call

the �nal state s1 . Supp ose a return actually happ ened. Then the top of the op erand stac k in the

caller's frame will con tain (int-fix (! n0)) .

Again, no instructions w ere coun ted and termination w as not pro v ed.

10 Conclusion

This pap er has demonstrated that inductiv e assertion st yle pro ofs can b e carried out in an op era-

tional seman tics framew ork, without pro ducing a v eri�cation condition generator or incurring pro of

obligations b ey ond those pro duced b y suc h a to ol. The k ey insigh t is that assertions attac hed to cut

p oin ts in a program can b e propagated b y a tail-recursiv e function to create an alleged in v arian t.

The pro of that the alleged in v arian t is in v arian t under the state transition function pro duces the

standard v eri�cation conditions. The in v ariance result can then b e traded in for a partial correctness

result stated in terms of the op erational seman tics, without requiring the construction of clo c ks or

the coun ting of instructions.
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