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Abstract. This pap er sho ws ho w classic inductiv e assertions can b e

used in conjunction with an op erational seman tics to pro v e partial cor-

rectness prop erties of programs. The metho d imp oses only the pro of obli-

gations that w ould b e pro duced b y a v eri�cation condition generator but

do es not require the de�nition of a v eri�cation condition generation. The

pap er fo cuses on iterativ e programs but recursiv e programs are brie
y

discussed. Assertions are attac hed to the program b y de�ning a predicate

on states. This predicate is then \completed" to an alleged in v arian t b y

the de�nition of a partial function de�ned in terms of the state transi-

tion function of the op erational seman tics. If this alleged in v arian t can b e

pro v ed to b e an in v arian t under the state transition function, it follo ws

that the assertions are true ev ery time they are encoun tered in execution

and th us that the p ost-condition is true if reac hed from a state satisfy-

ing the pre-condition. But b ecause of the manner in whic h the alleged

in v arian t is de�ned, the v eri�cation conditions are su�cien t to pro v e in-

v ariance. Indeed, the \natural" pro of generates as subgoals the classical

v eri�cation conditions. The in v arian t function ma y b e though t of as a

state-based v eri�cation condition generator for the annotated program.

The metho d allo ws standard inductiv e assertion st yle pro ofs to b e con-

structed directly in an op erational seman tics setting. The tec hnique is

demonstrated b y pro ving the partial correctness of a simple b yteco de

program with resp ect to a pre-existing op erational mo del of the Ja v a

Virtual Mac hine.

1 Summary

This pap er connects t w o w ell-kno wn approac hes to program v eri�cation: op era-

tional seman tics and inductiv e assertions. The pap er sho ws ho w one can adopt

the clarit y and concreteness of a formal op erational seman tics while incurring

just the pro of obligations of the inductiv e assertion metho d, without writing

a v eri�cation condition generator or other extra-logical to ol. In particular, the

formal de�nition of the state transition function can b e used directly to generate

v eri�cation conditions for annotated programs.

In this section the idea is presen ted in the abstract. Some details are skipp ed

and a delib erate confusion of states with form ulas is p erp etrated to con v ey the

basic idea. Subsequen tly , the metho d is applied to a particular formal op erational



seman tics, program, annotation, mec hanical theorem pro v er, etc., to demon-

strate that the basic idea is practical.

Consider a simple one lo op program � (Figure 1) that concludes with a HALT

instruction. Assume instructions are addressed sequen tially , with � b eing the

address or lab el of the �rst instruction and 
 b eing the address or lab el of the

HALT . Let the pre- and p ost-conditions of the program b e P and Q resp ectiv ely .

The arro ws of Figure 1 indicate the con trol 
o w; functions f , g , and h indicate

the comp ound state transitions along the arcs and t is the test for sta ying in the

lo op. R is the lo op in v arian t and \cuts" the only lo op. The partial correctness

c hallenge is to pro v e that if P holds at � then Q holds whenev er (if ) con trol

reac hes 
 .
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Fig. 1. The One-Lo op Program � with Annotations

T o giv e meaning to suc h programs with an op erational seman tics, one for-

malizes the abstract mac hine state and the e�ect of eac h instruction on the state.

T ypically the state, s , is a v ector or n-tuple describing a v ailable computational

resources suc h as en vironmen ts, stac ks, 
ags, etc. It is assumed here that the

state includes a program coun ter, p c ( s ), and the curren t program, pr o g ( s )),

whic h are used to determine the next instruction. Instructions are giv en mean-

ing b y de�ning a state transition function step . T ypically , step ( s ) is de�ned b y

considering the next instruction and transforming the state comp onen ts accord-

ingly . F or example, a LOAD instruction migh t adv ance the program coun ter and

push on to some stac k the con ten ts of some sp eci�ed v ariable. More complicated

instructions, suc h as metho d in v o cation, ma y a�ect man y parts of the state. The

HALT instruction is particularly simple; it is a no-op.

It is con v enien t to de�ne an iterated step function:

run ( k ; s ) =

�

s if k = 0

run ( k � 1 ; step ( s )) otherwise
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and to mak e the con v en tion that s

k

= run ( k ; s ).

Giv en this op erational seman tics, the formalization of the partial correctness

result is

Theorem: Correctness of Program � .

p c ( s ) = � ^ pr o g ( s ) = � ^ P ( s ) ^ p c ( s

k

) = 
 ! Q ( s

k

) :

Pro of . In an op erational seman tics setting, theorems suc h as the Correctness of

Program � are pro v ed b y establishing an in v ariance Inv ( s ) with the follo wing

three prop erties:

1. Inv ( s ) ! Inv ( step ( s )),

2. p c ( s ) = � ^ pr o g ( s ) = � ^ P ( s ) ! Inv ( s ), and

3. p c ( s ) = 
 ^ pr o g ( s ) = � ^ Inv ( s ) ! Q ( s ).

The main theorem is then pro v ed as follo ws. The inductiv e application of

prop ert y 1 pro duces

4. Inv ( s ) ! Inv ( s

k

).

F urthermore, instan tiation of the s in prop ert y 3 with s

k

pro duces

5. p c ( s

k

) = 
 ^ pr o g ( s

k

) = � ^ Inv ( s

k

) ! Q ( s

k

).

W e assume no instruction in � c hanges the program; hence pr o g ( s ) = pr o g ( s

k

).

The Correctness of Program � then follo ws immediately from 2, 4, and 5. 2

Prop ert y 1, ab o v e, is problematic; it forces the user of the metho dology to

c haracterize all the states reac hable from the c hosen initial state. Con trast this

situation with that enjo y ed b y the user of the inductiv e assertion metho d, where

assertions are attac hed only to certain user-c hosen cut-p oin ts, as in Figure 1. An

extra-logical pro cess, whic h enco des the language seman tics as form ula trans-

formations, is then applied to the annotated program text to generate pro of

obligations or v eri�cation conditions

V C1. P ( s ) ! R ( f ( s )),

V C2. R ( s ) ^ t ! R ( g ( s )), and

V C3. R ( s ) ^ : t ! Q ( h ( s )).

If these form ulas are pro v ed, the user is then assured that if P holds initially

then Q holds when (if ) the program terminates.

T o render this assurance formal, i.e., write it as a form ula, one m ust adopt

some logic of programs, i.e., a logic that allo ws the com bination of classical

mathematical expressions ab out n um b ers, sequences, v ectors, etc., with program

text and terminology . The resulting programming language seman tics is extra-

logical in the sense that it is expressed as rules of inference in a metalanguage

and is not directly sub ject to formal analysis within the logic. In con trast, in the

op erational approac h, the seman tics is expressed within the language (t ypically

as de�ned functions or relations on states), programs are ob jects in the logical
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univ erse, and the prop erties of b oth | programs and the seman tic functions and

relations { are sub ject to pro of within the logic.

The cen tral question of this pap er is whether it is p ossible to ha v e the b est

of b oth w orlds: the concreteness and clarit y of an op erational seman tics in a

classical logical setting but the elegance and simplicit y of an inductiv e assertion-

st yle pro of. The cen tral question ma y b e put blun tly as \Is it p ossible to pro v e

the formula named `Correctness of Program � ,' ab o v e, directly from V C1{V C3?"

The answ er is \y es."

Recall that the pro of of `Correctness of Program � ' required the de�nition

of Inv ( s ) satisfying prop erties 1{3 ab o v e. The k ey to constructing an induc-

tiv e assertion-st yle pro of in an op erational setting is the follo wing de�nition of

Inv ( s ).

Inv ( s ) �

8

>

>

<

>

>

:

pr o g ( s ) = � ^ P ( s ) if p c ( s ) = �

pr o g ( s ) = � ^ R ( s ) if p c ( s ) = �

pr o g ( s ) = � ^ Q ( s ) if p c ( s ) = 


Inv ( step ( s )) otherwise

The logician will immediately ask whether there exists a predicate satisfying

this equiv alence. The a�rmativ e answ er is pro vided in [8]. The logical crux of the

matter is that Inv ( s ) is de�ned with tail-recursion and there exists a satisfying

and total witness for ev ery tail-recursiv e equiv alence. If some lo op in the program

is not cut, the equiv alence ma y not uniquely de�ne a predicate, but at least one

witness exists.

Inv ( s ) clearly has prop erties 2 and 3. It therefore remains only to pro v e

prop ert y 1. As will b ecome apparen t, the pro of that Inv ( s ) has prop ert y 1 will

gener ate the veri�c ation c onditions as sub go als . T o driv e this home, w e describ e

the pro cess b y whic h the pro of is constructed rather than merely the form ulas

pro duced. Recall Figure 1. Successiv e steps from a state s with p c � ev en tually

pro duce the state f ( s ) with p c � . Similarly , if t , then successiv e steps from a

state s with p c � pro duce g ( s ) with p c � , and if : t , then successiv e steps from

a state s with p c � pro duce h ( s ) with p c 
 . F urthermore, rep eated sym b olic

expansion and simpli�cation of the step function pro duce the transformations

describ ed b y f , g , and h .

Theorem: Prop ert y 1.

Inv ( s ) ! Inv ( step ( s ))

Pro of . Consider the cases on p c ( s ) as used in the de�nition of Inv .

Case: p c ( s ) = � . The h yp othesis, Inv ( s ) ma y b e simpli�ed to pr o g ( s ) = � ^

P ( s ). Consider the conclusion, Inv ( step ( s )). Sym b olic simpli�cation of step ( s ),

giv en p c ( s ) = � and pr o g ( s ) = � , pro duces a sym b olic state s

0

with p c ( s

0

) =

� + 1. F or program � either � + 1 is � or it is none of the cut p oin ts � , �

or 
 . In the latter case, Inv ( step ( s )) � Inv ( s

0

) � Inv ( step ( s

0

)) and stepping

con tin ues un til � is reac hed at state f ( s ). Hence, Inv ( step ( s )) � R ( f ( s

0

)) (since

pr o g ( f ( s )) = � ). Th us, this case simpli�es to the goal

p c ( s ) = � ^ pr o g ( s ) = � ^ P ( s ) ! R ( f ( s )) :
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This is just V C1 (with t w o no w-irrelev an t h yp otheses, giv en traditional assertions

P and R ).

Case: p c ( s ) = � . The h yp othesis Inv ( s ) simpli�es to pr o g ( s ) = � ^ R ( s ). Then

the sym b olic simpli�cation of step ( s ) in the conclusion pro duces a bifurcated

sym b olic state whose program coun ter dep ends on test t . Rep eated expansions

of the de�nition of Inv on b oth branc hes of the state ev en tually reac h states g ( s )

and h ( s ) at whic h Inv is de�ned. The results are V C2 and V C3, resp ectiv ely .

Case: p c ( s ) = 
 . The h yp othesis Inv ( s ) simpli�es to pr o g ( s ) = � ^ Q ( s ).

But the step ( s ) in the conclusion simpli�es to s b ecause the instruction at 


in � is the no-op HALT . Hence, Inv ( s ) � Inv ( step ( s )) and this case is trivial

(prop ositionally true indep enden t of the assertions).

Case: otherwise. Since p c ( s ) is not one of the cut-p oin ts, Inv ( s ) � Inv ( step ( s ))

b y de�nition of Inv and this case is also trivial.

2

Hence, if the v eri�cation conditions V C1{V C3 ha v e b een pro v ed, the pro of

of prop ert y 1, the step-wise in v ariance of Inv , in v olv es no assertion-sp eci�c rea-

soning. More in terestingly , giv en the de�nition of Inv , the pro of gener ates the

v eri�cation conditions b y sym b olic expansion of the op erational seman tics' state

transition function.

Practically sp eaking this means that with a mec hanical theorem pro v er and a

formal op erational seman tics one can enjo y the b ene�ts of the inductiv e assertion

metho d without writing a v eri�cation condition generator or other extra-logical

to ols to do form ula transformations.

Another practical rami�cation of this pap er is that it pro vides a simple means

to de�ne a step-wise in v arian t giv en only the assertions at the cut p oin ts. Step-

wise in v arian ts are frequen tly needed in op erational seman tics-based pro ofs of

safet y and liv eness prop erties.

2 Related W ork and Discussion

McCarth y [9] made explicit the notion of op erational seman tics, in whic h \the

meaning of a program is de�ned b y its e�ect on the state v ector."

The inductiv e assertion metho d for pro ving programs correct w as implicitly

used b y v on Neumann and Goldstine in [3] and made explicit in the classic pap ers

b y Flo yd [2] and Hoare [4]. The �rst mec hanized v eri�cation condition generator,

whic h generates pro of obligations from co de and attac hed assertions, w as written

b y King [6]. Hoare, of course, rendered the inductiv e assertion metho d formal b y

in tro ducing a logic of programs. F rom the practical p ersp ectiv e most program

logics are mec hanized with t w o trusted to ols, a form ula generator, here called a

V CG, and a theorem pro v er. It is not uncommon for the V CG to include not just

language seman tics as form ula transformers but also some logical simpli�cation

(i.e., theorem pro ving) to k eep the generated pro of obligations manageable.

This pap er con tains one apparen tly no v el idea: a step-wise in v arian t can b e

de�ned from the inductiv e assertions using the state-transition function. One
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ma y think of this as a metho dology for obtaining a state-based v eri�cation con-

dition generator from an op erational seman tics. By doing it on a p er program

basis the metho d a v oids the need to generate or trust extra-logical to ols.

The use of inductiv e assertions in conjunction with a formal op erational

seman tics to pro v e partial correctness results mec hanically is not new. Rob ert

S. Bo y er and the author dev elop ed it for their A nalysis of Pr o gr ams course at

the Univ ersit y of T exas at Austin as early as 1983. In that class, an op erational

seman tics for a simple pro cedural language in Nqthm [1] w as de�ned and the

course explored program correctness pro ofs that com bined op erational seman tics

with inductiv e assertions. These pro ofs motiv ated the exploration of total v ersus

partial correctness, Hoare logics, and v eri�cation condition generation. F or an

Nqthm pro of script illustrating the use of inductiv e assertions in an op erational

seman tics setting, see [10].

A recen t example of the use of assertions to pro v e theorems ab out a program

mo deled op erationally ma y b e found in [13], where a safet y prop ert y of a non-

terminating m ulti-threaded Ja v a system is pro v ed with resp ect to an op erational

seman tics for the Ja v a Virtual Mac hine [12].

Ho w ev er, in the earlier w ork the in v arian t explicitly included an assertion for

ev ery v alue of the p c . (The in v arian t m ust recognize ev ery reac hable state and

so m ust handle ev ery p c ; the issue is whether it do es so explicitly or implicitly .)

An alternativ e w a y to com bine inductiv e assertions at selected cut p oin ts

with an op erational seman tics in a classical formal setting is to formalize and

v erify a V CG with resp ect to the op erational seman tics. In [5], for example,

an HOL pro of of the correctness of a V CG for a simple pro cedural language is

describ ed. The w ork includes supp ort for m utually recursiv e pro cedures. F ormal

pro ofs of the v eri�cation conditions could, in principle, b e used with the theorem

stating the correctness of the V CG, to deriv e a prop ert y stated op erationally .

But the metho d describ ed here do es not require the de�nition of a V CG m uc h

less a pro of of its correctness.

Logically sp eaking, a crucial asp ect of the no v el idea here is that the step-

wise in v arian t is de�ned using tail recursion. The admission of a new function or

predicate sym b ol via recursiv e de�nition is generally handled b y a de�nitional

principle that insures the existence (and often the uniqueness) of the de�ned con-

cept. In man y logics, this requires a termination pro of. Admitting Inv under suc h

a de�nitional principle w ould require a measure of the distance to the next cut

p oin t and a pro of that the distance decreases under step . That imp oses a pro of

burden not generally incurred b y the user of the inductiv e assertion metho d.

(Ev ery lo op m ust b e cut for the inductiv e assertion metho d to b e e�ectiv e; the

question is whether that m ust b e pro v ed formally or merely demonstrated b y

the successful generation of the v eri�cation conditions.)

The tec hnique used here exploits the observ ation that Inv is tail-recursiv e

and hence admissible without pro of obligation, giv en the w ork of Manolios and

Mo ore [8] in whic h it w as pro v ed that ev ery tail-recursiv e equation ma y b e

witnessed b y a total function. The tail-recursiv e function ma y not b e uniquely

de�ned b y the equation | this o ccurs if insu�cien t cut p oin ts are c hosen. Suc h
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a failure is manifested b y an in�nite lo op in the pro cess of generating/pro ving

the step in v ariance. This is the same b eha vior a V CG user w ould exp erience in

the analogous situation.

The tec hnique here is similar in spirit to one used b y P ete Manolios [priv ate

comm unication] to attac k the 2-Job v ersion of the Appren tice problem [13].

There, he de�ned the reac hable states of the Appren tice problem as all the states

that could b e reac hed from certain states b y the execution of a �xed maxim um

n um b er of steps.

3 A Demonstration of the Metho d

T o illustrate the tec hnique a mec hanized formal logic and an op erational seman-

tics m ust b e in tro duced. In this pap er w e use the A CL2 logic [ ? ]. In this logic,

function application is denoted as in Lisp, e.g., run ( k ; s ) is written (run k s) .

F or the demonstration w e c ho ose a pre-existing op erational seman tics for a

signi�can t fragmen t of the JVM [7] is used. The mo del is called M5 [12] and

it w as c hosen simply b ecause it w as a v ailable and it w as realistic. The JVM

is a go o d example of an abstract mac hine that is su�cien tly complicated that

writing a V CG for it a serious and error-prone undertaking.

The seman tics of the JVM b yteco de ma y b e gathered from [7] or b y insp ec-

tion of the formal mo del. In this pap er, commen ts in our b yteco de explain the

language. Roughly sp eaking, the JVM is a stac k mac hine in whic h eac h metho d

in v o cation allo cates a new stac k frame whic h is p opp ed up on return. Eac h frame

con tains a stac k for the computation of in termediate results b y the b yteco de of

the metho d. The most primitiv e nativ e arithmetic is 32-bit t w os complemen t,

here called \ int arithmetic" after the Ja v a term for suc h in tegers. In int arith-

metic, o v er
o w is not signaled; adding one to the most p ositiv e in teger pro duces

the most negativ e in teger. M5 mo dels this and man y other asp ects of Ja v a, in-

cluding the creation of instance ob jects in the heap, the in v o cation of static,

sp ecial, and virtual metho ds, the creation of m ultiple threads, and sync hroniza-

tion via monitors. The later details are not exp osed in this pap er, with one

exception: the step function for M5 tak es t w o argumen ts instead of just one:

(step th s) is the state obtained b y stepping thread th in state s . The run

function, instead of taking the n um b er of steps, tak es a list of thread iden ti�ers,

called a sc hedule, and steps those threads sequen tially .

The pap er describ es a partial correctness pro of of a simple M5 program via

the inductiv e assertion metho d. See [11] for a long v ersion of the pap er with

other examples.

4 An Iterativ e Program

Belo w is an M5 program that decremen ts its �rst lo cal, informally called n , b y 2

and iterates un til the result is 0. On eac h iteration it adds 1 to its second lo cal

v ariable, here called a , whic h is initialized to 0. Th us, the metho d computes n /2,
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henceforth written (/ n 2) , when n is ev en. It do es not terminate when n is

o dd.

The program is sligh tly simpler to deal with if it is assumed that n is a non-

negativ e int . The program actually terminates for ev en negativ e int s, b ecause

Ja v a's int arithmetic wraps around: the most negativ e int , -2147483648 , is ev en

and when it is decremen ted b y 2 it b ecomes the most p ositiv e ev en, 2147483646 .

F or simplicit y , the program concludes with the �ctitious HALT instruction, whic h

stops the mac hine. The program constan t b elo w is named *flat-prog* b ecause

it do es not return to a caller but stops the mac hine. Metho d in v o cation is dis-

cussed later in the pap er.

(defconst *flat-prog*

'((ICONST 0) ; 0

(ISTORE 1) ; 1 a := 0

(ILOAD 0) ; 2 top of loop:

(IFEQ 14) ; 3 if n=0, goto 17

(ILOAD 1) ; 6

(ICONST 1) ; 7

(IADD) ; 8

(ISTORE 1) ; 9 a := a+1

(ILOAD 0) ;10

(ICONST 2) ;11

(ISUB) ;12

(ISTORE 0) ;13 n := n-2

(GOTO -12) ;14 goto top of loop

(ILOAD 1) ;17 push a

(HALT))) ;18

Let the initial v alue of n b e n0 . The goal is to pro v e that if n0 is a non-

negativ e int and con trol reac hes pc 18, then n0 is ev en and (/ n 2) is on the

stac k. That is, if the program halts the initial input m ust ha v e b een ev en and

the �nal answ er is half that input.

Rather than deal with in teger division during the co de pro of, the follo wing

function is in tro duced. The decision to use this function rather than algebraic

expressions to express the prop erties of the co de is indep enden t of the decision

to express the prop erties with inductiv e assertions.

(defun halfa (n a)

(if (zp n)

a

(halfa (- n 2) (int-fix (+ a 1)))))

Here, int-fix returns the in teger represen ted b y the lo w-order 32-bits of its ar-

gumen t and th us implemen ts int wrap-around. The inductiv e assertion metho d

will b e used to establish that if the program terminates it will lea v e (halfa n0

0) on the stac k. A second theorem, indep enden t of the co de, establishes that

(halfa n0 0) is (/ n 2) under certain conditions. Suc h decomp osition of co de
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pro ofs in to \algorithm" and \requiremen ts" is standard in the A CL2 comm unit y

and indep enden t of whether inductiv e assertions are b eing used. It is p ossible, of

course, to mix the t w o via inductiv e assertions ab out division or m ultiplication

b y t w o.

5 The Assertions at the Three Cut P oin ts

The cut p oin ts, to whic h assertions will b e attac hed, are at program coun ters

0 ( � ), 2 ( � ), and 18 ( 
 ). The assertions themselv es, called P , R , and Q in the

earlier treatmen t, are captured b y the follo wing function de�nitions. The names

of the functions are, of course, irrelev an t but indicate ho w they will b e used. In

the earlier treatmen t it w as con v enien t to mak e these functions of state; here

they are functions of the initial input n0 and the relev an t state comp onen ts,

namely n and a .

(defun flat-pre-conditio n (n0 n)

(and (equal n n0)

(intp n0)

(<= 0 n0)))

(defun flat-loop-invaria nt (n0 n a)

(and (intp n0)

(<= 0 n0)

(intp n)

(if (and (<= 0 n)

(evenp n))

(equal (halfa n a)

(halfa n0 0))

(not (evenp n)))

(iff (evenp n0) (evenp n))))

(defun flat-post-conditi on (n0 value)

(and (evenp n0)

(equal value (halfa n0 0))))

The details of the assertions are not germane to this pap er. The assertions are

t ypical inductiv e assertions for suc h a program. They are complicated primarily

b ecause of Ja v a's int arithmetic. Halfa trac ks the b eha vior of the program only

as long as n sta ys non-negativ e. Things w ould b e simpler if the pre-condition

required that n0 b e ev en or if the p ost-condition did not assert that n0 is ev en.

These assertions w ere c hosen to illustrate that op erational seman tics could b e

used to address partial correctness of non-terminating programs including the

c haracterization of when termination o ccurs.
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6 V eri�cation Conditions

Giv en *flat-prog* , the informal attac hmen t of the three assertions to the c ho-

sen cut p oin ts, and a V CG for the JVM, the follo wing v eri�cation conditions

w ould b e pro duced.

(defthm VC1 ; entry to lo op

(implies (flat-pre-conditi on n0 n)

(flat-loop-invari ant n0 n 0)))

(defthm VC2 ; lo op to lo op

(implies (and (flat-loop-invari ant n0 n a)

(not (equal n 0)))

(flat-loop-invari ant n0

(int-fix (- n 2))

(int-fix (+ 1 a)))))

(defthm VC3 ; lo op to exit

(implies (and (flat-loop-invari ant n0 n a)

(equal n 0))

(flat-post-condit ion n0 a)))

These are easily pro v ed. The c hallenge is: ho w can these three theorems b e

used to v erify a partial correctness result for *flat-prog* ?

7 A ttac hing the Assertions to the Co de

In the earlier treatmen t of the metho d, the in v arian t conjoined eac h assertion

with pr o g ( s ) = � . Here w e in tro duce an in termediate function to do this and

also to name relev an t comp onen ts of the state.

(defun flat-assertion (n0 th s)

(let ((n (nth 0 (locals (top-frame th s))))

(a (nth 1 (locals (top-frame th s)))))

(and (equal (program (top-frame th s)) *flat-prog*)

(case (pc (top-frame th s))

(0 (flat-pre-condit io n n0 n))

(2 (flat-loop-invar ia nt n0 n a))

(18 (let ((value (top (stack (top-frame th s)))))

(flat-post-condi tio n n0 value)))

(otherwise nil)))))

The let iden ti�es parts of the JVM state of in terest: the 0

th

lo cal of thread th ,

called n , and the 1

st

lo cal of thread th , called a . It requires that the program

b eing executed b y the thread b e *flat-prog* (\ � "). It then case splits on the

pc of thread th and for program coun ters 0 , 2 , and 18 mak es an assertion ab out

n , a , and n0 . The v ariable sym b ol value at the p ost-condition is b ound to the

v alue on top of the op erand stac k of the relev an t thread at the conclusion of the

program.
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8 The Nugget: De�ning the In v arian t

The n ugget in this pap er is ho w the assertions, attac hed to selected cut p oin ts,

are completed in to a step-wise in v arian t on states.

The in v arian t is in tro duced with the defpun (\de�ne partial function") utilit y

of [8]. The assertions are tested at the three cut p oin ts and all other statemen ts

inherit the in v arian t of the next statemen t. This de�nition is analogous to that

for Inv in the abstract treatmen t, except that the in v arian t also tak es the initial

input, n0 , and the iden ti�er of the relev an t thread, th .

(defpun flat-inv (n0 th s)

(if (or (equal (pc (top-frame th s)) 0)

(equal (pc (top-frame th s)) 2)

(equal (pc (top-frame th s)) 18))

(flat-assertion n0 th s)

(flat-inv n0 th (step th s))))

9 Pro ofs

Here is the k ey theorem, called \prop ert y 1 of Inv " or the step-wise in v arian t

theorem.

(defthm flat-inv-step

(implies (flat-inv n0 th s)

(flat-inv n0 th (step th s))))

As noted earlier, the pro of attempt generates the v eri�cation conditions (with

a few extra h yp otheses ab out the program coun ter and curren t program). If

A CL2's data base already con tains the theorems VC1 { VC3 , those theorems are

used to complete the pro of of flat-inv-step . If the v eri�cation conditions ha v e

not already b een pro v ed, the pro of attempt here generates and pro v es them.

Cen tral to the pro cess is the sym b olic simpli�cation of state expressions under

the state transition function step .

Ha ving pro v ed the in v ariance of flat-inv under step the next theorem in

the mec hanized \metho dology" corresp onds to prop ert y 4 of the earlier pro of of

the Correctness of Program � . is trivial. The theorem states that flat-inv is

in v arian t under arbitrarily long runs of the thread in question.

(defthm flat-inv-run

(implies (and (mono-threadedp th sched)

(flat-inv n0 th s))

(flat-inv n0 th (run sched s))))

where

(defun mono-threadedp (th sched)

(if (endp sched)

11



t

(and (equal th (car sched))

(mono-threadedp th (cdr sched))))).

Pro of of flat-inv-run is trivial b y induction and app eal to flat-inv-step .

Th us, if the initial state has pc 0 and satis�es the pre-condition, and, after

some arbitrary mono-threaded run, a state with pc 18 is reac hed, then it satis�es

the p ost-condition, namely , n0 is ev en and the answ er is (halfa n0 0) . F ormally

this can b e written as follo ws.

(defthm flat-main

(let ((s1 (run sched s0)))

(implies (and (intp n0)

(<= 0 n0)

(equal (pc (top-frame th s0)) 0)

(equal (locals (top-frame th s0)) (list n0 any))

(equal (program (top-frame th s0)) *flat-prog*)

(mono-threadedp th sched)

(equal (pc (top-frame th s1)) 18))

(and (evenp n0)

(equal (top (stack (top-frame th s1)))

(halfa n0 0))))))

This is pro v ed b y using the instance of flat-inv-run obtained b y letting s b e

s0 .

Flat-main is essen tially the goal, except it c haracterizes the answ er as (halfa

n0 0) . If (/ n0 2) w ere preferred, either a separate pro of relating (halfa n0

0) to (/ n0 2) could b e p erformed, or the assertions could b e stated in terms

of division in the �rst place. In an y case, this issue is indep enden t of the use of

inductiv e assertions.

Notice what has b een accomplished. Flat-main is a partial correctness the-

orem ab out a JVM program, formalized with an op erational seman tics. The

creativ e part of the pro of consisted of the de�nition of the three assertions. The

pro of of the k ey lemma, flat-inv-step , generated (and requires the pro of of )

the classic v eri�cation conditions just as though a V CG for the JVM w ere a v ail-

able. But no V CG w as de�ned. The pro of do es not establish termination of the

co de under the pre-conditions but do es c haracterize necessary conditions to reac h

the HALT statemen t. Finally , neither the theorem nor the pro of in v olv ed coun t-

ing instructions or de�ning what is called a \clo c k function" in the Bo y er-Mo ore

comm unit y .

10 Metho d In v o cation and Return

The HALT instruction in the previous program is �ctitious but handy . Stepping

the mac hine while on a HALT lea v es the mac hine at the HALT . Th us, the in v ariance

of the exit assertion is easy to pro v e once the exit is reac hed. In realistic co de, the

mac hine do es not halt but returns con trol to the caller and non-trivial stepping
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con tin ues. A useful inductiv e assertion metho dology m ust deal with call and

return. This pap er do es not discuss call and return in detail; see [11].

On the JVM, metho d in v o cation pushes a new stac k frame on the in v o cation

stac k of the activ e thread. Abstractly , that frame ma y b e though t of as con tain-

ing the b yteco de for the newly in v ok ed metho d with initial pc 0 . The new frame

con tains an initially empt y \op erand stac k" for in termediate results. When cer-

tain return instructions are executed, the topmost item, v , on the op erand stac k

is remo v ed, the in v o cation stac k is p opp ed, and v is pushed on to the op erand

stac k of the caller.

1

T o deal with call and return via inductiv e assertions, t w o c hanges are made to

the \metho dology" describ ed ab o v e. First, instead of using run to run the state

a certain n um b er of steps, the new function run-to-return is in tro duced, whic h

runs a certain n um b er of steps or un til the state returns from the call depth, d0 ,

at whic h the run w as started. Second, the assertion function is c hanged so that

the p ost-condition is asserted if the call depth is less than d0 .

T o deal with recursiv e metho ds, one m ust c haracterize the stac k of frames

created b y previous recursiv e calls so that return s pro duce states in whic h

con tin ued sym b olic ev aluation is p ossible.

11 Conclusion

This pap er has demonstrated that inductiv e assertion st yle pro ofs can b e carried

out in an op erational seman tics framew ork, without pro ducing a v eri�cation con-

dition generator or incurring pro of obligations b ey ond those pro duced b y suc h a

to ol. The k ey insigh t is that assertions attac hed to cut p oin ts in a program can

b e propagated b y a tail-recursiv e function to create an alleged in v arian t. The

pro of that the alleged in v arian t is in v arian t under the state transition function

pro duces the standard v eri�cation conditions. The in v ariance result can then

b e traded in for a partial correctness result stated in terms of the op erational

seman tics, without requiring the construction of clo c ks or the coun ting of in-

structions.

No v eri�cation condition generator need b e constructed. Giv en an op erational

seman tics it is p ossible, more or less immediately , to p erform inductiv e assertion

st yle pro ofs of partial correctness theorems.

The pro cess of pro ving the step-wise in v ariance of the completed assertions

\naturally" pro duces the v eri�cation conditions. T o b e more precise, the pro of

obligations pro duced corresp ond exactly to the v eri�cation conditions with some

additional h yp otheses ab out the lo cation of the program coun ter and the iden tit y

of the program b eing analyzed.

This situation is attractiv e for three reasons. First, writing a v eri�cation

condition generator for a realistic programming language lik e JVM b yteco de is

error-prone. F or example, metho d in v o cation in v olv es complicated non-syn tactic

issues lik e metho d resolution with resp ect to the ob ject on whic h the metho d is

1

Some forms of return implemen t void metho ds and return no v to the caller.
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in v ok ed, as w ell as side-e�ects to man y parts of the state including, p ossibly , the

call frames of b oth the caller and the callee, the thread table (in the ev en t that a

thread is started), the heap (in the ev en t of a sync hronized metho d lo c king the

ob ject up on whic h it is in v ok ed), and the class table (in the ev en t of dynamic

class loading). Co ding this all in terms of form ula transformation instead of

state transformation is di�cult. Second, when completed, the seman tics of the

language is enco ded in the V CG pro cess rather than as sen tences in a logic.

This enco ding of the seman tics mak es it di�cult to insp ect. In our approac h,

the seman tics is expressed explicitly in the logic so that it can b e insp ected.

Indeed, it is p ossible to pro v e theorems ab out the seman tics (not just theorems

ab out programs under the seman tics). Finally , realistic V CGs con tain simpli�ers

used to k eep the generated pro of obligations simple. These simpli�ers are just

theorems pro v ers and m ust b e trusted. In our approac h, only one theorem pro v er

is in v olv ed. It m ust b e trusted but that trusted engine deriv es the v eri�cation

conditions from the op erational seman tics and the user-supplied assertions.
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