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ausal theories, de�ned byNorman M
Cain and Hudson Turner, is an important formalism for rep-resenting properties of a
tions. For 
ausal theories of a spe
ial kind,
alled de�nite, a simple translation into the language of logi
 programsunder the answer set semanti
s is available. In this paper we de�ne asimilar translation for 
ausal theories of a more general form, 
alled al-most de�nite. Su
h theories 
an be used, for instan
e, to 
hara
terizethe transitive 
losure of a binary relation. The new translation leads toan implementation of a sub
lass of almost de�nite 
ausal theories thatemploys the answer set solver smodels as the sear
h engine.1 Introdu
tionThe language of nonmonotoni
 
ausal theories de�ned in [M
Cain and Turner,1997℄ is an important formalism for representing properties of a
tions. The pos-tulates of a 
ausal theory are 
ausal rules|expressions of the formG( F (1)where F and G are propositional formulas. Intuitively, rule (1) says that thereis a 
ause for G to be true if F is true. For instan
e, the 
ausal rulept+1 ( at
an be used to des
ribe the e�e
t of an a
tion a on a Boolean 
uent p: if a isexe
uted at time t then there is a 
ause for p to hold at time t+ 1.Many useful 
ausal theories 
ontain rules of the forml( l (2)where l is a literal (\if l is true then there is a 
ause for this"). In the seman-ti
s of 
ausal theories, this rule expresses, intuitively, that l is true by default.For instan
e, the assumption that a Boolean 
uent p is normally true 
an be



2expressed by the rules pt ( pt. The frame problem [Shanahan, 1997℄ is solvedin 
ausal logi
 using rules similar to (2):pt+1 ( pt+1 ^ pt:pt+1 ( :pt+1 ^ :pt: (3)These rules express that 
uent p obeys the 
ommonsense law of inertia: if p holdsat time t then it is assumed by default to hold at time t+ 1 also, and similarlyfor :p.A 
ausal theory is de�nite if the head G of ea
h of its 
ausal rules (1) isa literal or the 0-pla
e 
onne
tive ?. A �nite de�nite 
ausal theory 
an beeasily turned into an equivalent set of propositional formulas using the \literal
ompletion" pro
edure de�ned in [M
Cain and Turner, 1997℄, and then queriesabout it 
an be answered by invoking a satis�ability solver. That translationis used in an implementation of the de�nite fragment of 
ausal logi
, 
alledthe Causal Cal
ulator, or CCal
.1 The Causal Cal
ulator has been applied toseveral 
hallenge problems in the theory of 
ommonsense reasoning [Lifs
hitz etal., 2000℄, [Lifs
hitz, 2000℄, [Akman et al., 2003℄, [Campbell and Lifs
hitz, 2003℄.An alternative 
omputational pro
edure for answering questions about 
ausaltheories is to translate them into logi
 programs under the answer set semanti
sas in Proposition 6.7 from [M
Cain, 1997℄, and then invoke an answer set solver,su
h as smodels2 [Do�ganda�g et al., 2001℄. M
Cain's translation, like literal
ompletion, is limited to de�nite theories.In this paper we extend M
Cain's translation to the 
lass of \almost de�-nite" 
ausal theories, whi
h in
ludes all de�nite theories and 
overs some otherinteresting 
ases. One kind of interesting almost de�nite theories has to do withthe idea of transitive 
losure, or rea
hability in a dire
ted graph, whi
h plays animportant role in formal 
ommonsense reasoning. We have used the new transla-tion to extend the implementation of de�nite 
ausal theories based on smodelsto a 
lass of almost de�nite 
ausal theories.After a review of 
ausal theories and logi
 programs in the next two se
tions,we de�ne the 
on
ept of an almost de�nite 
ausal theory and the new translationin Se
tion 4. Examples of almost de�nite theories that formalize 
ommmonsenseknowledge and their translations are dis
ussed in Se
tion 5, and the implementa-tion in Se
tion 6. In Se
tion 7 we relate this paper to other work on 
ausal logi
and answer sets and dis
uss the 
omputational 
omplexity of almost de�nite
ausal theories. The proofs are relegated to the appendix.2 Causal TheoriesAs de�ned in the introdu
tion, a 
ausal theory is a set of 
ausal rules of form (1),where F and G are propositional formulas.3 These formulas are 
alled the body1 http://www.
s.utexas.edu/users/tag/

al
/ .2 http://www.t
s.hut.fi/Software/smodels/ .3 In [Giun
higlia et al., 2003℄ the syntax of 
ausal rules allows F and G to be \multi-valued propositional formulas." Causal theories in this more general sense 
an be



3and the head of the rule. The semanti
s of 
ausal theories [M
Cain and Turner,1997℄ de�nes when an interpretation I of the underlying signature (that is, afun
tion from atoms to truth values) is a model of a 
ausal theory T , as follows.The redu
t T I of T relative to I is the set of the heads of the rules of T whosebodies are satis�ed by I . We say that I is a model of T if I is the only model ofT I in the sense of propositional logi
.Take, for instan
e, the following 
ausal theory T of the signature fp; qg:p( qq ( q:q ( :q: (4)The interpretation I de�ned by I(p) = I(q) = t is a model of T . Indeed, Isatis�es the bodies of the �rst two rules of T , so that the redu
t T I 
onsists ofthe heads p, q of these rules; I is the only interpretation satisfying these formulas.The other 3 interpretations of fp; qg are not models of T . Indeed, if I(q) = fthen T I is the set f:qg, whi
h is satis�ed by two interpretations; if I(p) = f andI(q) = t then the redu
t is the set fpg, whi
h is not satis�ed by I .The semanti
s of 
ausal theories expresses the idea that a formula 
an betrue only if the given 
ausal rules guarantee that there is a 
ause for this. Forinstan
e, the rules in example (4) tell us that, under some 
onditions, there is a
ause for p to be true, and similarly for q and :q, but these rules do not assertthe existen
e of a 
ause for :p. Consequently, :p 
annot be true, whi
h impliesthat p has to be true. Sin
e the �rst rule of (4) is the only rule expressing theexisten
e of a 
ause for p, the body q of that rule has to be true also. Thisinformal reasoning explains why (4) has no models other than the interpretationthat makes both p and q true.Note that without the se
ond rule, 
ausal theory (4) would be in
onsistent:q would have to be true, but there would have been no 
ause for this.3 Logi
 ProgramsThe review of the answer set semanti
s in this se
tion follows [Lifs
hitz et al.,1999℄. The original de�nition of this semanti
s in [Gelfond and Lifs
hitz, 1988℄and [Gelfond and Lifs
hitz, 1991℄ applied to programs of a more spe
ial form,without nested expressions.Elementary expressions are literals and the symbols? (\false") and> (\true").Nested expressions are built from elementary expressions using the unary 
on-ne
tive not (negation as failure) and the binary 
onn
e
tives , (
onjun
tion) and; (disjun
tion). A logi
 program is a set of program rules of the formHead Body (5)where both Head and Body are nested expressions.redu
ed to 
ausal theories in the sense of [M
Cain and Turner, 1997℄ that are studiedin this note.



4 The answer set semanti
s de�nes when a 
onsistent set X of literals is ananswer set for a program � . As a preliminary step, we de�ne when X satis�esa nested expression F (symboli
ally, X j= F ), as follows:{ X j= l if l 2 X for any literal l,{ X j= >,{ X 6j= ?,{ X j= F;G if X j= F and X j= G,{ X j= F ;G if X j= F or X j= G,{ X j= not F if X 6j= F .We say that X satis�es a program � (symboli
ally,X j= �), if for ea
h rule (5)in � , if X j= Body then X j= Head.The redu
t �X of � relative to X is obtained from � by substituting ea
houtermost expression of the form not F in � with ? if X j= F , and with >otherwise. We say that X is an answer set for � if X is a minimal set satisfy-ing �X .For instan
e, it is easy to 
he
k that the programp not :qq  not :q:q  not q (6)has two answer sets: fp; qg; f:qg: (7)4 TranslationRe
all that in a de�nite 
ausal theory, the head of every rule is a literal or ?.4In the de�nition of almost de�nite 
ausal theories below, the rules of the theoryhave the form G � H ( F: (8)When G is >, we will identify the head G � H of this rule with H , so thatde�nite rules 
an be viewed as a spe
ial 
ase of (8).A propositional formula is in standard form if it is formed from literals (
alledits 
omponent literals) using the 
onne
tives ^, _, > and ?.Let T be a 
ausal theory whose rules have the form (8), where F , G and Hare in standard form. We say that a literal l is default false if T 
ontains the rulel( l (9)(l stands for the literal 
omplementary to l). We say that T is almost de�nite if,in ea
h of its rules (8),4 The de�nition of a de�nite 
ausal theory in [Giun
higlia et al., 2003, Se
tion 2.6℄in
ludes also a �niteness assumption. That assumption is essential for the 
on
eptof 
ompletion dis
ussed in that paper, but it is not needed for our present purposes.



5{ the 
omponent literals of G are default false, and{ the 
omponent literals of H are default false, orH is a 
onjun
tion of literals.Every de�nite theory (with the bodies of rules written in standard form) isalmost de�nite: in a de�nite rule, G is >, and H is a literal or ?. The pair ofrules :q � p( >q ( q (10)is an example of an almost de�nite theory that is not de�nite.Now we will des
ribe a translation that turns any almost de�nite 
ausaltheory T into a logi
 program �T . We will identify ^ with the 
omma and _with the semi
olon. Under this 
onvention, a standard formula 
an be viewed asa nested expression that does not 
ontain negation as failure. For any standardformula F , by Fnot we denote the nested expression obtained from F by repla
ingea
h 
omponent literal l with not l. For instan
e,(:p ^ q)not = not p;not :q:For any almost de�nite 
ausal theory T , the logi
 program �T is de�ned asthe set of the program rules H  G;Fnot (11)for all 
ausal rules (8) in T .For instan
e, the translation of (4) is the programp >;not :qq  >;not :q:q  >;not qwhi
h is equivalent to (6). (On equivalent transformations of logi
 programs,see [Lifs
hitz et al., 1999, Se
tion 4℄). The translation of (10) 
an be similarlywritten as p :qq  not :q: (12)The theorem below expresses the soundness of this translation. We identifyea
h interpretation with the set of literals that are satis�ed by it. Clearly thisset is 
omplete: for ea
h atom a, it 
ontains either a or :a.Theorem 1. An interpretation is a model of an almost de�nite 
ausal theory Ti� it is an answer set for �T .Note that this theorem does not say anything about the answer sets for thetranslation�T that are not 
omplete. For instan
e, the �rst of the answer sets (7)for program (6) is 
omplete, and the se
ond is not; in a

ordan
e with Theorem 1,the �rst answer set is identi
al to the only model of the 
orresponding 
ausaltheory (4). The only answer set for the translation (12) of 
ausal theory (10) isfqg; it is in
omplete, and a

ordingly (10) has no models.55 The in
omplete answer sets of a logi
 program 
an be eliminated by adding the
onstraints  not a; not :a for all atoms a.



6 Rules of �T 
an be more 
omplex than allowed by the prepro
essor lparseof the system smodels. (The syntax of lparse does not permit disjun
tions inthe bodies of rules, as well as 
onjun
tions and non-ex
lusive disjun
tions in theheads of rules.) If, however, the formulas F and G in a rule (8) are 
onjun
tionsof literals, and H is a literal or ?, then the translation (11) of that rule 
an bepro
essed by lparse. These 
onditions are satis�ed in many interesting 
ases,in
luding the examples of almost de�nite 
ausal theories dis
ussed in the nextse
tion.5 Examples5.1 Transitive ClosureThe transitive 
losure of a binary relation P on a set A 
an be des
ribed by analmost de�nite 
ausal theory as follows. For any x; y 2 A su
h that xPy, thetheory in
ludes the 
ausal rule p(x; y)( >: (13)In the remaining 
ausal rules, x, y and z stand for arbitrary elements of A. Bydefault, P does not hold: :p(x; y)( :p(x; y): (14)If xPy then there is a 
ause for x and y to satisfy the transitive 
losure of P :t
(x; y)( p(x; y); (15)and there is a 
ause for the impli
ation t
(y; z) � t
(x; z) to hold:t
(y; z) � t
(x; z)( p(x; y): (16)Finally, by default, the transitive 
losure relation does not hold::t
(x; y)( :t
(x; y): (17)The following theorem expresses that this representation of transitive 
losurein 
ausal logi
 is adequate. By P � we denote the transitive 
losure of P .Theorem 2. Causal theory (13){(17) has a unique model. In this model M , anatom is true i� it has the form p(x; y) where xPy, or the form t
(x; y) wherexP �y.If we attempt to make the almost de�nite 
ausal theory (13){(17) de�nite byrepla
ing (16) with the de�nite rulet
(x; z)( p(x; y) ^ t
(y; z)



7p(x; y) > if xPy:p(x; y) not p(x; y)t
(x; y) not :p(x; y)t
(x; z) t
(y; z); not :p(x; y):t
(x; y) not t
(x; y)Fig. 1. Translation of 
ausal theory (13){(17).then the assertion of Theorem 2 will be
ome in
orre
t [Giun
higlia et al., 2003,Se
tion 7.2℄.The logi
 program 
orresponding to 
ausal theory (13){(17) is shown in Fig-ure 1.Rules (15) and (16) above 
an be repla
ed withp(x; y) � t
(x; y)( >and p(x; y) ^ t
(y; z) � t
(x; z)( >:The assertion of Theorem 2 holds for the modi�ed theory also. Sin
e the atomsp(x; y) are default false, the modi�ed theory is almost de�nite, so that Theorem 1
an be used to turn it into a logi
 program. Its translation di�ers from the oneshown in Figure 1 in that it does not have the 
ombination not : in the thirdand forth lines.The fa
t that the atoms p(x; y) are assumed to be de�ned by rules of theforms (13) and (14) is not essential for the validity of Theorem 2, or for the
laim that the theory is almost de�nite; the relation P 
an be 
hara
terized byany de�nite 
ausal theory with a unique model. But the modi�
ation des
ribedabove would not be almost de�nite in the absen
e of rules (14).Transitive 
losure often arises in work on formalizing 
ommonsense reason-ing. For instan
e, Erik Sandewall's des
ription of the Zoo World6 says aboutthe neighbor relation among positions that it \is symmetri
, of 
ourse, and thetransitive 
losure of the neighbor relation rea
hes all positions." Be
ause of thediÆ
ulty with expressing transitive 
losure in the de�nite fragment of 
ausallogi
, this part of the spe
i�
ation of the Zoo World is disregarded in the pa-per by Akman et al. [2003℄ where the Zoo World is formalized in the input oflanguage of CCal
.Here is another example of this kind. The apartment where Robby the Robotlives 
onsists of several rooms 
onne
ted by doors, and Robby is 
apable ofmoving around and of lo
king and unlo
king the doors. This is a typi
al a
tiondomain of the kind that are easily des
ribed by de�nite 
ausal theories. But theassignment given to Robby today is to unlo
k enough doors to make any rooma

essible from any other (Figure 2). To express this goal in the language of
ausal logi
 we need, for any time instant t, the transitive 
losure of the relation6 http://www.ida.liu.se/ext/etai/lmw/ .
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Fig. 2. Robby's apartment is a 3� 3 grid, with a door between every pair of adja
entrooms. Initially Robby is in the middle, and all doors are lo
ked. The goal of makingevery room a

essible from every other 
an be a
hieved by unlo
king 8 doors, and therobot will have to move to other rooms in the pro
ess.\there is 
urrently an unlo
ked door 
onne
ting Room i with Room j." In thespirit of the representation dis
ussed above, the transitive 
losure 
an be de�nedby the 
ausal rules A

essible(i; j)t ( Unlo
ked (i; j)tA

essible(j; k)t � A

essible(i; k)t ( Unlo
ked (i; j)t:A

essible(i; j)t ( :A

essible(i; j:)t (18)5.2 Two GearsThis domain, invented by Mar
 Dene
ker, is des
ribed in [M
Cain, 1997, Se
-tion 7.5.5℄ as follows:Imagine that there are two gears, ea
h powered by a separate motor.There are swit
hes that toggle the motors on and o�, and a button thatmoves the gears so as to 
onne
t or dis
onne
t them from one another.The motors turn the gears in opposite (i.e., 
ompatible) dire
tions. Agear is 
aused to turn if either its motor is on or it is 
onne
ted to a gearthat is turning.M
Cain's representation of this domain as a 
ausal theory is shown in Fig-ure 3. The �rst 4 lines des
ribe the dire
t e�e
ts of a
tions. The next 4 lineshave the form (3) and express the 
ommonsense law of inertia. The 8 lines thatfollow say that the initial values of 
uents and the exe
ution of a
tions are \ex-ogenous." The last 3 lines express that a gear's motor being on 
auses it to turn,that the gears being 
onne
ted 
auses them to turn (and not turn) together, andthat by default the gears are assumed not to turn.



9:MotorOn(G(i))t+1 ( Toggle(S(i))t ^MotorOn(G(i))tMotorOn(G(i))t+1 ( Toggle(S(i))t ^ :MotorOn(G(i))t:Conne
tedt+1 ( Pusht ^ Conne
tedtConne
tedt+1 ( Pusht ^ :Conne
tedtMotorOn(G(i))t+1 ( MotorOn(G(i))t+1 ^MotorOn(G(i))t:MotorOn(G(i))t+1 ( :MotorOn(G(i))t+1 ^ :MotorOn(G(i))tConne
tedt+1 ( Conne
tedt+1 ^ Conne
tedt:Conne
tedt+1 ( :Conne
tedt+1 ^ :Conne
tedtMotorOn(G(i))0 ( MotorOn(G(i))0:MotorOn(G(i))0 ( :MotorOn(G(i))0Conne
ted0 ( Conne
ted0:Conne
ted0 ( :Conne
ted0Toggle(S(i))t ( Toggle(S(i))t:Toggle(S(i))t ( :Toggle(S(i))tPusht ( Pusht:Pusht ( :Pusht(i = 1; 2; t = 0; : : : ; n� 1); Turning(G(i))t ( MotorOn(G(i))tTurning(G(1))t � Turning(G(2))t ( Conne
tedt:Turning(G(i))t ( :Turning(G(i))t(i = 1; 2; t = 0; : : : ; n). Fig. 3. Two gears domain.Be
ause of the se
ond line from the end, this theory is not de�nite. But we
an make it almost de�nite by repla
ing that line withTurning(G(1))t � Turning(G(2))t ( Conne
tedtTurning(G(2))t � Turning(G(1))t ( Conne
tedt:By Proposition 4(i) from [Giun
higlia et al., 2003℄, this transformation does not
hange the set of models.The 
orresponding logi
 program is shown in Figure 4. Many o

urren
es ofthe 
ombination not : in this program 
an be dropped without 
hanging theanswer sets.6 ImplementationThe system for answering queries about de�nite 
ausal theories des
ribed in[Do�ganda�g et al., 2001℄ has the same input language as CCal
 but uses a dif-ferent 
omputational me
hanism: it turns the given theory into a logi
 programand invokes smodels to �nd the program's answer sets.



10 :MotorOn(G(i))t+1  not :Toggle(S(i))t; not :MotorOn(G(i))tMotorOn(G(i))t+1  not :Toggle(S(i))t; not MotorOn(G(i))tConne
tedt+1  not :Pusht; not Conne
tedt:Conne
tedt+1  not :Pusht; not :Conne
tedtMotorOn(G(i))t+1  not :MotorOn(G(i))t+1; not :MotorOn(G(i))t:MotorOn(G(i))t+1  not MotorOn(G(i))t+1; not MotorOn(G(i))tConne
tedt+1  not :Conne
tedt+1; not :Conne
tedt:Conne
tedt+1  not Conne
tedt+1; not Conne
tedtMotorOn(G(i))0  not :MotorOn(G(i))0:MotorOn(G(i))0  not MotorOn(G(i))0Conne
ted0  not :Conne
ted0:Conne
ted0  not Conne
ted0Toggle(S(i))t  not :Toggle(S(i))t:Toggle(S(i))t  not Toggle(S(i))tPusht  not :Pusht:Pusht  not Pusht(i = 1; 2; t = 0; : : : ; n� 1),Turning(G(i))t  not :MotorOn(G(i))tTurning(G(2))t  Turning(G(1))t; not :Conne
tedtTurning(G(1))t  Turning(G(2))t; not :Conne
tedt:Turning(G(i))t  not Turning(G(i))t(i = 1; 2; t = 0; : : : ; n).Fig. 4. Translation of the two gears domain.We have extended this system to a 
lass of theories that are almost de�nite(or 
an be made almost de�nite by simple equivalent transformations), for whi
hthe logi
 program obtained by the translation from Se
tion 4 is nondisjun
tive.7At the beginning of the translation pro
ess, the system �nds all rules ofthe form l ( l in the given 
ausal theory, and thus identi�es all default falseliterals. (To be more pre
ise, the input 
onsists of s
hemati
 rules, or rules withvariables. The system �nds all s
hemati
 rules of the form l ( l and adds theground instan
es of l to the list of default false literals.) The head of ea
h rulethat 
ontains more than one atom is 
onverted to 
onjun
tive normal form, andthen the rule is repla
ed by a group of rules whose heads are disjun
tions ofliterals. Then the systems attempts to rewrite ea
h of these disjun
tions in theform G � H where G is a 
onjun
tion of default false literals and H is a literalor ?. (A similar transformation was applied to an equivalen
e in Se
tion 5.2above.) If this 
an be done for the head of every rule then the 
orrespondinglogi
 program �T is formed, the rules from Footnote (5) are added to it, andsmodels is 
alled to solve the given problem.7 The need for this restri
tion is related to the fa
t that smodels is notappli
able to general disjun
tive programs. Using the answer set solver dlv(http://www.dbai.tuwien.a
.at/proj/dlv/) instead of smodels would be a wayto over
ome this limitation.



11To test the system, we have used the examples from Se
tion 5 expressed inthe \a
tion language" notation [Giun
higlia and Lifs
hitz, 1998℄, [Giun
higliaet al., 2003, Se
tion 4℄ that eliminates the need to mention time expli
itly. Forinstan
e, the assumption that exe
uting the a
tion Go(i) makes the 
uent At(i)true 
an be expressed in this notation by the \
ausal law"Go(i) 
auses At(i)that is viewed as an abbreviation forAt(i)t+1 ( Go(i)t:Similarly, the 
ausal lawnonexe
utable Go(i) if At(j) ^ :Unlo
ked (i; j)(the robot 
annot go to Room i if there is no unlo
ked door 
onne
ting Room iwith the room where the robot is) stands for? ( Go(i)t ^ At(j)t ^ :Unlo
ked (i; j)t:Causal laws like these are used to des
ribe the e�e
ts of a
tions|going to otherrooms and unlo
king doors|and restri
tions on their exe
utability. In addition,the formalization 
ontains the de�nition of a

essibility by 
ausal laws that areexpanded into 
ausal rules (18):
aused A

essible(i; j) if Unlo
ked(i; j)
aused A

essible(j; k) � A

essible(i; k) if Unlo
ked(i; j)default :A

essible(i; j):The solution shown in Figure 2 
orresponds to one of the plans generated bythis system. The plan 
onsist of 11 steps: 3 Go a
tions and 8 Unlo
k a
tions.7 Con
lusionThe main theorem of this paper extends Proposition 6.7 from [M
Cain, 1997℄from de�nite to almost de�nite 
ausal theories. Another spe
ial 
ase of the maintheorem that was known before is the 
ase when{ every atom in the language of T is default false, that is to say, T 
ontainsthe 
ausal rule :a( :a for every atom a, and{ in every other rule (8) of T , F is a 
onjun
tion of negative literals, G is a
onjun
tion of atoms, and H is a disjun
tion of atoms.This spe
ial 
ase is 
overed essentially by the lemma from [Giun
higlia et al.,2003, Se
tion 7.3℄. What is interesting about this 
ase is that by forming thetranslation �T of a 
ausal theory T satisfying the 
onditions above we 
an getan arbitrary set of rules of the forma1; : : : ; am  b1; : : : ; bn;not 
1; : : : ;not 
p (19)



12where a1; : : : ; am; b1; : : : ; bn; 
1; : : : ; 
p are atoms, plus the \
losed world assump-tion" rules :a not afor all atoms a. Sin
e the problem of existen
e of an answer set for a �nite setof rules of the form (19) is �P2 -hard [Eiter and Gottlob, 1993, Corollary 3.8℄, itfollows that the problem of existen
e of a model for an almost de�nite 
ausaltheory is �P2 -hard also. This fa
t shows that from the 
omplexity point of viewalmost de�nite 
ausal theories are as general as arbitrary 
ausal theories.On the other hand, if the formula H in every rule (8) of an almost de�-nite 
ausal theory T is a literal or ? then the 
orresponding logi
 program �T isnondisjun
tive. Consequently, the problem of existen
e of a model for the almostde�nite 
ausal theories satisfying this 
ondition is in 
lass NP, just as for de�-nite 
ausal theories. This 
ondition is satis�ed, for instan
e, for both examplesdis
ussed in Se
tion 5.If a 
ausal theory T is de�nite then the 
orresponding logi
 program �T istight in the sense of [Erdem and Lifs
hitz, 2003℄. The answer sets for a �nitetight program 
an be 
omputed by eliminating 
lassi
al negation from it in favorof additional atoms and then generating the models of the program's 
omple-tion [Babovi
h et al., 2000℄. This pro
ess is essentially identi
al to the use ofliteral 
ompletion mentioned in the introdu
tion. If T is almost de�nite but notde�nite then the program �T , generally, is not tight.An earlier version of CCal
 had a me
hanism for answering queries aboutarbitrary 
ausal theories, not ne
essarily de�nite or even almost de�nite, by
alling a satis�ability solver several times. That me
hanism was based on analgorithm that is, in prin
iple, 
omplete, but very ineÆ
ient.Our future plans in
lude extending the implementation dis
ussed in Se
tion 6to 
ausal theories with multi-valued formulas de�ned in [Giun
higlia et al., 2003℄.A
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14Appendix: Proofs of TheoremsWe begin with a 
omment about notation. The semanti
s of propositional logi
de�nes when an interpretation satis�es a propositional formula; on the otherhand, we de�ned in Se
tion 3 when a set of literals satis�es a nested expression.Sin
e we have agreed to identify any interpretation with a set of literals, and anystandard formula with a nested expression, these two de�nitions of satisfa
tionoverlap when applied to an interpretation (a 
omplete set of literals) and astandard formula (a nested expression without negation as failure). It is easy tosee, however, that the two de�nitions are equivalent to ea
h other in this spe
ial
ase, so that we 
an safely use the same symbol j= for both relations.Proof of Theorem 1For any nested expression F we denote by lit(F ) the set of literals that haveregular o

urren
es in F . (An o

urren
e is regular if it is not an o

uren
e ofan atom within a negative literal [Lifs
hitz et al., 1999℄,) In parti
ular, if F isa standard formula then lit(F ) is the set of all 
omponent literals of F . Thefollowing fa
t is easy to 
he
k by stru
tural indu
tion:Fa
t 1 : For any nested expression F and any 
onsistent set X of literals,X j= F i� X \ lit(F ) j= F:Consider an almost de�nite 
ausal theory T . For any interpretation I , theredu
t T I 
onsists of impli
ations G � H where G and H are standard. We willdenote by �(I) the set of program rulesH  G (20)for all impli
ations G � H in T I . It is 
lear that for any interpretation J ,J j= �(I) i� J j= T I : (21)ByD we denote the set of default false literals of T . Sin
e T is almost de�nite,for any rule (20) in �(I) lit(G) � D (22)and lit(H) � D or H is a 
onjun
tion of literals. (23)Lemma 1. For any interpretations I, J , if I j= �(I) thenJ j= �(I) i� I \ J j= �(I):In the proof we use the following fa
t, whi
h is easy to prove by stru
turalindu
tion.



15Fa
t 2 : Let F be a nested expression without negation as failure, and let X, Ybe 
onsistent sets of literals. If X j= F and X � Y then Y j= F .Proof of Lemma 1. Consider two 
ases.Case 1: J \D 6� I . Take a literal l su
h that l 2 J \D and l 62 I . Sin
e l 2 D, T
ontains the rule l ( l. Sin
e l 62 I , it follows that the formula l belongs to T I ,so that �(I) 
ontains the program rule l  >. Consequently any set of literalsthat satis�es�(I) 
ontains l. But l 2 J , so that l 62 J , whi
h implies that neitherJ nor I \ J satis�es �(I).Case 2: J \D � I .Left to right. Assume that I and J satisfy �(I), and take any rule (20) in �(I)su
h that I \ J j= G. We need to 
he
k that I \ J j= H . By Fa
t 2, I j= Gand J j= G. Sin
e I and J satisfy �(I), it follows that I j= H and J j= H .A

ording to (23), there are two possibilities. One is that lit(H) � D. Then, bythe assumption of Case 2,J \ lit(H) � J \D � I \ J: (24)By Fa
t 1, from J j= H we 
an 
on
lude that J\lit(H) j= H . By (24) and Fa
t 2,it follows that I \ J j= H . The other possibility is that H is a 
onjun
tion ofliterals l1; : : : ; ln. Sin
e I and J both satisfyH , ea
h of these literals belongs bothto I and to J , so that l1; : : : ; ln 2 I \ J , and we arrive at the same 
on
lusionI \ J j= H .Right to left. Assume that I \ J j= �(I), and take any rule (20) in �(I) su
hthat J j= G. We need to 
he
k that J j= H . By Fa
t 1, from J j= G 
an 
on
ludethat J \ lit(G) j= G. On the other hand, by (22) and the assumption of Case 2,J \ lit(G) � J \D � I \ J:By Fa
t 2, it follows that I \ J j= G. Sin
e I \ J j= �(I), we 
an 
on
lude thatI \ J j= H . By Fa
t 2, it follows that J j= H .Lemma 2. For any 
onsistent set X of literals and any interpretation I,X j= �(I) i� X j= (�T )I :In the proof we use the following fa
t, whi
h is easy to prove by stru
turalindu
tion.Fa
t 3 : For any standard formula F , any interpretation I and any 
onsistentset X of literals, X j= (Fnot)I i� I j= F:Proof of Lemma 2. The 
ondition X j= (�T )I means that X satis�es the redu
twith respe
t to I of the translation (11) of every rule (8) of T . That redu
t 
anbe written as H  G; (Fnot )I (25)



16(the redu
t of a formula is de�ned in the same way as the redu
t of a program inSe
tion 3). Consequently, by Fa
t 3, the 
ondition X j= (�T )I 
an be expressedby saying that, for every rule (8) of T , if I j= F and X j= G then X j= H . Thisis equivalent to X j= �(I).Theorem 1. An interpretation is a model of an almost de�nite 
ausal theory Ti� it is an answer set for �T .Proof. Let I be an interpretation. The 
onditionI is a model of Tmeans thatI j= T I and, for any interpretation J , if J j= T I then J = I .In view of (21), this is equivalent to the 
onditionI j= �(I) and, for any interpretation J , if J j= �(I) then J = Iand then, by Lemma 1, toI j= �(I) and, for any interpretation J , if I \ J j= �(I) then J = I:The last 
ondition 
an be expressed by saying thatfor any interpretation J , I \ J j= �(I) i� J = I:This is further equivalent to the assertionI is the only subset of I that satis�es �(I);be
ause J 7! I \J is a 1{1 
orresponden
e between the set of all interpretationsand the set of all the subsets of I . By Lemma 2, this assertion is equivalent tothe 
laim that I is minimal among the sets satisfying (�T )I , whi
h means thatI is an answer set for �T .Proof of Theorem 2Let P be a binary relation on a set A, P � its transitive 
losure, and T the 
ausaltheory (13){(17). De�ne the interpretation M byM = fp(x; y) : xPyg [ f:p(x; y) : not xPyg[ ft
(x; y) : xP �yg [ f:t
(x; y) : not xP �yg:In this notation, the theorem to be proved 
an be stated as follows:Theorem 2. M is the only model of T .Lemma 3. Let I be an interpretation su
h that T I is 
onsistent. For any x; y 2 A,if xP �y then T I j= t
(x; y).



17Proof. Observe thatT I = fp(x; y) : xPyg[ f:p(x; y) : I 6j= p(x; y)g[ ft
(x; y) : I j= p(x; y)g [ ft
(y; z) � t
(x; z) : I j= p(x; y)g[ f:t
(x; y) : I 6j= t
(x; y)g: (26)Sin
e T I is 
onsistent, from lines 1 and 2 of (26) we see that I j= p(x; y) wheneverxPy. Consequently, T I 
ontainsft
(x; y) : xPy)g [ ft
(y; z) � t
(x; z) : xPyg:It remains to noti
e that these formulas entail t
(x; y) for all x, y su
h thatxP �y.Lemma 4. For any interpretation I, if T I is 
onsistent and 
omplete thenM j= T I .Proof. A

ording to (26), the set of formulas in T I that 
ontain the atoms p(x; y)is fp(x; y) : xPyg [ f:p(x; y) : I 6j= p(x; y)g:Sin
e T I is 
onsistent and 
omplete, for any x; y 2 AxPy i� I j= p(x; y):It follows that (26) 
an be rewritten asT I = fp(x; y) : xPyg[ f:p(x; y) : not xPyg[ ft
(x; y) : xPyg [ ft
(y; z) � t
(x; z) : xPyg[ f:t
(x; y) : I 6j= t
(x; y)g: (27)M 
learly satis�es the formulas in the �rst three lines of (27). To prove that Msatis�es the formulas in line 4, take any x, y su
h that I 6j= t
(x; y); we need to
he
k that M 6j= t
(x; y), or, in other words, that xP �y doesn't hold. AssumexP �y. Then, by Lemma 3, T I j= t
(x; y); sin
e T I 
ontains the formula :t
(x; y),this 
ontradi
ts the 
onsisten
y of T I .Proof of Theorem 2. First we need to 
he
k that M is the only interpretationsatisfying TM . By formula (26) applied to I =M ,TM = fp(x; y) : xPyg[ f:p(x; y) : not xPyg[ ft
(x; y) : xPyg [ ft
(y; z) � t
(x; z) : xPyg[ f:t
(x; y) : not xP �y)g: (28)It is 
lear that M satis�es all these formulas. Take any interpretation I satisfy-ing TM and any x; y 2 A. From the �rst two lines of (28) we see thatI j= p(x; y) i� xPy i� M j= p(x; y).



18If xP �y then, by Lemma 3 applied to I = M , TM j= t
(x; y), and 
onsequentlyI j= t
(x; y). Otherwise, from line 4 of (28) we see that I j= :t
(x; y). ThusI =M .To show that an interpretation I di�erent from M 
annot be a model of T ,noti
e that for su
h I , by Lemma 4, T I either is in
onsistent, or is in
omplete, oris satis�ed by an interpretation di�erent from I . In ea
h of these 
ases, I 
annotbe the only interpretation satisfying T I .


