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Abstract

sThe definition of a stable model has provided a declarative semantics for Prolog
programs with negation as failure and has led to the development of answer set
programming. In this paper we propose a new definition of that concept, which
covers many constructs used in answer set programming (including disjunctive rules,
choice rules and conditional literals) and, unlike the original definition, refers neither
to grounding nor to fixpoints. Rather, it is based on a syntactic transformation,
which turns a logic program into a formula of second-order logic that is similar to
the formula familiar from John McCarthy’s definition of circumscription.
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1 Introduction

Answer set programming (ASP) is a form of logic programming oriented to-
wards combinatorial search problems. It is an outgrowth of early work on au-
toepistemic logic and default logic. ASP was identified as a new programming
paradigm in 1999 [20, 26, 31], and it has found by now a number of serious
applications. Syntactically, ASP programs look like Prolog programs, but the
computational mechanisms used in ASP are different: they are based on the
ideas that have led to the creation of fast satisfiability solvers for propositional
logic.

This paper describes a new perspective on the semantics of ASP languages,
which relates it to John McCarthy’s work on circumscription [28, 29].

Two widely used definitions of the semantics of logic programs—in terms of
program completion [1] and in terms of stable models [12]—look very differ-
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ent from each other. The former treats a logic program as shorthand for its
completion, which is a first-order formula. For instance, the program

p(a),

q(b),

r(x)← p(x), not q(x)

(1)

is shorthand for the formula

∀x(p(x)↔ x = a) ∧ ∀x(q(x)↔ x = b) ∧ ∀x(r(x)↔ (p(x) ∧ ¬q(x))). (2)

On the other hand, according to the stable model semantics, program (1) is
shorthand for the set of the ground instances of its rules:

p(a),

q(b),

r(a)← p(a), not q(a),

r(b)← p(b), not q(b).

(3)

The definition of a stable model describes a fixpoint construction that deter-
mines which sets of atomic formulas from (3) are considered “stable models”;
it turns out that the only stable model of (3) is

{p(a), q(b), r(a)}. (4)

In spite of this difference between the two definitions, there is often a close
relationship between the completion of a program and its stable models. For
instance, in every model of (2) (in the sense of first-order logic) that satisfies
the unique names assumption a 6= b, the elements of set (4) are true, and all
other ground atoms are false.

Practical needs of ASP have led to the invention of several declarative pro-
gramming constructs that are not used in Prolog. The completion semantics
is not applicable to these constructs, at least directly. For instance, the last
rule of the program

p(a),

p(b),

{q(x) : p(x)}
(5)
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is a “choice rule” containing a “conditional literal” [37]. Intuitively, this rule
says: for any x such that p(x), choose arbitrarily whether or not to include
q(x) in the stable model. The semantics of programs with choice rules, like
the original stable model semantics, is defined in terms of grounding and a
fixpoint condition. For instance, grounding turns the last line of (5) into the
ground choice rule

{q(a), q(b)}.
As it turns out, program (5) has 4 stable models:

{p(a), p(b)},
{p(a), p(b), q(a)},
{p(a), p(b), q(b)},
{p(a), p(b), q(a), q(b)}.

(6)

In this paper we propose a new definition of a stable model, which covers many
constructs used in ASP (including disjunctive rules, choice rules, cardinality
constraints and conditional literals) and refers neither to grounding nor to
fixpoints. Rather, like the definition of program completion, the new definition
of a stable model is based on a transformation that turns the given logic
program into a formula of classical logic. To be precise, the result of this
transformation is a second-order formula, which looks similar to the formula
familiar from the definition of circumscription [29] in the form adopted in [15].

The new definition and examples of its use are discussed in Section 2 below.
In Section 3 we relate our definition to the encoding of propositional logic
programs by quantified Boolean formulas given in [33], to the definition of an
answer set from [5], to a theorem from [22], and to recent research on first-order
equilibrium logic [34, 35]. A theorem about strong equivalence, illustrating the
nature of the ongoing work on reformulating the theory of stable models on
the basis of the new definition, is stated in Section 4. Finally, in Section 5 we
propose a way to generalize the concept of program completion that is similar
to the new definition of a stable model. Proofs of theorems are relegated to
the appendix.

Our treatment of stable models may be of interest for three reasons. First,
it provides a new perspective on the place of stable models within the field
of nonmonotonic reasoning. We can distinguish between “translational” non-
monotonic formalisms, such as program completion and circumscription, and
“fixpoint” formalisms—default logic [36] 1 and autoepistemic logic [30]. In
the past, stable models were seen as part of the “fixpoint tradition.” In fact,

1 The translational definition of default logic, proposed in [17], is rather compli-
cated: it uses third-order variables.
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the invention of stable models was an outgrowth of earlier work on the rela-
tionship between logic programming and autoepistemic logic [10]; the first
journal paper on answer sets [13] emphasized their relation to default logic.
The remarkable similarity between the new definition of a stable model and
the definition of circumscription is rather curious from this point of view.

Second, we expect that the new definition of stable models will provide a
unified framework for useful answer set programming constructs defined and
implemented by several different research groups, such as choice rules, cardi-
nality constraints and conditional literals (Helsinki University of Technology),
disjunctive rules and aggregates [3] (Vienna University of Technology and Uni-
versity of Calabria), and ASET-Prolog constructs [11, Section 5.2] (Texas Tech
University).

Finally, we hope that this definition of a stable model will serve as a basis for
a new approach to proving program correctness in ASP, which will be more
straightforward than the one based on grounding and fixpoint definitions [8,
Sections 3.3–3.5, 3.7]. These correctness proofs will use equivalent transforma-
tions of formulas of classical logic as the main tool.

This is an extended version of the conference paper [7].

2 Definition and Examples

2.1 Logic Programs as First-Order Formulas

The concept of a stable model will be defined here for first-order sentences
(formulas without free variables); logic programs are viewed in this paper as
alternative notation for first-order sentences of special kinds. 2

To rewrite a “traditional” program, such as (1), as a first-order sentence, we

• replace every comma by ∧ and every not by ¬ ,
• turn every rule Head ← Body into a formula by rewriting it as the implica-

tion Body → Head , and
• form the conjunction of the universal closures of these formulas.

2 In the propositional case, this approach to the syntax of ASP is not new. The
possibility of interpreting choice rules and weight constraints in terms of nested con-
junctions, disjunctions and negations was demonstrated in [9, Section 4.1]. General
aggregates can be described in terms of nested implications [5, Section 4]. Including
second (“strong,” “classical,” or “true”) negation without introducing an additional
connective is discussed in [8, Section 3.9].
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For instance, we think of (1) as alternative notation for the sentence

p(a) ∧ q(b) ∧ ∀x((p(x) ∧ ¬q(x))→ r(x)). (7)

We are going to treat ¬F as shorthand for F → ⊥, so that the last conjunctive
term can be further expanded into

∀x((p(x) ∧ (q(x)→ ⊥))→ r(x)).

Furthermore, we understand the head of a disjunctive rule as the disjunction
of its elements, and we view a constraint (rule with the empty head) as the
negation of its body. For instance, the disjunctive rule

p(x); q(x)← r(x)

corresponds to the formula

∀x(r(x)→ (p(x) ∨ q(x)),

and the constraint

← p(x), not q(x) (8)

to the formula

∀x¬(p(x) ∧ ¬q(x)).

Note that the formula ¬p can be written in logic programming notation in
two ways: as the rule with the empty body and the head not p, and also as
the constraint with the body p.

In the spirit of [9], program (5) is understood as

p(a) ∧ p(b) ∧ ∀x(p(x)→ (q(x) ∨ ¬q(x))). (9)

Since the last conjunctive term is logically valid, the class of models of for-
mula (9) would not change if we dropped that term; but the class of its stable
models, as defined below, would be affected. In this sense, the last conjunctive
term is essential.

Finally, here is an example of turning a cardinality constraint [37] into a first-
order formula. The rule

p← 10 {q(x) : r(x)} 20
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corresponds to the sentence

(∃10x(q(x) ∧ r(x)) ∧ ¬∃21x(q(x) ∧ r(x)))→ p, (10)

where ∃nxF (x) is understood as an abbreviation for

∃x1 · · · xn


 ∧

1≤i≤n

F (xi) ∧
∧

1≤i<j≤n

xi 6= xj


 .

2.2 Review of Circumscription

Since the new definition of a stable model looks similar to the definition of
circumscription, we will begin with a brief review of the latter, for the special
case when all predicate constants occurring in the formula are circumscribed
in parallel [18, Section 7.1].

Both definitions use the following notation. If p and q are predicate constants
of the same arity then p = q stands for the formula

∀x(p(x)↔ q(x)),

and p ≤ q stands for
∀x(p(x)→ q(x)),

where x is a tuple of distinct object variables. If p and q are tuples p1, . . . , pn

and q1, . . . , qn of predicate constants then p = q stands for the conjunction

p1 = q1 ∧ · · · ∧ pn = qn,

and p ≤ q for
p1 ≤ q1 ∧ · · · ∧ pn ≤ qn.

Finally, p < q is an abbreviation for (p ≤ q) ∧ ¬(p = q).

In second-order logic, we apply the same notation to tuples of predicate vari-
ables.

Given a first-order sentence F , by CIRC[F ] we denote the second-order sen-
tence

F ∧ ¬∃u((u < p) ∧ F (u)),

where p stands for the list of all predicate constants occurring in F , u is a
list of distinct predicate variables of the same length, and F (u) is the formula
obtained from F by substituting the variables u for the constants p. Intuitively,
the second conjunctive term of CIRC[F ] expresses that the extents of the
predicates p are minimal subject to condition F .
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For example, if F is

p(a) ∧ ∀x(p(x)→ q(x)) (11)

then CIRC[F ] is

p(a) ∧ ∀x(p(x)→ q(x))

∧¬∃uv(((u, v) < (p, q)) ∧ u(a) ∧ ∀x(u(x)→ v(x))).
(12)

Formula (11) expresses that the set represented by p includes the point rep-
resented by a and is contained in the set represented by q. The minimality
condition in the second line of (12) expresses that the sets represented by p
and q cannot be made smaller without losing this property, which amounts
to saying that both sets are singletons. Accordingly, (12) can be equivalently
rewritten as the first-order formula

∀x(p(x)↔ x = a) ∧ ∀x(q(x)↔ x = a). (13)

[15, Section 5]. There are cases when CIRC[F ] is not equivalent to any first-
order formula, as, for instance, when F is

p(a) ∧ ∀x(p(x)→ p(f(x))). (14)

In this example, a model of CIRC[F ] is any interpretation that represents p
as the set of the values of the terms a, f(a), f(f(a)), . . ..

2.3 Stable Models

Given a first-order sentence F , by SM[F ] we denote the second-order sentence

F ∧ ¬∃u((u < p) ∧ F ∗(u)),

where p stands for the list of all predicate constants p1, . . . , pn occurring in
F , u is a list of n distinct predicate variables u1, . . . , un, and F ∗(u) is defined
recursively:

• pi(t1, . . . , tm)∗ = ui(t1, . . . , tm);
• (t1 = t2)

∗ = (t1 = t2);
• ⊥∗ = ⊥;
• (F ∧G)∗ = F ∗ ∧G∗;
• (F ∨G)∗ = F ∗ ∨G∗;
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• (F → G)∗ = (F ∗ → G∗) ∧ (F → G);
• (∀xF )∗ = ∀xF ∗;
• (∃xF )∗ = ∃xF ∗.

Note that the operator F 7→ F ∗(u) replaces each predicate constant with the
corresponding predicate variable, and that it commutes with all propositional
connectives except implication and with both quantifiers. If, in the definition
of this operator, we drop the second conjunctive term in the clause for impli-
cation, then F ∗(u) will turn into the formula F (u) referred to in the definition
of circumscription. That conjunctive term is the only difference between the
definitions of CIRC and SM.

The following useful fact is easy to check by induction on F :

Lemma 1 F ∗(p) is equivalent to F .

A model of F is stable if it satisfies SM[F ].

Example 1 If F is (11) then F ∗(u, v) is

u(a) ∧ ∀x((u(x)→ v(x)) ∧ (p(x)→ q(x)))

and SM[F ] is

p(a) ∧ ∀x(p(x)→ q(x))

∧¬∃uv(((u, v) < (p, q)) ∧ u(a) ∧ ∀x((u(x)→ v(x)) ∧ (p(x)→ q(x)))).

It is clear that this formula is equivalent to (12), and consequently to (13).

In logic programming notation, (11) can be written as

p(a),

q(x)← p(x).

The completion of this program

∀x(p(x)↔ x = a) ∧ ∀x(q(x)↔ p(x))

is equivalent to (13) as well. In this example, all three transformations—SM,
CIRC and completion—produce essentially the same result.

Example 2 If F is (14) then, as in the previous example, it is clear that SM[F ]
is equivalent to CIRC[F ]. Consequently, the stable models of (14) can be
characterized by the condition stated at the end of the previous section: p is
represented by the set of the values of the terms a, f(a), f(f(a)), . . ..
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In logic programming notation, (14) can be written as

p(a),

p(f(x))← p(x).
(15)

The completion of this program

∀x(p(x)↔ (x = a ∨ ∃y(x = f(y) ∧ p(y)))

is weaker than SM[F ]; some (non-Herbrand 3 ) models of the completion of (15)
are not stable.

It is easy to see that the operator SM produces essentially the same result
as CIRC whenever it is applied to a formula corresponding to a set of Horn
rules, as in the examples above. (This assertion remains true if we allow the
heads of rules to be disjunctions of atomic formulas.) But if negation in the
bodies of rules is allowed then this may be no longer the case, as we will see
in Section 2.5.

What we can say, on the other hand, about this more general case is that stable
Herbrand models of the corresponding formula exactly correspond to the stable
models of the program in the sense of the original definition from [12]:

Theorem 1 Let σ be a signature containing at least one object constant, and
Π a finite set of rules of the form

A0 ← A1, . . . , Am, not Am+1, . . . , not An, (16)

where A0, . . . , An are atomic formulas of σ not containing equality. For any
set X of ground atoms of σ, the following conditions are equivalent:

• X is a stable model of Π in the sense of [12];
• the Herbrand interpretation of σ that makes the elements of X true and all

other ground atoms false is a stable model of (the formula corresponding
to) Π.

This theorem shows that the new definition of a stable model, restricted to
the “traditional” syntax, is a generalization of the 1988 definition to non-

3 Recall that an Herbrand interpretation of a signature σ containing at least one
object constant is an interpretation such that (i) its universe is the set of all ground
terms of σ, and (ii) every ground term represents itself. Clearly, an Herbrand inter-
pretation can be characterized by the set of ground atoms to which it assigns the
value true.
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Herbrand models. A similar theorem, relating our definition to [5], is stated
in Section 3.1.

2.4 Negative Formulas

Proposition 1 below allows us to simplify the result of applying the operator
SM to formulas containing parts of the form ¬F , such as rules (16) with
m < n.

We call a formula negative if every occurrence of every predicate constant in
it belongs to the antecedent of an implication. For instance, any formula of
the form ¬F is negative, because this expression is shorthand for F → ⊥
(Section 2.1). Also, any equality t1 = t2 is trivially a negative formula.

In the statement of Proposition 1, p is the list of predicate constants occurring
in F , and u is a list of distinct predicate variables of the same length as p.

Proposition 1 For any negative formula F , the formula

u ≤ p→ (F ∗(u)↔ F )

is logically valid.

Proof: by induction on F .

The role of constraints (see Section 2.1) in ASP is determined by the fact that
the effect of adding a constraint to a logic program is to eliminate its stable
models violating this constraint [8, Proposition 4]. In the new framework, this
fact can be expressed as follows:

Proposition 2 For any sentence F and any negative sentence G, SM[F ∧G]
is equivalent to SM[F ] ∧G.

Proof: by Proposition 1,

SM[F ∧G] = (F ∧G) ∧ ¬∃u((u < p) ∧ (F ∧G)∗(u))

= (F ∧ ¬∃u((u < p) ∧ F ∗(u) ∧G∗(u))) ∧G

⇔ (F ∧ ¬∃u((u < p) ∧ F ∗(u) ∧G)) ∧G

⇔ (F ∧ ¬∃u((u < p) ∧ F ∗(u))) ∧G

= SM[F ] ∧G.
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Examples of the use of Propositions 1 and 2 are given in the next section.

2.5 Further Examples

Example 3 Let F be formula (7), corresponding to logic program (1). Then
SM[F ] is

p(a) ∧ q(b) ∧ ∀x((p(x) ∧ ¬q(x))→ r(x))

∧¬∃uvw(((u, v, w) < (p, q, r)) ∧ u(a) ∧ v(b)

∧∀x(((u(x) ∧ (¬q(x))∗)→ w(x))

∧((p(x) ∧ ¬q(x))→ r(x)))).

It is clear that the implication in the last line can be dropped. Furthermore,
since the subformula (u, v, w) < (p, q, r) contains the conjunctive term v ≤ q,
from Proposition 1 we can conclude that (¬q(x))∗ can be equivalently replaced
here by ¬q(x). Consequently, SM[F ] can be rewritten as

p(a) ∧ q(b) ∧ ∀x((p(x) ∧ ¬q(x))→ r(x))

∧¬∃uvw(((u, v, w) < (p, q, r)) ∧ u(a) ∧ v(b) ∧ ∀x((u(x) ∧ ¬q(x))→ w(x))).

Using the methods for eliminating second-order quantifiers described at the
end of [18, Section 3.3], we can convert this formula into the completion (2) of
program (1). We conclude that in this case the stable models of the program
are identical to the models of its completion.

We can further conclude that there is a unique Herbrand stable model in this
case, and that it corresponds to the set (4) of ground atoms. This fact follows
also from Proposition 1.

Example 4 If F is formula (9), corresponding to logic program (5), then a
similar calculation converts SM[F ] into

p(a) ∧ p(b) ∧ ∀x(p(x)→ (q(x) ∨ ¬q(x)))

∧¬∃uv(((u, v) < (p, q)) ∧ u(a) ∧ u(b) ∧ ∀x(u(x)→ (v(x) ∨ ¬q(x)))).

After the elimination of second-order quantifiers, this formula becomes

∀x(p(x)↔ (x = a ∨ x = b)) ∧ ∀x(q(x)→ (x = a ∨ x = b)). (17)

The stable models of (5) can be characterized as the interpretations that
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(i) represent p by the set of values of a and b, and (ii) represent q by a
subset of that set. Consequently, (9) has 4 Herbrand stable models, and they
correspond to sets (6).

Example 5 Let us add constraint (8) to program (5), discussed in the pre-
vious example. By Proposition 2, SM[F ] will be then equivalent to the con-
junction of (17) with this constraint, which can be further rewritten as

∀x(p(x)↔ (x = a ∨ x = b)) ∧ ∀x(q(x)↔ (x = a ∨ x = b)).

3 Relation to Earlier Work

3.1 Stable Models of Propositional and Universal Formulas

In the propositional case, the operator SM turns into the encoding of formu-
las of equilibrium logic by quantified Boolean formulas proposed in [33] and
reviewed in [6, Appendix B].

Theorem 2 below shows that Herbrand stable models of a universal sentence
(the universal closure of a quantifier-free first-order formula) can be charac-
terized in terms of the definition of an answer set proposed in [5].

For any formula F , by F 6= we denote the formula obtained from F by replacing
each atomic subformula of the form t1 = t2, where t1 and t2 are ground terms,
with > if t1 equals t2, and with ⊥ otherwise. This notation will be also applied
to sets of formulas. For any quantifier-free formula F , Ground(F ) stands for
the set of formulas that can be obtained from F by substituting ground terms
for all its variables.

Theorem 2 Let σ be a signature containing at least one object constant,
and F a quantifier-free formula of σ. For any set X of ground atoms of σ, the
following conditions are equivalent:

• X is an answer set of Ground(F )6= in the sense of [5];
• the Herbrand interpretation of σ that makes the elements of X true and all

other ground atoms false is a stable model of the universal closure of F .

3.2 Lin’s Transformation

Theorem 5 from [22] relates stable models of “traditional programs” (as in
Proposition 1 above) to circumscription. It involves a syntactic transformation
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that can be described as a sequence of three steps. First, each rule is turned
into a formula that may contain new predicate constants—“doubles” q of
the predicate constants p occurring in the rule. Second, the new predicate
constants are circumscribed in parallel. Third, the result is conjoined with the
equivalences q ↔ p. We will show that this idea is applicable to arbitrary first-
order sentences, and that the result of this transformation is closely related to
the operator SM.

To do this, we need parallel circumscription of a slightly more general kind
than defined in Section 2.2. In the definition of circumscription, there is no
need to assume that p stands for the list of all predicate constants occurring
in F ; p may include only some of these constants. The result of circumscrib-
ing the predicate constants p in a first-order sentence F will be denoted by
CIRC[F ; p]. For instance, if F is (11) then CIRC[F ; q] is

p(a) ∧ ∀x(p(x)→ q(x)) ∧ ¬∃v((v < q) ∧ p(a) ∧ ∀x(p(x)→ v(x))),

which is equivalent to

p(a) ∧ ∀x(p(x)↔ q(x)).

Let F be a first-order sentence, and let p be the list of all predicate constants
occurring in F . Take a list q of distinct predicate constants that do not occur
in F , of the same length as q. By L[F ; q] we denote the formula

CIRC[F ∗(q); q] ∧ (q = p).

This formula turns out to be equivalent to SM[F ] conjoined with explicit
definitions of the new predicate constants q:

Proposition 3 L[F ; q] is equivalent to SM[F ] ∧ (q = p).

Proof: immediate from the definitions of L and SM, using Lemma 1.

It follows that SM[F ] is equivalent to L[F ; q] with the predicate constants q
replaced with existentially quantified predicate variables:

Corollary 1 SM[F ] is equivalent to ∃u L[F ; u].

3.3 Equilibrium Logic

The definition of first-order equilibrium logic below is similar to the one pro-
posed in [35, Section 7], except that ground terms are not identified here
with their values; as a result, different ground terms are allowed to have the
same value. Our definition describes essentially Kripke models with two worlds
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(“here” and “there”) that have the same universe, interpret all function con-
stants in the same way, and satisfy the minimality condition introduced in [32].

If I is an interpretation of a signature σ (in the sense of classical logic) then
by σI we denote the extension of σ obtained by adding pairwise distinct sym-
bols ξ∗, called names, for all elements ξ of the universe of I as object constants.
We will identify I with its extension to σI defined by I(ξ∗) = ξ. The value
that I assigns to a ground term t of signature σI will be denoted by tI .

By σf we denote the part of σ consisting of its function constants (including
object constants, which are viewed as function constants of arity 0). We will
represent an interpretation I of σ as the pair 〈I|σf , I ′〉, where I ′ is the set of
all atomic formulas, formed using predicate constants from σ and names ξ∗,
which are satisfied by I.

An HT-interpretation of σ is a triple 〈If , Ih, I t〉, where

• If is an interpretation of σf , and
• Ih, I t are sets of atomic formulas formed using predicate constants from σ

and object constants ξ∗ for arbitrary elements ξ of the universe of If , such
that Ih ⊆ I t.

The satisfaction relation between an HT-interpretation I = 〈If , Ih, I t〉 and a
sentence F of the signature σ〈I

f ,Ih〉 is defined recursively:

• I |= p(t1, . . . , tn) if p((tI
f

1 )∗, . . . , (tI
f

n )∗) ∈ Ih;
• I |= t1 = t2 if tI

f

1 = tI
f

2 ;
• I 6|= ⊥;
• I |= F ∧G if I |= F and I |= G;
• I |= F ∨G if I |= F or I |= G;
• I |= F → G if
(i) I 6|= F or I |= G, and

(ii) 〈I, I t〉 |= F → G;
• I |= ∀xF (x) if, for each ξ from the universe of If , I |= F (ξ∗);
• I |= ∃xF (x) if, for some ξ from the universe of If , I |= F (ξ∗).

(In (ii) we understand satisfaction as in classical logic.)

An HT-interpretation of the form 〈I, J, J〉 is an equilibrium model of F if

• 〈I, J, J〉 |= F , and
• for any proper subset J ′ of J , 〈I, J ′, J〉 6|= F .

This definition provides a precise model-theoretic counterpart of the operator
SM:
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Theorem 3 An interpretation 〈I, J〉 is a stable model of a sentence F iff
〈I, J, J〉 is an equilibrium model of F .

4 Strong Equivalence

To turn the definition of a stable model proposed in this paper into a tool
that can help us in the design of provably correct ASP programs, we need
to find appropriate counterparts of the theorems that are used now in such
correctness proofs. 4 Theorems about stable models proved in the past will
roughly correspond to the special cases of these new theorems in which the
formulas involved are propositional combinations of ground atoms, perhaps of
a special syntactic form, and our attention is restricted to Herbrand models.

To give an example illustrating this general point, we state here a counterpart
of the characterization of strong equivalence given in [23].

According to the original definition of strong equivalence [21], (propositional)
logic programs Π1 and Π2 are said to be strongly equivalent to each other
if, for any logic program Π, Π1 ∪ Π has the same stable models as Π2 ∪ Π.
A more general definition was proposed in [8, Section 2.6]: a (propositional)
formula F is said to be strongly equivalent to a formula G if any formula F ′

that contains an occurrence of F has the same stable models as the formula G′

obtained from F ′ by replacing that occurrence with G. This condition is more
general not only because it is applicable to arbitrary propositional formulas,
but also because F is allowed here to be any subformula of F ′, not necessarily
a “subconjunction.”

The definition of strong equivalence below is similar to this more general con-
dition, except that it is further extended to formulas with free variables, and
the process of replacing an occurrence of F with G is generalized accordingly.

This generalization can be conveniently described in terms of predicate ex-
pressions λxF (x), where x is a list of distinct object variables, and F (x) is a
formula. For any formula H(w), where w is a predicate variable of arity equal
to the length of x, by H(λxF (x)) we denote the formula obtained from H(w)
be replacing each atomic subformula of the form w(t), where t is a tuple of
terms, with F (t). For instance, if H(w) is w(a)∨w(b) then H(λx¬p(x)) stands
for ¬p(a) ∨ ¬p(b).

Consider two first-order formulas F (x) and G(x), where x is the list of vari-
ables that are free in at least one of them. Let w be a predicate variable of
arity equal to the length of x. We say that F (x) is strongly equivalent to G(x)

4 See, for instance, [8, Sections 2.1–2.4, 2.6–3.1].
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if, for any formula H(w), possibly of a larger signature, that has neither free
variables other than w nor bound second-order variables, SM[H(λxF (x))] is
equivalent to SM[H(λxG(x))].

In the statement of the following theorem, p is the list of all predicate constants
occurring in at least of the formulas F , G, and q is a tuple of new, pairwise
distinct predicate constants of the same length as p.

Theorem 4 F is strongly equivalent to G iff the formula

(q ≤ p)→ (F ∗(q)↔ G∗(q)) (18)

is logically valid.

Using this theorem we can check, for instance, that ¬∀yF (y) is strongly equiva-
lent to ∃y¬F (y). (This is a predicate logic counterpart of the fact that ¬(F∧G)
is strongly equivalent to ¬F ∨ ¬G.) Indeed, in view of Proposition 1, the im-
plications

(q ≤ p)→ ((¬∀yF (y))∗ ↔ ¬∀yF (y)),

(q ≤ p)→ ((∃y¬F (y))∗ ↔ ∃y¬F (y))

are logically valid; it remains to observe that the right-hand sides of the two
equivalences are equivalent to each other.

We can add a few comments regarding the concept of strong equivalence. First,
the choice of this term suggests that if F is strongly equivalent to G then F is
equivalent to G (in the sense of classical logic). This is indeed true, and easily
follows from Theorem 4 and Lemma 1. Second, if F is strongly equivalent to G
then replacing an occurrence of F in any formula by G produces a strongly
equivalent result; this follows from Lemma 7, used in the proof of Theorem 4 in
the appendix. Finally, the fact that the definition of strong equivalence allows
H(w) to contain object, function and predicate constants not occurring in F
or G turns out to be inessential. Our proof of Theorem 4 shows that if F is
not equivalent to G then this can be always established by a counterexample
of the same signature.

5 Pointwise Stable Models and Tight Formulas

5.1 Pointwise Stable Models

As observed in [14], program completion is similar in some ways to the concept
of pointwise circumscription—the modification of McCarthy’s original defini-
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tion that was proposed in [16]. According to either definition of circumscrip-
tion, circumscribing a predicate constant p makes the extent of p “minimal,”
but minimality is understood in different versions differently. According to
the original definition, to make the extent of a predicate smaller means to
replace it by a proper subset. In the pointwise version, to make the extent of
a predicate smaller means to decrement it by a single point. The pointwise
minimality condition is, generally, weaker than minimality according to Mc-
Carthy; similarly, program completion is generally weaker than the stability
condition.

In this section, we define a weakened, “pointwise” version of the operator SM
that can be viewed as a generalization of program completion to arbitrary
first-order formulas.

If p and q are predicate constants of the same arity k then p
1
< q stands for

the formula
∃x(q(x) ∧ ∀y(p(y)↔ (q(y) ∧ x 6= y))),

where x, y are disjoint tuples of distinct object variables x1, . . . , xk, y1, . . . , yk,
and x 6= y is shorthand for

¬(x1 = y1 ∧ · · · ∧ xk = yk).

This formula expresses that the extent of p can be obtained from the extent
of q by removing one element. If p and q are tuples p1, . . . , pn and q1, . . . , qn

of predicate constants then p
1
< q stands for the disjunction

∨

1≤i≤n


(pi

1
< qi) ∧

∧

1≤j≤n, j 6=i

(pj = qj)


 ,

and similarly for tuples of predicate variables.

Given a first-order sentence F , by PSM[F ] we denote the second-order sentence

F ∧ ¬∃u((u
1
< p) ∧ F ∗(u)),

where p, u and F ∗(u) are as in the definition of SM (Section 2.3). A model
of F is pointwise stable if it satisfies PSM[F ]. Clearly, every stable model is
pointwise stable.

Unlike SM[F ], the weaker formula PSM[F ] can be always rewritten without
second-order quantifiers:

Proposition 4 Formula PSM[F ] is equivalent to

F ∧ ∧

1≤i≤n

¬∃xi(pi(x
i) ∧ F ∗(ei(xi))),
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where ei(xi) stands for the tuple

p1, . . . , pi−1, λyi(pi(y
i) ∧ yi 6= xi), pi+1, . . . , pn

and xi, yi are disjoint tuples of distinct variables.

Proof: use the fact that for any predicate variable u, any predicate constant p
of the same arity, and any formula H(w),

∃u((w
1
< p) ∧H(w))

is equivalent to

∃x(p(x) ∧H(λy(p(y) ∧ y 6= x))).

For instance, if F is p(a) ∧ p(b) then F ∗(u) is u(a) ∧ u(b), so that

F ∗(λy(p(y) ∧ y 6= x))

is

p(a) ∧ a 6= x ∧ p(b) ∧ b 6= x,

and PSM[F ] is

p(a) ∧ p(b) ∧ ¬∃x(p(x) ∧ p(a) ∧ a 6= x ∧ p(b) ∧ b 6= x).

This formula can be simplified:

p(a) ∧ p(b) ∧ ¬∃x(p(x) ∧ a 6= x ∧ b 6= x).

In this example, PSM[F ] is obviously equivalent to the completion of F :

∀x(p(x)↔ (x = a ∨ x = b)).

This fact is an instance of the general theorem stated below.

5.2 Relation to Program Completion

We know from [25] that the process of completing a program can be extended
in an obvious way to rules of a more general form than allowed in [1]. It is
essential that the head of a rule be an atom, but the body can be an arbitrary
first-order formula.

Theorem 5 below refers to completion in this more general sense, but it does
introduce a restriction on the syntactic form of the bodies of rules.
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The rules that we consider in this section have the form

A0 ← A1 ∧ · · · ∧ Am ∧ F (19)

where A0, . . . , Am (m ≥ 0) are atomic formulas other than equalities, and F
is a negative formula. For instance, every rule of form (16) has also form (19):
take F to be ¬Am+1 ∧ · · · ∧ ¬An.

A rule of form (19) is acyclic if for any predicate constant p and any tuples
t, t′ of terms such that p(t) is the head A0 of the rule and p(t′) is one of the
conjunctive terms A1, . . . , Am of its body, the formula

F → t 6= t′

is logically valid. For instance, each of the rules (1) is obviously acyclic—its
body does not contain the predicate constant occurring in the head. Any rule
of form (19) can be made acyclic by a strongly equivalent transformation:
conjoin the body with the formulas t0 6= ti for all i = 1, . . . , m such that pi

is p0. For instance, the second rule of (15) can be rewritten as the acyclic rule

p(f(x))← p(x), f(x) 6= x.

For this reason, the requirement in the statement of the theorem below that
each of the given rules be acyclic is not an essential limitation.

Theorem 5 For any finite set F of acyclic rules, the completion of F is
equivalent to PSM[F ].

In view of this fact, PSM[F ] can be viewed as an extension of the concept of
program completion to arbitrary first-order formulas.

5.3 Tight Formulas

If a logic program satisfies a certain syntactic condition, “tightness,” then its
stable models can be characterized as the models of its completion [4]. This
theorem and its generalizations (see [2]) play an important role in answer set
programming.

Consider, for instance, logic programs consisting of rules of form (19). Accord-
ing to the definition of a tight program, to decide whether such a program is
tight we should look at its “predicate dependency graph.” The vertices of this
graph are the predicate constants occurring in the program, and its edges
lead from p0 to p1, . . . , pm for the rules (19) that the program consists of. The
program is called tight if its predicate dependency graph is acyclic.

19



Theorem 6 below extends Fages’s theorem to the general framework introduced
in this paper. To define the predicate dependency graph for an arbitrary first-
order sentence, we need a few auxiliary definitions.

Recall that an occurrence of a subformula or a predicate constant in a for-
mula F is positive if the number of implications in F containing that occur-
rence in the antecedent is even; it is strictly positive if that number is 0. 5

In (7), for instance, both occurrences of q are positive, but only the first is
strictly positive. The key idea of our definition of the predicate dependency
graph for an arbitrary formula F is to concentrate on the implications G→ H
that have strictly positive occurrences in F ; such implications generalize the
concept of a rule in traditional logic programs.

We say that a predicate constant p depends on a predicate constant q in an
implication G→ H if

• p has a strictly positive occurrence in H, and
• q has a positive occurrence in G that does not belong to any occurrence of

a negative formula in G.

The predicate dependency graph of a formula F is the directed graph such
that

• its vertices are the predicate constants occurring in F , and
• it has an edge from a vertex p to a vertex q if p depends on q in an implication

that has a strictly positive occurrence in F .

For instance, the predicate dependency graph of formula (7) has three ver-
tices p, q, r and one edge, from r to q. This is the same graph as the one given
by the more special definition reviewed above applied to the “logic program-
ming representation” (1) of formula (7).

Here are two examples involving “nested implications.” The predicate depen-
dency graph of the formula

((p(x)→ q(x))→ r(x))→ s(x)

has two edges: from s to p and from s to r. The predicate dependency graph
of the formula

((p(x)→ x = a)→ r(x))→ s(x)

has only one edge, from s to r, because the formula p(x)→ x = a is negative.

5 Note that we apply the term “negative” to formulas, and the terms “positive”
and “strictly positive” to occurrences of subformulas and predicate constants in a
formula.
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A formula F is tight if its predicate dependency graph is acyclic. For instance,
formulas (7)–(11) are tight; formula (14) is not tight, because its predicate
dependency graph is a self-loop.

Theorem 6 For any tight sentence F , PSM[F ] is equivalent to SM[F ].

6 Conclusion

The definition of a stable model proposed in this paper is applicable both to
rules covered by the original 1988 definition and to rules of several more general
kinds used in answer set programming. Instead of grounding and fixpoints, it
refers to a translation into classical logic, and is in this sense close to the
definitions of program completion and circumscription.

The relationship between the original definition of a stable model and the
definition proposed here can be compared with the relationship between two
definitions of a causal theory—the original definition introduced in [27] and
its generalization proposed in [19]. The original definition uses a fixpoint con-
struction; the generalization is based on a translation into classical logic.

Another definition of a stable model for first-order order sentences is given
independently in [24]. It makes use of grounding, but in other ways it is similar
to ours.

Extending main results of the theory of stable models to the general framework
described above is a topic for future work.
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Appendix: Proofs of Theorems

We will prove Theorem 2 first, and then derive Theorem 1 from it.
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Proof of Theorem 2 (Section 3.1)

Recall that answer sets for a set Γ of propositional formulas are defined in [5]
as follows. The reduct FX of a formula F relative to a set X of atoms is
obtained by replacing every maximal subformula of F that is not satisfied
by X with ⊥. The reduct ΓX of a set Γ of formulas relative to X is the set of
the reducts FX of all formulas F in Γ. A set X of atoms is an answer set of Γ
if X is minimal among the sets of atoms satisfying ΓX .

Lemma 2 [8, Lemma 22] X |= FX iff X |= F .

Proof: FX is obtained from F by replacing some subformulas that are not
satisfied by X with ⊥.

Lemma 3 [8, Lemma 23] (a) (F∧G)X is equivalent to FX∧GX ; (b) (F∨G)X

is equivalent to FX ∨GX .

Proof. (a) If X satisfies F ∧G then the formulas (F ∧G)X and FX ∧GX are
equal to each other; otherwise, each of them is equivalent to ⊥. (b) Similar.

The following lemma is a key to the proof of Theorem 2. It relates the reduct
operator defined above to the operator F 7→ F ∗(u) introduced in Section 2.3.
In the statement of the lemma, H(x) is a quantifier-free formula and x is the
list of all its free variables; p is the list of all predicate constants occurring in
H(x); t is a list of ground terms of the same length as x; X is a set of ground
atoms. We identify an Herbrand interpretation with the set of ground atoms
(other than equalities) to which it assigns the value true.

Lemma 4 A subset Y of X satisfies (H(t)6=)X iff the Herbrand interpretation
X ∪Y p

q satisfies H∗(q, t), where q is a list of new, distinct predicate constants
of the same length as p.

(Here Y p
q is the set of ground atoms obtained from Y by substituting the

members of q for the corresponding members of p; H∗(q, t) is the sentence
obtained from H∗(u,x) by substituting the predicate constants q for the pred-
icate variables u and the terms t for the object variables x.)

Proof by induction on H. Case 1: H(x) has the form t1(x) = t2(x). Then
H∗(q, t) is t1(t) = t2(t); X ∪ Y p

q satisfies this sentence iff t1(t) equals t2(t).
On the other hand, (H(t)6=)X is> if t1(t) equals t2(t), and⊥ otherwise. Case 2:
H(x) has the form p(t′(x)), where t′(x) is a tuple of terms. Then H∗(q, t) is
q(t′(t)), where q is the member of q corresponding to the member p of p;
X ∪ Y p

q satisfies this sentence iff p(t′(t)) belongs to Y . On the other hand,
(H(t)6=)X is p(t′(t)) if this atom belongs to X, and ⊥ otherwise. Since Y ⊆ X,
Y satisfies (H(t)6=)X iff p(t′(t)) belongs to Y . Case 3: H(x) is a conjunction or
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a disjunction; use Lemma 3. Case 4: H(x) is H1(x) → H2(x). Then H∗(q, t)
is

H(t) ∧ (H∗
1 (q, t)→ H∗

2 (q, t)). (20)

Case 4.1: X |= H(t)6=. Then the Herbrand interpretation X ∪ Y p
q satisfies the

conjunction (20) iff it satisfies its second term H∗
1 (q, t) → H∗

2 (q, t). On the
other hand, (H(t)6=)X is in this case H1(t) 6= → H2(t)6=, and it remains to
apply the induction hypothesis. Case 4.2: X 6|= H(t)6=. Then X ∪Y p

q does not
satisfy (20), and (H(t)6=)X is ⊥.

Since we have agreed to identify an Herbrand interpretation with the set of
ground atoms to which it assigns the value true, Theorem 2 (Section 3.1) can
be stated as follows:

Let σ be a signature containing at least one object constant, and F a quantifier-
free formula of σ. For any set X of ground atoms of σ, the following conditions
are equivalent:

• X is an answer set of Ground(F )6= in the sense of [5];
• X is a stable model of the universal closure of F .

Proof. In view of Lemma 2, X is an answer set of Ground(F (x)) 6= iff

(i) X satisfies Ground(F (x))6=, and
(ii) no proper subset Y of X satisfies the reduct (Ground(F (x))6=)X .

On the other hand, X is a stable model of ∀xF (x) iff

(i′) X satisfies ∀xF (x), and
(ii′) X does not satisfy ∃u((u < p) ∧ ∀xF ∗(u,x)).

It is clear that (i) is equivalent to (i′). Condition (ii) can be stated as follows:
no proper subset Y of X satsfies all of the formulas (F (t)6=)X for arbitrary
tuples t of ground terms. Condition (ii′) can be reformulated in terms of a tuple
of new predicate constants q: there is no proper subset Y of X such that, for
every tuple t of ground terms, X∪Y p

q satisfies F ∗(q, t). By Lemma 4, it follows
that (ii) is equivalent to (ii′).

Proof of Theorem 1 (Section 2.3)

The original definition [12] of a stable model for a set Π of ground rules of
form (16) can be stated as follows. The traditional reduct of Π relative to a
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set X of (ground) atoms is the set of rules

A0 ← A1, . . . , Am (21)

for all rules (16) of Π such that Am+1, . . . , An 6∈ X. A stable model of Π is any
set X of atoms such that the minimal model of the traditional reduct of Π
relative to X is X.

The following lemma (essentially identical to Proposition 28 from [8]) shows
that Theorem 1 is a special case of Theorem 2.

Lemma 5 A set X of atoms is the minimal model of the traditional reduct
of Π relative to X iff X is an answer set of Π in the sense of [5].

Proof. Let ΠX denote the traditional reduct of Π relative to X.

Case 1: X 6|= Π. Set X is not an answer set of Π in the sense of [5]. On the other
hand, Π contains a rule (16) such that A1, . . . , Am ∈ X and A0, Am+1, . . . , An 6∈
X. The corresponding rule (21) in ΠX is not satisfied by X, so that X is
different from the minimal model of ΠX .

Case 2: X |= Π. We will show that the reduct ΠX and the traditional reduct
ΠX are satisfied by the same subsets of X. Since ΠX is the conjunction of the
formulas RX for all rules R of Π, and ΠX is the union of the programs {R}X
for all rules R of Π, it is sufficient to verify this claim for the case when Π
is a single rule (16). If X contains at least one of the atoms Am+1, . . . , An

then ΠX is empty and ΠX is the tautology ⊥ → AX
0 . Otherwise ΠX is (21).

If A1, . . . , Am ∈ X then A0 ∈ X, because X |= Π; consequently ΠX is the
result of replacing Am+1, . . . , An in (16) with ⊥, which is equivalent to (21).
It remains to consider the case when Am+1, . . . , An 6∈ X and at least one
of the atoms A1, . . . , Am, say A1, does not belong to X. In this case ΠX is
the tautology ⊥ → AX

0 . On the other hand, ΠX is the rule (21) whose body
contains A1 and consequently is not satisfied by any subset of X. It follows
that every subset of X satisfies ΠX .

Proof of Theorem 3 (Section 3.3)

As in Section 3.3, we represent here an interpretation of the underlying sig-
nature σ at the pair 〈I, J〉, where I interprets the function constants of σ,
and J is a set of atomic formulas formed using predicate constants from σ and
names ξ∗ of elements ξ of the universe.

Take a tuple q of new, pairwise distinct predicate constants of the same length
as the tuple p of the predicate constants in σ. The definition of a stable model
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(Section 2.3) can be reformulated as follows: 〈I, J〉 is said to be a stable model
of F if

• 〈I, J〉 |= F , and
• for any proper subset J ′ of J , 〈I, J ∪ (J ′)pq〉 6|= F ∗(q).

(Recall that (J ′)pq stands for the set of atoms obtained from J ′ by replac-
ing each predicate constant from p with the correponding predicate constant
from q.) In view of this fact, the assertion of Theorem 3 is immediate from
the following lemma:

Lemma 6 For any sentence F , possibly containing object constants ξ∗,

(i) 〈I, J, J〉 |= F iff 〈I, J〉 |= F ,
(ii) for any subset J ′ of J , 〈I, J ′, J〉 |= F iff 〈I, J ∪ (J ′)pq〉 |= F ∗(q).

Proof: by induction on F .

Proof of Theorem 4 (Section 4)

Lemma 7 Let F (x) and G(x) be first-order formulas, x the list of variables
that are free in at least one of them, w a predicate variable of arity equal
to the length of x, and H(w) a formula, possibly of a larger signature, that
has neither free second-order variables other than w nor bound second-order
variables. The formula

∀x((F (x)↔ G(x)) ∧ (F ∗(u,x)↔ G∗(u,x)))→ (H∗
F (u)↔ H∗

G(u)),

where HF stands for H(λxF (x)) and HG for H(λxG(x)), is logically valid.

Proof: by induction on H(w).

The following lemma is equivalent to the “if” part of Theorem 4.

Lemma 8 If the formula

(u ≤ p)→ (F ∗(u,x)↔ G∗(u,x)) (22)

is logically valid then F (x) is strongly equivalent to G(x).

Proof. We need to show, in notation on Lemma 7, that

HF ∧ ¬∃u((u < p) ∧H∗
F (u)) (23)
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is equivalent to

HG ∧ ¬∃u((u < p) ∧H∗
G(u)). (24)

Since (22) is logically valid, F ∗(p,x) is equivalent to G∗(p,x). By Lemma 1,
it follows that F (x) is equivalent to G(x). Consequently the first conjunctive
term of (23) is equivalent to the first conjunctive term of (24). By Lemma 7,
it follows that the second conjunctive terms of (23) and (24) are equivalent to
each other also.

In the proof of the other half of the theorem (Lemma 9) below, we refer to
the conjunction of the “choice formulas”

∀y(p(y) ∨ ¬p(y)),

where y is a tuple of distinct object variables, for all predicate constants p
in p. We will denote this conjunction by C. A straightforward calculation
shows that C∗(u) is equivalent to p ≤ u.

Lemma 9 If F (x) is strongly equivalent to G(x) then (22) is logically valid.

Proof. Let E stand for ∀x(F (x) ↔ G(x)), and let E ′ be ∀x(F (x) ↔ F (x)).
Since F (x) is strongly equivalent to G(x), the formula SM[E ↔ C] is equiv-
alent to SM[E ′ ↔ C]. 6 It is easy to see that (E ↔ C)∗ can be rewritten
as

E ∧ (E∗(u)↔ (p ≤ u)),

and that E∗(u) is equivalent to

E ∧ ∀x(F ∗(u,x)↔ G∗(u,x)).

6 We understand an equivalence as shorthand for the conjunction of two implica-
tions.
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Using these two facts and Lemma 1, we can simplify SM[E ↔ C] as follows:

SM[E ↔ C]

⇔ (E ↔ C) ∧ ¬∃u((u < p) ∧ E ∧ (E∗(u)↔ (p ≤ u)))

⇔ E ∧ ¬∃u((u < p) ∧ (E∗(u)↔ (p ≤ u)))

⇔ E ∧ ¬∃u((u < p) ∧ ¬E∗(u))

⇔ E ∧ ¬∃u((u < p) ∧ ¬∀x(F ∗(u,x)↔ G∗(u,x)))

= ∀x(F (x)↔ G(x)) ∧ ∀xu((u < p)→ (F ∗(u,x)↔ G∗(u,x)))

⇔ ∀x((F ∗(p,x)↔ G∗(p,x)) ∧ ∀xu((u < p)→ (F ∗(u,x)↔ G∗(u,x)))

⇔ ∀xu(u ≤ p→ (F ∗(u,x)↔ G∗(u,x))).

The last formula entails (22). Similarly, SM[E ′ ↔ C] is equivalent to

∀xu(u ≤ p→ (F ∗(u,x)↔ F ∗(u,x))),

which is logically valid. Consequently, (22) is logically valid also.

Proof of Theorem 5 (Section 5.2)

Lemma 10 The formula

((u ≤ p) ∧ F ∗(u))→ F

is logically valid.

Proof: by induction on F .

Theorem 5 For any finite set F of acyclic rules, the completion of F is
equivalent to PSM[F ].

Proof. The completion of F is the conjunction of (the universal closures of
the rules of) F with the formulas

∀xi


pi(x

i)→ ∨

(t,B,y)∈Γi

∃y(t = xi ∧B)


 (1 ≤ i ≤ n)

where Γi stands for the set of all triples (t, B,y) such that F contains the
rule pi(t)← B, and y is the list of all free variables of this rule. On the other
hand, PSM[F ] can be written as the conjunction of F with the formulas

¬∃xi(pi(x
i) ∧ F ∗(ei(xi))) (1 ≤ i ≤ n)
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where ei(xi) stands for the tuple

p1, . . . , pi−1, λyi(pi(y
i) ∧ yi 6= xi), pi+1, . . . , pn

(Proposition 4). These formulas can be rewritten as

∀xi(pi(x
i)→ ¬F ∗(ei(xi))).

Consequently, we will prove the assertion of Theorem 5 if we derive the equiv-
alence between the formulas

∨

(t,B,y)∈Γi

∃y(t = xi ∧B) (25)

and

¬F ∗(ei(xi)) (26)

from assumption F .

Formula F ∗(u) can be rewritten, under assumption F , as the conjunction of
the formulas

∀y(B∗(u)→ uj(t))

for all j = 1, . . . , n and all (t, B,y) ∈ Γj. The j-th term of the tuple ei(xi) is
λyi(pi(y

i)∧yi 6= xi) if j = i, and pj otherwise. Consequently, the conjunctive
terms of F ∗(ei(xi)) can be divided into two groups:

∀y(B∗(ei(xi))→ (pi(t) ∧ ti 6= xi)) (27)

for all (t, B,y) ∈ Γi, and

∀y(B∗(ei(xi))→ pj(t)) (28)

for all (t, B,y) ∈ Γj with j 6= i. By Lemma 10, B∗(ei(xi)) entails B. Conse-
quently, in the presence of the conjunctive term ∀y(B → pj(t)) of F , formu-
las (27) can be rewritten as

∀y(B∗(ei(xi))→ ti 6= xi), (29)

and formulas (28) can be dropped altogether.

We conclude that formula (26) can be written as

¬ ∧

(t,B,y)∈Γi

∀y(B∗(ei(xi))→ ti 6= xi),
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or, equivalently,

∨

(t,B,y)∈Γi

∃y(B∗(ei(ti)) ∧ ti = xi). (30)

Since the rule B → pi(t) is acyclic, the formula B∗(ei(ti)) is equivalent to B.
Consequently, (30) is equivalent to (25).

Proof of Theorem 6 (Section 5.3)

In the following lemma, F is a first-order formula, p is the list of predicate
constants occurring in F , and u is a tuple of distinct predicate variables of
the same length as p.

Lemma 11 Let S be the set of i’s such that pi has a strictly positive occurrence
in F . The formula

(
(u ≤ p) ∧ ∧

i∈S

(pi = ui)

)
→ (F ↔ F ∗(u))

is logically valid.

Proof: by induction on F , using Lemma 10.

In the following lemma, v is a tuple of distinct predicate variables disjoint
from u.

Lemma 12 Let S+ be the set of i’s such that pi has a positive occurrence
in F that does not belong to a negative formula; let S− be the set of i’s such
that pi has a nonpositive occurrence in F that does not belong to a negative
formula. The formulas

(a) ((u ≤ v) ∧ (v ≤ p) ∧ ∧
i∈S+(pi = ui))→ (F ∗(v)→ F ∗(u)),

(b) ((u ≤ v) ∧ (v ≤ p) ∧ ∧
i∈S−(pi = ui))→ (F ∗(u)→ F ∗(v))

are logically valid.

Proof. Both parts are proved simultaneously by induction on F . We will only
consider the proof of (a) in the case when F is an implication F1 → F2. Assume
the antecedent

(u ≤ v) ∧ (v ≤ p) ∧ ∧

i∈S+

(pi = ui).
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If F is a negative formula then, by Proposition 1, each of the formulas F ∗(u),
F ∗(v) is equivalent to F . Otherwise, the consequent

(F ∧ (F ∗
1 (v)→ F ∗

2 (v)))→ (F ∧ (F ∗
1 (u)→ F ∗

2 (u)))

follows from
F ∗

1 (u)→ F ∗
1 (v)

(part (b) of the induction hypothesis applied to F1) and

F ∗
2 (v)→ F ∗

2 (u)

(part (a) of the induction hypothesis applied to F2).

Lemma 13 Let D be the set of edges of the predicate dependency graph of F .
The formula


(u ≤ v) ∧ (v ≤ p) ∧ ∧

(pi,pj)∈D

(uj = pj ∨ vi = pi)


→ (F ∗(u)→ F ∗(v))

is logically valid.

Proof. By induction on F . We will only consider the case when F is an
implication F1 → F2. Assume

(u ≤ v) ∧ (v ≤ p) ∧ ∧

(pi,pj)∈D

(uj = pj ∨ vi = pi); (31)

we need to derive

F ∗(u)→ F ∗(v). (32)

Case 1: For each predicate constant pi that has a strictly positive occurrence in
F , vi = pi. Then, by Lemma 11, F ∗(v) is equivalent to F , which is one of the
conjunctive terms of F ∗(u). Case 2: For some predicate pi that has a strictly
positive occurrence in F , ¬(vi = pi). From the last conjunctive term of (31)
we conclude then uj = pj for every j such that (pi, pj) ∈ D. By Lemma 12(a),
it follows that

F ∗
1 (v)→ F ∗

1 (u).

In combination with the assumption

F ∧ (F ∗
1 (u)→ F ∗

2 (u))

(the antecedent of (32)) and the formula

F ∗
2 (u)→ F ∗

2 (v)
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(the induction hypothesis applied to F2), we conclude F ∧ (F ∗
1 (v)→ F ∗

2 (v)).
(the consequent of (32)).

Theorem 6 For any tight sentence F , PSM[F ] is equivalent to SM[F ].

Proof. We only need to prove the implication left-to-right. Since F is tight,
we can assume without loss of generality that the members p1, . . . , pn of p are
ordered in such a way that i < j for all edges (pi, pj) of the dependency graph
of F . Assume PSM[F ] and u < p; we need to prove ¬F ∗(u). Let m be the
largest i such that ui 6= pi. Take x such that pm(x) but not um(x). Define v
as follows: vi is λy(pi(y) ∧ x 6= y) if i = m, and pi otherwise. For this choice
of v, we can derive the antecedent

(u ≤ v) ∧ (v ≤ p) ∧ ∧

(pi,pj)∈D

(uj = pj ∨ vi = pi)

of the formula from Lemma 13. Indeed, u ≤ v and v ≤ p are immediate, as
well as the second disjunctive term of uj = pj ∨ vi = pi for any i different
from m. Any j such that (pm, pj) ∈ D is greater than m; by the choice of m,
we get the second disjunctive term uj = pj. Hence, by Lemma 13,

F ∗(u)→ F ∗(v).

On the other hand, v
1
< p, so that, in view of PSM[F ], we can conclude that

¬F ∗(v). Consequently ¬F ∗(u).
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