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Goals:

Given system of inequalities of the form Ax <b

e determine if system has an integer solution

e enumerate all integer solutions
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Running example:

N

dr + 4y > 16
dx + Ty < 56
dx — Ty < 20
2¢ — 3y > —9

Upper bounds for z: (2) and (3)
Lower bounds for x: (1) and (

N

)

Upper bounds for y: (2) and (4)
Lower bounds for y: (1) and (3)
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MATLAB graphs:

4x-7y=20
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Code for enumerating integer points in polyhedron: (see graph)

Outer loop: Y, Inner loop: X

DO Y=[4/37],|74/13]
DO X=[{max(16/3 — 4y/3,—9/2 + 3y/2)], |min(5+ Ty/4,14 — Ty /4) |

Outer loop: X, Inner loop: Y

DO X=1, 9
DO Y=[max(4 — 3y/4, (4z — 20)/7)], | (min(8 — 4z /5, (2x +9)/3)]

How do we can determine loop bounds?
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\ﬂocimw-zoﬁﬁb elimination: variable elimination technique for /

inequalities

3x + 4y > 16
dxr + Ty < 56
dr — Ty < 20
2r — 3y > —9

Let us project out x.
First, express all inequalities as upper or lower bounds on x.
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For any vy, if there is an x that satisfies all inequalities, then every
lower bound on x must be less than or equal to every upper bound

on x.

Generate a new system of inequalities from each pair (upper,lower)
bounds.

5+7y/4 > 16/3 — 4y/3(Inequalities3, 1)
54+ Ty/4 > —9/2+4 3y/2(Inequalities3, 4)
14 —"7Ty/4 > 16/3 — 4y/3(Inequalities2, 1)
14—-Ty/4 > —9/2+ 3y/2(Inequalities2, 4)
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Y,

4/37
—38
104/5
74/13
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max(4/37,-38) <y <min(104/5,74/13)

=>
4/37 <y <74/13

/HEm means there are rational solutions to original system of Em@cmzamm.\
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We can now express solutions in closed form as follows:

4/37 < y<4/37
max(16/3 —4y/3,—-9/2+3y/2) < x < min(db+ Ty/4,14 — Ty/4)

VAN
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\ﬂocimw-zoﬁﬁb elimination: iterative algorithm /
Iterative step:

e obtain reduced system by projecting out a variable

e if reduced system has a rational solution, so does the original

Termination: no variables left

Projection along variable x: Divide inequalities into three categories

ar *y +az2*xz+.... <ci(no x)
by xx < co+ by xy+ b3 x z+ ...(upper bound)
dixx > c3+daxy+ds*z+...(lower bound)

New system of inequalities:

e All inequalities that do not involve x
e Each pair (lower,upper) bounds gives rise to one inequality:

/ biles +dexy+dsxz+..] <difca +baxy+bs*xz+..] \
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Theorem: If (yq, 21, ...) satisfies the reduced system, then
(x1,Yy1, 21...) satisfies the original system, where x; is a rational

number between

min(1/by(ca + bay1 + b3z1 + ...), .....) (over all upper bounds)
and

max(1/dy(cs + doy1 + dsz1 + ...),....) (over all lower bounds)

Proof: trivial

N
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Q hat can we conclude about integer solutions? /

Corollary: If reduced system has no integer solutions, neither does

the original system.

Not true: Reduced system has integer solutions => original system

does too.

EE

- no integers in original polyhedron

4
At - projected system contains integers

— HCL original system
o+ o+ o+

+ o+ |+ o+
+ o+ [+ o+

+ 0+ + o+

o+ o+t

T
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projected system

Key problem: Multiplying one inequality by b; and other by d; is

not guaranteed to preserve ”integrality” (cf. equalities)

Exact projection: If all upper bound coefficients b; or all lower
bound coefficients d; happen to be 1, then integer solution to
ﬂmmcoma system implies integer solution to original system. \
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Theorem: If (y1, 21,...) is an integer vector that satisfies the
reduced system in FM elimination, then (z1,y1, 21...) satisfies the

original system if there exists an integer x; between
imax(1/di(cs + dayr + dsz1 + ...), ....)| (over all lower bounds)
and

|min(1/b1(co + bayy + b3z + ...), .....)| (over all upper bounds).

Proof: trivial

. K
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Enumeration: Given a system Ax < b, we can use Fourier-Motzkin
elimination to generate a loop nest to enumerate all integer points
that satisty system as follows:

e pick an order to eliminate variables (this will be the order of

variables from innermost loop to outermost loop)

e climinate variables in that order to generate upper and lower

bounds for loops as shown in theorem in previous slide

Remark: if polyhedron has no integer points, then the lower bound
of some loop in the loop nest will be bigger than the upper bound
of that loop

. /
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Existence: Given a system Az < b, we can use Fourier-Motzkin

elimination to project down to a single variable.

e If the reduced system has no integer solutions, then original
system has no integer solutions either.

e If the reduced system has integer solutions and all projections
were exact, then original system has integer solutions too.

e If reduced system has integer solutions and some projections
were no exact, be conservative and assume that original system

has integer solutions.

. /
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