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Odd snowballl fight

e An odd number of people stand on a football field. No

two people are-
other two peop
snowball at his/

'he same distance from each ofther as any
e. When | shout "go”, everyone throws a
ner nearest neighbor, hitting this person.

Prove that at least one person is not hit by a snowball (a

“survivor”).
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Logistics

e Third homework due at start of class in a week
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Some questions

e Not all horses have the same color (see Piazzo)
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Odd snowballl fight

e AN odd number of people stand on a football field. No
two people are the same distance from each other as any
other two people. When | shout "go”, everyone throws a
snowball at his/her nearest neighbor, hitting this person.
Prove that atf least one person is not hit by a snowlall (a
“survivor”).

e P(N): "There is a survivor whenever 2n+1 people stand in @
yard at distinct mutual distances and each person throws
a snowball at his nearest neighbor.”

e Base case: n=1 (3 people)
Um Department of Computer Sciences
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e P(Nn): "There is a survivor whenever 2n+1 people stand in @
yard at distinct mutual disfances and each person throws
a snowball at his nearest neighbor.”

e INnductive step: Assume P(k) for k > 1 (that’s the inductive
hypothesis). To prove: P(k+1).
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e P(Nn): "There is a survivor whenever 2n+1 people stand in @
yard at distinct mutual disfances and each person throws
a snowball at his nearest neighbor.”

e INnductive step: Assume P(k) for k > 1 (that’s the inductive
hypothesis). To prove: P(k+1).

e Call the two closest people A and B
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e P(Nn): "There is a survivor whenever 2n+1 people stand in @
yard at distinct mutual disfances and each person throws
a snowball at his nearest neighbor.”

e INnductive step: Assume P(k) for k > 1 (that’s the inductive
hypothesis). To prove: P(k+1).

e Call the two closest people A and B
e There is survivor of other 2k + 1 (IH)

e That person is still a survivor.

Peter Stone



Prove:

e Forintegern > 0: 124+22+3°+...+n* = (1/6)n(n+1)(2n+1)
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Prove:

e Forintegern > 0: 124+22+3°+...+n* = (1/6)n(n+1)(2n+1)

e Forintegern > 0: 22+5%2+8%+(3n—1)* = (1/2)n(6n*+3n—1)
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
112 +22 43+ ... +n?+ (n+1)?
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Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
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Induction Step:
112 +22 43+ ... +n?+ (n+1)?
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Prove:

e Forintegern > 0: 12+22+32+ A+ n?=(1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
112 +22 43+ ... +n?+ (n+1)?

= (1/6)n(n+1)(2n + 1) + (n + 1)2 {IH}
3. =(n+1D[(1/6)n(2n+1)+ (n+1)]
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:

112 +22 43+ ... +n?+ (n+1)?

2. =(1/6)n(n+1)2n+1) + (n+ 1)2 {IH}
3. =(n+1D[(1/6)n(2n+1)+ (n+1)]

4, =(1/6)(n+ 1)[n2n+1) +6(n+1)]
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
1. 12+224+32+...+n*+ (n+1)?

= (1/6)n(n+1)(2n + 1) + (n + 1)? {IH}
3 (n+ 1D)[(1/6)n(2n+ 1) + (n + 1)]
4, =(1/6)(n+ D[n2n+1)+6(n+1)]
5 =(1/6)(n+1)[2n? + n + 6n + 6]
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
112 +22 43+ ... +n?+ (n+1)?
2. =(1/6)n(n+1)2n+1) + (n+ 1)2 {IH}

1/6)(n + 1)[2n* + n + 6n + 6]

(

= (1/6)(n+ 1)[n(2n+ 1)+ 6(n + 1)]
(
(1/6)(n + 1)[2n? + 3n + 4n + 6]
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
112 +22 43+ ... +n?+ (n+1)?
2. =(1/6)n(n+1)2n+1) + (n+ 1)2 {IH}

n+ D[(1/6)n(2n + 1) + (n + 1)]

3. = (

4, =(1/6)(n+ 1)[n2n+1) +6(n+1)]
5 =(1/6)(n+ 1)[2n% + n + 6n + 6]

6. = (1/6)(n + 1)[2n? + 3n + 4n + 6]
/.=(1/6)(n+1)(n+2)(2n + 3)
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:

112 +22 43+ ... +n?+ (n+1)?

2. =(1/6)n(n+1)2n+1) + (n+ 1)2 {IH}
n+ D[(1/6)n(2n + 1) + (n + 1)]
1/6)(n+ 1)[n(2n+ 1)+ 6(n+ 1)]

)[2n? 4+ n + 6n + 6]

n + 1)[2n% + 3n + 4n + 6]

n+1)(n+2)(2n + 3)

n+1)(n+2)2n+2+1)
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Prove:

e Forintegern > 0: 12+2%4+3%+...4+n* = (1/6)n(n+1)(2n+1)
Base Case: 12 = 1 = (6/6) = (1/6)(2)(3) = (1/6)1(1 +
1)(2(1) + 1)

Induction Step:
112 +22 43+ ... +n?+ (n+1)?
2. =(1/6)n(n+1)2n+1) + (n+ 1)2 {IH}

n+ D[(1/6)n(2n + 1) + (n + 1)]

1/6)(n+ 1)[n(2n+ 1)+ 6(n+ 1)]

)[2n? 4+ n + 6n + 6]

)[2n% + 3n + 4n + 6]

)(n + 2)(2n + 3)

)

)

(n+2)(2n+2+1)
(n+2)(2(n+1) + 1)
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Prove:

e Forintegern > 0: 2°+5°+8°+(3n—1)* =

Base Case: 22 =4 =8/2=(1/2)(6 +3 — 1)
Inductive Step:
1.224+52 482+ Bn—1)"+ (3(n+1) — 1)

2.

3
4
O.
6.
/
8
9
1

= (1/2
= (1/2)(n+1)
= (1/2)(n+ 1)(6n* + 15n +9 — 1)

0.=(1/2)(n+1)(6n*+12n+6+3n+3 —1)

)
)
)|
)|
)|
)|
)
)

= (1/2)n(6n* +3n —1) + (3(n+1) — 1)? {IH}
= (1/2)n(6n? +3n —1) + (2/2)(3n + 3 — 1)?
= (1/2
= (1/2
= (1/2

(

(

(

n(6n? + 3n — 1) + 2(3n + 2)?]
n(6n? 4+ 3n — 1) + 2(9n? + 12n + 4)]
617 + 3n° —n + 18n? + 24n + §]
617 + 21n” + 23n + §]
(6n* + 15n + 8)

(1/2)n(6n°+3n—1)
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(1/2)(n +1)(6(n?+2n+1) +3(n+1) — 1)

]
1 (1/2)(n+1)(6(n+1)2+3(n+1)—1)

]
2.
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e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,
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Prove:

e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,
This can be generalized to (X1 A...AX,) = X1 V... VX,
Prove the general version.
Base Case: De Morgan’s Law.
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Prove:

e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,
This can be generalized to (X1 A...AX,) = X1 V... VX,
Prove the general version.
Base Case: De Morgan’s Law.
Inductive Step:

1. =XV ...V=X, VX,

Peter Stone



Prove:

e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,

This can be generalized to (X1 A...AX,) = X1 V... VX,
Prove the general version.

Base Case: De Morgan’s Law.
Inductive Step:

.= XiVv...Vv-X,V-X,.
2. =-(XiN...NXy) VX, {IH)

Peter Stone



Prove:

e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,
This can be generalized to (X1 A...AX,) = X1 V... VX,
Prove the general version.
Base Case: De Morgan’s Law.
Inductive Step:
-X1V..V-X,V-X,11

1.
2.
3.

(X1 A AXR) VX, {IH
—[(X1 Ao A X)) A X,oq] {De Morgan’s Lawy

Peter Stone



Prove:

e One of De Morgan’s laws is: =( X1 A X3) = - X7 V =X,
This can be generalized to (X1 A...AX,) = X1 V... VX,
Prove the general version.
Base Case: De Morgan’s Law.
Inductive Step:
. =-X7Vv..Vv=aX,V-X,.1

2. =-(XiN...NXy) VX, {IH)
3. =-[(XiA... AN X)) A X,11] {De Morgan’s Law}
4. =-(X1 A ... AN X, A X,11) {Associativity}

Peter Stone



Prove:

e Forintegern > 10, 2" > n?
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Prove:

e Forintegern > 10, 2" > n?

e Forintegern > 0: @ divides (4™ 4+ 6n — 1)
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Prove:

e Forinteger n > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
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Prove:

e Forinteger n > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103

Inductive Case:
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Prove:

e Forinteger n > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
]. 2n—|—1

2. =2 x2"
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. ontl
2. =2 x 2"
3. > 2 x n3{IH}
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. ontl
2. =2 x 2"
3. > 2 x n3{IH}
4. =n3+n3
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. ontl
2. =2 x 2"
3. > 2 x n3{IH}
4. =n3+n3
5. > n3+ 10n? {since n > 10}
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. ontl
2. =2 x 2"
3. > 2 x n3{IH}
4. =n3+n3
5. > n3+ 10n? {since n > 10}
6. = n3 + 3n? + Tn?
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Prove:

e Forinteger n > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:

1. 2n+l

2. =2 x 2"

3. > 2 x n3{IH}

4. =n3+n3

5. > n? + 10n? {since n > 10}

6. = n? + 3n? + Tn?

7. >n3+ 3n?+ 70n {since n > 10}
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Prove:

e Forinteger n > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:

1. ontl

2. =2 x 2"

3. > 2 x n3{IH}

4, =n3+n’

5. > n3 + 10n? {since n > 10}

6. = n? + 3n? + Tn?

7. >n3+ 3n?+ 70n {since n > 10}
8. =n3+3n2+3n+6Tn
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. ontl
2. =2 x 2"
3. > 2 x n3{IH}
4. =n3+n3
5. > n3+ 10n? {since n > 10}
6. = n3 + 3n? + Tn?
7. >n3+ 3n?+ 70n {since n > 10}
8 =n3+3n?+3n+6Tn
Q. >n3+3n°+3n+1
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Prove:

e Forintegern > 10, 2" > n?
Base Case: 219 = 1024 > 1000 = 103
Inductive Case:
1. 2n+l
— 2 x 2"
> 2 x n3 {IH}
n3 1 3
n3 4+ 10n? {since n > 10}
n3 + 3n? + 7n?
n3 4+ 3n? + 70n {since n > 10}
ns + 3n° 4 3n + 67n
>nP+3n?+3n+1
0.=(n+1)°
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (446 —1) =9, which is divisible by 9.

Peter Stone



Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
2. 4"+ 6n+6—1
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
2. 4"+ 6n+6—1
3. 4"t +6n+5
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
2. 4"+ 6n+6—1
3. 4"t +6n+5
4. 4" 4 6n+18n —18n+5—4+4
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
2. 4"+ 6n+6—1
3. 4"t +6n+5
4. 4" 4 6n+18n —18n+5—4+4
5,471 4 24n —4 —18n + 9
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
4"t 4 6n 46— 1
A"t 4+ 6n + 5
Antl 4 6n +18n — 18n+5—4+4
4+t 4 24n —4 — 18n 4+ 9
4(4"4+6n—1) +9(1 — 2n)

OOk
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
At 4 6n+6—1
A" 4+ 6n + 5
Antl 4 6n +18n — 18n+5—4+4
4+t 4 24n —4 — 18n 4+ 9
4(4" +6n — 1) +9(1 — 2n)
4(9k) + 9(1 — 2n) {IH: k is an infeger}

NO Ok
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1

2. 4" L 6n+6-—1

3. 4" 1 6n+5

A4, 4" L 6n+18n —18n+5—4+4
5471 4 24n —4—18n+9

6. 4(4" +6n — 1) +9(1 — 2n)

7. 4(9k) + 9(1 — 2n) {IH: k is an integer}
8. 9(4k + 1 — 2n)
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Prove:

e Forinteger n > 0: 9 divides (4™ 4+ 6n — 1)
Base Case: (4+6 — 1) =9, which is divisible by 9.
Inductive Case:
1.4t 4+ 6(n+1)—1
4"t 4+ 6n+6—1
4"t 4+ 6n 4 5
At 4 6n 4+ 18n — 18n+5 —4 + 4
Antl 4 9240 —4 —18n 4+ 9
4(4" +6n — 1) +9(1 — 2n)
4(9k) + 9(1 — 2n) {IH: k is an infeger}
9(4k + 1 — 2n)
. (4k + 1 — 2n) is an integer, so quantity is divisible by 9.

V®NO A ®N
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
k> 1]

. 1 1
5D 2 G
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
>

1 1
k21 = lzomn 2 e
BcseCose:%:1§1:2—1:2—%.
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
1 1
k21 = 5 2 g
Base Case: %:1§1:2—1:2—%.
Inductive Case:
. 5495+ ... + 3 < 2 — 1 {Inductive hypothesis}
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
X 1 1
k=1 =g (k+1) = (k—|—1)2]
Base Case: 5 =1<1=2—-1=2—1.
Inductive CCISG

ls4+g+..+3< {InducTive hypothesis}

1 1 1 1
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
\ 1 1
[k > 1 ] [ (k+1) 2 (k+1)2]
Base Case: 2_1<1_2—1_2——
Induc’nve CCISG
1.2 iz + 22 + ...+ kQ < 2 — ¢ {Inductive hypothesis}

N 1 1
2. 3 2T 22 T T k2 + (k—|—1)2 S 2—5t k(k+1)

{Add inequality (kH)Q < k(k+1), (FACT}
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
. 1 1
[k > 1] ’ [ (k+1) 2 (k+1)2]
Base Case: 2_1<1_2—1_2——
Induc’nve CCISG
1.2 2 + 22 + ...+ kQ <2-— {InducTive Nypothesis}
2. 3 2T 22 T T k2 + (k—|—1)2 S 2 — % + k:(kl—i—l)
{Add mequall’ry (k+1)2 < k(k+1)’ (FACT)}

k41 1
S 12 22 T T l<:2 + <2- k(k+1) + k(k+1)

(k+1>2
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
[k > 1 ] ? [ (k1+1) > (kj1)2]
Base Case: 2_1<1_2—1_2——
Induc’nve CCISG
1.2 i + 22 + ..+ kg < 2 — ¢ {Inductive hypothesis}
2 12+22+ +k2+(k+1)2 32_%+m
{Add inequality (kH)Q <z (FACD)
Syttt <2 5D T RRD
{Common denominator}
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
k=1 — | (k1+1) 2 (k—|}1)2]
Base Case: 2_1<1_2—1_2——
Induc’nve CCISG
1.2 i + 22 + ..+ kQ < 2 — ¢ {Inductive hypothesis}
2 12+22+ +k2+(k+1)2 32_%+m
{Add inequality (Hl)g <z (FACD)
Syttt <2 5D T RRD
{Common denommo’ror}

4 L+5+..+5+

k
@i < 2~ e AA
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Prove:

o Forinfegern >0 &5+ 5+ ...+ 5 <2 -1,
given the fact:
k=1 — | (k1+1) 2 (k—|}1)2]
Base Case: 2_1<1_2—1_2——
Induc’nve CCISG
1.2 i + 22 + ..+ kQ < 2 — ¢ {Inductive hypothesis}
2 12+22+ +k2+(k+1)2 32_%+m
{Add inequality (Hl)g <z (FACD)
Syttt <2 5D T RRD
{Common denommo’ror}
4 S+ +..+m+
5. 5+ +..+tz+

< 2 - gty (AdD)
<2 — {Divide}

(k+1>2

(k—|—1)2 T
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Prove:

e (n? — 1) is divisible by 8 whenever n is an odd positive
intfeger

Peter Stone



Assignments for Thursday

e Modules 9 on strong induction

Peter Stone



Assignments for Thursday

e Modules 9 on strong induction

e \Work on third homework due at start of class next Tuesday

Peter Stone



