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Abstract

Kernel-baseBayesianmethodsfor Reinforce-
ment Learning (RL) such as GaussianProcess
Temporal Difference (GPTD) are particularly
promising becausehey rigorously treat uncer
tainty in the valuefunction and malke it easyto
specifyprior knowledge.However, the choiceof
prior distribution signi cantly affectsthe empir
ical performanceof the learningagent,and lit-
tle work hasbeendoneextendingexisting meth-
ods for prior model selectionto the online set-
ting. This paperdevelopsReplacing-kernelRL,
anonline modelselectionmethodfor GPTD us-
ing sequentiaMonte-CarlomethodsReplacing-
KernelRL is comparedo standardGPTD and
tile-codingon severalRL domainsandis shavn
to yield signi cantly better asymptoticperfor
mancefor mary differentkernelfamilies. Fur
thermore,the resultingkernelscapturean intu-
itively usefulnotionof prior statecovariancethat
mayneverthelesdedif cult to capturemanually

1. Intr oduction

Bayesianmethodsare a natural t for Reinforcement
Learning (RL) becausethey representprior knowledge
compactlyandallow for rigoroustreatmentof valuefunc-
tion uncertainty Modeling suchuncertaintyis important
becausét offersa principledsolutionfor balancingexplo-
ration and exploitation in the ervironment. One particu-
larly elegantBayesiarRL formulationis GaussiarProcess
TemporalDifference(GPTD) (Engelet al., 2005). GPTD
isanef cient adaptatiorof GaussiamprocessefGPs)to the
problemof online value-functionestimation.In GPs,prior
knowledgein the form of value covarianceacrossstates
is representedompactlyby a Mercerkernel (Rasmussen
& Williams, 2006),offering a conceptuallysimplemethod
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for biasinglearning.

An importantopen questionfor BayesianRL is how to
performmodelselectionef ciently andonline. In GPTD,
modelselectiondetermineghe particularform of the prior
covariancefunction andthe settngs of any hyperparame-
ters. This papercontritutestowardsansweringthis ques-
tion in two ways: (1) It demonstrateempirically the im-
portanceof modelselectionin BayesiarRL; and(2) it out-
linesReplacing-kernelReinfocementearning(RKRL), a
simpleandeffective sequentiaMonte-Carloprocedurdor
selectinghemodelonline. RKRL notonly improveslearn-
ing in severaldomainsput doessoin away thatcannotbe
matchedoy ary choiceof standardkernels.

Although conceptuallysimilar to methodscombiningevo-
lutionary algorithmsand RL (Whiteson& Stone,2006),
RKRL is novel for two reasons(1) The sequentiaMonte-
Carlotechniqgueemployedis simplerandadmitsaclearem-
pirical Bayesianinterpretation(Bishop, 2006), (2) Since
GPsarenonparametridt is possibleto replacekernelson-
line duringlearningwithout discardingary previously ac-
quired knowledge, simply by maintining the dictionary
of sased training examplesbetweenkernel swaps. This
online replacingproceduresigni cantly improves perfor
manceover previous methods,becausdearningdoesnot
needto startfrom scratchfor new kernels.

This paperis divided into seven main sections: Section
2 introducesGPTD, Section3 describeRKRL, Section4
detailsthe experimentalsetupusing Mountain Car, Ship
Steeringand CaptureGo asexampledomainsandthelast
threesectiongyive results futurework andconclusions.

2. GaussianProcessReinforcementLearning

In RL domainswith large or in nite statespacesfunc-
tion approximationbecomesecessargsit is impractical
or impossibleto storea tableof all statevalues(Sutton&

Barto,1998).GaussiarProcessefGPs)have emegedasa
principledmethodfor solving regressionproblemsin Ma-

chine Learning(Rasmusse®&. Williams, 2006),andhave
recentlybeenextendedto performingfunctionapproxima-
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tion in RL aswell (Engeletal., 2005). In this section,we
brie y review GPsandtheirapplicationto temporaldiffer-
encelearning.

GPsareaclasof statisticalgeneratie modelsfor Bayesian
nonparametriinference Insteadf relyingona x edfunc-
tionalform asin parametrienodel,GPsarede neddirectly
in some(in nite-dimensional)function space(Rasmussen
& Williams, 2006). Speci cally, anindexed collection of
randomvariablesV : X | < over a commonprobabil-
ity spaceis a GPif the distribution of ary nite subsetof
V is Gaussian.Gaussiarprocessesire completelyspeci-
ed by prior meanandcovariancefunctions.In this paper
the meanfunction is assumedo be identically zero and
the prior covariancefunctionis speci ed asa Mercerker
nelk( ; ). Mechanisticallya GPis composedf the setof
training dataand a prior covariancefunction (kernel) that
de neshow to interpolatebetweerthosepoints.

Following theformulationof (Engel,2005),considera sta-
tistical generatie modelof theform

R(x) = HV(x) + N(x); 1)

where V is the unknavn function to be estimated,N
is a noise model, H is a linear transformation,and R
is the obsered regressionfunction. Given a set of
dataD = f(x;;Vi)d'-,, the model reducesto a sys-
tem of linear equationsR; = H{V; + N, whereR; =

Assumingthat V N (0;K+) is a zero-meanGP with
[K i gef k(xi;x;) for xj;x; 2 D andN N (0; ),
thenthe Gauss-Markv theoremgivesthe posteriordistri-
bution of V conditionalontheobsenedR:

R(x) = k(x)” o (2)
Pix) = k(x;x) k¢(x)” Cike(x); 3
where
t = H{(HKH+ ) Yro o1
Ct = H;H(KH7 + ) Hg

posteriorcan be usedto calculatethe predictedvalue of
V at somenew testpointx . In RL, the sequencef ob-
sened reward valuesare assumedo be relatedby some
(possibly stochastic)ervironmentdynamicsthat are cap-
turedthroughthe matrixH .

In orderto adaptGPsto RL, the standad Markov Decision
ProcesgMDP) framewnork needsto rst beformalizedas
follows. Let X andU bethestateandactionspacesiespec-
tively. Dene R : X ! < tobetherewardfunctionandlet
p:X U X! [0;1]bethestatetransitionprobabilities.

Apolicy :X U! [0;1]is amappingfrom stateso
actionselectionprobabilities. The discountedeturn for a
statex underpolicy isde nedas

D(x) = 'R(Xi)jxo = X;
i=0

wherexi+1  p (jXi), the policy-dependenstatetransi-
tion probability distribution,and 2 [0; 1] is the discount
factor The goal of RL is to computea valuefunctionthat
estimateghe discountedewardfor eachstateundera pol-
icy ,V(x)=E [D(xX)].

GPscanbe usedto modelthe latentvalue function given
a sequencef obsened rewardsand an appropriatenoise
model.Rewardis relatedto valueby

R(x)= V(x) V(Y + N(x;x9;

wherex® p (jx). Extendingthis modeltemporallyto

tionsR; 1 = H{V; + N¢, whereR andV arede ned as
before,and

Ne = (NOoixa)ii N (Xe 1%))7s
1 O P 0
0 1 0
Hy = . .
o 0 :::: 1
and N N (0; ). If the enwvironmentdynamicsare

assumedo be deterministic,the covarianceof the state-
dependennoisecanbemodeledas = 2. Forstochas-
tic ervironments,the noisemodel = 2H Hy, is
moresuitable.See(Engel,2005)for a completederivation
for thesemodels.

GivenH¢, {, anda sequencef statesandreward val-
ues,the posteriormoments\?t andP; canbe computedo
yield valuefunctionestimatesThusGPs t naturallyinto
the RL framework: Learningis straightforvard and does
not requiresettingunintuitive parametersuchas or ;
prior knowledgeof the problemcanbebuilt in throughthe
covariancefunction;thefull distribution of the posterioris
available,makingit possibleto selectactionsin more com-
pelling ways,e.g.via interval estimation. Furthermorethe
valueestimator; andcovarianceP; canbe computedn-
crementallyonlineaseachnew stateactionpairis sampled,
withouthaving to invertat t matrixateachstep.For de-
tails of this proceduresee(Engeletal., 2005).

Oneissuewith usingGPsfor RL is thatthesizeof K ¢, k( ),
H andr; eachgrow linearly with thenumberof statesvis-
ited, yielding a computationacompleity of O(jDj?) for
eachstep.Sinceit is notpracticalto remembegvery single
experiencein online settings,the GP dictionary size must
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be limited in someway. To this end, Engel et al. derive
akernelsparsi cation procedurébasedon anapproximate
lineardepeadence (ALD) test. As the numberof obsered
trainingexamplegendsto in nity , thenumberof examples
thatneedto be savedtendsto zero(Engelet al., 2005). A
matrix A ; containgapproximatiorcoefcients for the ALD
testand a parameter controlshow “novel” a particular
training examplemustbe beforeit is rememberedy the
GR makingit possibleto tunehow compactandcomputa-
tionally ef cient thevaluefunctionrepresentatiors.

Finally, notethatGPTD canbe extendedto the casewhere
no ervironment modelis available,simply by de ning the
covariancefunction over state-actiorpairsk(x; u; x% u9).

This procedurewill betermedcP-SARSA in this paper

GPTDhasbeenshavn to besuccessfulbut in practiceper
formancerelieson a goodchoiceof kernel. The next sec-
tion will focusonaparticularonlinemethodfor performing
suchkernelselection.

3.0Online Model Selection

A commonrequirementin RL is that learningtake place
onling e.g. the learnermust maximize total reward ac-
crued.However, traditionalmodelselectiontechniquesp-
plied to GPs,suchascross-alidation,or BayesianModel

Averaging,arenotdesignedo addresshis constraint.The
main contribution of this paperis to introduceReplacing-
Kernel ReinfocementLearning (RKRL), an online proce-
dure for model selectionin RL. In section3.1 an online
sequentiaMonte-Carlomethoddevelopedandusedto im-

plementRKRL, asdescribedn section3.2.

3.1.SequentialMonte-Carlo Methods

Givenasetof kernelsfk (;)j 2 Mg parameterizethy
arandomvariable anda prior p( ) over theseparame-
terizations,a fully Bayesianapproactto learninginvolves
integratingover all possiblesettingsof , yieldingthe pos-
terior distribution

zz

p(RiD) = p(RjV;D; )p(ViD; )p( )dvd :

The integration over V given is carried out implicitly
when using GPs, however, the remainingintegral over

is generallyintractablefor all but the mostsimple cases.
Insteadof integrating over all possiblemodel settings
we canusethe datadistribution D to infer reasonableet-
tingsfor viap( jD). Suchevidenceappmoximationcan
is more computationallyef cient andis an exampleof an
empiricalBayesapproachyherelik elihoodinformationis
usedto guideprior selection(Bishop,2006).

Monte-Carlomethodscanbe usedto samplefrom p( jD),
however, suchmethodsassumehatthis distributionis sta-

Algorithm 1 SequentiaMonte Carlo

Parameters:n, , ,
1: Draw f i(o) o,
2: fort=0;1;:::do
3. Calculatefw!" g, from equatiord.
1 .

4. pravf~" " g, byresampling ( ©;w)gr, .
5 (t+1) ~(t+1)

' i

p( )

|
Bernoullii )and ¢ N (0;1).
6: endfor

tionary(Bishop,2006).In theRL case stationarityimplies
thatwhenevaluating , previous dataacquiredwhile eval-
uating ° cannotbe used. To avoid this inef ciency, we
insteademploy a sequentialMonte-Carlo(SMC) method
adaptedrom (Gordonetal., 1993)thatrelaxesthe station-
arity assumption.

SMC approximatesthe posterior distribution p( jD) at
time t empirically via a set of n samplesand weights
f({w)gL, where

ger PO} {)p( )
m POI $)p( &)
wherep(Dj ") is the likelihoodof () andp( (V) is

|
theprior. Inferenceproceedsequentiallywith sampledor

timet + 1 drawn from theempiricaldistribution

Wi

(4)

(t+1) : _ X
p( iD) =
|

wlp( V) 8)

wherep( ("D j V) js thetransitionkernel de ning how
the hyperpararster spaceshouldbe explored. In this pa-
per, the prior over modelsp( ) is the uniform distribution
over [0; 1] for eachof the kernelhyperparameterdistedin

table 1) andthe transitionkernelp( (*? j () is de ned

o 1
mechanisticallgs "0~V

wherecyk  Bernoull{ ) and ¢ N (0;1). Pseudocode
for this proceduras givenin algorithm1.

3.2.Replacing-Kernel ReinforcementLearning

In Replacing-kernel ReinforcementLearning (RKRL),

SMCis usedto selectgood lkernelhyperparametesettings.
Ratherthancalculatingthe true modellikelihoodp(Dj ;)

in equatiord4, RKRL insteadweightsmodelsbasedn their
relative predictivelikelihood p(Dj i), where

. def 1X
logp(Dj i) = re;
t

and (ro;ry1;:::) is the sequenceof rewards obtainedby
evaluatingthe hypemparametersetting ; for episodes.
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Table 1. Basickernelfunctionsandthe correspondingxtendedparameterizations.

KERNEL BAsIC EXTENDED

= 0.2 P
NORM k(x;x9 =1 Huzi k(x;x9) =1 awi(xi xP)?
GAUSSIAN k(x;x% = exp L x xI° k(x;x% = exp cwi(xi - xP)?

P

PoLYNOMIAL  k(x;x% = (hx;x% + 1)¢ k(x;x9 = ( ; wixix?+ 1)
TANHNORM  K(x;x% = tanh(vjix  x%? © k(x;x% = tanh(_ ,wi(xi x))* 1)
TANH DOT k(x;x% = tanh(vhx;x% ©) k(x;x9 = tanh(" ; wixix? 1)

The parameter is introducedto control how strongly
modelsearctshouldfocuson hyperparametesettingsthat
yield highreward. Maximizing predictive ability directlyis
preferableasit is morecloselyrelatedto the goal of learn-
ing thanmaximizingthe t to theobseneddata.In tatular
methodghesetwo approachesmdeedcoincidein the limit

of large data,however whenusingfunctionapproximation,
they maydiffer.

Whenusing GPTD, the currentvalue function estimateis
formed from the combinationof the kernel parameteriza-
tion determiningthe prior covariancefuncton andthe
dictionaryD D gatheredncrementallyfrom observing
statetransitions.In this paperwe considerntwo variantsof
RKRL: StandardrKRL and Experience-ReservingrRKRL
(EP-RKRL) thatdiffer basedn their treatmenbf the saved
experienceD. In StandarRkRL, D is discardedtthestart
of eachnew kernelevaluation(makingp( jD) stationary).
In contrastjn EP-RKRL eachkernelparameterizatiosam-
ple  inheritsD? from thesample ¥ thatgenerated
it in equations.

RKRL naturally spends moretime evaluatinghyperparam-
eter settingsthat correspondo areaswith high predictive

likelihood, i.e. maximizesonline reward. Eachsampling
stepincreasesnformation aboutthe predictive likelihood

in the sample(exploitation), while samplingfrom thetran-

sition kernelreducessuchinformation(exploration).

4. Experimental Setup

StandardrRKRL and EP-RKRL are comparedagainst GP-
SARSA onthreedomains.This sectiongivesthe parameter
settingskernelclasseanddomainsused.

4.1.Parameters

In all experiments,the TD discountfactor was x ed at
= 1.0 and -greedyactionselecton wasemployed with
= 0:01. The GP-SARSA parametergor prior noisevari-

ance( ) anddictionary sparsity( ) were = 1.0 and

For ef ciency the sufcient statistics~ andC for sparsi ed
GP-SARSA are also inherited, thoughthey can be recalculated.
The matrix of approximationcoefcients A is notrecalculated,
althoughdoingsoshouldleadto bebetterperformancen general.

= 0:001 For eachrRKRL evaluation,GP-SARSA is run
for episodeasingthespeci edkernelparameterization.
The RKRL parametersveresetton = 25 = 0:01and

= 0:5. Performanceof RKRL is insensitie to changes
doubling or . Highersettingsof n improve theinitial
performancebut reducethe total numberof epochspossi-
ble givena x ednumberof episodesThesettingof sig-
ni cantly impactsperformancealthoughthe main results
of this paperareinsensitie for 0:25 1:0. All ker-
nelsareextendedto functionsof boththe stateandaction,
with actionstreatedasextra statevariables.

4.2.Kernels

Although RKRL automateshe choiceof kernel hyperpa-
rametersthereis still a needto choosea set of kernels
that representsthe searchspacefor RKRL. Generalker
nel classearederivedfrom basicclassesommonlyfound
in the literature (table 1) by replacingthe standardinner
productsand normswith weightedvariants(cf. automatic
relevancedeterminatiol), yielding kernelclasseswith sig-
ni cantly more hyperparameters.Settingthesehyperpa-
rameterds the modelselectiontask;asmorehyperparam-
etersareaddedthe modelbecomesnore general but the
correspondinglif culty of inferring the modelparameters
increasesswell.

In orderto give afair baselineGP-saArRsA comparisonthe
besthyperparametesettingfor eachbasickernelclasswas
derived manuallyfor eachdomainusinggrid search.Note
thatalthoughthey arecommon the hyperbolictangenker
nelsarenot positive semi-de nite; however they still yield
goodperformancen practice(Smola& Schilkopf, 2004).

4.3.TestDomains

GP-SARSA, RKRL andeP-RKRL arecomparedacrosshree
domains: Mountain Car, Ship Steeringand CaptureGo.

Each domain highlights a different aspectof compleity

found in RL problens: Mountain Car and Ship Steer

ing have continuousstatespaceandthusrequirefunction
approximation,Ship Steeringalso has a large (discrete)
action space,and CaptureGo is stochasticwith a high-

dimensionaktatespace.
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4.3.1. MOUNTAIN CAR

In MountainCar, the learningagentmustdrive anunder

poweredcar up a steephill (Sutton& Barto, 1998). The
availableactionsarea 2 f 1;0; 1g, i.e.,brake, neutraland
accelerate The statex; = (X¢;X;) 2 <? is comprisedof

thepositionandvelocity. Theernvironmentis deterministic
with stateevolution governedby

Xt+1 = Xg+ Xp+1

Xi+1 = X; + 0:001a; + 0:0025c0s(3xt)

where 1:2 x 05andjxj 0:07. Rewardis 1 for
eachtime stepthe carhasnot passedhegoalatx = 0:5.
In all RKRL experimentswvith MountainCar, = 100(100
episodesper epoch)and eachepisodeis limited to 1000
stepsto reducecomputatiortime.

4.3.2. SHIP STEERING

In Ship Steering the learningagentmust properly orient
a sailboatto a speci ¢ headingandtravel asfastas pos-
sible (White, 2007). Actions are two-dimensionakudder
position (degrees)andthrust (Newtons),a; = (r¢;T;) 2
[ 90;90] [ 1;2]. Possbleruddersettingsare discretized
at 3-dgyreeincrementsandthrustincrementsare0.5 New-
tons,yielding 427 possibleactions. The stateis a 3-tuple
consistingof the heading,angularvelocity and velocity
Xt = () 4, %) 2 <. Stateevolutionis describedy

1
Xi+1 X+ 5580 24 0:034(5 ¢ + 1))
_ XiTe + X
T 1000

t+1 t+ 05(4+1 + )

Reward at time stept is equalto x; if j {j < 5 andzero
otherwise. In all RKRL experimentswith Ship Steering,
= 1. By comparingresultsin Ship Steeringto Moun-
tain Car, it is possibleto elucidatehow thelearners perfor
mancedepend®nthesizeof the actionspace.

4.3.3. CAPTURE GO

Thethird domainusedin this paperis Capture Go, a sim-
pli ed versionof Goplayedwherethe rst playerto make a
capturewins? Thelearnemplaysagainsta x edrandomop-
ponentna5 5board,andrecevesrewardof -1 for aloss
and+1 for awin. Theboardstatex; 2 f 1;0;1g% is en-
codedasa vectorwhere-1 entriescorrespondo opponent
pieces0 entriescorrespondo blankterritory andl entries
correspondo theagents pieces.Theagentis givenknowl-
edgeof afterstates that is, knowledge of how its moves
affectthestate.In all RKRL experimentaisingCaptureGo,

2http://www.usgo.org/teach/capturegame.
html

Table2. Asymptotic performanceon Mountain car  Bold num-
bersrepresenstatisticalsigni cance.

KERNEL GP-SARSA RKRL EP-RKRL

PoLynomiaL -67.6 0.3 -149 55 -63.7 0.3
GAUSS AN -230 16 -521 84 -66.9 0.9
TANH NORM -638 72 -569 41 -130 8.7
TANH DOT -482 37 -532 113 -97.0 2.0

Table3. Asymptoticperformanceé 10?) on Ship Steering.

KERNEL GP-SARSA RKRL EP-RKRL

PoLynomiAL 340 1.0 33 0.7 171 241
GAUSSAN 25 03 50 0.6 129 9.1
TANH NORM 21 08 45 0.7 662 183
TANH DOT 29 06 30 0.8 195 153

Table4. Asymptoticperformancé% wins) on CaptureGo.

KERNEL GP-SARSA RKRL EP-RKRL
NORM 909 0.2 761 4.4 943 0.5
PoLynomiaL 897 04 695 1.1 926 1.3
GAUSSAN 90.3 05 783 0.7 933 0.1
TANH NORM 557 0.2 787 3.7 945 0.6
TANH DOT 624 28 705 15 891 1.1

= 100Q This domainwaschoserbecausét hasa high
dimensionaktatevectorandstochastiaynamics.

5. Results

GP-SARSA, RKRL andEP-RKRL wereappliedto threeRL
domains.Section5.1 summarizesasymptotigperformance
in thethreedomains Section5.2 compareasymptotialic-
tionary sizes,Section5.3 evaluateshe learnedkernelper
formanceasastand-aloneatatickernelandSections.4ana-
lyzesthelearnedkernelhyperparametesettingsn Capture
Go.

5.1.Asymptotic Reward

Asymptoticperformances evaluatedacrosghreedomains:
MountainCar, Ship SteeringandCaptureGo. In eachdo-
main EP-RKRL signi cantly outperformsboth GP-SARSA
andrKRL over mostkernelclasses.

5.1.1. MOUNTAIN CAR

In Mountain Car, learning trials are run for 125,000
episodesand asymptoticperformances measureds the
averagereward over the last 100 episodes.EP-RKRL Sig-
ni cantly outperform$othGpr-sarRsA andrRKRL acrosall
kernelclassesasymptotically(table2). GP-SARSA perfor
manceusing the POLYNOMIAL kernelreachesa peakat
51:6 after 33 episodeswhich is signi cantly betterthan
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EP-RKRL (p < 10 °). However, performancedegrades
signi cantly with more episodes. This is a phenomenon
commonto neural-netwrk basedfunction approximators
(Sutton& Barto,1998).

The Mountain Car problem hasbeenstudiedextensiely
in RL literature. The bestasymptoticresultsfrom the
ReinforcementearningLibrary standat 53:92 (White,
2007). NEAT+Q, a similar methodfor combining TD

andevolutionaryalgorithms,achieves 52:0 (Whiteson&

Stone 2006). However, in theformercas, differentvalues
for and areusedandin the latter case,the learneris
runfor signi cantly moreepisodesmakingdirectcompar
isondif cult. RunningMountainCarusingastandardtile-

codingfunctionapproximatorSutton& Barto,1998)with

8 tilings andthesameRL parametesettingsyieldsasymp-
totic performanceof 1089, signi cantly betterthanGp-

SARSA acrossall kernelsexceptPOLYNOMIAL, but signi -

cantlyworsethaner-RKRL underall kernelsexceptTANH

NORM.

Note that EP-RKRL signi cantly outperformsRrRkRL be-
causeit discarddessexperienceover the courseof learn-
ing. Sincekernelscanonly describesmoothnesproper
ties of the valuefunctions,the datapointsthemsehesbe-
comemoreimportantfor learning;hencediscardingthem
at eachmodel selectionstepsigni cantly reducesperfor
mance.This contrastwith Whitesons NEAT+Q work pre-
ciselybecausaeuralnetworksaremoreexpressie.

5.1.2. SHIP STEERING

In Ship Steering, eachlearnertrains for 2500 episodes
(1000stepseach)andthe asymptoticperformancds mea-
suredastheaverageewardobtainedn thelast10episodes.
EP-RKRL signi cantly outperformsGP-SARSA and RKRL
in all kernelclassesxceptGAUSS AN (table3). In there-
mainingthreecaseshowever, EP-RKRL outperformsboth
methoddy severalordersof magnitude Tile codingwith 8
tilings yieldsasymptotigperformancef 0.17,signi cantly
higherpeformancethancp-sARsA in all cased exceptfor
the POLYNOMIAL kernelclass(p < 10 9), but signi -
cantlyworsethaneP-RKRL in all cases.

5.1.3. CAPTURE GO

In CaptureGo, eachlearnertrainsfor 3:75 10° episodes,
and asymptoticperformanceis measuredas the average
numberof wins over thelast1000episodesSEP-RKRL out-
performsGP-sARSA and RKRL acrossall kernel classes
(table 4). GP-SARSA's averagereward peaksearly and
declinesunderthe TANH DOT kernel, achiezing a max-
imum of 78:7% wins after 10,000episodesstill signi -
cantlylowerthanep-RKRL (p < 10 ©).
Sperformancevaluesin table3 arescaledby afactorof 100.

Table5. Asymptoticdictionarysizefor MountainCar. Bold num-
bersindicatestatisticalsigni cance.

KERNEL GP-SARSA RKRL EP-RKRL
PoLynomiaL 216 04 103 05 136 0.2
GAUSSAN 296 05 7.2 06 125 0.2
TANH NORM 25 0.1 85 0.8 126 0.2
TANH DOT 7.7 0.7 51 04 117 04

Table6. Asymptoticdictionarysizefor Shipsteering.

KERNEL GP-SARSA RKRL EP-RKRL
PoLynNOMIAL 153 0.8 4.0 0.1 6.2 0.3
GAUSSAN 123 0.5 155 03 137 0.1
TANH NORM 3.8 0.6 51 0.2 123 1.0
TANH DOT 7.7 0.8 32 0.1 53 0.2

Table7. Asymptoticdictionarysizefor CaptureGo.

KERNEL GP-SARSA RKRL EP-RKRL
NORM 285 0.2 5.9 3.0

PoLYNOMIAL 1471 3.3 252 14 404 14
GAUSSAN 66.1 0.5 717 3.4 919 6.1
TANH NORM 620 1.1 196 04 175 0.7
TANH DOT 3296 144 256 15 287 1.2

5.2.Dictionary Size

RKRL andGP-SARSA canbe comparedn termsof compu-
tationalcompleity by measuringhe nal dictionarysizes
jDj of eachlearningagent.At eachdecisionpoint,thecom-
putationalcompleity of GPTD is O(jDj?), arising from
matrix-vectormultiplicationsandpartitionedmatrix inver-
sion (Engel, 2005). Furthermorejn practicethe O(jDj)

Xij 2 D cancarry a high constantoverheadfor comple
kernels. Thus,keepingjDj smallis critical for online per
formance.

Thedictionarysizesfor eachkernelandlearningalgorithm
pair is givenin table5. In eight of the thirteencasesgp-
RKRL kernelsgenerataigni cantly smallerdictionariesfor
= 0:001thanGpP-saARsA kernels,andlikewisein ten of
thethirteencaseRKRL generatesigni cantly smallerdic-
tionaries. Thusin the majority of casesenploying model
selectionyields fasterlearningboth in termsof episodes
andin termsof computation. However, thesedictionary
sizesnever differ by more than a single order of magni-
tude,with the largestdifferencebeingbetweenrkRL and
GP-SARSA the TANH DOT kernelfor CaptureGo.

5.3.Generalization

How well a particularkernelhyperparametesettingfound
by EP-RKRL performsdependon whattraining examples
it encountersluringlearning. Determiningto whatdegree
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classese.g.the Matérnkernels thatadmitmary basicker
nels as special cases(Genton, 2002). In particular the
tradeof betweerkernelclasscompleity andperformance
shouldbeexplored.

Secondthe learnedkernelparameterizationacquiredun-
deronedictionarydo not performwell underdifferentdic-
tionaries,jndicatingthatthedictionarieshemselescanbe
thoughtof ashyperparametert® beoptimized.Developing
sucha theory of nonparametricsparsi cationin RL may
leadto signi cantly bettervaluefunctionapproximations.

Third, it is possibleto derive afull kernel-replacingpro-
cedurewhereall covariancefunction evaluationssharethe
sameaccumulatedearning, updatedafter every tness
evaluationof every individual. Suchan approachwould
further reducethe samplecompleity of RKRL, and also
malkespossiblethe useof BayesiarModel Averaging tech-
niqueswithin asinglelearningagent;.e. averagingoveran
ensembleof GP valuefunctionsweightedby their predic-
tive likelihoods(Hastieetal., 2001).

Finally, thereis a deepconnectionbetweenaction ker-
nelsandthe conceptof RelocatableAction Models(Lef er

etal., 2007). It may be possibleto castthe latterin terms
of state-ndependent prior covariancefunctions,yielding a
powerful framevork for modelselection.

7.Conclusion

This paperdevelopedrkRL, a simpleonline procedurdor
improving the performanceof Gaussiarprocessemporal
differencelearningby automaticallyselectingthe prior co-
variancefunction. In severalempiricaltrials, RKRL yielded
signi cantly higherasymptoticreward thanthe besthand-
picked parameterizationgor common covariance func-
tions,evenin caseswherealarge numberof hyperparame-
tersmustbe adapted Furthermorethe learnedcovariance
functionsexhibit highly structuredknowledgeof the task
thatwould have beendif cult to build in a priori without
signi cant knowledgeof the domain. Overall theseinitial
resultsare promising,andsuggesthat leveragingwork in
statisticalmodelselectionwill signi cantly improve online
learning.
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