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Soundness and Completeness
of Natural Deduction

A sequent is called tautological if

• it has the form Γ⇒ F and Γ entails F , or

• it has the form Γ⇒ and Γ is unsatisfiable.

An inference rule is said to be sound if, for any instance

S1 . . . Sk

S

of this rule such that the premises S1, . . . , Sk are tautological, the conclu-
sion S is tautological also.

Problem 5.1 Rules (→ I) and (¬I) are sound.

Problem 5.2 Rule (∨E) is sound.

Since all rules of natural deduction are sound, and all axioms are tauto-
logical, we can conclude that every sequent that can be proved by natural
deduction is tautological. In this sense, the system of natural deduction is
sound.

Problem 5.3 Let F be a formula, A1, . . . , An the atoms occurring in F ,
and I an interpretation. Define the literals L1, . . . , Ln as follows:

Li =

{
Ai, if I |= Ai,
¬Ai, otherwise.

Show that

(a) if I |= F then the sequent L1, . . . , Ln ⇒ F can be proved by natural
deduction;

(b) if I 6|= F then the sequent L1, . . . , Ln ⇒ ¬F can be proved by natural
deduction.

Problem 5.4 For any tautology F , the sequent ⇒ F can be proved by
natural deduction.

Problem 5.5 Every tautological sequent can be proved by natural deduc-
tion.

In this sense, the system of natural deduction is complete.
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