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Abstract. Weestablistthatthealgorithmiccompleity of theminimumspannindreeproblemis equal
to its decision-treesomplexity. Specifically we present deterministicalgorithmto find a minimum
spanningreeof a graphwith n verticesandm edgeghatrunsin time O(7 *(m, n)) where7 * is the
minimum numberof edge-weightomparisonsieededo determinethe solution. The algorithmis
quitesimpleandcanbeimplementedn a pointermachine.

Althoughourtime boundis optimal,the exactfunctiondescribingt is notknown at presentThe
currentbestboundsknown for 7* are7 *(m, n) = (m) and7 *(m, n) = O(m- «(m, n)), wherex is
acertainnaturalinverseof Ackermanns function.

Evenundertheassumptiorthat7* is superlinearwe show thatif theinputgraphis selectedrom
Gn,m, ouralgorithmrunsin lineartime with highprobability, regardlesf n, m, or thepermutatiorof
edgeweights.The analysisusesa new martingalefor Gn m Similar to the edge-&posuremartingale
for Gn,p.

Catgories and SubjectDescriptors:F.2.0 [Analysis of Algorithms and Problem Complexity]:
General;G.2.2[Discrete Mathematics]: GraphTheory—graph algorithms G.3 [Probability and
Statistics]

GeneralTerms:Algorithms, Theory
Additional Key WordsandPhrasesGraphalgorithms minimum spanningree,optimal compleity

1. Introduction

The minimum spanningtree (MST) problemhasbeenstudiedfor much of this
centuryandyet despitets apparensimplicity, the problemis still notfully under
stood.GrahamandHell [1985] give anexcellentsurney of resultsfrom theearliest
known algorithm of Borlivka [1926] to the inventionof Fibonacciheapswhich
were centralto the algorithmsin Fredmanand Tarjan[1987] and Gabav et al.
[1986]. Chazelle[1997] presentedan MST algorithm basedon the Soft Heap
[Chazelle2000a]having compleity O(me(m, n) loga(m, n)), wherea is a cer
tain inverseof Ackermanns function. Recently Chazelle[2000b] modified the
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algorithmin Chazelle[1997] to bring down the runningtime to O(m - a(m, n)).
Laterasimilaralgorithmof the samerunningtime was presentedy Pettie[1999],
which gives an alternatexpositionof the O(m- «(m, n)) result. Thisis thetightest
time boundfor the MST problemto date,thoughnot known to be optimal.

All algorithmsmentionedabove work on a pointermachingTarjan1979ajun-
dertherestrictionthatedgeweightsmayonly be subjectedo binarycomparisons.
If, in addition,we have accesdo a streamof perfectlyrandombits, Kargeret al.
[1995] shawved thatthe MST canbe computedn lineartime with highprobabil-
ity. FredmanandWillard [1994] gave adeterministiclineartime MST algorithm
underthe unit-costRAM model,assumingedgeweightsareintegersrepresented
in binary.

It is still unknavn whethetthesamorepowerful modelsarenecessarto compute
theMSTinlineartime.However, in thisarticle, wegive adeterministiccomparison-
basedVIST algorithmthatrunson a pointermachinein O(7 *(m, n)) time, where
T*(m, n) isthenumberof edge-weightomparisonseededo determinghe MST
onary graphwith m edgesandn vertices Additionally, we show thatouralgorithm
runsin lineartimefor thevastmajority of graphsregardles®f thenumberf edges
in the graphor the permutatiorof edgeweights.

Becauseof the natureof our algorithm, its exact runningtime is not known.
This might seemparadoxicalat first. The sourceof our algorithm’s optimality;
andits mysteriousrunningtime, is the useof precomputedMST decisiontrees”
whoseexact depthis unknavn but nonetheles@rovably optimal. The technique
of obtainingoptimal algorithmsvia precomputationwas usedin a simplersetting
in Larmore[1990] for searchingcorvex matricesandin Dixon et al. [1992] for
MST sensitvity analysis.We should point out that precomputingoptimal deci-
sion treesdoesnot increasethe constantfactor hiddenby big-Oh notation,nor
doesit resultin a nonuniformalgorithm. A trivial lower boundon the running
time of our algorithmis ©(m); the bestupperbound, O(ma(m, n)), is dueto
Chazellg2000Db].

OuroptimalMST algorithmshouldbe contrastedvith the compleity-theoretic
resultthat ary optimal verification algorithm for someproblemcan be usedto
constructainoptimalalgorithmfor thesameproblem[Jonesl997]. Thoughasymp-
totically optimal, this constructiorhidesastronomicatonstanfactorsandproves
nothingaboutthe relationshipbetweenalgorithmiccompleity anddecision-tree
complity. SeeSection8 for adiscussiorof theseandotherrelatedissues.

Inthenext sectionsyereview somewell-knonwn MST resultghatareusedoy our
algorithm.In Section3, we prove akey lemmaandgive aprocedurdor partitioning
thegraphin anMST-respectingnannerSectiord givesanoverview of ouroptimal
algorithmanddiscussethestructureanduseof precomputedecision-treefor the
MST problem.Section5 givesthe algorithmanda proof of optimality. Section6
shavshow thealgorithmmaybemodifiedto runonapointermachineln Sectionz,
we shaw our algorithmrunsin lineartime with high probabilityif theinputgraph
is selectedat random.Sections8 and9 discussrelatedproblemsandalgorithms,
openguestionsandthe actualcompleity of MST.

2. Preliminaries

Theinputis anundirectedgraphG = (V, E) whereeachedges assigneddistinct
real-valuedweight By corvention,|V| = n and|E| = m. The minimumspanning
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forest(MSP problemasksfor a spanningagyclic subgraptof G having the least
total weight. In this article, we assumefor corveniencethat the input graphis
connectedsinceotherwisewe canfind its connecteccomponentsn linear time
andthensolve the problemon eachconnectedomponentThus,theMSF problem
is identicalto the minimum spanningreeproblem.

It is well known thatonecanidentify edgesprovably in the MSF usingthe cut
property and edgesprovably not in the MSF using the cycle property The cut
propertystatesthat the lightestedgecrossingary partition of the vertex setinto
two partsmustbelongto the MSFE The cycle propertystateghatthe heaviestedge
in ary cycle in thegraphcannotbein the MSFE

2.1. BORUVKA STEPs The earliestknown MSF algorithmis dueto Borlivka
[1926].Thealgorithmis quitesimple:lt proceed@ asequencef stagesandin each
stage,or Borlivkastep it identifiesa forestF consistingof the minimum-weight
edgeincidentto eachvertex in thegraphG, thenformsthegraphG,; = G\F asthe
inputto thenext stageHereG\ F denoteshegraphderived from G by contracting
edgesn F (bythe cutpropertytheseedgeselongto theMSF) EachBorlivkastep
takeslinear time, and sincethe numberof verticesis reducedby at leasthalf in
eachstep,Bortivka’s algorithmtakes O(mlogn) time.

Ouroptimalalgorithmusesa procedurecalledBoruvka2G; F, G'). Thisproce-
dureexecuteswo Bortivka stepson the input graphG andreturnsthe contracted
graphG’ aswell asthe setof edgesF identifiedaspartof the MSF duringthese
two steps.

2.2. DIJSKTRA-JARNIK -PRIM ALGORITHM. Anotherearly MSF algorithmthat
runsin O(mlogn) timeistheoneby Jarrik [1930],rediscaveredby Dijkstra[1959]
andPrim [1957]. We referto this algorithmasthe DJP algorithm.Briefly, the DIJP
algorithmgrows the MSF T oneedgeatatime. Initially, T is anarbitraryvertex.
In eachstepof the DJP algorithm, T is augmentedwvith the least-weighedge
(X, y) suchthatx € T andy ¢ T. By the cutproperty all edgesaddedto T arein
the MSF

LEMMA 2.1. LetT bethetreeformedafter the executionof somenumberof
stepsof the DJP algorithm.Lete and f be two arbitrary edges,ead with exactly
oneendpointin T, andlet g be the maximumweightedge onthe pathfrometo f
in T. Then gcannotbeheavierthan bothe and f.

PROOF LetP bethepathin T connectinge and f, andassumehe contrary
that g is the heariestedgein P U {e, f}. Now considerthe momentwheng is
selectedy DJPandlet P’ betheportionof P presentn thetree. Thereareexactly
two edgesdn (P — P') U {e, f} thatareeligible to bechoserby the DJPalgorithm
at this moment,oneof which is the edgeg. If the otheredgeis in P, thenby our
choiceof g it mustbelighterthang. If the otheredgeis eithere or f, thenby our
assumptiorit mustbelighterthang. In both casesg could not be chosemext by
the DJPalgorithm,a contradiction. [

2.3. THE DENSECASE ALGORITHM. Thealgorithmspresentedh Fredmarand
Tarjan[1987], Gabav et al. [1986], Chazellg1997,2000b],andPettie[1999] will
find the MSF of a graphin lineartime if the graphis sufficiently densethatis,
hasa suficiently Iargge edge-to-ertex ratio. For our purposessuficiently dense
will meanm/n > log® n. All of the above algorithmsrun in lineartime for that
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density the simplestof which is easilythat of Fredmanand Tarjan[1987]. This
algorithm executesa humberof phaseswherethe purposeof eachphaseis to
amplify the“nominal density” of the graphby contractinga large numberof MSF
edgesherethenominaldensityis theratio m/n’, wherem, as usual,is thenumber
of edgesn theoriginalgraph,andn’ is thenumberof verticesin thecurrentgraph.
Eachphaseof the algorithmrunsin O(m + n) time, andworks by executingthe
DJPalgorithmmary times,eachfor alimited numberof stepsIf n’ is thenumber
of verticesbeforea phasethe numberof verticesafter the phases no morethan
n’/2™" henceno morethanlog* n — log*(m/n) phasesreneeded.

TheproceduredDenseCas&; F) takes asnputann-node graphG andreturns
theMSF F of G in lineartime for graphswith densityatleastlog® n.

Our optimal algorithmwill actually call DenseCas®n a graphderived from
an n-node, m-edgegraphby contractingverticesso that the numberof vertices
is reducedby a factorof at leastlog® n. The numberof edgesin the contracted
graphis no morethanm. Hence,DenseCaswill runin O(m + n) time on such
agraph.

2.4. SOFTHEAP. Themaindatastructureusedby ouralgorithmistheSoftHeap
[Chazelle2000a].TheSoftHeapis akind of priority queughatgives usan optimal
trade-of betweeraccuray andspeedlt is parameterizethy anerrortolerances,
andsupportghefollowing operations:

—MakeHeap(): returnsanemptysoftheap.
—Insert(S, x): insertitem x into heap$S.
—Findmin(S): returnsitem with smalleskey in heapS.
—Delete(S, X): deletex from heapsS.

—Meld(S, $): createnew heapcontainingthe unionof itemsstoredin §
and$, destrying S, andS; in theprocess.

All operationstake constantamortizedtime, except for Insert, which takes
O(log(1/¢)) time. To save time the Soft Heapallows itemsto be groupedogether
andtreatedasthoughthey have asinglekey. An item adoptsthelargestkey of any
item in its group,corrupting the itemif its new key differsfrom its original key.
Thus,the original key of an item returnedby Findmin(i.e., arny itemin thegroup
with minimumkey) is no morethanthekeys of all uncorruptedtemsin the heap.
Theguaranteés thataftern Insertoperationsno morethanen corruptedtemsare
in theheap.Thefollowing resultis shavn in Chazellg2000a].

LEMMA 2.2. FixanyparameterQO < ¢ < 1/2, andbeginningwithnoprior data,
considera mixedsequencef opemationsthatincludesn inserts.On a SoftHeap,
the amortizedcompleity of ead operation is constant,exceptfor insert, which
takesO(log(1/€)) time At mosten itemsare corruptedat anygiventime

3. AKeyLemmaandProcedue

3.1. A RoOBUST CONTRACTION LEMMA. It is well known thatif T is a tree
of MSF edgeswe cancontract T into a single vertex while maintainingthe in-
variantthatthe MSF of the contractedyraphplus T gives the MSF for the graph
beforecontraction.



20 S. PETTIEAND V. RAMACHANDRAN

In our algorithm,we find a tree of MSF edgesT in a corruptedgraph,where
someof theedgeweightshave beenincreasedlueto theuseof a SoftHeap.In the
lemmagiven belav, we shav thatusefulinformationcanbeobtainedy contracting
certaincorruptedrees,n particularthoseconstructedisingsomenumberof steps
from the Dijkstra—Jarnik—Prin{DJP) algorithmldeassimilar to theseareusedin
Chazelles[1997]algorithmandmoreexplicitly in therecentalgorithmof Chazelle
[2000b](seealsoPettie[1999]).

Beforestatingthelemma,we needsomenotationandpreliminaryconceptslet
V(G) andE(G) be thevertex andedgesetsof G, andn andm betheir cardinality
respectiely. Let the G-weightof an edge bdéts weightin graphG (the G maybe
omittedif implied from context).

For thefollowing definitions,M andC aresubgraph®f G. Denoteby G 1 M
somegraph derived from G by raising the weight of eachedgein M by ar
bitrary amounts(theseedgesare said to be corrupted). LetM¢c be the set of
edgesn M with exactly oneendpointin C. Let G\C denotethe graphobtained
by contractingall connectedcomponentanducedby C, that is, by replacing
eachconnecteccomponentwvith a single vertex and reassigningedgeendpoints
appropriately

Definition 3.1. A subgrapiC is saidto be DJP-contractiblewith respecto G
if afterexecutingtheDJP algorithmon G for somenumberof stepswith asuitable
startvertex in C, thetreethatresultsis a spanningreefor C.

LEMMA 3.2. Let M be a setof edgesin a graph G. If C is a subgaph of
G that is DJP-contactible with respectto G 4 M, thenMSHG) is a subsetof
MSHC) U MSHG\C — M¢c) U Mc.

PrROOF Eachedgein C thatis notin MSF(C) is the heaviestedgeon some
cyclein C. Sincethatcycle existsin G aswell, thatedgeis notin MSF(G). Sowe
needonly shav thatedgesn G\C thatarenotin MSF(G\C — M¢) U M¢ arealso
notin MSF(G).

Let H = G\C — Mc¢; hencewe needto shav thatnoedgein H — MSHH) is
in MSHG). Letebein H — MSHH), thatis, eis theheasiestedgeon somecycle
x in H. If x doesnotinvolve thevertex derived by contractingC, thenit existsin
G aswell ande ¢ MSHG). Otherwise,x formsapath® in G whoseendpoints,
sayx andy, arebothin C. Let theendedgesof P be (x, w) and(y, z). SinceH
includesno corruptededgeswith oneendpointin C, the G-weightof theseedges
is the sameastheir (G 1 M)-weight.

Let T bethe spanningireeof C ft M derived by the DJP algorithm, Q be the
pathin T connectingx andy, andg betheheaviestedgein 9. Noticethat? U Q
formsa gycle. By our choiceof e, it mustbe heavier thanboth (x, w) and(y, 2),
andby Lemmaz2.1, the heavier of (x, w) and(y, z) is heaier thanthe (G 1} M)-
weightof g, whichis anupperboundon the G-weightsof all edgesn Q. So with
respectto G-weights, e is the heaviest edgeon the cycle P U Q and cannotbe
in MSHG). O

3.2. THE PARTITION PROCEDURE Our algorithmusesthe Partition procedure
thatis given below. This procedurdindsDJP-contractiblsubgraph€s, ..., Ckin
which edgesareprogressiely beingcorruptedoy the Soft Heap.Let M¢, contain
only thosecorruptededgeswith oneendpointin C; atthetimeit is completed.
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Partition(G, mazsize,e; Mc,C)
A1l vertices are initially ‘‘live’’
Me =0
1:=0
While there is a live vertex
Increment ¢
Let V; := {v}, where v is any live vertex
Create a Soft Heap consisting of v’s edges (uses ¢€)
While all vertices in V; are live and |V;| < mazsize
Repeat
Find and delete min-weight edge (z,y) from Soft Heap
W.l.o.g, assume z €V
Until y € V;
Vi:=ViU{y}
If y is live then insert each of y’s edges into the Soft Heap
Set all vertices in V; to be dead
Let My, be the corrupted edges with one endpoint in V;
Me := Mc U MVi
G:.=G- MV,'
Dismantle the Soft Heap
Let C := {C1,...,C;} where C, is the subgraph of G induced by V,
Exit.

Fic. 1. ThePartition procedure.

EachsubgraplC; will be DJP-contractiblevith respecto agraphderived from
G by severalroundsof contractionsandedgedeletions WhenC; is finished,it is
contractedandall incidentcorruptededgesarediscardedBy applyingLemma3.2
repeatedlywe seethatafterC; is built, the MSF of G is a subsebf

U MSHC;j)u MSF(G\ UCJ- — U MCJ) U U Mc;.
j=1 ' j=1 j=1

=1

ThePartitionprocedurés shavnin Figurel. Theagumentsappearindgpeforethe

semicolorareinputs;the otherareoutputsC = {Cy, ..., Cy} isasetof subgraphs
of G, andM¢ is asetof corruptededgeswith endpointdn differentC;’s. No edge
will appeain morethanoneof M¢, Cq, ..., Cx.

Initially, Partition setsevery vertex to be live. The objective is to cornvert each
vertex to dead signifyingthatit is partof acomponentC; with < maxsizevertices
andpartof aconglomeate of > maxsizeverticeswherea conglomeratés a con-
nectedcomponenbf thegraphl J E(C;). Intuitively aconglomeratés a collection
of Ci’s linkedby commonvertices.Thisschemdor growing componentss similar
to theonegiven in FredmarandTarjan[1987].

We grow the Cj’s oneat atime accordingto the DJPalgorithm,exceptthatwe
usea Soft Heap.A components donegrowing if it reachegnaxsizeverticesor if
it attachestself to anexisting componentClearly, if acomponentioesnotreach
maxsizeverticesjt haslinkedto aconglomeratef atleastmaxsizererticesHence,
all its verticescanbe designatedlead.Upon completionof a componenC;, we
discardthe setof corruptededgeswith oneendpointin C;.
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Therunningtimeof Partition isdominatedytheheapoperationswhichdepend
on ¢. Eachedgeis insertedinto a Soft Heapno morethantwice (oncefor each
endpoint) andextractedno morethanonce.We canchagethe costof dismantling
the heapto the insertoperationswvhich createdt; hence thetotal runningtime is
O(mlog(1/€)). By Lemma2.2,the numberof discardededgess boundedby the
numberof insertionsscaledby ¢; thus,|M¢| < 2em. Thus,we have

LEMmA 3.3. GivenagraphG, any0 < e < 1/2,anda parametemaxsizePar-
tition findsedge-disjointsubgaphsM¢, Cy, ..., Cx in time O(|E(G)| - log(1/¢))
while satisfyingseveral conditions:

(a) For all v e V(G), thereissome sudthatv € V(C;).
(b) Foralli, |V(Ci)| < maxsize.

(c) For eadhconglomeate P € | J; Ci, |V(P)| > maxsize.
(d) IE(Mc)| < 2¢ - |[E(G)I.

(e) MSHG) < |; MSHC;) U MSHG\(LU; Ci) — M¢) U Mc.

We obsenre thatthefull suiteof soft heapoperationgs not needecaswe never
emplogy themeldoperation We canthereforeusea morespace-dfcient versionof
the soft heapwhereits nodesare placedin an arrayandthe links betweenthem
representedmplicitly, asin a binaryheap.

4. Overviev of the Optimal Algorithm
Hereis anoverview of our optimalMSF algorithm.

—In thefirst stage we find DJP-contractiblesubgraph<,, C,, ..., Cx with their
associatedetof edgesM¢ = |, Mc,, whereMc, consistsof corruptededges
with oneendpointin C;.

—In the secondstagewe find the MSF F; of eachC;, andthe MSF Fy of the
contractedyraphG\(l_; Ci) — M¢. By Lemma3.2,the MSF of thewholegraph
is containedwithin Fo U (J; Fi) U Mc. Note that, at this point, we have not
identifiedary edgesasbeingin the MSF of theoriginal graphG.

—In thethird stage we find someMSF edgesyia Borlivka steps,andrecurseon
thegraphderived by contractingtheseedges.

We executethe first stageusing the Partition proceduredescribedn the pre-
vioussection.

We executethe secondstagewith optimal decisiontrees Essentiallytheseare
hardwiredalgorithmsdesignedo computethe MSF of a graphusingan optimal
numberof edge-weighttomparisonsin general,decisiontreesare much larger
thanthe sizeof the problemthatthey solve andfinding optimal onesis very time
consumingWe canafford the costof building decisiontreesby guaranteeinghat
eachoneis extremelysmall.At thesameime, we make eachconglomeratéormed
by the C; to besufficiently large sothatthe MSF Fq of thecontractedyraphcanbe
foundin lineartime usingthe DenseCasalgorithm.

Finally,inthethird stageywehave areductiorin verticesduetotheBortivkasteps,
andareductionin edgesdueto theapplicationof Lemma3.2.In our optimalalgo-
rithm, bothverticesandedgeseduceby a constanfactor thusresultingin there-
cursiveapplication®of thealgorithmongraphswith geometricallydecreasingizes.
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4.1. DECISIONTREES Consideracomputatiorthattakes asnputafixed graph
G andcomputeghe minimum spanningtreefor G for ary given permutationof
edgeweights.If weareonly interestedn theedge-weightomparisongerformed,
this computationcan be describedn termsof an MSF decisiontree for G. An
MSF decisiontreeis a rootedtree having an edge-weightomparisorassociated
with eachinternal node (e.qg., weight(x, y) < weight(w, z)). Eachinternal node
hasexactly two children,onerepresentinghat the comparisoris true, the other
thatit is false.The leaves of the treelist off the edgesin somespanningtree of
the graph.An MSF decisiontreefor G is saidto be correctif the edge-weight
comparisongencounteredn ary pathfrom the root to a leaf uniquely identify
the spanningtree at that leaf as the MSF. A decisiontree for G is saidto be
optimal if it is correct and there exists no correct decisiontree for G with
lesserdepth.

Let us boundthe time neededo find opjimal decisiontreesfor all graphson
r verticesby bruteforce searchThereare2* suchgraphsandfor eachgraphwe
mustcheckall possibledecisiontreesboundeday asufficientdepth.SincetheDJP
algorithmusesno morethanr (r — 1) comparison®n ary graphonr vertices,a
depthofr2 is sufficient. Hence thetreehasfewerthan2'* internalnodes Thereare
<r* possibilitiesfor g;achlnternalnode(lts comparisormustidentify two edges);
hencethereare <r? ™ distinctdecisiontreesto check.To determindf adecision
treeis correct,we generatall possiblepermutationf the edgeweightsandfor
each,solve the MSF problemon the given graph.Now we simultaneouslcheck
all permutationggainstadecisiontreeasfollows: First, we placeall permutations
at the root; then move themto the left or right child dependingon the truth or
falsity of theedge-weightomparisorwith respecto eachpermutation\We repeat
this step until all permutationsreacha leaf. If for eachleaf, all permutations
sharingthatleaf agreeon the MSF, thenthe decisiontreeis correct.This process
takesno longerthan(r2 + 1)! for eachdecisiontree,hencethe total time required
to fmd an optlmal decisiontreefor all graphson fewerthanr verticesis bounded
by 2% r2 7. (r2 4 1)1, whichis lessthan2? ™", Settingr = log® n allows usto
precomputeall optimal decisiontreesin o(n) tlme1

Obsere that,in the high-level algorithmwe gave in Section4, if the maximum
sizeof eachcomponenC; is sufiiciently small,the componentganbe organized
into arelatively smallnumberof groupsof isomorphiccomponentgignoringedge
weights).For eachgroup,we usea single precomputedptimal decisiontreeto
determinghe MSF of componentén thatgroup.

In our optimalalgorithm,we usea procedureDecisionTeeG; F), which takes
asinput a collection of graphsg, eachwith at mostr vertices,andreturnstheir
minimumspanningorestsin F usingthe precomputediecisiontrees.

5. TheAlgorithm

As discusse@dbove, theoptimalMSF algorithmis asfollows: First,precomputé¢he
optimaldecisiontreesfor all graphswith < log® n vertices Next, divide theinput
graphinto subgraph€4, C,, ..., Cy, discardinghe setof corruptededgesMc, as

1 We cansetr ashighas./loglogn — 1; however, this providesno benefitto our algorithm.
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eachC; is completedUsethedecisiontreesfoundearlierto computethe MSF F;
of eachC;, thencontracteachconnecteccomponenspannedy F; U --- U Fy
(i.e.,eachconglomeratejnto a singlevertex. Theresultinggraphhas<n/log® n
verticessinceeachconglomeratdasatleastog®® n verticesby Lemma3.3.Hence,
we canusethe DenseCasalgorithmto computeits MSF Fq in time linearin m.
At this point,by Lemma3.2the MSF is now containedn theedgesetFo U --- U
Fk U Mc, U - -+ U Mc,. On this graph,we apply two Borlivka steps reducingthe
numberof verticesby afactorof four, andthencomputerecursvely. Thealgorithm
is given below.

Lete = 1/8 (thisis usedby the Soft Heapin the Partition procedure).

Precomputeptimaldecisiortreesfor all graphswith < log® ng verticeswhere
Np is thenumberof verticesin the originalinputgraph.

OptimalM SF(G)
If E(G) =0 then Return(¥)
r:= [log® |V(G)[1
Partition(G,r,¢; M,(C)
DecisionTree(C; F)
Let k:=|C| and let C ={Cy,..., C, F={Fs,..., Fy}
Gy =G\(FLU---UR)—M
DenseCase(Ga; Fo)
Gy =FUFRU---URUM
Boruvka2(Gyp; F', G¢)
F := OptimalMSF(Gc)
Return(F U F’)

Apart from recursve calls and using the decisiontrees,the computationper
formedby OptimalMSFis clearlylinearsincePartition takes O(mlog(1/¢)) time,
and owing to the reductionin vertices,the call to DenseCaselso takes lin-
eartime. For ¢ =1/8, the numberof edgespassedo the final recursve call is
<m/4 + n/4 < m/2, giving ageometricreductionin the numberof edgesSince
no MSF algorithmcando betterthanlineartime, the bottleneckjf any, mustlie in
usingthe decisiontrees which areoptimalby construction.

More concretelylet T (m, n) be therunningtime of OptimalMSF Let 7*(m, n)
bethe optimalnumberof comparisonsieededo determinghe MSF onary graph
with n verticesandm edgesandlet 7*(H) be the optimal numberof compar
isonsneededon a specificgraphH. Thatis, 7*(m, n)= max7 *(H):|V(H)| =
n, |E(H)|=m}. We alsoreferto 7* asthedecision-teecompleity of MSF, as it
correspondso the heightof anoptimal decision-treeThe recurrenceelationfor
T is given below. For the basecase nhotethatthe graphsn therecursie callswill
be connectedf the input graphis connectedHence,the basecasegraphhasno
edgesand onevertex, andwe have T (0, 1) equalto a constant

m n

T(m,n) < chT*(Ci)JrT( )+cz-m.

It is straightforvardto seethat,if 7*(m, n) = O(m), thentheabove recurrence
gives T(m, n) = O(m). Onecanalsoshav thatT(m, n) = O(7 *(m, n)) for mary
naturalfunctionsfor 7* (includingm - «(m, n)). However, to shav thatthisresult
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holdsnomatterwhatthefunctiondescribingZ *(m, n) is, weneedo establistsome
resultson the decisiontree compleity of the MSF problem,which we doin the
next section.

5.1. SOME RESULTS FOR MSF DECISION TREES In this section,we establish
someresultson MSF decisiontreesthat allov us to establishour mainresultthat
OptimalMSFrunsin O(7 *(m, n)) time.

PROPOSITIONS.1. For m,n>2,7*(m, n) > m/2.

PrROPOSITIONS.2. For n'>n, 7*(m,n)>7*m,n), and for m' >m,
7*(m', n) > 7*(m, n).

Proposition5.1 is true sincefor m, n > 2 every edgecan be placedon some
cycle, and mustthereforeparticipatein at leastone comparisonProposition5.2
holdssincewe canalwaysaddisolatedverticesor edgef veryhighweight,neither
of which affectsthe MSF.

We now statea propertythatis usedby Lemmass.4and5.5.

PROPERTY 5.3. Let H be a graph which is the union of edge-disjoint sub-
graphsCy, ..., Ck. Thestructue of H dictatesthatMSF(H) = MSF(C,) U---U
MSF(Cy).

If Cq,..., Ck arethecomponentseturnedby Partition, it canbe seenthatthe
graphH = J; G satisfiesDefinition 5.3 sinceevery simplecycle in this graph
mustbe containedn exactly oneof the C;. To seethis, considerary simplecycle
andleti bethelargestindex suchthatC; containsan edgen thecycle. Sinceeach
Ci sharesiomorethanonevertex with |, _; Cj, this cycle cannotcontainan edge

fromU;_; Cj.

LEMMA 5.4. If Property5.3holdsfor H, thenthere existsanoptimalMSFdeci-
siontreefor H thatmalesnocomparison®ftheforme < f whee ec C;, f €C;
andi # j.

ProOF ConsiderasubsefP of thepermutation®f all edgeweightswherefor
eec G, f e Cjandi < |, it holdsthatweigh(e) < weigh( f). Permutations
in P have two usefulattributesthat canbe readily verified. First, any numberof
intercomponentomparisonshedno light on therelative weightsof edgesn the
samecomponentSecondary spanningorestof a componenis the MSF of that
componenfor somepermutatiorin P.

Now considerary optimaldecisiontreeT for H. Let T’ bethesubtreeof T that
containonly leavesthatcanbereachedy somepermutatiorin 2. Eachintercom-
ponentcomparisomodein T’ musthave only onechild, andby thefirst attribute,
theMSF ateachleafwas deducedisingonly intracomponentomparisonsBy the
secondttribute, T mustdeterminghe MSF of eachcomponentorrectly andthus
by Property5.3 it mustdeterminethe MSF of the graphH correctly Hence,we
cancontractT’ into a correctdecisiontree T” by replacingeachone-childnode
with its only child. O

LEMMA 5.5. If Property5.3holdsfor H, then7*(H) = >, 7*(C).
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PrOOF.  GivenoptimaldecisiontreesT; for the C; we canconstruciadecision
treefor G by replacingeachleaf of T; by T,, andin generalreplacingeachleaf
of T; by T,1 andby labelingeachleaf of the lasttree by the union of the labels
of the original treesalongthis path. Clearly, the heightof this treeis the sumof
the heightsof the T;, andhence7*(G) < > ; 7*(C;). So we needonly prove
thatno optimal decisiontreefor G hasheightlessthanthe sumof the heightsof
theT,.

Let T be anoptimal decisiontreefor G that hasno intercomponentompar
isons (as guaranteedy Lemmab5.4). We shav that T can be transformednto
a “canonical” decisiontree T’ for G of the sameheightas T, suchthatin T’,
all comparisondor C; precedeall comparisondor C;_ 4, for eachi, andfurther,
the subtreeof T’ containingintra-C; comparisonsreall identical. Thatis, they
have the sameshapeandthe samecomparisonsare associatedvith correspond-
ing nodes.This establisheshe desiredresultsince T’ mustcontaina path that
is the concatenatiorof the longestpathin an optimal decisiontree for eachof
theC;.

We first prove this resultfor the casewhenthereareonly two componentsC,
andC,. Assumenductively thatthesubtreesootedatall verticesata certaindepth
d in T have beentransformedo thedesiredstructureof having theC,; comparisons
occurbeforehe C, comparisonsandwith all subtreedor C, within eachof the
subtreesootedatdepthd beingidentical.(Thisis trivially thecasewvhend is equal
to theheightof T.)

Considerary nodev at depthd — 1. If the comparisonat that nodeis a C;
comparisonthenall C, subtreestdescendemodesmustcomputethesamesetof
leavesfor C,. Hence thesubtreeaootedatv canbecorvertedto thedesiredormat
simply by replacingall C, subtreedy onehaving minimumdepth(notethatthere
areatmosttwo differentC, subtreesall thosedescendindgrom v'sleft child (right
child) areidentical).If the comparisoratv is a C, comparisonywe know thatthe
C; subtreesootedatits left child x andits right child y mustboth computethe
samesetof leavesfor C;. Hence we pick the C; subtreeof smallerheight(without
lossof generalityletits rootbex) andreplacev by x, togethemwith the C, subtree
rootedat x. We thencopy the comparisorat nodev to eachleaf position ofthis
C, subtreeFor eachsuchcopy, we placeoneof theisomorphiccopiesof the C,
subtreethatis a descendandf x asits left subtreeandthe C, subtreethatis a
descendandf y asits right subtree The subtreerootedat x, whichis now at depth
d — 1, is now in the desiredform; it computeghe sameresultasin T, andthere
was noincreasén the heightof thetree.Hence by induction, T canbe corverted
into canonicaldecisiontreeof no greatemeight.

Assumeinductively thatthe resulthold for upto k — 1 > 2 componentsThe
resulteasilyextendsto k componentdy noting thatwe cangroupthefirstk — 1
componentasC; andlet Cy beC,. By theabove method we cantransformT to a
canonicaltreein which the Cy comparisongppearasleaf subtreesWe now strip
the Cy subtreedgrom this canonicatreeandthen,by theinductive assumptionwe
canperformthetransformatiorfor remainingk — 1 components. []

COROLLARY 5.6. LettheC; bethecomponentformedbythePartition routine
appliedto graph G, let H = [ J; C; andlet G havem edgesandn vertices.Then
> T5(Ci) = T*(H) = T*(m, n).

COROLLARY 5.7. For anymandn, 2-7*(m, n) < 7*(2m, 2n).
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We cannow solve therecurrenceelationfor the runningtime of OptimalMSF
given in theprevioussection.

T(m,n) < chT*(Ci)—f—T(m n

274
m n
—,—)+¢c;-m (Corollary 5.6
> 4>+ 2 ( y 5.6)
m n
24
c "
7*(m, n) (cl + > + 2c2) (Corollary 5.7 andPropositions5.1,5.2)

c-7*(m, n) (for c = 2c; + 4cy; thiscompletesheinduction.

>+c2-m

IA

¢ 7*(m,n) + T(

IA

c7*(mn)+c- T*( > + C; - m (assumeénductively

A

A

This gives usthe desiredtheorem.

THEOREM 5.8. Let7*(m, n) bethedecision-teecompleity of the MSF prob-
lem on graphswith m edgesand n nodes.Algorithm OptimalMSF computeghe
MSFofa graphwith m edgesandn verticesdeterministicallyin O(7*(m, n)) time

6. Avoiding Pointer Arithmetic

We have not precisely specifiedwhat is required ofthe underlying machine
model.Upon examination the algorithmdoesnot seemto requirethe full power
of a randomaccessmachine(RAM). No bit manipulationis usedand arith-
metic can be limited to just the incrementoperation. However, if procedure
DecisionTee is implementedin the obvious manney it will requireusing a ta-
ble lookup, and thus randomaccesgo memory In this section,we outline the
pointer machine[Tarjan 1979a]a model that doesnot allow randomaccesso
memory and describesometechniqueswve usefor implementingthe Decision-
Tree procedureon a pointermachine.Our methodis similar to that describedn
Buchsbaunetal. [1998],but we ensurghatthetime overheadn performingtheta-
blelook-upsduringacall to DecisionTeeis linearin thesizeof thecurrentinputto
DecisionTee.

A pointer machinedistinguishegointersfrom all other datatypes.The only
operationsllowedon pointersareassignmentomparisorfor equalityandderef-
erencing.Memory is organizedinto records,eachof which holds someconstant
numberof pointersandnormaldatawords (integers,floats,etc.). Given a pointer
to a particularrecord,we canreferto ary pointeror dataword in thatrecordin
constantime.Onnonpointedatatheusualarrayof logical, arithmetic,andbinary
comparisoroperationsareallowed.

EveryMSFdecisiortreesolvestheMSF problemonaparticulargraphtopology:
wecallthisthegenericgraph Inorderto solvetheMSFproblemonanactualgraph,
we bind correspondingdgeof theactualandgenericgraphs suchthatgiven one
edgethe othercanbe foundin constantime. Comparisonsn the MSF decision
tree refer to edgesin the genericgraph;hence,they too can be translatedinto
comparisongn theactualgraphin constantime.

We match up identical actual graphsand genericgraphs usinghe method
given in Buchsbaumet al. [1998]. If all graphshave fewer thanr verticeswe
representthe graphsas a string of humbersbetweenl and r, then perform
alexicographicsort[Aho etal. 1974]on all the graphs(bothactualandgeneric).
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A generiggraphwill appeaiadjacento all identicalactualgraphsAll thatremains
to be doneis bind the actualgraphsto the appropriategenericgraphandrun the
associatedSF decisiontree.If thetotal sizeof all actualsubgraphss s gs < m),
the sortingsteptakes O(s + r22r2) time, whichis O(m + n) forr = log® n. The
lexicographicsortguaranteethatin therecursve callsit sufficesto scananinitial
prefix of the sortedist whosesizeis linearin thesizeof the currentgraph.

7. Performanceon RandonmGraphs

Evenif weassumehatMST hassomesupetlinearcompleity, we shov below that
our algorithmrunsin lineartime for nearlyall graphs for arbitrarily choseredge
weights.This improves uponthe expectedlineartime resultof Karp and Tarjan
[1980], which dependedn the edgeweightsbeing chosenrandomly Our result
may also be comparedwith the randomizedalgorithm of Karger et al. [1995],
whichis shavn to runin O(m) time with highprobability However, for ary given
graphthe Karger et al. [1995] algorithm canbe madeto run in (mlogn) time
by an adwersarythat controlsthe edgeweights.In contrastwe shav below that
ouralgorithmrunsin lineartime for the vastmajority of graphsfor every possible
assignmenof edgeweights.

None of the earlierpublishedMST algorithmsappearto have this propertyof
runningin lineartime with highprobabilityonrandomgraphdgor all edge-weights.
Using the analysisof this sectionandsuitablysouped-uprersionsof earlieralgo-
rithms [Fredmanand Tarjan1987; Gabav et al. 1986; Chazelle2000b],we may
obtainsimilar high probabilityresults.

Ouranalysishingesonthe obsenationthatfor sparseandomgraphswith high
probabilityany subgraptconstructedy the Partition routinehasonly a miniscule
numberin edgesn excesf thenumberof spanningorestedgesn thatsubgraph.
TheMST of suchgraphsanbecomputedn lineartime,andhencahecomputation
on optimaldecisiontreestakeslineartime on thesegraphs.

Throughouthis section« will denotex(m, n).

Therandomgraphmodel G,, , [ErdosandRéryi 1961] assignsall ((r%)) graphs
with medgesqualprobability In G,  ary graphonm edgess assigneghrobability
p™(1 — p)®-m, In otherwords,eachpossibleedgeis includedindependentlyvith
probability p.

THEOREM 7.1. TheMSTofa graphcanbefoundin lineartimewith probability
(1) 1 — exp(—(m/a?)), for a graphdrawnfrom Gy,
(2) 1 — exp(—Q(pn?/a?)), for a graphdrawnfrom G, p.

Both (1) and(2) hold regardlessof the permutationof edge weights.

In thenext sectionwedescribeheedge-additionmartingalefor theG,, ,, model.
In Section7.2,we usethis martingaleand Azumds inequalityto prove part (1) of
Theorem7.1.Part(2) is shavn to follow from part(1).

7.1. THE EDGE-ADDITION MARTINGALE. It was obsered Erdds and Réryi
[1961] that a randomgraphfrom the G,, , modelcan be generatedn an incre-
mentalfashionasfollows: We begin with n labeledvertices,addingonerandom
edgeatatime thatwas not previously selectedLet X; bearandomedgesuchthat
Xi # Xjforj <i,andG; = {Xy,..., X} bethe graphmadeup of thefirsti
edgeswith Gg beingthegraphon n verticeshaving no edges.
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A martingale is a sequenceof random variables Yy, ..., Yy such that
E[Yi | Yi_1]=Yi_1 for 0 < i < m. We now prove thatif g is ary graph-theoretic
functionandge(Gi) = E[g(Gm)|Gi], thenge(G;), for 0 < i < misamartingale.

LEMMA 7.2. Thesequencae(Gi) = E[g(Gn) | Gi], for0O <i < m,isa
martingale whee g is any graphtheoetic function Gy is the edge-freegraphon
n vertices and G; is derivedfrom G;_; by addinga randomedg notin G;_;
to Gi—l-

PROOF Let Xij = {Xi, ..., Xj}. GiventhatG;_; hasbeenfixed,
E[ge(Gi)] = Z Pr[Xi = X | Gi_1]
XiZXi
Y PrIXi=x1Gi—s, Xi = x]-9(Gi-1 UX")
Xha=x11

= Z Pr[Xim = Xim‘Gi—l] . g(Gi_l U xim)
Xim:Xim

= E[9(Gm) | Gi_1] = ge(Gi-1). 0

We call thesequenceroved to be amartingalein Lemma7.2theedge-addition
martingalein contrasto the edge-exposue martingalefor Gy, p.

We now recall the well-knovn Azumas inequality (see, e.g., Alon and
Spencef1992]).

THEOREM 7.3 (AZUMA’S INEQUALITY). LetYy,..., Yy bea martingalewith
Yi —VYi_1] < 1for0 < i < m. Leti > 0 bearbitrary. ThenPr[|Yy — Yo| >

/M) < exp(—12/2).
To facilitatethe applicationof Azuma’s inequalityto our edge-additiomrmartin-
gale,we establishthefollowing lemma:

LEMMA 7.4. Considerthe sequence mvedto bea martingalein Lemmar.2
Letg be anygraph-theoetic functionsud that |g(G) — g(G’)| < 1 for anypair of
graphsG andG’ of theform G = H U {e} andG’ = H U {€'}, for somegraph H.
Then|ge(Gi) — 9e(Gi-1)I <1, forO <i <m.

PROOF.  ge(G;) andge(Gi_1) aretheaverageof g(G; U X{;) andg(G;_1 U
XM where X" ; and X{" rangeover their possibleoutcomesgiven G; andG; _1,
respectiely. We identify eachoutcomeof Xir”all with equal-sizedisjoint setsof
outcomesf X" thatcover all outcomef X". Thenge(Gi_1) may be regarded
asan averageof setaverageslf, for eachsetcorrespondindgo an outcomeP of
X" ,, we establisithatthe setaveragediffersfrom g(G; U P) by nomorethani,
theLemmafollows.

Thecorrespondencis asfollows: Let G; = G;_; U {a} (i.e., Xj = a). For each
outcomex™ ;, the correspondingetconsistsof outcomef theform x/, ; a X1
fori <j < m (i.e.,the samegraphbut a appearsat differenttimes),and of the
form x; x™ ; wherex; rangesover all edgesnot appearingn G;_; andx/",,. For
eachoutcomeP = x, of X}, andall Q in P’s associateset, |g(G; U P) —
0(Gj_1 U Q)| < 1sincethegraphdifferin atmostoneedge Clearly, |g(G; U P)
— AVGo{g(Gi-1 U Q)}| < 1holdsaswell, wheretheaverages over outcomesQ

in P’sassociatedet. [
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7.2. ANALYSIS. Wedefinetheexcesof asubgraptH tobe|E(H)| — |F(H)],
whereF (H) is any spanningorestof H. Let f(G) bethe maximumexcessof the
graphmadeup of intracomponenédges whete the setsof componentsange over
all possiblesetsreturnedby the Partition procedue (Recallthatthe size of ary
components nomorethank = maxsize= log® n.)

Define fg(Gj) = E[f (Gn)|Gi].

The key obsenation leadingto our lineartime resultis that eachpassof our
optimal algorithm definitely runsin linear time if f(G) < m/a(m, n). To see
this, note thatif this boundon f(G) holds,we canreducethe total numberof
intracomponenedgesto <2m/« in linear time using loga Borlivka steps,and
then,clearly, the MST of theresultinggraphcanbe determinedn O(m) time. We
shaw below thatif agraphis randomlychoserfrom G, m, f(G) < m/a(m, n) with
high probability

Wenow shaw thatLemma?.4applieso thegraph-theoretifunction f , andthen
applyAzumasinequalityto obtainour desiredresult.

LEMMA 7.5. LetG = HU {e} andG’' = H U {€'} betwo graphson asetof
labeledverticesthat differ by no more thanone edg. Then| f(G) — f(G')| < 1.

PROOF Supposewithout loss of generalitythat f(G) — f(G’) > 1, thenwe
could applythe optimalsetof component®f G to G'. Everyintracomponengdge
of G remainsan intracomponentdge, except possiblye. This canreducethe
excessby nomorethanone,acontradictionThe possibilitythate’ maybecomean
intracomponenédgecan onlyhelptheargument. O

LEMMA 7.6. fe(Gp) = o(m/w).

ProOOF Noticethatif m/n > «k, it is simply impossibleto have m/a intra-
componenedgessowe assuman/n < ak.

An upperboundon fg(Gp) istheexpectechumberof indicesi suchthatedgeX;
completeda g/cle oflength<k in G; _1, sinceall edgesvhich causedf toincrease
must have satisfiedthis criterion. Let p; be the probability that X; completeda
cycle of length <k. By boundingthe numberof suchcycles,andthe probability
they existin thegraph,we have

j—1

= < :k if m = Q(n)

or=0 <ﬂ2> if m=o(n)

n3

) (recallthati < m)

In eithercase,fg(Go) < ) ; p = o(m/x). [
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LEMMA 7.7. Let G be dosen from G,n,. Then Pr[f(G)>m/a] <
ep(—Q(m/a?)).

ProOOF. By applyingAzumasinequality wehavethatPr|| fg(Gn)— fe(Go)| >
/M) < exp(—A2/2). Settingh = /m/a — fg(Gg)//m gives thelemma.Note
that,by Lemma7.6, fg(Go) is quiteinsignificant. [J

We arenow readyto prove Theorem?7.1.

PROOF We examineonly thefirst logk passe®f our optimalalgorithm,since
all remainingpassegertainlytake o(m) time. Lemma7.7 assuresisthatthefirst
pass runsn lineartime with highprobability However, thetopologyof thegraph
examinedin laterpassesioesdependnthe edgeweights.Assumingthe Borlivka
stepscontractall partsof thegraphata constantate, which caneasilybeenforced,
a partition of the graphin onepassof the algorithmcorrespondso a partition of
theoriginal graphinto component®f sizelessthank®, for somefixedc. Usingk®
in placeof k doesnot affect Lemma7.6, which gives the Theoremfor G,, i, that
is, part(1). For G p, notethatthe probability thattherearenot ®(pn?) edgess
exponentialin —Q(pn?); hence the probability that the algorithmfails to runin
lineartime is dominatedoy the boundin part(1). O

For the sparsecasewherem < n/a, Theorem7.1 part (1) holds with proba-
bility 1, andfor p < 1/n«, by a Chernof bound,part (2) holdswith probability
1 — exp(—Q(n/a)).

8. Discussion

An intriguing aspectof our algorithmis that we do not know its precisedeter
ministic runningtime althoughwe canprove thatit is within a constanfactorof
optimal. Resultsof this naturehave beenobtainedin the pastfor sensitvity anal-
ysis of minimum spanningrees[Dixon etal. 1992]and conex matrix searching
[Larmore 1990]. Also, for the problemof triangulatinga corvex polygon, it was
obsened in Dixon et al. [1992] that an alternatelineartime algorithm could be
obtainedusingoptimal decisiontreeson small subproblemsHowever, theseear
lier algorithmsmale useof decisiontreesin morestraightforvard waysthanthe
algorithmpresentedhere.

As notedin Section4.1,the constructiorof optimal decisiontreestakessublin-
eartime. Thus, it is importantto obsene that our useof decisiontreesdoesnot
resultin a large constantfactorin the runningtime. Further this constructionof
optimaldecisiontreesis performedby astraightforvardbrute-forcesearchhence,
the resultingalgorithmis uniform (i.e., it is a fixed algorithmthat works for all
problemsizes).

It was mentionedin the introductionthat an optimal algorithm can be con-
structedfor ary problem,given an optimalverificationalgorithmfor thatproblem.
We briefly sketchthis constructionJones1997]. Considera problemthathasan
optimalverificationalgorithmthatrunsin time Ver(n). Theabose-mentionedton-
structionproducesan algorithm that enumerateprogramsPy, P, ... for some
machinemodel and executesthem incrementallyas follows: for eachi > 1, for
everytwo operationgxecuteddy programP, , programP, , ; executeoneoperation.
Wheneer any of the programshaltsthe verifier checksits outputfor correctness.
Thealgorithmterminate®ncetheverifierdetermineshatacorrectoutputhasbeen



32 S. PETTIEAND V. RAMACHANDRAN

producedy oneof theprogramsilf P¢ istheoptimalprogranfor theproblemwith
runningtime Opt(n), thenthis constructiorgives an algorithmthattakesno more
than2°+1(Opt(n) + Ver(n)) steps SinceC is a constanandVer(n) = O(Opt(n)),
this gives an algorithmthatis within a constanfactorof Opt(n).

Using a lineartime MST verification algorithm such as Dixon et al. [1992],
King [1997], and Buchsbaumet al. [1998], the above constructionyields an
optimal MST algorithm; however, it is unsatiséctory for several reasonslt is
truly impractical since it asksfor an enumerationof all possiblealgorithms
andits constantfactoris exponentialin the position ofthe actualoptimal algo-
rithm in this enumerationFurther it shedsno light on the relation betweenthe
algorithmic and decision-treecompleity of the problem. Our result, in con-
trast, has a very reasonableconstantfactor in the running time, and it is ro-
bustin thatit ties the algorithmic compleity of MST to its decision-treecom-
plexity, a limiting factorin ary machinemodel. It is not always the casethat
algorithmic compleity and decision-treecompleity are asymptoticallyequive
lent: for instancetwo sorting-typeproblemswhosedecision-treecompleity and
algorithmic compleity provably diverge are describedn Goddardet al. [1993]
and [Pettie and Ramachandrafi2002a, Sect. 8]. In fact, one can easily con-
coct simple problemsthat are NP-hardbut neverthelesshave polynomial-depth
decision-trees.

9. Conclusion

We have presented deterministicMSF algorithmthatis provably optimal. The
algorithmrunson a pointermachine andon graphswith n verticesandm edges,
its running time is O(7*(m, n)), where7*(m, n) is the decision-treecomple-
ity of the MSF problemon n-node,m-edgegraphs.Also, on randomgraphs our
algorithmrunsin lineartime with highprobabilityfor all possibleeadge-weightsn
fact, a hybrid of our algorithm and the randomizedalgorithm of Karger et al.
[1995] runsin expectedlinear time using only log* n randombits [Pettie and
Ramachandra@000b]. Although the exact runningtime of our algorithmis not
knowvn, we have shown that the time bound dependsonly on the number of
edge-weightcomparisonseededto determinethe MSF, and not on ary data
structuralissues.

Determiningtheworst-caseompleity of our algorithmis themainopenques-
tion remainingin the MSF problem; however, thereis a subtleropenquestion.
We have given an optimal uniform algorithmfor the MSF problemthatusespre-
computeddecisiontrees.ls therean optimal uniform algorithmthat doesnot use
precomputedecisiontrees(or somesimilartechnique)More generallyarethere
problemswhereprecomputatiofis necessary®@nemaywish to studythisissuein
a simpler setting,say the MSF verification problemon a pointermachine.Here,
thereis still an«(m, n) factorseparatinghe bestpointermachinealgorithmthat
usesprecomputedlecisiontrees[Buchsbaurret al. 1998]andthe onewhich does
not[Tarjan1979b].

Onemay also askfor the parallel complity of the MSF problem.Here, re-
solvedrecentlywerethedeterministidime complity [Chongetal. 2001]andthe
randomizedwork-time compleity [Pettieand Ramachandrat999] of the MSF
problemonthe EREW PRAM. An openquestionthatremainshereis to obtaina
deterministiovork-time optimalparalleIMSF algorithm.Parallelizingour optimal
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algorithmis not at all straightforvard. Although handlingdecisiontreesdoesnot
presentry problemsn theparallelcontet, we still needamethodfor identifying
contractiblecomponentsn parallelanda basecasealgorithmthatperformslinear
work for graph-densitiesf log® n. Existing sequentiaklgorithmsthat are suit-
ablefor the basecase suchasthe onein FredmarandTarjan[1987] arealsonot
easilyparallelizable.
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