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Eugenic Evolution for Combinatorial OptimizationJohn William Prior, M.A.The University of Texas at Austin, 1998Supervisor: Risto MiikkulainenIn the past several years, evolutionary algorithms such as simulated annealing and thegenetic algorithm have received increasing recognition for their ability to optimize arbitraryfunctions. These algorithms rely on the process of Darwinian evolution, which promoteshighly successful solutions that result from random variation. This variation is produced bythe random operators of mutation and/or recombination. These operators make no attemptto determine which alleles or combinations of alleles are most likely to yield overall �tnessimprovement. This thesis will explore the bene�ts that can be gained by utilizing a directanalysis of the correlations between �tness and alleles or allele combinations to intelligentlyand purposefully design new highly-�t solutions.An algorithm is developed in this thesis that explicitly analyzes allele-�tness distri-butions and then uses the information gained from this analysis to purposefully constructnew individuals \bit by bit". Explicit measurements of \gene signi�cance" (the e�ect ofa particular gene upon �tness) allows the algorithm to adaptively decide when conditionalallele-�tness distributions are necessary in order to correctly track important allele inter-actions. A new operator|the \restriction" operator|allows the algorithm to simply andquickly compute allele selection probabilities using these conditional �tness distributions.The resulting feedback from the evaluation of new individuals is used to update the statisticsand therefore guide the creation of increasingly better individuals. Since explicit analysisand creation is used to guide this evolutionary process, it is not a form of Darwinian evo-lution. It is a pro-active, contrived process that attempts to intelligently create betterindividuals through the use of a detailed analysis of historical data. It is therefore a eugenicevolutionary process, and thus this algorithm is called the \Eugenic Algorithm" (EuA).The EuA was tested on a number of benchmark problems (some of which are NP-complete) and compared to widely recognized evolutionary optimization techniques such assimulated annealing and genetic algorithms. The results of these tests are very promising,as the EuA optimized all the problems at a very high level of performance, and did so muchvi



more consistently than the other algorithms. In addition, the operation of EuA was veryhelpful in illustrating the structure of the test problems. The development of the EuA is avery signi�cant step to statistically justi�ed combinatorial optimization, paving the way tothe creation of optimization algorithms that make more intelligent use of the informationthat is available to them. This new evolutionary paradigm, eugenic evolution will lead tofaster and more accurate combinatorial optimization and to a greater understanding of thestructure of combinatorial optimization problems.
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Chapter 1IntroductionThe �eld of combinatorial optimization deals with problems whose inputs are discrete ar-rangements or permutations. These problems are typically NP-complete, and therefore nopolynomial time algorithms exist which can solve them. However, some algorithms forsakethe goal of �nding optimal solutions and instead attempt to �nd good solutions in poly-nomial time. Since there is no guarantee that an optimal solution will be found, thesealgorithms are called \approximation" algorithms; it is hoped that solutions almost as goodas the optimal solution will be found. Because most of these algorithms guide their questfor better solutions by making small modi�cations to existing solutions, they rely on theheuristic of \neighborhood search" (Garey and Johnson, 1979). Both genetic algorithms(\GA"s) (Goldberg, 1989; Holland, 1975) and simulated annealing (\SA") (Kirkpatrick andSherrington, 1988) are examples of neighborhood search algorithms. In past years, bothGAs and SA have received increasing recognition for their ability to e�ciently approximatearbitrary functions. Both of these algorithms are \evolutionary" algorithms, as they arecharacterized by survival-of-the-�ttest search pruning and the inheritance of informationfrom one iteration (\generation") of solutions to the next.There are many methods by which evolutionary algorithms pass information fromgeneration to generation, but most modern algorithms rely on random choices to decidewhich information shall be inherited. For example, genetic algorithms perform a type ofbeam search, where a simulated process of \natural selection" prunes the event space (\pop-ulation") and selects solutions from the population to be modi�ed by the random state-spaceoperators of \recombination" and \mutation". Standard recombination operators randomlycombine parts of highly �t solutions to form complete new solutions. No attempt is madeto determine which parts might perform best with each other. SA is a probabilistic opti-mization algorithm that can be viewed as a simpli�cation of the GA; it uses a population ofonly a single solution, and relies solely on random mutation of this solution to create new1



solutions. The standard mutation operators used by both GAs and SA make small randomchanges to existing solutions. No attempt is made to determine what changes would bemost likely to yield improvements in �tness.What bene�t might come from \smart" recombination operators that analyze inter-actions and dependencies among parts of solutions and solution �tness, and then intelligentlyassemble these parts into new, hopefully higher �tness, solutions? What bene�t might comefrom \smart" mutation operators that only perform those mutations most likely to increasethe �tness of selected solutions? This thesis explores these questions through the devel-opment of an algorithm that explicitly analyzes the distribution of �tness with respect tospecially selected allele combinations, and intelligently creates solutions using the informa-tion gained from this analysis. Instead of relying on random recombinations or mutationsof parent solutions to generate o�spring, this new algorithm|the \Eugenic Algorithm"(EuA)|constructs new solutions \bit by bit", probabilistically including parts of solutionsbased upon statistical measures of their historical performance. The major innovation ofthis algorithm, the \restriction operator", will be shown to be paramount to e�ectivelytracking and exploiting dependencies among solution parts (\epistasis"). In particular, theEuA studied in thesis will measure the bene�t of genotypic parts by computing the average�tness of solutions in which these parts are found, and then selecting these parts for usein new individuals proportionately to these average �tnesses. The EuA will be comparedto standard evolutionary techniques on a variety of combinatorial optimization problems,and will be demonstrated to be superior to these techniques in many situations. The EuA'ssuccess at selecting the right combinations of alleles through the use of statistical measuresof performance of both single alleles and dependent groups of alleles represents a major stepforward in approximating very di�cult combinatorial optimization problems.
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Chapter 2Evolutionary CombinatorialOptimizationEvolution is the adaptation of a population to its environment. This adaptation causes thecreation of individuals of increasingly higher \�tness"; in environments where the de�nitionof �tness remains static, evolution drives the population to better and better individuals.This process is similar to approximation|the search for good solutions to a particular prob-lem. The parallels between the concepts of evolution and approximation have lead to thecreation of evolutionary approximation algorithms|algorithms that attempt to optimizea particular function through a simulated process of evolution. This section will brie
ydescribe the particular �eld of optimization studied in this thesis (combinatorial optimiza-tion), and then will discuss how various paradigms of evolution (Darwinian, Lamarckian,and eugenic) relate to approximation.2.1 Combinatorial Optimization and EvolutionCombinatorial problems (de�ned below) are often NP-complete. Approaches to solvingNP-complete problems can be roughly divided into two categories (Garey and Johnson,1979). The �rst category includes more \traditional" techniques, while the second consistsof more modern (and radical) algorithms. The traditional techniques focus mainly onreducing the size of the search by eliminating as many potential solutions as possible.For example, \branch-and-bound" and \implicit-enumeration" (Gar�nkel and Nemhauser,1972) utilize a tree-structured search that generates \partial" solutions, subsequentallyidentifying partial solutions that could not possibly be part of a true solution and theneliminating those solutions containing these partial solutions. Other traditional techniquesinclude \dynamic programming" and \cutting-plane" techniques (Gar�nkel and Nemhauser,3



1972). The second major category of algorithms used for attacking NP-complete problemspertain soley to combinatorial optimization. These algorithms do not attempt to guaranteethe �nding of an optimal solution, but instead just try to �nd good solutions as quickly aspossible. They are approximation algorithms. This thesis focuses on this class of algorithms.(Garey and Johnson, 1979) provides a concise discussion of combinatorial optimiza-tion. Combinatorial optimization problems consist of three components: (1) a set D� ofproblem instances, (2) for each problem instance I 2 D� a set S�(I) of possible solutions forI, and (3) an objective function f� that assigns a positive rational number f�(I; x) (a solu-tion value) to each problem instance I and solution x 2 S�(I). Combinatorial optimizationproblems can either be maximization or minimization problems. For a maximization prob-lem instance I, an optimal solution x� is one such that f�(I; x�) � f�(I; x) for all x 6= x�.For a minimization problem, the solution value of x� must be less than or equal to the solu-tion value of any other solution. A combinatorial approximation algorithm is an algorithmthat �nds a solution x for any given problem instance I 2 D�. An combinatorial opti-mization algorithm is an algorithm that �nds x� for all I 2 D�. The performance of thesealgorithms is judged upon how quickly they �nd good or optimal solutions, respectively.Combinatorial approximation is similar to the search for \better" organisms thatis performed during biological evolution. This similarity is so great that highly successfulcombinatorial approximation algorithms have been designed that mimic the natural forcesthat occur during evolution. In this thesis, these algorithms shall be referred to as evo-lutionary combinatorial approximation algorithms, or simply evolutionary algorithms. Justas combinatorial approximation algorithms search for better solutions, biological evolutiondrives systems of populations to generate individuals of increasingly higher \�tness", where�tness is implicitly de�ned as successful survival and propagation1. In evolutionary com-binatorial approximation algorithms, the blurred mixing of the concepts of reproductivesuccess and �tness that occurs in biological evolution is replaced by explicit measurementsof �tness and explicit laws of reproduction based upon �tness measurements. This allowsevolutionary algorithms to produce solutions that are \better" in any sense a practitionerde�nes.The biological terminology of natural evolution transfers directly to the mathemat-ical terminology of combinatorial approximation. Solutions are \individuals", and an in-dividual's solution value|its \goodness" measurement|is referred to as its \�tness". Inevolutionary combinatorial approximation, solution components get a new name: \genes",and each di�erent solution component value is termed an \allele". The aggregate of a so-lution's components is called its \genotype", while a solution's speci�c form is called its1Propagation is more important than simple reproduction, since production of o�spring that do notreproduce themselves would not be \�t". 4



\phenotype". It is commonly necessary to \decode" individuals' genotypes in order todetermine or create their phenotypes. Often, individuals are encoded as binary vectors,although other representations (such as real vectors) are also commonly used. When indi-viduals are represented as vectors, each vector element is consider to be a gene and eachvector element value an allele. This thesis will focus on problems that have been encodedin binary vectors, since most GA research deals with such problems.Biological evolution itself does not necessarily drive the population to generate in-dividuals of higher ability, unless this ability is strictly de�ned as propagative success. Inbiological evolution, better individuals are simply those that produce the most reproducingo�spring under a variety of environmental conditions. No decisions are made that directlyselect and promote individuals on the basis of their ability to run faster, jump higher, or gofarther with less food. In contrast, for an evolutionary algorithm to e�ciently approximateor optimize a function, �tness must be clearly de�ned, and higher �tness individuals mustbe explicitly promoted. As a result, if any other ability besides propagative success is de-sired, an evolutionary algorithm must directly encourage the formation of individuals withthe desired ability.In addition to these philosophical similarities between biological evolution and combi-natorial approximation, there is a very distinct similarity in the mechanism of improvementthat is utilized by both processes. A heuristic common among many combinatorial ap-proximation algorithms is \neighborhood search", in which the search proceeds by makingsmall modi�cations to existing solutions (Garey and Johnson, 1979). This closely parallelsthe random genotypic mutations that occur during biological reproduction. Some algo-rithms even go so far as to mimic sexual reproduction in order to share information amongsolutions. One such algorithm, the genetic algorithm (GA), is probably the most widely rec-ognized evolutionary combinatorial approximation algorithm. Genetic algorithms rely upon�tness-biased simulated sexual reproduction and random mutation of o�spring to generatevariation. The �tness-biased reproduction ensures that lower �tness solutions have a smallerchance of contributing their genetic material to the next generation (Goldberg, 1989). Thisprocess is very similar to that used of Darwinian evolution. Darwinian evolution relies uponrandom variation to expand its search into unexplored regions of the genotypic search space,and natural selection to discourage exploration into lower �tness regions. Darwinian evo-lution is not the only type of evolution possible for evolutionary algorithms. In particular,the Eugenic Algorithm (EuA) developed in this paper does not rely on random mutationsto create variation; nor does it rely on simple sexual reproduction to combine informationfrom di�ering previous solutions. Instead, new individuals are purposefully constructed onepart at a time, using any genetic material previously encountered.To better understand the macro-processes that evolutionary approximation algo-5



rithms implicitly utilize, and to understand the process that the EuA will employ, thetraditional paradigms of Darwinian and Lamarckian evolution must be understood. Thenext section will describe these two paradigms, their di�erences, and how the EuA createsa new paradigm of optimization|eugenic evolution.2.2 EvolutionEvolution is the adaptation of an entire population of replicating individuals to their en-vironment. Two major forms of evolution|Darwinian and Lamarckian|dominate ourunderstanding of adaptation in natural environments and our research in arti�cial envi-ronments. A third form of evolution|eugenic evolution|will be introduced in this thesis.Eugenic evolution di�ers from Darwinian and Lamarckian evolution by how the genotypesof new individuals are constructed. While both Darwinian and Lamarckian evolution relyon random genetic inheritances, new individuals in a eugenically evolving population arepurposefully created using genetic parts that have been carefully selected based on their his-torical performance. When contrasting these forms of evolution, the speci�c mechanism ofreplication is not important, nor are the particular genotypes, phenotypes, or environmentspresent in the evolutionary systems. What is important is how feedback from individuals'performance is used to guide the construction of future genotypes.2.2.1 Darwinian EvolutionIn Darwinian evolution (Darwin, 1859), the genetic operators of random mutation andcrossover cause genotypic variation in o�spring, resulting in variations in phenotype. Thephenotypic variations that produce advantages in survival and reproduction, relative toother variations, become increasingly predominant in the population from generation togeneration. There is no direct feedback from the environment to an individual's genotype;each individual's genotype remains constant, una�ected by the environment. New genomesarise only through the random actions of mutation and crossover. However, the frequenciesof genotypes adapt in response to the environment's e�ect on their corresponding pheno-types, and, as a result, higher \�tness" genotypes come to dominate the evolving population.Thus, in Darwinian evolution, entire populations adapt to their environment through bi-ased sampling of higher \�tness" genotypes, even though the genotypes themselves do notdirectly respond or adapt to the environment. Darwinian evolution is the form of evolutionprevalent in such well-known evolutionary approximation algorithms as genetic algorithmsand simulated annealing, which both rely on random modi�cations of existing individualsto create new individuals. 6



2.2.2 Lamarckian EvolutionIn Lamarckian evolution (Lamarck, 1914), adaptation occurs in not only the genotypic fre-quencies of the population, but also in the genotypes themselves. In Lamarckian evolution,it is possible for the phenotypic state of an individual to directly modify its current genotypicstate. As environmental interaction shapes and molds an individual's phenotypic state, theenvironmentally speci�c \adaptation information" encoded in the resultant state (learnedinformation) can directly modify and be absorbed by the individual's genotype(Luria et al.,1981; Whitley et al., 1994). These modi�cations to o�springs' genotypes are a form of\smart" mutation, guided by the parent's environmental encounters, and this smart muta-tion can supplant or augment the random genetic operations that cause individual variationin Darwinian evolution. Just as with Darwinian evolution, variations that confer higher re-productive success upon individuals increase in frequency in Lamarckian populations, andtherefore populations (in addition to genotypes) will adapt to the environment.2.2.3 Eugenic EvolutionA third evolutionary method is proposed in this paper|eugenic evolution. In eugenicevolution, as with both Darwinian and Lamarckian evolution, genotypic frequencies adaptin response to feedback from environmental trials. However, unlike the more \standard"versions of Darwinian and Lamarckian evolution, where an unsupervised (random), trialand error process of reproduction is biased by natural selection, and where the genotypes ofnew individuals are limited to slightly modi�ed parental inheritances, eugenic evolution isa supervised (directed) adaptive process, where the genotypes of newly created individualsare virtually unlimited.In eugenic evolution, the correlation2 between occurrences of genotypic \parts" andindividual �tness is explicitly analyzed, and new individuals are carefully constructed partby part, by allowing these correlations to bias the probability of choosing each part forinclusion in these new individuals. Environmental feedback is not limited to only completegenotypes and phenotypes|environmental feedback can bypass genotypes and be trans-mitted directly to genotypic parts. In addition, the genotype of a new individual is notconstrained to be similar to the genotypes of a handful of parents|the new genotype canbe constructed from any alleles found in the entire population. By piecing together the best\parts" of the most elite individuals, the entire population becomes the parent of the newindividual.It should be noted that eugenic and Darwinian evolution do not necessarily require2In this paper, \correlation" refers to the qualitative correspondence between two variables, and notnecessarily simple linear correlation. 7



the same level of technological sophistication as Lamarckian evolution, and therefore it iseasier to implement eugenic or Darwinian evolutionary combinatorial approximation algo-rithms. Darwinian evolution requires only random variation and selection, and eugenicevolution requires only fairly simple correlations between alleles or allele combinations and�tness. For example, calculating the average �tness of individuals containing particular al-leles or allele combinations can be su�cient to identify patterns of high average �tness. Incontrast, Lamarckian evolution requires much more technological sophistication. In orderto ensure that o�spring share the adaptations of the parent, it must be possible for tran-sients in the phenotypic state of the parent to be encoded in the genotype of the o�spring.Therefore, some mechanism for performing specialized modi�cations to the genotype mustexist, and the mapping from phenotypic state to genotype must somehow be available. Sucha mechanism is not necessary for eugenic or Darwinian evolution. Furthermore, even if itwere possible for a Lamarckian algorithm to encode phenotypic adaptations into a genotype,some mechanism for identifying the necessary modi�cations to the genotype to cause thedesired pre-adaptations must be available. In addition, the genotype-phenotype mappingmay not rich enough to encode these transients. For example, it may be practically impos-sible to extend a genotype in order to encode an individual's acquired memories or learnedconcepts. Because of these additional complications, Lamarckian evolutionary algorithmsare rare and, for many problems, not even possible, and therefore eugenic evolutionaryalgorithms are much more promising for practical implementations.2.3 Current Methods of Evolutionary Combinatorial Approx-imationThis section will discuss current methods of evolutionary combinatorial approximation. Itwill introduce a new way of categorizing evolutionary approximation algorithms into twogroups|\mutation-based" and \pattern-based" algorithms, and discuss some of the bestknown representatives from each group. Afterward, two major characteristics of evolution-ary algorithms|the use of a population for search focus and learning, and the processingof schemata, will be discussed.2.3.1 Mutation-based and Pattern-based Evolutionary AlgorithmsModern evolutionary approximation algorithms rely primarily on Darwinian evolution. De-pending on how many individuals contribute to the creation of a new individual, they canbe roughly divided into two categories: mutation-based methods and pattern-based meth-8



ods3. Mutation-based methods are those that modify a single existing individual to producea single new individual. Simulated annealing is probably the best known mutation-basedmethod. In contrast to mutation-based methods, pattern-based methods create new indi-viduals by combining parts of multiple existing individuals to produce a new individual.Genetic algorithms are pattern-based algorithms. Current approaches to both mutation-and pattern-based evolutionary combinatorial approximation will now be discussed.Mutation-Based MethodsMutation-based algorithms repeatedly modify a single individual. These modi�cations(\mutations") produce new solutions. In all mutation-based methods, tournaments be-tween the original and mutated solution are performed. The loser of each competitionis discarded, and a new solution is then created by modifying the winner. The winnerand the new solution then compete in a new tournament, and the process is repeated. Insimulated annealing (Kirkpatrick and Sherrington, 1988), the tournaments are stochastic|i.e. the winner of each tournament is not necessarily the highest �tness individual. Thisallows for \stochastic backtracking", where algorithm can extract itself from dead-ends.The probability of accepting a lower �tness individual over a higher �tness individual (the\acceptance probability") can be made to decrease over time. Other mutation-based algo-rithms, including the \two-membered evolution strategy" (1+1)-ES (B�ack et al., 1993) andthe roughly equivalent MBSH algorithm (Baluja, 1995), utilize deterministic competitionsthat are always won by the competitor of higher �tness.A secondary characteristic of mutation-based methods are their mutation \temperatures"|the average size of modi�cations made to competition winners to create new individuals.Lower temperatures correspond to fewer mutations, while higher temperatures correspondto more mutations. This temperature can vary over the course of an algorithm's search.\Cooling" or \heating" schedules control the rate at which temperature decreases or in-creases. The cooling schedule of simulated annealing can be set in such a way that theentire search space is eventually explored, and can therefore guarantee the discovery of anoptimal solution. When a search is guaranteed to visit all solutions in a search space, itis called \ergodic search". However, any algorithm can be modi�ed to simply enumeratethe entire search space and therefore be ergodic; therefore ergodicity by itself is a ratheruninteresting property. What is more important is e�ciency|how quickly an algorithmcan �nd good or even optimal solutions. A simulated annealing process can be made moree�cient at �nding good (but not necessarily optimal) solutions by increasing its cooling rate.When this is done, the process is called \simulated quenching" (SQ). Simulated quenching3The methods could also be termed \asexual" and \sexual" methods, respectively.9



does not have the same ergodic search property as simulated annealing, and therefore cannot guarantee an optimal solution. However, it has been demonstrated previously (Ingber,1993) and will be shown in this thesis that simulated quenching can compare favorably ine�ciency to genetic algorithms (and even the EuA) on some practical combinatorial op-timization problems, but su�er from the same premature convergence problems that GAsencounter as a consequence of too rapid a cooling schedule.One weakness of mutation-based based methods is the paucity of information preser-vation from one iteration to the next. Pattern-based methods attack this weakness by em-ploying a \memory" more sophisticated than just a single stored individual. Pattern basedmethods will be discussed next.Pattern-Based MethodsPattern-based methods can be considered to be more sophisticated than mutation-basedmethods, because they utilize groups of solutions to generate new individuals. Informationis garnered from individuals in the \parent" group and used in the creation of o�spring. Theparent group, just like mutation-based methods' \current individual", serves as a storehouseof knowledge about the search space.The genetic algorithm (Goldberg, 1989; Holland, 1975) is probably the best knownpattern-based evolutionary algorithm. They begin with a (typically random) population ofn solutions. Two parent solutions are chosen and the \recombination" operator is used tocombine parts of the parents to form o�spring individuals. This process is repeated n times.The n generated can either replace individuals in the current population or be added to acompletely new parent population. If o�spring replace individuals in the current population,the algorithm is called a \steady state" genetic algorithm (SSGA) (Syswerda, 1991). Thereare a great many variations of the crossover operator, but two forms of recombination|\M-point crossover" and \uniform crossover" are probably the most common (Goldberg,1989). In M-point crossover, each parent is divided at M locations into M+1 contiguoussections, numbered 1 through M+1. Each parent is divided at the same M locations. Twoo�spring are created by exchanging every odd section between the two parents. One-pointcrossover is probably the most commonly used type of M-point crossover. Uniform crossoveris very similar to M-point crossover. Uniform crossover can be thought of M-point crossover,where M+1 is the number of genes in each parent. Therefore each gene is a section, andevery section is probabilistically interchanged between the two parents. Other recombinationoperators take many shapes and forms, including crossover operators that use more thantwo parents to generate a single o�spring (Eiben et al., 1994). However, these operatorstypically give no consideration to the functional interdependence of alleles (\epistasis")when deciding how to section the parents. Alleles are functionally interdependent when10



their \best" settings (resulting in individuals of highest �tness) depend on the settings ofeach other|when found in speci�c combinations, they are \more than the sum of theirparts". Epistasis is considered to be the most signi�cant factor in a problem's di�culty.Chapter 3 will discuss epistasis in depth.The genetic algorithm also employs mutation; however, the probability of mutationis usually very low. Just as with mutation-based methods, standard GA mutation operators\perturb" o�spring by changing a small number of alleles. Some GAs use only the mutationoperator|they perform no recombination. These GAs are roughly equivalent to runningmany simulated annealing algorithms in parallel, and are therefore mutation-based meth-ods. Genetic algorithm use mutation operators for two main purposes: to maintain allelediversity and to \tune" individuals by allowing genetic search to explore those areas of thesample space that have a very small Hamming distance (usually 1) from these individuals(neighborhood search). No attempt is made to determine which genes of selected individ-uals would be most likely to yield overall �tness improvement through mutation. The useof standard mutation operators for local tuning assumes that the di�erence in �tness issmall among individuals separated by small Hamming distances|that genotypically similarindividuals are phenotypically similar.As mentioned above, the o�spring created by the recombination and mutation op-erators replace lower �tness individuals in the population or are used to create entirely newpopulations. By repeatedly creating new o�spring more often from the parts of highly �tsolutions than from low �tness solutions, a simulated process of natural selection and evo-lution occurs. The process is usually continued until the chance of generating an o�springthat is more �t than the best individual in the current population becomes very small. Atthis point, the search is terminated, and the best individual in the �nal population is chosenas the solution to the problem at hand.2.3.2 The Population and Search FocusEvolutionary algorithms are \weak" search methods; they require no domain knowledge toperform their tasks. When very good heuristics are available to guide the optimization of agiven objective function (\knowledge-rich domains"), weak search methods will very oftennot perform as well or as quickly as traditional algorithms (like branch-and-bound) employ-ing these known heuristics, although there are counterexamples in which GAs performedbetter than the best known conventional algorithms (H-L. Fang, 1993). However, thereexist a great number of practical problems for which few heuristics exist (\knowledge-poordomains"). For such domains, trial and error is the only possibility. But it might be hopedthat, at the least, weak search methods learn something from their experiences that mayhelp them guide future search. The populations (whether composed of single or multiple11



individuals) utilized by evolutionary algorithms allow these algorithms to accomplish thistask. All evolutionary search algorithms, whether mutation-based or pattern-based, main-tain a search focus through the use of populations of sample points. Mutation-based meth-ods (simulated annealing, for instance) typically use populations with only one member,while pattern-based methods typically have populations consisting of many individuals.The population can be viewed as a very basic form of learning; the algorithms are storingexplicit representations of \good" parts of the target space and unrepresented regions areimplicitly avoided and therefore considered \bad". The population plays a fundamental rolein the search strategy, by biasing the selection probabilities of new samples. As discussedby Syswerda (Syswerda, 1993), it is not easily possible to eliminate the population com-pletely and substitute a simply-updated set of allele statistics, as this strategy would lead torepeatedly generating the same alleles with the same probabilities. A dynamic populationis needed, as it will adaptively change the search focus and force exploration of the searchspace, instead of repeated exploitation of a static region.Although the population serves to focus the search in promising regions of the searchspace, these algorithms make no explicit attempts to categorize interesting or bene�cialproperties of particular genotypes; they notice nothing and target nothing. However, it ishypothesized that implicitly, important genotypic properties are exploited. This is accom-plished through schemata processing.2.3.3 Schemata ProcessingPattern-based methods' primary operator is the recombination operator; it chooses geno-typic parts or patterns from parent individuals and combines them to form new individuals.These parts are called \schemata", as they are patterned constituents of a greater whole.Some of these schemata may be more important than others in forming higher �tness solu-tions, and so, intuitively, recombination operators that more often choose higher \�tness"schemata are more likely to create higher �tness solutions. This idea is called the \buildingblock hypothesis". This section will discuss how both mutation-based and pattern-basedevolutionary search use schemata, and how schemata should be exploited most e�ectively.SchemataThe concepts of \schemata" and \schemata processing" have been used to quantify thestructure of binary combinatorial problems, explain how evolutionary algorithms processthe information contained in their populations, and how the evolutionary algorithms shouldexploit this information (Holland, 1975). Schemata are generalized descriptors of properties12



found in an individual's genotype; several individuals may share the same property, andit is hoped that an evolutionary algorithm will promote the spread of bene�cial propertiesand curtail the propagation of detrimental properties. A single schema describes a set ofindividuals by enumerating a group of gene values (alleles); all the individuals that containthese alleles belong to the schema. A standard way to represent schemata is to use vectorswhose nth element either speci�es a particular allele for the nth gene or allows the nth geneto remain unspeci�ed. In this way, schemata are simple, �xed-length patterns containingsymbols speci�c to certain alleles and possibly wildcard characters. For example, a schemadescribing binary genotypes could be expressed as a sequence from the set f0,1,#g|theschema `0#0` would \match\ the genotypes `000` and `010`. Occurrences of either of thesegenotypes would provide �tness information on this schema, as well as any other schematathat matched the genotypes. The \order" K of a schema is the number of �xed genes in thegenotype; our example schema `0#0` is order 2. We denote \order K" as o(K). A schema`sorder can range from 0 to l, where l is the number of genes in (�xed length) genotype.Schemata processing occurs in both mutation- and pattern-based algorithms; schemataprocessing occurs when schemata are compared and combined in order to form new solu-tions. Mutation-based evolutionary algorithms take a single genotype and randomly changeparts of it; they never deal with parts of multiple genotypes simultaneously. As a result,these algorithms perform the most basic type of schemata processing since they evaluate andcompare only o(l) schemata|the highest order schema that matches the current individual.Since pattern-based methods combine genotypic parts of various size from multiple individ-uals, they process all schemata from o(1) to o(l). This allows pattern-based algorithms tobe more \conservatively explorative" than mutation-based algorithms, since recombinationof previously tested genotypic parts is a more cautious strategy than randomly mutatingexisting parts into completely new forms (Syswerda, 1993). But how do pattern-based al-gorithms choose the \best" parts to recombine? Somehow, the \�tness" of schemata mustbe gauged. The next section will describe how this can be accomplished.Schemata and Fitness InformationEach sample point x yields info on all schemata Sx for which x 2 Sx, i.e. all those schematawhose de�ned alleles match those found in x. As a result, each x is a member of 2lschemata, and therefore very few genotypes are needed to sample large numbers of schemata.However, there exists a trade-o� between the number of schemata sampled and the amountof information per schema. The amount of information gathered by one genotype about oneschema depends on the schema's order. A genotype is an instance of 2l schemata rangingfrom o(1) to o(l), but yields less information about lower-order schema. For example, if aschema is o(l), then every position in that schema is �xed, and so only one genotype will be13



a member of the schema. Therefore the matching genotype will yield complete informationon such a schema. Conversely, an o(0) schema will contain l unde�ned genes, and so 2lgenotypes will be members of the schema. Each member genotype will sample only 1=2lthof the schema, and so yield vastly less information about the schema.Evolutionary algorithms that utilize schemata must rely on averages observed in thesample population. It is possible to de�ne the \�tness" of a schema as the average �tness ofall individuals belonging to the schema, whether or not these individuals are in the currentpopulation. However, except for the highest order schemata, it is impractical to calculateschema �tnesses, due to the large number of individuals that match each schema. As aresult, algorithms must rely on limited samples of individuals to collect information on thetrue average �tness of each schema. The statistics collected in such a way are \observed"statistics, instead of the true statistics of the schemata. \E�cient" processing of schematathrough the use of observed statistics remains an open research question, as observed averageschemata �tnesses could easily be misleading|low-�tness schemata may have high observed�tnesses, and high-�tness schemata may not even be represented in the population. Becauseof this \sampling error", a search algorithm must strike a balance between the exploitationof observed high-�tness schemata and the exploration for more information about observedand unobserved schemata. In the remaining parts of this thesis, the \�tness" of a schemawill refer its observed average �tness.The greater the amount of knowledge an evolutionary algorithm has about the searchspace, the greater its chances of success. (Goldberg, 1989) estimated that a random popu-lation of size � will sample on the order of �3 schemata. Consequently, the computationalburden of explicitly recording statistics about each schema encountered quickly becomesprohibitive as population size is increased. Still, larger populations may be more desirablethan smaller populations, as they implicitly provide information on many more schematathan smaller populations, and judicious use of this extra information can increase the prob-ability of discovering highly bene�cial genotypic properties. Genetic algorithms deal withthis problem of \information overload" through the use of �tness-proportionate schematarepresentation. Instead of using explicit calculations to keep track of schemata �tness,observed schemata �tnesses are implicitly recorded, by including higher �tness schematain the population more often than lower �tness schemata. A �tness-proportionate selec-tion operator chooses above-average �tness individuals for reproduction more often thanbelow-average �tness individuals. This action engenders a positive feedback phenomena,in which GAs allocate trials to schemata with above-average observed �tness more oftenthan to those of below-average observed �tness, and the population becomes increasingcomposed of higher (observed) �tness schemata, which in turn increases the probabilityof the selection of these schemata. This �tness-proportionate representation of schemata14



has the additional bene�t of focusing the search by probabilistically limiting the possiblecombinations of schemata achievable through the application of the crossover operator; thesearch collects more information on higher �tness schemata, as opposed to collecting equalamounts of information about all schemata. However, only the selection operator performsschemata analysis, and it examines only o(l) schemata. The mutation and recombinationoperators of genetic algorithms perform no analysis on schemata; they rely on the selectionoperator to choose highly �t individuals for manipulation, with the assumptions that theseindividuals will contain schemata important for the construction of even higher �tness in-dividuals and that enough random mixing of schemata will eventually result in the creationof the \best" combinations of schemata. As a result, the population of the GA allows it toavoid the infeasible task of explicitly recording average schemata performance, while at thesame time maintains and adapts the GA's search focus.The \Golden" Heuristic?A blanket assumption that �tness proportionate schemata selection is the \best" selectionmethod to use is simply not true. The heuristics an algorithm uses to guide its searchmay have to change, depending on the speci�c task to be accomplished. Sometimes thegoal of evolutionary search is not approximation, but the maximization of the cumulative�tness of all function evaluations. (Holland, 1975) proved that allocating exponentiallyincreasing trials to schemata of above-average observed �tness is a minimum-loss strategy.It must be recognized that this strategy is only a heuristic for guiding evolutionary search.Whether high �tness schemata should be propagated or not depends on the type of problemattacked, the operators employed by the algorithm, and the goal of the algorithm itself. Inoptimization problems, the goal is to �nd very high �tness individuals in as few functionevaluations as possible. While allocating trials on the basis of observed schema �tnessprobably is a good heuristic for locating this individual, it is quite possible that the highest�tness schemata do not contain the highest �tness individuals. This phenomena is called\deception" (Goldberg, 1989). When deception is present, the blanket assumption thatabove-average �tness schemata should be utilized more often than below-average schemata isincorrect. In such situations, an algorithmmust take action to avoid converging permanentlyto the deceptive local optima. These actions could include restarting the search with a newindividual that is maximally di�erent from the local optimum (in a binary problem, forinstance, the maximally di�erent individual would be the bitwise complement of the localoptimum). Therefore, the \golden" heuristic of �tness proportionate schemata selectionmust be supplemented by other heuristics in order to e�ectively deal with deceptive andother di�cult situations. 15



2.4 Eugenic Combinatorial ApproximationAll of the Darwinian evolutionary search algorithms perform minimal analyses of the infor-mation contained in their populations; the only information used in the construction of newindividuals is a list of one or more previously encountered individuals and their correspond-ing �tnesses. These algorithms rely on a large number of trials and repeated applications ofrandom operators to overcome their lack of domain knowledge and \blindly" strike aboutin the search space (albeit in regions biased by the list of historical individuals). The muta-tions made by these algorithms may be small or large, increasing or decreasing in size, butall the mutations are random, in the sense that the choices of what parts to mutate and byhow much are not dependent on any analysis of what changes might be best. The geneticrecombinations that take place in pattern-based methods are not guided by any criteria ofwhich parts would work most successfully together; parts are just randomly extracted fromhigher �tness individuals and patched together. Eugenic evolution hopefully reduces someof the need for many trials by performing reasonable amounts of analysis of the informationgathered in previous trials and pro-actively exploiting this information to guide the choicesmade for choosing and combining genetic material.At least two algorithms, \Binary Simulated Crossover" (BSC) (Syswerda, 1993)and \Population-Based Iterative Learning" (PBIL) (Baluja, 1994), have attempted to pro-actively and explicitly identify and exploit correlations between �tness and genetic parts orcomplete genotypes. Both are pattern-based methods, but PBIL also can be considered tobe a mutation-based method, even though it makes use of a population of samples. BSCproceeds as a SSGA, but does not construct new individuals through random crossoverand mutation. Instead, the alleles of a new individual are generated independently, usingmodi�ed versions of GA selection techniques such �tness-proportionate selection or rankselection. Instead of using these selection techniques to choose individuals to participate inreproduction, these techniques select alleles for inclusion in a completely new individual.The \�tness" in \�tness-proportionate selection" would refer to an allele's �tness, insteadof an individual's �tness. For example, if �tness proportionate selection was being used,and a speci�c allele of a gene was found in several individuals whose mean �tness was 50,while another allele of the same gene was found in individuals whose mean �tness was 25,then the probability of use of the �rst allele in new individuals would be twice that of thesecond|the �rst allele would be two times more likely to appear in a new individual. The\�tness" of an allele is dependent upon a statistic computed over the individuals in whichit is found, and in this case the statistic is the sample mean of the individuals' �tnesses.BSC relies solely on measurements of marginal allele-�tness distributions; it makes no e�ortto determine the dependence of an allele's �tness conditional upon the presence or absence16



of other alleles. BSC makes no attempt to determine which allele combinations go besttogether; it completely ignore schemata of order greater than one. As a result, BSC onlyanalyzes o(1) schemata and therefore completely ignores epistasis.PBIL also forsakes random crossover and mutation for an alternate method of o�-spring creation. A \probability vector" is used to generate each population. This probabilityvector is simply a vector whose nth component represents the probability that the nth genewill take the '1' form in the next population. An entire population is randomly generatedwith this single vector. After each population is generated, the single best and worst indi-viduals in the population modify the probability vector so as to increase the likelihood thatthe alleles found in the best individual but not in the worst individual will be producedin the next generation. In a somewhat similar way to simulated annealing's cooling sched-ule, the amount that the probability vector is modi�ed by decreases with time. PBIL ispattern-based in the sense that the probability vector represents a pattern of \good" indi-viduals, while it is also mutation-based in that a single pattern that is the \starting point"to generate new solutions. PBIL's use of a single probability vector is basically equivalentto a BSC algorithm that combines the allele-�tness averages of the highest and lowest �t-ness individuals from many generations. Since PBIL only processes entire genotypes andprobability vectors, and never attempts to analyze parts of these genotypes or vector, itprocesses only o(l) schemata.In both BSC and PBIL, all alleles participate equally in updating the �tness averagesand selection probabilities, and no attempt is made to sort out the possibly con
icting infor-mation coming from very diverse individuals. BSC processes only o(1) schemata, and PBILprocesses only o(l) schemata|neither algorithm processes intermediate-order schemata. Itwill be demonstrated in later chapter that the eugenic algorithm, developed independentlyof both BSC and PBIL, processes schemata of all orders, through the use of measurementsof both marginal and conditional allele-�tness distributions. Therefore the EuA additionallyhas the extremely important ability (lacking in both BSC and PBIL) to track and exploitepistasis by explicitly examining allele behavior that is dependent upon other alleles, evenwhen these dependencies only occur in schemata of less than order l.
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Chapter 3
Problem Structure and Di�culty
A clear understanding of the optimization problems faced by evolutionary algorithms is nec-essary to fully appreciate the mechanism of the EuA. In this chapter, �ve major qualitativecharacteristics of discrete combinatorial optimization problems (attractors, hill-climbability,deception, epistasis, and �tness distribution) are de�ned and discussed. Although none ofthese concepts are new, they are usually not de�ned very concretely. This section willattempt to de�ne and relate them into a uni�ed view of problem structure. Attractorsare optima (local or global) that have basins of attraction. Hill-climbable problems areones that can be solved easily using exploitation|when no suboptimal attractors exist.When suboptimal attractors do exist, both deception and epistasis can occur. Deceptionis encountered when strong suboptimal attractors exist that are very genotypically di�er-ent from the global optima. Problems with high epistasis have a great number of smallattractors. Greater deception and higher epistasis lead to greater problem di�culty. Unlikedeception and epistasis, the relationship between �tness distribution and problem di�cultyis not so concrete. Extremely small or large �tness variance or ranges can either adverselya�ect the success of evolutionary optimization algorithms, decrease problem di�culty, orhave no e�ect at all. It can be very di�cult to determine by observation the extent to thatthese problem characteristics manifest themselves in a particular problem, but quantita-tive methods for measuring a problem's epistasis and �tness distribution will be proposedin this thesis. However, before a full discussion of any of these characteristics is possible,the di�erence between the concepts of genotypic distance and algorithmic distance must beexplored and clari�ed. 18



3.1 \Distance": Genetic and AlgorithmicIn GA literature, the term \distance" has been associated with both genotypic and algo-rithmic distance. Although both measures of distance are often directly proportional, thisis not always the case. A well known measure of genotypic distance is Hamming distance.Hamming distance is a suitable metric for computing genotypic distance for binary geno-types, as it simply counts the number of gene positions that di�er between two individuals.As Hamming distance increases, genotypic similarity decreases. Algorithmic distance, onthe other hand, is the amount of search an algorithm must perform to generate one pointfrom another. It is inversely related to transitional probability|the probability that a par-ticular o�spring will be generated from a given parent. The algorithmic distance betweenpoint A and point B increases as the likelihood decreases that an algorithm's search willprogress directly from point A to point B. If the algorithmic distance between point A andpoint B is in�nite, then the transitional probability from point A to point B is zero. Al-though algorithmic and genotypic distance are often related, they are independent of eachother, since algorithmic distance varies depending on the algorithm in use, while genotypicdistance remains constant.There are cases in which algorithmic distance is directly proportional to genotypicdistance. This is true for some of the most popular evolutionary algorithms. In these cases,the use of the term \distance" to simultaneously refer to both distance measures has beenboth convenient and justi�ed. For mutation-based algorithms that use small mutations,Hamming distance can easily be used to estimate the algorithmic distance of two points.These methods rely on small perturbations of the current solutions to generate new solu-tions, and so points separated by small Hamming distances are highly likely to be generatedfrom each other, while points separated by large Hamming distances very likely will neverbe generated from each other|they are truly \far away" from each other. Therefore, forthese algorithms, the qualitative relationship between genotypic and algorithmic distanceis simple and static. The concepts of genotypic proximity and transitional improbabilityare truly interchangeable, and both concepts can be easily uni�ed into a single idea of\distance".For pattern-based algorithms, the concept of distance is much more complicated. Anintuitive assumed equivalence between genotypic and algorithmic distance is not valid, sinceextremely large perturbations to the current solution(s) can and do occur from one iteration(generation) to the next. It is often very likely that a new individual will di�er signi�cantlyfrom every individual in its parent population, even though the new o�spring was createdwith only a single iteration of the search. All that is likely to remain similar between parentsand o�spring are the special patterns that the algorithm promotes. When these patterns19



include most of an individual's alleles, as in mutation-based algorithms, Hamming distancesremain small from generation to generation|genotypic distance is small when algorithmicdistance is small. When the exploited patterns are more complex, such as the random-lengthschemata of GAs, the Hamming distances between o�spring and their immediate parentscan often be very large. Therefore, although the genotypic distance between two individualsmay be very large, the algorithmic distance could still be very small. The simple relationshipbetween genotypic and algorithmic distance that is encountered in many mutation-basedmethods breaks down as the complexity of the exploited patterns increase. For pattern-based methods, and for mutation-based methods that utilize extremely high mutation rates,genotypic distance is often largely unrelated to algorithmic distance.3.2 AttractorsBecause of the breakdown of the relationship between genotypic and algorithmic distance,the ideas of \attractors" and \local optima" must be approached very carefully, since thevery idea of \locality" depends on the distance measure being used. Local optima aresuboptimal points or regions that optimization algorithms frequently converge to, for onereason or another. Accompanying these sub-optima are their \basins of attraction", whichare regions of the search space such the algorithm is likely to converge to the sub-optimaif it enters the region. Whether optimal or suboptimal, points (or regions) having basinsof attraction are called \attractors". An attractor for mutation-based algorithms is notnecessarily an attractor for pattern-based algorithms. Attractors for mutation-based algo-rithms (mutation-based attractors) are points that are superior to points in the genotypicneighborhood. Fitness in this neighborhood monotonically decreases with increasing geno-typic distance from the attractor. Points that are more similar to the attractor have higher�tness, while points that are less similar have lower �tness. Therefore, a mutation-basedalgorithm that encounters a point in the basin of attraction can easily increase the �tnessof the solution by mutating the point to become more similar to the attractor. Once in-side the basin of attraction, a mutation-based algorithm would converge to the attractor,unless the algorithm performed large mutations (\jumps") that made the current solutionless similar to the attractor. The \strength" of a mutation-based attractor depends on howfar out its basin of attraction extends (i.e. at what genotypic distance does �tness stopmonotonically decreasing), and on how many points inside the basin of attraction violatethe rule of monotonically decreasing �tness.In contrast, attractors for pattern-based algorithms pattern-based attractors are rootedin suboptimal patterns, not suboptimal points. When a genotypic pattern is observed tohave �tness superior to that of its alternatives, and therefore promoted throughout the20



search, then this pattern can be considered to be an attractor for a pattern-based algorithm(see \Deception", below). The �tness of a pattern is generally considered to be the average�tness of all individuals encountered that match the pattern, but the choice of the statisticused (whether mean, mean-squared, etc.) is arbitrary. Patterns arise through observationsof many di�erent individuals, but the patterns do not necessarily lead to any particularhighly-�t point. The observations are incomplete, because they often do not sample all thepoints matching a particular pattern, and therefore any statistics calculated using the ob-servations are prone to sampling error. Therefore, the patterns are \noisy" attractors thathelp guide the algorithm towards seemingly good groups of points, not necessarily directlytoward speci�c superior individuals. The strength of a pattern-based attractor increases asthe mean �tness of the pattern increases and its variation decreases. Strength decreaseswith increasing pattern length, because the pattern becomes more speci�c and thereforematches fewer individuals. As a result, it is less likely that the pattern will be encounteredand, when encountered, sampling error will be higher since fewer matching individuals willbe available. In e�ect, by increasing pattern length, the basin of attraction of the patterndecreases in size.3.3 Hill-ClimbabilityFor many evolutionary algorithms, there are some types of discrete optimization problemsthat are easier to solve than others. In particular, the characteristic of \hill-climbability"can be found in many of the simplest problems. In hill-climbable problems, the exploitationof observed superior properties leads easily to the creation of an optimal individual. Insuch problems, there is little or no need for exploration and, speci�cally, there is no needto discard an observed superior pattern or individual in favor of a inferior one. Varyingdegrees of hill-climbability exist. Problems that have more suboptimal attractors are lesshill-climbable, as are problems whose suboptimal attractors have larger basins of attraction,since exploitative algorithms are more likely to converge to the sub-optima in these cases.Therefore hill-climbability decreases with increasing numbers and strength of suboptimalattractors.There are two types of hill-climbability|mutation-based and pattern-based. Ina mutation-based hill-climbable (MBHC) problem, all the mutation-based attractors areglobal optima. This means that from every non-optimal point in the search space, thereare many single-bit mutations that lead to points of higher �tness. Therefore, there is anexploitative, single-bit \mutation-trajectory" from every point in the space to a global op-timum. A MBHC problem can be solved very easily by a mutation-based \hill-climbing"algorithm, which performs single-bit mutations and replaces the current individual only21



when the new individual has higher �tness. Later in this thesis, a speci�c mutation-basedhill-climbing algorithm will be developed to determine the MBHC of any problem.Pattern-based hill-climbability (PBHC), better known as \building block construc-tivity", has been discussed extensively in GA literature (Goldberg, 1989). In theory, aPBHC problem could easily be solved by exploiting alleles and allele sets that have superiorobserved �tness averages. Such alleles or allele sets would surely be present in a globaloptimum, and therefore it would be a simple matter for an algorithm to combine superiorpatterns into an optimum individual. However, in practice, even toy problems that havebeen designed speci�cally to be building block constructive are not that easily optimizedby pattern-based algorithms. However,it has been demonstrated that GAs can performrelatively poorly on problems that are speci�cally designed to be building-block construc-tive (the \Royal-Road" functions described in (Forrest and Mitchell, 1993)). In particular,far simpler approaches such as random bit-climbing algorithms have been shown to easilyoutperform GAs on several of these problems. It is now clear that there are many otherfactors involved in GA performance, and that building-block constructivity cannot be soeasily measured. It is usually the case that only \toy" problems can be clearly seen to beoptimizable through the recombination of short, low-order schemata. Similar to MBHC,PBHC decreases when the number and strength of pattern-based suboptimal attractorsincrease.In order to more fully understand both mutation- and pattern-based hill-climbability,it is useful to study a problem that is completely mutation- and pattern-based hill climbable.The BIT-COUNT problem is such a problem. It is probably the simplest toy problem usedto test and illustrate the actions of evolutionary algorithms. In BIT-COUNT, the �tness ofeach point (x) is its Hamming distance from the zero-vector (x = 0:::0). The optimum istherefore reached when all the bits are set to '1' (x = 1:::1), since this point has the highestHamming distance from the zero-vector. It is mutation-based hill-climbable because anymutation from a '0' allele to a '1' allele leads to an individual of higher �tness that is alsocloser to the optimum, while mutations from '1' alleles to '0' alleles lead to individuals oflower �tness that are farther away from the optimum. Therefore a completely exploitativemutation-based algorithm will easily and quickly locate the optimum, and the problem istherefore mutation-based hill-climbable. In addition, all schemata that contain more '1'alleles than their rivals will have higher average �tnesses than their rivals, if the numberof observations over which these averages are computed is high enough. As a result, thecomplete exploitation of these higher �tness schemata will lead to optimization. There-fore BIT-COUNT is also pattern-based hill-climbable. It should, however, be noted thatpattern-based algorithms do not usually have access to complete schemata information|they must rely on only small samplings of schema members to compute schema �tness, and22



are therefore vulnerable to the errors associated with incomplete sampling. The �tness aver-ages observed in smaller samples may incorrectly re
ect relative �tnesses, and therefore anexploitative pattern-based algorithm may erroneously promote patterns not matching theoptimum. As a result, such algorithms will not always �nd the optimum of BIT-COUNTas quickly as a completely exploitative mutation-based algorithm.3.4 DeceptionEven though a problem may display a high degree of observed hill-climbability|whereexploitation leads to signi�cant and reliable increases in �tness|the problem may still havelocal optima. When local optima have very large hill-climbable basins of attraction anddi�er greatly from the global optima, the problem is \deceptive"1. In this case, the easy\progress" made by hill-climbing algorithms is deceptive, as it leads only to local optima thatare very genotypical di�erent than the global optima. For example, a particular problemmay have one schema that is observed to have a greater average �tness than its competitors.However this \better" schema might not be part of the optimum genotype, even thoughthe promotion of this schema above its competitors results in individuals of increasinglyhigher �tness. In fact, the schema may match individuals that di�er signi�cantly from theoptimum individuals. In this case, the problem would be pattern-based deceptive. A similarexample can be constructed for mutation-based deception, where mutations towards a localattractor would lead farther and farther away from the true global optimum.Depending on a problem's attractors, both pattern-based deception as well as mutation-based deception are possible, but do not necessarily always coexist. \DECEPT" is stan-dard GA test problem that is both pattern- and mutation-based deceptive. DECEPT isvery similar in structure to BIT-COUNT, but DECEPT is a much harder problem for anevolutionary algorithm to solve. DECEPT (equation 3.4) is basically identical to \BIT-COUNT", except that the zero-vector (x = 0:::0) itself is the optimum, with slightly higher�tness than the one-vector (x = 1:::1). In both problems, when all non-optimal individualsare examined2, and then the average �tness of both the '0' and '1' alleles are calculated, itwill be found that the average �tness of the '1' allele is higher than the average �tness ofthe '0' allele. For the BIT-COUNT problem, this intuitively con�rms the presence of theoptimum at x = 1:::1. However, for the DECEPT problem, it contradicts the intuition thatthe observed \average best" allele (allele '1') will be the one present in the optimum, since1Deception is typically said to exist in problems with \misleading" (or locally optimal) schemata (Gold-berg, 1989), and therefore this de�nition does not distinguish between mutation- and pattern-baseddeception.2It is reasonable to exclude the optimum from the calculation of allele or schema �tness, since we areassuming that the optimum is not known a priori (that's why we need an optimization algorithm!).23



l + 1 when x = 0 (3.1)Hamm(x;0) otherwise (3.2)Figure 3.1: The DECEPT problemthe optimum contains only '0' alleles. As a result, DECEPT is signi�cantly harder for bothmutation-based and pattern-based algorithms. It is hard for mutation-based algorithms tooptimize since �tness will increase each time a '0' is mutated to a '1' (except when startingfrom the optimum). Each seemingly \good" mutation is actually an \incorrect" mutation,in the sense that it will lead to a sub-optimal solution and away from the true global op-timum. DECEPT is hard for pattern-based algorithms because, in populations that donot contain the optimum, every \schemata competition"3 is won by the schema with thegreater number of '1' alleles, and so more '1' alleles are propagated through the popula-tion. A pattern-based algorithm will allocate increasing amounts of trials to \misleading"schemata that can never be recombined to form the optimum.3.5 EpistasisIn general, the degree to which a problem exhibits epistasis is the degree to which the\best" setting of an allele is dependent on the settings of other alleles|it is the amountof interdependence among a genotype's alleles (Goldberg, 1989). However, little attentionhas been given to the interaction between attractors and epistasis. Epistasis occurs when aproblem has an extremely high number of very small mutation-based attractors, to such anextent that there are almost no pattern-based attractors, since the basins of attraction of thesub-optima contain so few individuals over which patterns can be discerned. If the problemhas only one (global) attractor, then the best setting of every allele is always independent ofthe settings of the other alleles, and the problem is completely unepistatic|it exhibits 0%epistasis. There is no need to coordinate the selection of alleles; each gene has an elite allelethat is consistently found in superior individuals, and so it is a simple matter to constructhigh �tness individuals using these alleles. BIT-COUNT is an example of a 0% epistaticproblem. It has no suboptimal attractors. For any given individual, the best setting ofevery allele is completely independent of the other alleles.3I de�ne a \schemata competition" as a comparison between two schemata with the same order and �xedpositions 24



Conversely, if the best setting of an allele can never be speci�ed without the exam-ination of all the other allele settings, then the problem is 100% epistatic. The best allelechoice for a gene can rely heavily on a suitable and \harmonious" setting of other genes.100% epistatic problems are hard for both mutation-based and pattern-based optimizationalgorithms, since the settings of almost all of the genes must be coordinated simultaneouslyin order to create a superior individual. For example, in a mutation-based algorithm, suchas SA, the alleles found in the current sample roughly indicate \good" settings. As thesearch progresses, fewer alleles are changed and correspondingly more alleles are left un-touched, as it is hoped that higher and higher �tness combinations have been found. But ina 100% epistatic problem, the \best" setting of each allele changes any time another allelechanges values. Therefore SA's heuristic of mutating fewer alleles as better solutions arefound is much less e�ective. The heuristic of promoting good sets of alleles (schemata),used by pattern-based algorithms, is also less e�ective in these circumstances, as the �tnessof each schemata becomes too dependent on the presence or absence of other \companion"schemata. As a result, random recombination of schemata must rely on the random chancethat two entire schemata will work well with each other. Because of the combinatorialexplosion of the number of possible combinations of schemata, this random chance is verysmall. Consequentially, 100% epistatic problems are the hardest problems for evolutionaryalgorithms.Epistasis can be partially studied by examining single-allele competitions betweenotherwise identical genotypes. Such a competition is performed when a single allele ofan individual is mutated into an alternative allele. The �tnesses of both the original andthe mutated individual are determined, and the allele associated with the higher �tnessindividual wins the competition. These competitions can be performed on any individual inthe search space. In a 0% epistatic problem, each gene will have a special allele that it alwayswins its competitions with its alternate allele, no matter how the rest of the genotype iscon�gured. In a 100% epistatic problem, however, the winners of these competitions will beequally balanced among all the competing alleles. For example, if the genotypes are binary,then the value of '0' for a particular gene will yield superior �tness for half the genotypes,while '1' will be better for the other half. In e�ect, the search space is partitioned into twosets by a particular gene|the �rst set containing all those genotypes for which '0' yieldsthe highest �tness, and the other set that contains those genotypes for which '1' is best.In a 100% epistatic problem, these two sets are equal in size|each allele is best only halfthe time. However, as one set increases in size and the other shrinks, a \pattern" emergesin which one allele more frequently is a better choice, resulting in a corresponding decreasein epistasis. Therefore, by keeping track of the frequency with which alleles yield higher�tness than their complements (i.e. win a competition), epistasis can be estimated. More25



\balanced" win frequencies imply more epistasis, as they imply that it is very di�cult todecide which allele is better, without examining the rest of the genotype. However, thisepistasis estimate only deals with o(1)-schemata; it ignores competitions among higher-orderschemata and how unbalanced the win frequencies of these schemata are. It is unclear asto whether or not this \o(1)-epistasis" is an under-estimator or over-estimator of overallepistasis; �gure 3.5 shows an example problem that exhibits almost 100% o(1)-epistasis,but in which higher order competitions are unbalanced, and therefore epistasis is lower forhigher-order schemata. Equation 3.3 de�nes the relationship between genotypes and �tness;it was designed so that just about every o(1) competition was perfectly balanced.f(x) = ( 2INT(x) when INT(x) < 2l�12(2l � INT(x)) otherwise (3.3)
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Individual Gene 1 (x1) Gene 2 (x2) Gene 3 (x3)x f(x) x1='0' x1='1' x2='0' x2='1' x3='0' x3='1'000 1 1 - 1 - 1 -001 3 3 - 3 - - 3010 5 5 - - 5 5 -011 7 7 - - 7 - 7100 8 - 8 8 - 8 -101 6 - 6 6 - - 6110 4 - 4 - 4 4 -111 2 - 2 - 2 - 2f�(xi = a) 4.0 5.0 4.5 4.5 4.5 4.5p�(xi = a) 0.44 0.56 0.5 0.5 0.5 0.5Figure 3.2: A3-bit problem with extremely high o(1)-epistasis; the mean �tness of almost every allele isequal to that of its competitor. f�(xi = a) is the mean �tness of allele a for gene xi, andp�(xi = a) is ratio of allele of this mean �tness over the sum of all the mean �tness of allalleles for gene xi. When �tness-proportionate selection is being used, p�(xi = a) would bethe probability of selecting allele a for gene xi. Note that for genes 2 and 3, the probabilityof selecting each allele is identical, and for gene 1, the allele selection probabilities are fairlyequal. The allele selection probabilities for gene 1 would become increasingly similar as thenumber of genes is increased. Since the allele selection probabilities are almost all balanced,it is very hard to decide which alleles are the most responsible for increased �tness.
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A measure is proposed here that can be used to directly estimate o(1)-epistasis. Itmeasures how hard it is to immediately solve a problem by randomly sampling a smallnumber of genotypes and then create a very high �tness individual by setting each allelethe the average winner of each o(1) competition. In a 100% o(1)-epistatic problem, allelewin frequencies would be balanced, and so the decision to use one allele or the other wouldbe di�cult. Since there may be hundreds of genes in genotype, it would not be adequateto simply count the win frequencies of the alleles of a single gene; the win frequencies ofall the alleles of all genes must be recorded, and how much this distribution of frequenciesdi�ers from a completely balanced distribution (expected in a 100% epistatic problem)must somehow be measured. The chi-squared (�2) test (equation 3.4) can be used tomeasure this di�erence between the observed win frequencies and expected win frequencies.The chi-squared test is used to determine how well theoretical distributions �t empiricaldistributions. In this case, the theoretical distribution (ei) of 100% epistasis expects eachallele to win 50% of its competitions. Therefore, if there are N competitions per gene, eachallele should win N=2 competitions (if a binary genotype is being examined). The empiricaldistribution (oi) is the actual number of times each allele wins an o(1) competition overthe course of the N competitions. For binary genotypes, there are two alleles per gene, andtherefore alleles can be numbered from 1 to (2l). �2 is calculated by summing the frequency\errors" (oi�ei)2ei for all (2l) alleles. The minimum possible value (0) for �2 is achieved whenthe observed distribution oi of every allele i exactly matches its expected distribution ei|when there is 100% epistasis. The maximum possible value (l �N) occurs when the allelecompetitions are completely unbalanced|either an allele wins all N competitions, or itwins zero competitions and its complementary allele wins all N competitions. When theallele competitions are completed unbalanced in this way, �2 is a sum of 2l integers, ofwhich l have the value N and l have the value zero. Therefore the maximum possible valueof �2 is (l � N). Equation 3.5 is used to calculate a value for o(1) �2-epistasis E�2 thatranges from zero to one. A value of zero would indicate 0% o(1) �2-epistasis, while a valueof one would indicate 100% o(1) �2-epistasis. The extension of this method, to measurethe dependence of higher order schemata on the settings of alleles outside those schemata,is straightforward but would require exponentially increasing amounts of computation witheach increase in schemata order.To calculate o(1) �2-epistasis, single allele competitions must occur between geno-types that di�er by only one allele. An algorithm for calculating o(1) �2-epistasis is speci�edin �gure 3.4.Looking back at the DECEPT example, we see that, even though the problem isfairly di�cult, there is actually very little epistasis in the problem since there is only onesuboptimal attractor, and since most allele competitions are unbalanced (the '1' allele most28



N = number of competitions performedoi = observed number of wins for allele iei = expected number of wins for allele i = N=2i 2 1::(2l)E�2 = o(1) �2-epistasis�2 = 2lXi=1 (oi � ei)2ei (3.4)max�2 = l �NE�2 = 1� �2max�2 (3.5)Figure 3.3: Calculating o(1) �2-EpistasisDO WHILE (N <max�N)1. Choose random genotype x2. Evaluate f(x)3. Choose random gene g in x and change its allele from i to i0, yielding x04. Evaluate f(x0)5. If f(x) < f(x0), increment oi0 else increment oi6. N++OD Figure 3.4: Pseudo-Code for Calculating o(1) �2-Epistasisoften beats the '0' allele). DECEPT is an example of a di�cult problem with practically0% epistasis, but high deception. It is therefore clear that a problem need not be highlyepistatic in order to be di�cult to optimize.In summary, if a problem has no suboptimal attractors (whether mutation- orpattern-based), it is hill-climbable, because exploitation of observed higher-�tness schemataleads easily to global optima. If a problem has an extremely large number of suboptimalattractors, it is very di�cult to determine when a schema with higher observed �tness islocal to a suboptimal attractor, or if the feature is actually present in a global optimum.29



Such a problem is highly epistatic. If a suboptimal attractor leads an algorithm to a solutionthat is signi�cantly (genotypically) di�erent from the global optima, then the attractor isdeceptive. If this attractor is strong enough|if it has a large enough basin of attraction|then the problem is deceptive. Hill-climbability, deception and epistasis are all problemcharacteristics that arise from the genotypic topology of the search space. If this topologychanges, then all three characteristics can radically change. All three of these characteristicsare relatively independent of raw �tness values, but they are very sensitive to changes inindividuals' �tness ranking. The next section will discuss \�tness distribution", which is aproblem characteristic that is completely dependent on raw �tness values.3.6 Fitness DistributionThe distribution of a problem's �tness function can be characterized by many di�erent mea-sures: the range of �tness values, their mean and variation, their ratios, their concentrationaround speci�c values, etc.. Since most evolutionary algorithms directly use �tness values tocalculate important search probabilities such as selection probabilities and mutation rates, amismatch between a problem's �tness distribution and the probability-calculating functionsused by the particular algorithm can cause dismal performance. For example, if an algo-rithm relies too much on absolute di�erences in individual's �tnesses, it can have di�cultysolving problems that have a very small range of �tnesses. For instance, a GA using �tnessproportionate selection would perform miserably on a problem in which �tness ranged from106 to (106 + 1), as the algorithm would allocate trials to the best and worst individualswith virtually the same frequency. The same algorithm can run into di�culty when therange of �tness is too wide. If �tnesses ranged from 0 to 106, but most individuals had�tness less than 10, the �rst individual encountered with �tness 102 or 104 would \swamp"the population, as �tness proportionate selection would be likely to allocate all trials to thisindividual. This \bad match" between the algorithm's use of �tness values and the �tnessrange in the problem being attacked would quickly cause premature convergence.Bad matches can also exist between a problem's �tness distribution and algorithmsthat do not use �tness-proportionate selection. For example, simulated annealing has an\acceptance probability" that determines whether lower �tness individuals will replace thecurrent individual. This probability changes in relation to the di�erence in �tness betweena new sample and the old sample. When the di�erence in �tness between two samples isvery low, the probability of acceptance can be very high. If a search space is dominated by adense concentration of low �tness points, the search may spend much of its time wanderingamong these points, without ever exploiting small increases in �tnesses necessary to climbout of the low �tness region. Almost every mutation will be accepted, no matter what its30



e�ect on �tness (since the changes in �tness will be \small"). However, it might be thesetiny changes in �tness are what is necessary to guide the search to the best regions of thespace. An example of this phenomena will be demonstrated later in this thesis (see thediscussion of F31 in the \Experiments" chapter).Various methods (such as \�tness scaling" (Goldberg, 1989)) have been proposedthat alleviate some of the problems associated with mismatches in �tness distributions andspeci�c algorithms. These methods usually try to convert algorithms that rely on �tness-proportionate selection into hill-climbing algorithms that allocate trials on the basis of the�tness-rank-order of the di�erent individuals or schemata in the population.With respect to evolutionary optimization, the major characteristic of �tness dis-tributions is their variance|in what ranges can the majority of �tnesses be found, andhow concentrated are these �tnesses around particular values? Most importantly, fromthe standpoint of an optimization algorithm, is the �tness variation caused by a particu-lar genotypic feature? How much e�ect does a particular allele, gene or schema have on�tness|how \signi�cant" are these genotypic features? In the following, a possible methodfor the analysis of variance (ANOVA) of allele signi�cance will be proposed.3.6.1 ANOVA of Allele-FitnessThe more predictable an individual's �tness is, given that it contains a particular allele, theeasier it should be to construct individuals with desired levels of �tness. An individual's�tness is \predictable" from the presence of a particular allele if the variation of �tnessesof individuals containing that allele (the allele's �tness variation) is low. When the allele's�tness variation increases, it becomes harder to decide whether or not that that allelehas a large e�ect on �tness, as the �tness of individuals containing that allele becomeless consistent. When all the alleles have high �tness variances|when no single allele isconsistently associated with a particular small range of �tness values, it becomes very hardto predict �tness from the entire genotype. One way to measure how predictable �tnessis from complete genotypes is to sum all the allele �tness variances. I shall call this sum\within-allele �tness variance" (S2w). A low S2w implies that many alleles' �tness variancesare low, and therefore predictability of �tness from genotypes is high. High S2w valuesimply that there are many alleles that appear in individuals of wildly di�erent �tness; allele�tness variance is high overall. High S2w values therefore indicate that the genotype-�tnessmapping is hard to predict from individual alleles.How are \high" and \low" values of S2w de�ned? An allele's �tness variation shouldbe measured relative to the overall �tness variation of the problem. One measure of theoverall variation in a problem is \between-allele �tness variance" S2b . It measures howmuch each gene's allele mean �tnesses di�er from each other. It is the sum of the square of31



the di�erences between all pairs of allele mean �tnesses. This quantity is mathematicallyequivalent to the sum of squared di�erences between a population's mean �tness and allallele �tness means.
i; j 2 1::2lf�(i) = mean �tness of allele if�(:) = mean of all allele mean �tnessesS2b =Xi;j (f�(i)� f�(j))2=Xi (f�(i)� f�(:))2When allele means are very di�erent from the population mean, the alleles mosthighly correlated with high or low �tness become more evident|the signi�cance of thealleles becomes more pronounced. For example, consider an l-bit genotype that simplyencodes the binary integers from 0 to 2l � 1. The mean phenotypic value (�tness) of thisproblem would be f� = 2l�12 . The most signi�cant bit (gene) could have one of two allelevalues|'0' or '1'. Allele '0' would be found in individuals having mean �tness half that ofthe population at large, while allele '1' would have mean �tness one and half times that ofthe mean population �tness. Therefore both alleles for this gene would be highly signi�cant,as they both would have a signi�cant in
uence on the �tness of the individuals they werefound in. S2b is the sum of di�erences in allele pairs, and so when many genes have signi�cantalleles, S2b increases. Higher S2b implies that it is easier for an algorithm to identify allelesthat are commonly associated with high �tness individuals.By combining both between- and within-allele variance of a problem into a singleratio, S2bS2w , we can measure the overall ease of predicting an individual's �tness, given thatspeci�c alleles are present in that individual, and therefore we have taken a large step incategorizing the di�culty of the optimization problem. The numerator, S2b , increases whenvariations in gene signi�cance increase, resulting more predictability. The denominator, S2windicates how unpredictable �tness is from single alleles, so as predictability decreases, S2wwill increase, and thus the ratio S2bS2w will decrease. The implications of these observationswill be discussed next. 32



3.6.2 Gene Signi�cance and Fitness ANOVAIn most mutation-based algorithms, each gene has the same probability of mutation. How-ever, in many problems, some genes have greater signi�cance than others. Changes to thesegenes result in larger changes in �tness than changes to other genes. Most mutation-basedalgorithms do not exploit di�erences in signi�cance. Pattern-based algorithms (and par-ticularly GAs) indirectly exploit di�erences in signi�cance because genes that are higherin signi�cance lose diversity much faster than lower signi�cance genes, and therefore be-come less and less likely to change settings as the search progresses. Problems with a widevariety of gene signi�cances will have large S2b values, as many alleles will have mean �t-nesses di�ering signi�cantly from the population mean. Problems with high variation ingene signi�cances might be considered to be easier than problems for which all gene signi�-cances are equal, since, for the �rst type of problems, an algorithm could quickly determinewhat the best settings were for the most signi�cant genes, and thus make large progressinitially in the search. Once this was accomplished, the algorithm could then concentrateon determining the best settings of the lower-signi�cance genes.Although phenotypic �tness may be highly predictable from single alleles, this doesnot mean that the problem is easily optimizable. Choices must be made among competingalleles. If complementary alleles have the same mean, at least one of their variances must behigh, since the entire range of �tness values must be included in the mean calculations. Itcould be the case that one of the alleles had very low �tness variation, while the other allelewas frequently found in both the best and worst individuals and therefore had very high�tness variation, but still had the same mean as the �rst individual. What would be thebest allele to use when constructing a new individual? If it could somehow be determinedwhy the second allele was present sometimes in high �tness individuals, and other timesin low �tness individuals, then it might be possible to carefully construct a new individualthat met all the conditions found in the high �tness individuals, and therefore the secondallele could be used with con�dence. An optimization algorithm|the eugenic algorithm|will be presented in the next chapter that accomplishes this goal through the use of anoperator (the \restriction" operator) that causes conditional allele-�tness distributions tobe measured and therefore determines what combinations of alleles lead to extremes in�tness.
33



Chapter 4The Eugenic AlgorithmThe Binary Simulated Crossover (BSC) (Syswerda, 1993) algorithm explicitly analyzes andrecombines o(1) schemata to form new individuals. Population-Based Iterative Learning(PBIL) (Baluja, 1994) uses a probability vector as an explicit \fuzzy" representation of a\good" o(l) schema from which similar o(l) schemata are constructed. What is missingfrom both these algorithms is the explicit analysis and processing of intermediate orderschemata|o(2) to o(l � 1). There are a great many of these schemata, and an explicitanalysis of every one of them is infeasible. If a search algorithm is to perform explicitanalyses of intermediate order schemata, it must limit its computational burden to only asmall subset of these possibilities. The chosen subset should include only those schematathat are most relevant to reducing uncertainty and furthering the search.A new algorithm that accomplishes these objectives is proposed in this chapter. Itachieves smart recombination, in addition to smart mutation. This \Eugenic Algorithm"(EuA) consists of three major elements: (1) selection of promising alleles, based on anexplicit analysis of allele �tness distributions, (2) restriction of the population to relevantindividuals and (3) steady-state replacement. This chapter will begin with an illustrativedescription of example execution of the EuA, followed by discussions and justi�cationsof how good alleles are selected, relevant individuals are identi�ed, and why steady-statereplacement is used.4.1 Example of Eugenic Algorithm ExecutionSince many of the concepts introduced in the EuA have never previously been integratedinto the same algorithm, an illustrative example will be used to help explain the workingsof the EuA. I shall list EuA pseudo-code before beginning the example.34



L01: pop = random-pop() /* Randomly initialize the population: *//* N counts the number of individuals created by the EuA: */N = 0/* Keep on creating new individuals until N exceeds Nmax */L02: DO WHILE (N < Nmax)u = f x1; x2; x3; :::; xl grpop = popL03: DO WHILE nonempty(u)/* Select and set a gene: */L04: xg = most-signi�cant-gene(rpop, u)L05: xg;a = select-allele(xg)L06: Remove xg from u/* Restrict population when epistasis of unset genes is high: */L07: E = epistasis-of-population(rpop, u)L08: p = probability-of-restriction(E)L09: if (uniform-random[0,1] < p)L10: rpop = restrict-population(rpop, xg;a)OD/* Replace lowest-�tness individual with the new individual */L11: w = lowest-�tness-individual(pop)L12: popw = xN++OD Figure 4.1: Pseudo-Code for the Eugenic Algorithm4.1.1 Pseudo-Code for the Eugenic AlgorithmIn �gure 4.1, pseudo-code is shown that outlines the eugenic algorithm. The subroutines itrelies upon will be described in the following sections.The EuA begins by generating a random population of size � in step L01. In thesimplest case, the population size � will remain constant during the entire execution of thealgorithm. Once the random population is created, the algorithm repeatedly creates a newindividual (steps L04 through 10) and replaces the lowest-�tness individual in the populationwith the new individual (steps L11 and L12) until the maximum number of individuals havebeen created. There are obviously many other possible termination criteria, such as stoppingwhen an individual with particular level of �tness has been encountered.The EuA constructs new individuals one gene at a time. Initially, all the genes have35



no set value|they are \unset" with u the set of unset genes (see steps L02, L04, and L10).The EuA orders genes|from most signi�cant to least signi�cant. Once the most signi�cantgene remaining in u is determined (step L04), an allele value is selected for that gene (stepL05). Once a gene's value is set, that gene is removed from u (step L06).After setting the value of a gene, the EuA estimates the amount of epistasis E thatthe population exhibits among the remaining unset genes (step L07). The EuA uses Eto determine p, the probability of restricting the population to only \relevant" individuals(step L08). If epistasis is high, then the necessity of restriction will be high, and therefore pwill be high. In step 09, the algorithm probabilistically decides whether or not to restrict thepopulation. If a random sample from a uniform variable in the range [0,1] has a lower valuethan p, the algorithm then temporarily removes from the population all those individualsthat do not carry allele xg;a (step L10). In e�ect, the population is \restricted" to only thosegenotypes that are relevant to the allele choices for the remaining unset genes, i.e. thoseindividuals that contain the allele that was just chosen. These individuals are relevant sincethey contain information about how other alleles interact with allele xg;a; individuals thatdo not contain allele xg;a have no information on allele xg;a's epistatic interactions. At thestart of the creation of each individual, all individuals are included in rpop, the restrictedpopulation. After each restriction, more individuals are removed from rpop. If a restrictionwould cause rpop to have fewer than minpop individuals, rpop is not restricted.Once a population is restricted, all the statistics used in steps L03-L10 are calculatedusing only the restricted population. In the next iteration, step L04 determines the genexg that is most signi�cant in the restricted population. Step L05 calculates allele selectionprobabilities for xg, based on the average �tnesses of alleles found in the restricted popula-tion. Step L07 estimates the epistasis among the unset genes of the restricted population,and, by limiting the scope of these calculations of signi�cance, allele selection probability,and epistasis to only those individuals in the restricted population, the EuA increases theirrelevancy to determining the best alleles to combine with the alleles already chosen.A description of an example execution of the EuA will be given below.4.1.2 Example ExecutionIn this section, I will give an example of the creation of a single individual from the popu-lation shown in �gure 4.1.2. The EuA creates a single new individual in steps L03-L10.Initially, the population contains 5 individuals, and the set of unset genes (u) containsall the genes (u = fx1; x2; x3; x4g).The �rst step in creating a new individual is to determine the most signi�cant unsetgene (step L04). The most signi�cant gene is the gene whose allele values seem to have thegreatest e�ect on individuals' �tness. A simple way to estimate gene signi�cance is to use36



Individual Gene 1 (x1) Gene 2 (x2) Gene 3 (x3) Gene 4 (x4)x f(x) x1='0' x1='1' x2='0' x2='1' x3='0' x3='1' x4='0' x4='1'1100 25 - 25 - 25 25 - 25 -1110 23 - 23 - 23 - 23 23 -1101 22 - 22 - 22 22 - - 220100 20 20 - - 20 20 - 20 -1111 2 - 2 - 2 - 2 - 2f�(xi;a) 20.0 18.0 - 15.0 22.3 12.5 22.7 12.0p�(xi;a) 0.53 0.47 0.0 1.0 0.64 0.36 0.65 0.35Figure 4.2: Complete Populationx : an individual's genotypexi; i 2 1:::l : the i th gene of the genotypea 2 f000;0 10g : the possible allele valuesxi;0; xi;1 : the two possible alleles ('0' or '1') for gene if�(xi;a) : mean �tness of all individuals containing allele a for gene ip�(xi;a) : probability of selecting allele a for gene ithe absolute di�erence between its alleles' mean �tnesses. This quantity is j20:0�18:0j = 2:0for x1 (gene 1), j22:3 � 12:5j = 9:8 for x3, and j22:7 � 12:0j = 10:7 for x4. Gene 2 (x2)has no signi�cance since it had no allele diversity and therefore none of its allele couldhave any observable e�ect on the �tness of individuals in the populations. Genes with noallele diversity are always assigned the lowest signi�cance possible. As a result, the mostsigni�cant gene in this population is x4, followed by x3, x1, and x2.Since alleles are assigned to the most signi�cant genes �rst, an allele is chosen for x4in step L05. An allele's selection probability is equal to its mean �tness divided by the sumof allele mean �tnesses for all the alleles associated with this particular gene. For gene x4,the probability of choosing allele '0' (x4;0) is 0.65, since f�(x4;0)f�(x4;0)+f�(x4;1) = 22:722:7+12:0 = 0:65.The corresponding probability of choosing allele x4;1 is 0.35. Say that allele x4;0 is chosen.In the individual being created, gene x4 is therefore assigned the allele value of '0'. Thisoccurs in step L05.Once a gene's allele value is set, the gene is removed from the set of unset genes (u)in step L06. Therefore, x4 is removed from u, resulting in u = fx1; x2; x3g.When epistasis is high, the \correct" choice of alleles depends heavily on the allelesalready present in an individual. Therefore the EuA should not always use allele selectionstatistics gathered over the entire population; it should use statistics gathered over individ-37



uals that contain the same alleles as those that have been chosen for the new individual.In steps 07 through 10, the EuA decides whether or not to restrict the population to suchindividuals. Step 07 determines the probability of restriction by measuring the level of epis-tasis (E) in the unset genes remaining in the current (possibly restricted) population. Theepistasis in the unset genes is used, since it re
ects the uncertainty in the remaining alleledecisions to be made, depending upon the allele choices that have already been made. Asimple way to calculate E is to use the maximum di�erence in allele selection probabilitiesof the remaining unset genes (Dmax). When Dmax is very low, the allele selection prob-abilities are all about equal, indicating high uncertainty about what allele choices wouldbe best|all allele choices seem to be equally good. When Dmax is high, there are unsetgenes whose best allele choice is very evident. High uncertainty among allele choices im-plies heavy interdependence among alleles|high epistasis. The largest di�erence in alleleselection probabilities in unset genes occurs in x3; this value is j0:64�0:36j = 0:28 = Dmax.Since this di�erence ranges in the interval [0:0; 1:0], an easy way to calculate E is to useE = 1:0�Dmax = 0:72. The calculation of Dmax and E occurs in the call to the subroutineepistasis-of-population() in step L07.A simple way of determining the probability of restriction (p) is to directly usep = E, since E ranges in the interval [0:0; 1:0], with E = 1:0 indicating the highest epistasispossible and therefore the highest justi�cation for restriction. Therefore the probability ofrestriction is 0:72. Say restriction is not performed in steps L09 and L10. The algorithmthen loops back to step L03. Since x3 is the most signi�cant unset gene, an allele is chosenfor x3|say allele '0'. x3 is therefore assigned the value of '0' in the new individual in stepL05. Again, the probability of restriction is determined in steps L07 and L08. This time,Dmax = j0:53 � 0:47j = 0:06 and E = (1:0 � 0:06) = 0:94 = p. Say restriction is performedthis time in steps L09 and L10. Therefore, individuals that do not contain allele '0' forx3 are temporarily removed from the population, leaving individuals 1100, 1101, and 0100.These individuals have respective �tnesses 25, 23, and 20. Figure 4.1.2 shows the restrictedpopulation.Note that statistics are not calculated for genes 3 and 4 at this point, as genes 3and 4 have already been assigned values. Alleles for genes 1 and 2 of the new individualmust still be chosen. The most signi�cant gene is now x1. Previously, the mean �tness ofthe alleles for gene 1 were 20.0 for x1;0 and 18.0 for x1;1. The mean �tness of x1;0 does notchange from 20.0 (since, by coincidence, all the individuals containing allele '0' for gene 1remain in the population), but the mean �tness of x1;1 increases to 23.5, and now exceedsthat of allele x1;0. By restricting the population to only those individuals that containx3;0, the statistics calculated are now \relevant" to the remaining allele choices. Given that38



Individual Gene 1 (x1) Gene 2 (x2) Gene 3 (x3) Gene 4 (x4)x f(x) x1='0' x1='1' x2='0' x2='1' x3='0' x3='1' x4='0' x4='1'1100 25 - 25 - 25 25 - 25 -1101 22 - 22 - 22 22 - - 220100 20 20 - - 20 20 - 20 -f�(xi;a) 20.0 23.5 0.0 15.0 n/a n/a n/a n/ap�(xi;a) 0.46 0.54 0.0 1.0 n/a n/a n/a n/aFigure 4.3: Restricted Population, x3 = '0'x3 is assigned the value '0', the conditional �tness of x1;1 is greater than its complement,x1;0, while globally x1;1's �tness is lower than that of x1;0. Had the population not beenrestricted, this change in relative �tnesses would not have been noticed. By restricting thepopulation to only relevant individuals, the EuA can track epistatic dependencies of variousalleles. Through restriction, higher-order schemata statistics are being collected. The global�tness of allele x0;1 is identical to the average observed �tness of schema '1###'. Thisaverage of this schema is 18.0, which is lower than that of its competitor '0###'. However,when higher-order schemata are examined, we �nd that the average observed �tness ofschema '1#0#' is 23.5, higher than that of '0#0#'. Therefore the EuA's restriction operatorallows the algorithm to calculate schema �tness averages \on demand", when these averagesare necessary to making correct allele decisions.The algorithm still must choose alleles for genes 1 and 2. Say x1;1 is chosen forx1. Since there is no allele diversity in the remaining unset gene, x2, there is no point torestricting the population, since restriction will not allow us to compare the conditional�tnesses of the alleles for x2. The restricted population only contains information for allele'1'. At this point, the select-allele subroutine can either choose allele '1' with the hopethat it is better than the '0' allele, since the '0' allele is not present, or the algorithm canexperiment a little and choose the '0' allele. The EuA uses a parameter called \creationrate", which is the probability that an allele that is not present in the restricted populationwill be chosen (\created"). Without a \creation rate", x2 would always be set to x2;1.With a creation rate, there is a chance that x2;0 would be chosen. Say that x2;0 is chosen,completing the construction of the new individual. The new individual has genotype '1000',and therefore is a completely new individual.Once a new individual is created, the population is unrestricted|all individuals areadded back into the population. Then the EuA replaces the lowest �tness individual inthe population with the new individual. In this example, individual '1111' has the lowest�tness, and is therefore replaced by the individual '1000' (steps L11 and L12).This example illustrated the behavior of a \standard" EuA. Many options of the39



algorithm can be changed in order to increase performance. For example, the policy ofalways replacing the lowest-�tness individual in the current population (popw) with thenew individual may be slightly modi�ed so that the new individual replaces popw onlywhen the new individual has equal or greater �tness than popw. In the sections to follow,the motivation and mechanism behind each step of this algorithm are explained. Alleleselection will be discussed �rst, then population restriction, and then �nally replacementpolicy.4.2 Allele SelectionIn this section, I will discuss how the EuA performs step L05, select-allele. In the EuA,the selection of single alleles to use in the construction of new individuals is based uponthe statistical analysis of the correlations between alleles and �tness1. New individualsare constructed one gene at a time, by choosing a single allele for each gene from severalpossible allelic forms. As with BSC, there are many choices for the selection technique usedto choose new alleles, and certainly the performance of each technique is heavily, if notcompletely, problem dependent. Some examples of allele selection techniques are �tness-proportionate selection (equation 4.2) and rank selection. In �tness-proportionate selection,the probability of selecting an allele varies directly with the proportion of that allele's �tnessto the sum of all of the allele �tnesses of that gene. In rank selection, an allele's selectionprobability for a given gene varies with its rank among the other alleles corresponding tothat gene|the highest ranking allele has the greatest probability of being selected, followedby the second rank allele, etc.. Since most GA research has dealt with �tness-proportionateselection, this thesis will be limited to EuAs using �tness-proportionate selection.f�(xi;a) = Mean �tness of all individuals having allele value a for gene i= The \�tness" of allele xi;ap�(xi;a) = Probability of selecting allele value a for gene i= f�(xi;a)Pb2f000;010g f�(xi;b)1Although developed independently, this strategy is basically identical to that of BSC.40



4.2.1 De�ning Allele Fitness: Average Fitness versus Maximum FitnessFitness-proportionate selection methods can rely on di�erent de�nitions of allele �tness.Two ways of de�ning allele �tness will be discussed in this section: mean allele �tness (�-�tness) and maximum allele �tness (Xn-�tness). In �-�tness, an allele's �tness is de�ned asthe average �tness of individuals that contain that allele. When using �tness-proportionateselection and �-�tness, the EuA's allele selection mechanism is identical to the techniquedescribed previously in relation to BSC. In Xn-�tness, the maximum �tness of all theindividuals containing a particular allele de�nes that allele's �tness. Figure 4.4 illustrateshow the allele selection probabilities of �-�tness and Xn-�tness di�er for an example 4-bitgenotype. Note that, for this example, the Xn-�tness selection probabilities for genes 3and 4 are much closer to 0.5 than those of �-�tness, and therefore Xn-�tness would selectalleles for these genes more randomly than �-�tness. A di�erent example could easily begenerated in which these e�ects were reversed.One of the main reasons �-�tness has been so widely used in the past is because ithas been shown to be the best strategy for maximizing the cumulative \payo�" of repeatedtrails (Holland, 1975)|�-�tness is the best choice, on average, to select \good" alleles.Since the goal in this thesis is to design an algorithm to optimize a �tness function, insteadof �nding \good" solutions on average, Xn-�tness may be a better choice than �-�tness.Xn-�tness focuses the search only on the best performance of each allele, whereas �-�tnessincorporates information about all aspects of a single allele's performance, including itsworst performance, its typical performance, and its best performance. Xn-�tness may leadto more \risky" choices, as these choices are not tempered by all the information available.In addition,Xn-�tness may be more likely to cause the EuA to prematurely converge than �-�tness, because the alleles belonging to a single super-individual could completely dominateevery allele selection choice, and therefore every new individual created would be identicalto the super-individual. More theoretical and experiment exploration of \what allele �tnessde�nition is best" is necessary, but for the meantime, the standard EuA will use �-�tness.After a gene in the new individual is �xed to a speci�c allele value, the next mostsigni�cant gene is examined and each of its allele's probabilities of selection are calculated.Since the domain of the current implementation of the EuA is limited to binary genotypes,it is only required to calculate the selection probability p for one of the alleles from the mostsigni�cant gene, as the probability of selecting the complementary allele would simply be(1� p). 41



x : an individual's genotypef(x) : the �tness of individual with genotype xxi; i 2 1:::l : the ith gene of the genotypea 2 f000;0 10g : the possible allele valuesf�(xi;a) : mean �tness of all individuals containing allele a for gene ip�(xi;a) : using �-selection, probability of selecting allele a for gene ifXn(xi;a) : maximum �tness of all individuals containing allele a for gene ipXn(xi;a) : using Xn-selection, probability of selecting allele a for gene ip�(xi;a) = f�(xi;a)Pb2f000;010g f�(xi;b)pXn(xi;a) = fXn(xi;a)Pb2f000;010g fXn(xi;b)Individual Gene 1 (x1) Gene 2 (x2) Gene 3 (x3) Gene 4 (x4)x f(x) x1='0' x1='1' x2='0' x2='1' x3='0' x3='1' x4='0' x4='1'1100 25 - 25 - 25 25 - 25 -1110 23 - 23 - 23 - 23 23 -1101 22 - 22 - 22 22 - - 220100 20 20 - - 20 20 - 20 -1111 2 - 2 - 2 - 2 - 2f�(xi;a) 20.0 18.0 0.0 15.0 22.3 12.5 22.7 12.0p�(xi;a) 0.53 0.47 0.0 1.0 0.64 0.36 0.65 0.35fXn(xi;a) 20.0 25.0 0.0 25.0 25.0 23.0 25.0 22.0pXn(xi;a) 0.44 0.56 0.0 1.0 0.52 0.48 0.53 0.47Figure 4.4: How the allele selection probabilities of �-selection and Xn-selection di�er foran example 4-bit genotype.4.2.2 Adaptive Allele SelectionTo balance exploration and exploitation, it would be desirable for an evolutionary searchalgorithm to perform a \smart mutation" when a clear winner among a gene's alleles is ap-parent, but random mutation/search when the allele �tnesses are roughly equal. When oneof a gene's allele has a very high �tness, and the alternate alleles have very low �tness, thehigh-�tness allele should be exploited. When the �tnesses of the gene's alleles are roughlyequal, the choice between them is (for the current population) probably not that important,and so the choice should be more random. The EuA accomplishes these things automati-cally, when using �tness-proportionate selection. With �tness-proportionate selection, theamount of allele exploitation varies proportionately with the di�erence between a gene'salleles' �tnesses. Alleles with equal �tnesses have equal probabilities of being selected; forbinary alleles, each has a 50% selection probability. In such a case, each allele is equally ex-ploited and therefore the algorithm will equally explore the alternatives. However, an allele42



with x times the �tness of its alternates has x times the selection probability, and thereforeexperiences x times more exploitation. The EuA explores when uncertainty among allelechoices is high, and exploits when clearly superior alleles exist. In this way, adaptive alleleselection is achieved, as the EuA adapts its selection probabilities to the di�ering situations.This is unlike most mutation-based algorithms, which always randomly choose a gene tomutate, no matter what information has been gathered in the past.Note that, by relying on an explicit calculation of allele �tness, the EuA di�erssigni�cantly from the GA. The GA implicitly records allele �tness by relying on an allele'sfrequency of occurrence in its population. For example, if all the individuals in a GApopulation had the same �tness, and if allele A occurred in 99 out of 100 individuals, whileallele B occurred in only a single individual, allele A would be 99 times more likely to beused than allele B, even though the average �tness and maximum �tness of both alleleswere equal! As a result, by relying on explicit calculations of allele �tness, the EuA morereasonably allocates trails to and pursues promising alleles.4.2.3 Modi�cations to Fitness-Proportionate SelectionAs a result of �tness-proportionate selection, alleles with relatively low �tness will infre-quently be chosen for inclusion in a new individual. Alleles that repeatedly cause low�tnesses in individuals containing them will eventually be eliminated from the population.However, it is not always desirable to have a particular allele completely eliminated fromconsideration. Consider two alleles, A and B. Allele A consistently has higher �tness thanallele B, which consistently has very low �tness. It may be the case that allele B is neededto construct an optimal individual, even though it is detrimental to suboptimal individuals.In this case, allele A would be \deceptive", as it would lead the algorithm away from theallele that was found in the optimum. In order to avoid convergence to deceptive alleles,the EuA must occasionally attempt to use alleles that have been eliminated from the pop-ulation. The EuA uses a parameter called \creation rate" in order to reintroduce suchalleles. This parameter (C) speci�es the probability that an allele lost from the populationwill be reintroduced by including it in a new individual being created. In addition, creationrate allows alleles absent from restricted populations to be included in a new individual. If,during the course of creating a new individual, the population is restricted to such an extentthat extremely little allele diversity exists|all the individuals in the restricted populationare extremely similar|the creation rate parameter allows the EuA to occasionally try outan allele that is not found in these individuals. By doing so, the EuA is a�orded a smallmeasure of protection against deceptive and/or premature convergence.In cases where the chosen selection mechanism is too exploitative, another parameter,\selection noise" (N), can be used by the EuA to encourage exploration. Selection noise is43



the probability that the allele choice made by the allele selection operator is overridden, anda di�erent allele is chosen. This parameter just adds noise to the allele choices made by theparticular allele selection mechanism in place. It can be increased to encourage exploration.We shall see that this is rarely necessary, and otherwise almost always detrimental, whenusing �tness-proportionate selection.Even with adaptive allele selection probabilities and a correctly set creation rate, theEuA still faces a possibly large obstacle to performance when dealing with large genotypes.For many problems, even one mutation can cause large 
uctuations in �tness. Thereforethe number of low-�tness alleles present in an individual may be much more important thanthe percentage of low-�tness alleles. As the number of genes of a genotype increases, thenumber of low-�tness alleles that are included in new individuals increases (assuming thatselection probabilities remain constant with respect to genotype size). For example, if, foreach gene, there was a 10% chance of choosing a low-�tness allele instead of a high-�tnessallele, the number of low-�tness alleles appearing in a new 100-gene individual would beten times on average the number that would appear in a 10-gene individual, even thoughthe percentage of low-�tness allele would be equal between the two genotypes. Although itmay seem reasonable for exploration of low-�tness alleles to remain proportionally constantwith respect to problem size, it could easily be the case that this e�ect is detrimental to theEuA's performance on a large number of problems. Therefore, as genotypes increase in size,the balance of exploration and exploitation may have to be tipped in favor of exploitation.In the standard EuA, no e�ort is made to counter the problems that may be associated withlarger genotypes. However, if desired, allele selection probabilities could easily be modi�ed(using �tness scaling, perhaps) from problem to problem, so as to increase exploration versusexploitation of higher �tness alleles. Selection probabilities could be based upon one-tailedstatistical tests of signi�cance, or could be adjusted based upon the observed variance in aparticular allele's �tness (H-L. Fang, 1993). Such modi�cations will not be attempted inthis thesis, as no experiments have been conducted to determine their necessity.4.2.4 Clustering and Allele Signi�canceThe EuA needs to determine gene signi�cance for two reasons. First, the EuA sets genesin order of their signi�cance, so that more important allele decisions are made before lessimportant choices. Second, the EuA uses gene signi�cance as a measure of epistasis. It thenuses this measure of epistasis to determine when to restrict the population (subsection 4.3.2.Several di�erent measures of gene signi�cance are available to the EuA, and the choice ofthis measure will heavily a�ect the EuA's behavior.One way to quantify gene signi�cance would be to observe how well a gene's alleles\cluster" individuals into separate groups. An individual containing a particular allele would44



belong to that allele's group. As the �tness variance of each group decreased and their �tnessmeans became increasingly di�erent, the clustering would improve. As the means diverged,one group would become the \high-�tness group" and the other the \low-�tness group" forthat gene. When the di�erence between the means was high, then allele settings for thatgene would obviously have a large e�ect on �tness, and therefore the gene would be verysigni�cant. The standard EuA de�nes gene signi�cance as the distance between a gene'salleles' means. Future versions could easily incorporate the variance of each allele groupinto the de�nition of gene signi�cance.4.3 Population RestrictionSmart recombination requires not only the identi�cation and comparison of the best geno-typic parts, but also the determination of how to best combine these parts to form veryhigh-�tness individuals. Independently setting each allele value is not good enough, asthis strategy ignores the epistasis so frequently encountered in nontrivial problems. Sucha strategy is equivalent to randomly recombining o(1) schemata, without respect for thehigh levels of dependence that may exist among the best settings of alleles|such a strat-egy ignores higher-order interactions. Simple allele �tness averages do not provide enoughinformation to make the right decisions. What is needed is an analysis of conditional allele�tness distributions. In one of these distributions, the �tness distribution of a single alleleis analyzed, given that other alleles have �xed values. Since the number of possible condi-tional allele �tness distributions is more than even the number of possible schemata, not allconditional distributions can be examined. Therefore only the most important distributionsshould be examined. The EuA uses the population restriction operator to accomplish thisgoal and to separate global allele �tness distributions into conditional distributions.4.3.1 The Restriction OperatorThe EuA intelligently selects sets of alleles from individuals in the population, but, unlikethe GA-crossover operator, these genotypic parts can come from the entire population,instead of from just two parents. Due to epistasis, it is not reasonable to simply mate theentire population, as BSC does, because doing so would ignore allele dependencies foundin each individual. Therefore, any population-wide recombination operator must determinewhich genotypic parts work well together, and selectively choose individuals that containthe most information about these parts.As the EuA builds a new individual, the choice of what genotypic parts will be mostappropriate depends on both gene signi�cance and the already constructed parts of thenew individual. The eugenic algorithm builds new individuals from scratch, by proceeding45



through the genes, from the most signi�cant to the least signi�cant, and probabilisticallyselecting an allele value for each. At some point, gene signi�cance decreases to such a pointthat the best choice between two complementary alleles becomes highly uncertain, becausethe alleles have very similar �tnesses. The EuA can reduce the uncertainty in the choice ofthe next allele by focusing on those individuals most relevant to this choice. It accomplishesthis by restricting the population to those individuals that contain information about therelationship between the unset genes and the alleles already �xed in the new individual.These individuals are those that contain the same alleles as those �xed in the new individual.They contain information on how to best �ne tune the remaining alleles, since they belongto the same region of the search space as the new individual. The restrict-schema, composedof the allele �xed in the new individual, is used to identify these individuals. Individualsthat contain the restrict-schema make up the restricted population.Once the most relevant individuals are identi�ed, allele �tness statistics are recom-puted using only the individuals from this restricted subset. These statistics are no longerglobal measures, they are conditional �tness statistics. They contain information on the per-formance of the unset alleles in the region of space the restrict-schema de�nes; they re
ectthe conditional allele �tness distributions of the \don't care" genes in the restrict-schema.The use of all of the restrict-schema's �xed positions to limit the population posesa major problem, however; the restricted population can quickly become too small. Fordiverse populations, in which alleles '0' and '1' occur with about the same frequency foreach gene, each application of the restriction operator will reduce the population size byapproximately half, since only about half the individuals will have the allele restricted on.And so a restrict schema of order-n will limit the population to only �=2n individuals.For even a single individual in the population to match the restrict-schema, either � mustbe very large, or the restrict-schema must not contain too many �xed positions. Sinceincreasing population size increases the computational demands of the EuA, the latterchoice is preferable. One way to limit the number of �xed positions in the restrict-schema isto include only those alleles that were set immediately preceding a restriction, instead of allthe alleles �xed in the new individual. Genes are �xed in order of signi�cance, from mostsigni�cant to least signi�cant. Therefore the last gene to be �xed before a restriction occursis the least signi�cant gene of the restrict-schema. The lower the signi�cance of a gene, themore likely good values for it depend on other alleles. Consequently, it is more likely thatless signi�cant genes take part in heavily epistatic allele interactions. More signi�cant genesare more independent from other genes; they need less help from other allele settings. Asa result, if all the genes of the restrict-schema cannot be used to limit the population, theleast signi�cant genes should be the ones used, since the values of the remaining unset genesshould be speci�cally tuned for the alleles that need the most help. This is the strategy the46



current implementation of the EuA employs.4.3.2 The Probability of RestrictionThe restriction operator cannot be applied after every gene that is �xed, since each re-striction reduces the population size by roughly half. In addition, while highly signi�cantgenes remain, restriction is not necessary. Restriction is necessary when gene signi�canceis low. When gene signi�cance is low, epistasis is high. In order to determine the necessityof restriction, the EuA needs to estimate the level of epistasis among the unset genes in thecurrent restricted population. When epistasis is high, it becomes very important to calcu-late conditional �tness distributions, since high epistasis implies that global distributionsare not that useful. In order to calculate these conditional distributions in situations ofhigh epistasis, the population must be restricted.Various methods are available to measure epistasis and gene signi�cance. One mea-sure that could be used to determine restriction necessity is �2-epistasis (see section 3.5).Alternatively, if allele �tnesses are believed to be drawn from approximately normal distri-butions, the t-score could be used to test the signi�cance of the di�erences in mean allele�tnesses. However, the epistasis most relevant to determining restriction necessity is thatwhich prevents a clear choice from being made among competing alternatives. Thereforeprobably the most appropriate measure of epistasis would be the di�erence in allele selectionprobabilities (D), since the selection probabilities directly indicate how much uncertaintyis present in the remaining allele choices. For example, when D is very high, it is obviousthat there are very clear winners among the remaining unused alleles. This implies thatthere is a clear dominance of particular genotypic patterns in the remaining un�xed regionsof the search space; these patterns have relatively high conditional �tnesses. If, however,the di�erence in selection probabilities was very low, then the information contained in thepopulation is too contradictory to be useful to the selection method being employed. Ifit has already been decided that this selection mechanism will be useful for successfullysolving the problem, then when this mechanism falters, some action (like restricting thepopulation) must be taken to reduce the interference among competing possibilities.In the experiments conducted in this thesis, the EuA used this di�erence in selectionprobability of a gene's alleles in its measure of epistasis, with epistasis (E) equal to (1 �Dmax), where Dmax was the largest di�erence in allele selection probabilities for any gene.Since E varied in the interval [0, 1], with E = 0 implying no epistasis and therefore no needto restrict, and E = 1 implying extremely high epistasis and a great need to restrict, Ecould possibly be used directly as the probability of restriction. However, it was observedthat this measure of E was often not very close to zero, and so restriction would occur veryoften. As previously discussed, too much restriction can quickly lead to populations that47



are too small. Therefore, modi�cations were made to decrease the probability of restriction.First, a basic probability of restriction was calculated|this value was just E. Then, thisvalue was squared, therefore mapping E = 0 to prestrict = 0, E = 0:5 to prestrict = 0:25, andE = 1 to prestrict = 1. In addition, the probability of restriction was explicitly reduced byhalf after each restriction to prevent the overuse of restriction on the most signi�cant bits.Therefore, as the population was reduced in size by restriction, p was also reduced.4.3.3 Consequences of Population RestrictionIncremental Schema EvaluationWhat is the order of the schemata explicitly analyzed by the EuA? After each restriction,higher and higher order schemata are analyzed by the EuA. Initially, before any restric-tions have occurred, only o(1) schemata are compared. After the �rst restriction, at leastone allele becomes �xed in the entire population. Each allele's �tness distribution is nowmeasured conditionally on the value of the �xed allele. Each schemata analyzed containsthe �xed allele. Therefore, after one restriction, schemata of at least order-2 are analyzed.In general, after r restrictions, the number of genes for which only a single allele is presentin the population is at least r, because each time the population is restricted, there can bea corresponding loss of diversity in alleles other than the one restricted on. For example,after 6 restrictions, it could easily be possible that 10 or 15 genes exhibit no allele diversity.Therefore the schema being analyzed would have at least 10 to 15 �xed positions.There is, however, an upper limit on the number of restrictions that occur whengenerating a new individual. Since, on average, each restriction reduces the populationsize (�) by half, only �=2r individuals will be in the population after r restrictions. Thismeans that, for a population size of 2r, it is highly likely that at least order-r conditionalallele �tnesses will be explicitly analyzed and compared by the EuA, and very likely thatconditional �tnesses of order even more than r will be analyzed as the search progressesand focuses on smaller regions of the search space.Maximization of Relevant InformationAlthough the relevancy of the information contained in the population is increased byrestriction, the overall amount of the information is decreased, since the number individualsover which information is collected decreases with each restriction. How can the tradeo�between information amount and relevancy be managed?The EuA maintains the amount of relevant information at the highest possible levelby only restricting the population when necessary. If it is clear which alleles are associatedwith higher �tness, then restriction is not necessary. In these cases, it is most likely that48



allele combinations are not as important as the presence or absence of single alleles. The en-tire population would provide better, more statistically signi�cant information about thesealleles than a small subpopulation. However, in cases of higher epistasis, the conditionalallele �tness distributions become increasingly di�erent from the marginal (global) distribu-tions. Larger samples of individuals are not necessarily better samples in these situations.The most relevant information is found in subpopulations, which can be used to more ac-curately determine conditional distributions than a large diverse population could. Largerpopulations would contain less relevant information. Since the probability of restriction isbased upon the perceived level of epistasis, the EuA adaptively maximizes the amount ofrelevant information in the population.Diversity, Schemata Competition, and SubpopulationsBecause of the restriction operator, the EuA can and will maintain extremely high levels ofdiversity in the population, without bogging down the pace of the search with many ine�ec-tive schemata recombinations. The restriction operator ensures successful matings amongindividuals in the population. When epistasis is low, alleles can be drawn from the entirepopulation without ill e�ect. However, when epistasis is high, if the genotypes of a groupof mating individuals are too di�erent, their o�spring will most likely have low �tness. Therestriction operator attempts to guarantee the compatibility of prospective mates. Whenhigh epistasis is detected, the EuA restricts the population to a group of similar individuals,and therefore reduces the probability of incorrect schemata recombination and low-�tnesso�spring. Because of the randomness of the application of restriction, the EuA causesmany di�erent subpopulations to intermate. Unlike many GA-related methods, reproduc-tive compatibility and the subgrouping of individuals is not limited to a single, simple overallmeasure such as Hamming distance. The randomness of the application of the restrictionoperator causes many di�erent population subgroups to be matched for reproduction, ascompatibility is determined by di�erent genes as each new individual is constructed. Asa result, not only does the restriction operator allow large amounts of diversity to existin a single population, it causes diversity to be maintained. It is a \multicultural datingservice".Diversity is not always desirable. If it is fairly easy to generate good individuals withvery diverse genotypes, then subpopulations of individuals can and will easily coexist in asingle large population, and diversity is helpful to generate more representative statistics.In this case, the EuA can simulate the action of a \parallel GA". A parallel GA is a setof GAs that occasionally share individuals between their populations and, by doing so, cancollectively maintain search focus in many more regions of the space than a single-populationGA. However, there are situations in which homogeneity is preferable to diversity. In search49



spaces where the number of good individuals is extremely low, it will be di�cult to generateeven a single good individual and therefore practically impossible to generate a diverse setof good individuals. If the �tness of the single good individual exceeds the population'saverage �tness by a great enough amount, the EuA will experience a large drop in diversityof bits with very high signi�cance with the occurrence of this �rst good individual, asthe algorithm will have no choice but to exploit the only information it has that can leadto higher �tness. This decrease in diversity is not necessarily detrimental, as the dropin diversity of some genes allows the algorithm to much more thoroughly explore smaller,more promising regions of the search space. This is exactly what is needed when high-�tnessindividuals are very di�cult to locate.The EuA's smart recombination allows it to maintain much higher levels of diver-sity in a single population than a GA could maintain. In GAs, schema �tness is implicitlyrecorded by how often it is found in the population|�tness proportionate representation.Fitness is not explicitly de�ned using averages, maximum values, or any statistics whatso-ever. It is therefore di�cult for two or more competing schemata to exist in the populationfor long, because of the positive feedback between representation and selection. As soon asone schemata achieves higher representation than its competitors, it becomes more likelyto be included in reproduction than its competitors, and its representation increases evenmore. Schemata whose representation fall below that of the others become less likely to bepropagated, and their representation falls even more until they vanish from the population.In contrast, competition among schemata in the EuA is not won by higher amounts of rep-resentation, but by �tness itself. As a result, a high-�tness schema can exist in just one ortwo individuals in a large population, but still have a high probability of being used in theconstruction of new individuals. For example, consider a situation in which 99 individualsof a population contained schema A, and one individual contained a competing schema B.If the mean �tness of the schema A individuals was the same as the �tness of the schemaB individual, the probability of the occurrence of each schema in new individuals would beequal, even though only one individual contained schema B. In a �tness-proportionate GA,schema A would be 99 times more likely to occur in o�spring than schema B, since the sumof �tnesses of all schema A individuals would be 99 times that of the schema B individual.As a result of the EuA's managed competition of schemata, and the restriction operator'scompatibility checking, many diverse groups of individuals can and will be maintained in thepopulation during the search. The experiments to follow will demonstrate this empirically,illustrating that very genotypical di�erent individuals coexist peacefully, yet competitively,in EuA populations.It should be pointed out that the restriction operator performs exactly the oppositeof what has been recommended by previous researchers|\incest prevention" (Eshelman50



and Scha�er, 1991). Since the problem of premature convergence is very signi�cant in theperformance of GAs, some method such as incest prevention must be used to maintain highlevels of diversity, without introducing random mutation. When incest prevention is usedto prevent diversity loss, individuals mate only when they are signi�cantly di�erent|whenthe Hamming distance between them is large. It has been demonstrated that this is a verygood heuristic for the GA, since its highly e�ective prevention of premature convergenceovershadows the increase in incompatible matings. It allows the GA's search to increaseexploration without the use of higher mutation rates. Since the amount of explorationthe EuA performs is adaptive, and diversity is promoted only when necessary, this arti�-cial method of preventing diversity loss is not needed. Furthermore, it would most likelybe detrimental to the performance of the EuA, because it would increase the chance ofincompatible schemata being paired together.4.4 Steady-State ReplacementInstead of generating an entirely new population from the existing population (\Genera-tional Replacement"), the EuA uses \Steady-State Replacement" (Eshelman, 1991; Syswerda,1991), in which only one individual from the existing population is replaced at a time. Sincefeedback can be gained from the evaluation of only one new individual, Steady State Re-placement is a superior strategy to Generational Replacement because new information canbe immediately exploited for use in new individuals. In addition, the action of the EuA isvery genotypically \disruptive", as it frequently generates new individuals that have veryhigh Hamming distances from those in the current population. Steady State Replacementguarantees that good schemata found in the current population will be preserved as thesearch proceeds, while at the same time allows the EuA search to be very explorative. IfGenerational Replacement were used, then valuable information would be much more likelyto be lost from generation to generation, and therefore the search would have to be muchmore cautious and conservative.The choice of which individual to replace is yet another heuristic to determine for theEuA. The current implementation of the EuA always replaces the lowest-�tness individual inthe population with the newly created individual. \Elitism" can be employed to prevent thepossibility of a lower-�tness new individual from replacing a higher-�tness individual alreadyin the population. Yet another variation of the replacement strategy is to probabilisticallyreplace individuals based on their �tness. However, such a strategy would increase thechance that high-�tness schemata would be lost, and, given the high amount of explorationperformed by the EuA (as will be demonstrated in the experiments), the current strategyof always replacing the worst is likely a better heuristic for most stationary problems.51



4.5 Summary of the Eugenic AlgorithmThe EuA is composed of two main parts: individual creation and individual replacement.Individual creation is composed of smart allele selection and population restriction. In thestandard EuA, �tness-proportionate selection is used to choose alleles, where an allele's�tness is de�ned as the mean �tness of all the individuals that contain that allele. Mean�tness selection is a superior strategy to representation-proportionate �tness selection, sinceonly a single instance of a high-�tness allele is necessary to guarantee its exploitation. Inaddition, it allows much greater levels of schemata diversity to exist. Population restrictionis a major innovation of the EuA that is not present in any previous algorithm. Populationrestriction allows the EuA to purposefully (not randomly) juxtapose compatible schemataand also maintain many diverse subpopulations inside of a single large population. Thesesubpopulations allow the EuA to focus its search in many di�ering regions. By using pop-ulation restriction, the EuA can calculate only those conditional allele �tness distributionsthat are necessary. These calculations lead to the computation of increasingly higher orderschema �tnesses, and only the most important of these schemata are analyzed. Populationrestriction allows epistasis to be intelligently tracked, analyzed and exploited. In e�ect,population restriction allows the EuA to perform smart recombination. The EuA usesSteady-State Replacement to prevent the loss of valuable genetic information|informationon high-�tness alleles and schemata. In Steady-State Replacement, a newly created indi-vidual replaces the lowest-�tness individual in the EuA population.In the chapter to follow, EuA performance will be compared against that of severalother optimization algorithms on six di�erent combinatorial optimization problems. Weshall see that the EuA performs extremely well in relation to the other algorithms.
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Chapter 5ExperimentsIn this chapter, six combinatorial optimization problems will be attacked by several evolu-tionary algorithms, including the EuA. Five of these problems are drawn from the genesys-2.0 test suite1, and the sixth has been studied in simulated annealing literature comparingthe performance of simulated annealing to that of genetic algorithms (Ingber, 1993). Theseproblems are considered to be very hard, as even customized methods (such as directionset, branch and bound, etc.) have great trouble �nding the global optima. At least fourare NP-complete. Trivial toy problems, such as BIT-COUNT (described in section 3.3),will not be studied, as they would provide little feedback on how these algorithms wouldperform in real-world applications. A detailed description of each of the problems will beprovided in section 5.3.This thesis focuses on combinatorial optimization, and so all of the independentvariables of the problems were encoded using binary genotypes, even though some of theseproblems might be more easily solved using a straightforward real-number representation(F02 and F38 in particular). It is extremely important to realize that the entire topo-logical structure of the problem search space changes with such a transformation fromm-dimensional real space to n-dimensional binary space. For example, there are a greatmany points that are mutation-based neighbors in the real space, but are separated bygreat (Hamming) distance in the binary space. This phenomenon is known as \Hammingcli�s". For instance, consider 4-bit binary genotypes that encoded equidistant real numbersin the range [0; 15]. The genotypes '0111' and '1000' would encode the real genotypes 7:0and 8:0, respectively. While their distance in binary space is the greatest possible for a 4-bit1The genesys-2.0 software was provided in pre-release form by Joerg Heitkoetter. In the genesys-2.0 testsuite, there are thirty-seven problems, designated F01 through F37. To aid researchers in the future, I willuse genesys-2.0's nomenclature. As a result of this nomenclature, the one test problem studied in this thesisthat was not included in the genesys-2.0 package shall be designated \F38".53



binary genotype, their genotypic distance in real space is fairly small. Therefore genotypesthat are neighbors in real space do not necessarily maintain this relationship when they areencoded into another representation. As a result, the di�culty of an optimization problemcan be greatly increased or decreased when the representation of the inputs change. Inparticular, local optima present in real space do not necessarily retain their same neighbor-hoods of attraction in binary space, and therefore they may no longer be locally optimal,since they are no longer superior to their immediate neighbors. Even a transformation fromone binary representation to another that maintains local neighborhoods can cause localoptima to appear or disappear, since the bit patterns that matched speci�c individualsin the original space may no longer match the individuals in the new space. In problemF02, we shall see that the change from real to binary space greatly increases the numberof local optima (and therefore problem di�culty). In contrast, problem F38, a problemwith a great many strong local optima in real space, seems to lose this characteristic upontransformation of its inputs into a binary encoding. Almost all the algorithms tested werenever trapped by F38's real-space local optima. Furthermore, to make a fair comparison, allthe algorithms searched using the same genotype-phenotype mapping, since changing thismapping could easily alter a problem's epistatic and local optima properties. By comparingeach algorithm's performance on a number of di�ering problems, it is hoped that the specialbias of each algorithm can be identi�ed and eliminated from the comparison. In order tomake this comparison, the algorithms must be tested on the same problems using the samerepresentation.Since the ideas of epistasis and problem di�culty are so closely linked, one algo-rithm (IMHC) was speci�cally designed to be the \silver bullet" for zero epistasis problems(speci�cally 0.0 o(1) �2-epistasis). The relative speed at which IMHC solves a problem,compared to the other algorithms used, will be considered a measure of problem triviality(and therefore problem insigni�cance). As we shall see, IMHC easily optimized one of theproblems (F38), and very quickly solved a second problem (F32), relative to the more com-plicated algorithms used. Hence, we may assume that F32 and F38 have little epistasis, andare therefore \easier" problems than the other four. We shall see that the main hurdle toIMHC's performance is not high epistasis (i.e. a great many local optima), but deception.Finding the best solutions for these six problems is not the goal of this study. Thegoal is to discover the problem-independent characteristics of the best performing algo-rithms, and subsequently determine whether the theorized \important" characteristics ofthe EuA|smart mutation and recombination|are useful when attacking hard discrete op-timization problems, and, in addition, whether or not these characteristics are e�cientlyperformed by the EuA. It will be shown that this is indeed the case. The next section willdescribe what is meant by the phrase \best performing algorithm", and will be followed by54



descriptions of the algorithms tested and their performance on the test problems.5.1 Quantifying PerformanceOptimization algorithm performance is usually measured by two quantities: the qualityof solutions found and the speed at which high quality solutions are found. A standardmethod of representing an optimization algorithm's performance on a particular problem hasbeen to construct \learning curves", which plot the change in quality of the best solutionsfound versus algorithm resource expenditure. Solution quality is usually measured with anaverage of the �tnesses of the best individuals discovered over a number of di�erent runs,and resource expenditure is usually measured using raw computation time or the numberof function evaluations conducted. While computation time and function evaluations areboth very practical and valid measures of resource usage, the use of mean �tness values asa measure of quality must be used with caution. For instance, it may be the case that themean �tness of the best individuals found by one algorithm was twice the mean �tness of thebest individuals found by another algorithm. In spite of this, it must not be assumed that,the �rst algorithm performed twice as well, or even much better than the second algorithm.For example, consider a problem in which the optimal individual had �tness of 100.0, thesecond best individual had a �tness of 95.0, and all the other individuals had �tness rangingfrom 0.0 to 5.0. Assume that algorithm A1 can locate the optimum in half of the runs, butin the other runs A1 can only �nd points of �tness 5.0 or less. Algorithm A2 can locatethe second best point 100% of the time, but can never locate the optimum. If we evaluatealgorithms on the basis of the mean �tness of the best individuals they found, we wouldrate algorithm A2 to perform almost twice as well as algorithm A1, even though A2 couldnever �nd the optimum. Thus the use of mean �tness to judge algorithm performance canbe misleading, since it does not clearly demonstrate an algorithm's probability of �ndingoptimal or almost-optimal points. This problem could be made even worse if the range ofall �tness values was small, relative to their absolute values. For example, if we added 106to the �tness of all the individuals in the search space, then the two algorithms would seemto perform identically, since the di�erence in their mean best �tness values would be almostnonexistent and easily attributed to sampling error.A better way to quantify an algorithm's performance on a particular problem mightbe to compute statistics using the overall ranks of the best points found, instead of theabsolute �tnesses of these points. By using rank instead of raw �tness, relative search ca-pabilities of the algorithms could be compared without being a�ected by order-preservingdistortions of the �tness space. However, determining the rank of each individual encoun-tered is practically infeasible, as it would require enumeration of almost the entire search55



space. In addition, reducing performance to a simple statistic (such as an average) willalmost inevitably lead to a loss of important performance-related information. The cumu-lative distribution function of the ranks of points found by a given algorithm after a speci�cnumber of function evaluations is probably one of the best practical representations of analgorithm's performance, as it simultaneously demonstrates both the quality and frequencyof discovery of solutions.In spite of the problems with mean �tness values, the standard practice of plottingmean �tness versus time (function evaluations) will be used in this thesis to represent thebehavior of the algorithms, for the sake of simplicity and ease of understanding. In futurestudies, it might be practical to determine the ranks of created individuals. At this time wewill be limited to mean �tness metrics and, in a few cases, a limited study of points close tothe optima. Algorithms will be judged by how many function evaluations they require tosolve the given problems, and not by their raw computational usage, as it is assumed that,in \real-world" optimization problems, the cost of a function evaluation is much greaterthan the computational cost of a particular search algorithm.The next section will include a detailed description for each algorithm, as well asthe algorithm parameters used in the experiments. Then, each experiment and its resultswill be discussed in depth.5.2 The AlgorithmsThree mutation-based and two pattern-based algorithms are evaluated in this section. Themutation-based algorithms are \Increasing Mutation Hill Climbing" (IMHC), \Decreas-ing Mutation Hill Climbing" (DMHC), and simulated annealing (SA) (Kirkpatrick andSherrington, 1988). Both IMHC and DMHC were derived from \Random Mutation HillClimbing" (RMHC) (Forrest and Mitchell, 1993) especially for this thesis. The mutationbased-algorithms can be broken down into two classes|heating algorithms (IMHC) andcooling algorithms (DMHC and SA). Heating algorithms start with a random individualand slowly increase the \heat" (the size of mutations) using an arbitrary schedule. Heat-ing algorithms' main emphasis is exploitation. Therefore they can quickly �nd excellentsolutions in some instances, but are prone to become trapped in local optima in others(at least until heat increases to a point where the search can escape the local optimum'sbasin of attraction). Cooling algorithms start with high mutation rates and decrease theserates over time. Cooling algorithms are initially very explorative, with the hope of initiallyavoiding the basins of attraction of local optima. It is assumed that the basins of attractionof true optima will be stronger than those of local optima. However, high initial explo-ration may lead to very little progress, as promising areas are ignored in favor of further56



research. Cooling algorithms also are liable to be trapped in local minima, if explorationdecreases too much at the wrong time. If this occurs, the algorithm has little chance ofescaping. The pattern-based methods studied can also be divided into two classes|geneticand eugenic. The genetic algorithm studied relies on random mutation and recombination,while the eugenic algorithm uses smart, statistically justi�ed mutation and recombination.The EuA will be the only eugenic algorithm studied, although tests will be conducted withEuAs that do not use the restriction operator, and are therefore e�ectively equivalent toBSC (Syswerda, 1993).Di�erent parameter settings for these algorithms were tested in the experiments.For SA and DMHC, two settings of the \cooling rate" parameter are studied. For the GA,two recombination methods are tested. IMHC has no parameters, and therefore it wasn'tpossible to study more than one incarnation of it. The parameters varied for the EuAwere population size, selection noise, creation rate, and the use of the restriction operator.The goal of the study was not to determine the \absolute best" algorithm for use on aparticular test problem, but to identify the prevalent biases, strengths and weakness of thealgorithms, and to develop a uni�ed theory of why a particular algorithm type would performwell on some problems, but not on others. Therefore no e�ort was made to tune any ofthe algorithms parameters used, even when hindsight suggested that some parameters wereobviously ill-chosen for a particular problem. Please note that there are many variations ofSA and GAs; the ones used for the experiments, as well as their parameters, were chosento represent the \standard" incarnations, for which a high level of performance should beexpected.5.2.1 Increasing Mutation Hill Climbing (IMHC)In IMHC, a random individual is initially chosen. Random locus mutation of varying size(from one-bit to l-bit) is then applied to this individual. Mutations are accepted when theyincrease �tness or cause no change to �tness, otherwise the individual remains unchanged.Initially, mutation size (i) is one. Mutation size is slightly increased when no increasesin �tness are encountered after a number of attempts. In particular, when no increase in�tness is encountered after l � 2i i-bit mutations are attempted, mutation size is increasedto i + 1 bits. For example, if l � 21 one-bit mutations cause no increases in �tness, thenl � 22 two-bit mutations are attempted, and if still no increases in �tness are encountered,l � 23 three-bit mutations are attempted, and so on.. The number i can increase until i = l .If this happens, i is reset to one. In order for IMHC to escape a local optimum, a pointoutside that local optimum's basin of attraction must be discovered that has a �tness equalto or greater than that of the local optimum's.IMHC is the \silver bullet" against trivial toy problems such as BIT-COUNT. Out57



of all the algorithms tested, IMHC will �nd the optimum the fastest if a problem is 0%epistatic, since its one-bit mutations will quickly hill climb to points of higher and higher�tness. In such a case, the expected number of �tness evaluations it will have to perform isO(l). However, if it encounters a very large group of genotypically similar individuals withequal �tnesses, it can waste large amounts of function evaluations by mutating back andforth among members of this group. A slight optimization to IMHC (and all the mutation-based algorithms) would be to keep track of previous mutations, and prevent the algorithmfrom retrying the same mutation on the same individual more than once.5.2.2 Decreasing Mutation Hill Climbing (DMHC)DMHC is a very simple cooling algorithm. After an initial individual is randomly chosen,random locus mutations of decreasing size are attempted. When mutation causes no changeor an increase in �tness to current individual, the mutated individual replaces the currentindividual. The mutation probability of each bit, pM , is a function of the \cooling rate" rc,the number of function evaluations t and the maximum number of function evaluations tmax :pM = 0:5(1:0 � ttmax )rc (5.1)At t = 0, pM is 0.5, and so half the bits in a genotype will be mutated on average. As rc isincreased, pM decreases more quickly, with a resulting decrease in exploration, in favor ofexploitation. DMHC is very similar to simulated annealing (see below), except that newlygenerated points with lower �tness than the current individual have absolutely no chanceof replacing the current individual. In the discussions to follow, the notation DMHC-x willbe used to denote DMHC with a cooling rate of rc = x.5.2.3 Simulated Annealing (SA)The simulated annealing algorithm used in the experiments is only a rough approximationof \true" simulated annealing. It is identical to DMHC, except that points of �tness lowerthan the current individuals' �tness have a non-zero probability of being accepted and re-placing the current individual. This probability decreases as more function evaluations areperformed. This is the \acceptance probability" (pA) is de�ned as follows:58



pA = 1:01:0 + exp( �f0:5(1:0� ttmax )rc ) (5.2)(5.3)�f = j f(x1)� f(x2) jj f(x1) j (5.4)(5.5)where f(x1) is the �tness of the current point, f(x2) is the �tness of the mutated point,and rc controls the rate at which the acceptance probability and mutation size decreases.The desired bene�t of accepting mutations that cause decreases in �tness is to decrease theprobability of being trapped in a local minima and increase exploration. For four of the sixproblems (F31, F32, F33, and F38), this tactic appeared to be slightly detrimental, as SAunder-performed DMHC, and, for the three more di�cult problems (F31, F32, and F33),the tactic was severely harmful to the SA's performance relative to DMHC's performance.Against a problem (F2) that was speci�cally designed to have an extremely signi�cant localminimum, this tactic was clearly bene�cial. However, it must be noted that F2 is an arti�cialtest problem created to simulate hard problems, while F31-F33 are classic combinatorialoptimization problems. In the discussions to follow, the notation SA-x will be used todenote SA with a cooling rate of rc = x.5.2.4 The Genetic Algorithm (GA)The GA used in these tests was \genesys-2.0"(B�ack, 1992). Fitness-proportionate selectionand elitism were used. The population size was �xed 50 individuals, while the crossoverprobability and per-bit mutation probability were set to 0.6 and 0.001, respectively. The�tness values of the population were rescaled every 5 generations. Both simple 2-pointcrossover (2X) and uniform crossover (UX) were tested independently, with UX seemingto have a slight advantage. In all the experiments, the GA's consistently converged tounimpressive populations, in spite of the �tness rescaling used.5.2.5 The Eugenic Algorithm (EuA)A complete description of the eugenic algorithm was given in chapter 4. Many di�erentcombinations of parameters were studied:Population Size: 20,50, and 100 59



Selection Noise: 0.01 to 0.25 (usually 0.05)Creation Rate: 0.01 to 0.25 (usually 0.05)Restriction Operator: o� or onThe primary parameters studied were population size and selection noise. Also, theEuA was tested with the restriction operator shut o�. Removal of the restriction operatordegraded performance for all problems except for F02.5.3 Combinatorial Optimization ExperimentsIn this section, six experiments are described. Each experiment features a particular com-binatorial optimization problem and the performance and behavior of all �ve optimizationalgorithms on this problem. All of the problems are minimization tasks, and so \higher�tness" individuals produce smaller phenotypic values for these functions. For a given indi-vidual, I shall refer to the actual function value as the individual's phenotype, while I willuse �tness to refer to the \goodness" of the individual.All of the results were averaged over 100 runs of a particular algorithm/parametercombination. The mean phenotypic value of the best individuals found by the 100 runswas computed every 100 function evaluations, and learning curves were constructed thatgraphed the number of function evaluations versus the average phenotypic value of thebest individual found by each run. Both axes of the learning curves are plotted using baseten logarithms of the actual numbers encountered. This is done in order to more clearlydisplay di�erences in behavior. When the range of phenotypic values is huge, di�erencesin the average phenotypic values can be more easily seen on log-log plots. Also, mostof the learning curves of the experiments were highly exponential in nature, with initialextremely large changes in phenotypic value followed by very little change for many functionevaluations. Few performance di�erences could be detected when examining linear plots.If the logarithms of both the number of function evaluations and average phenotypic valuewere not used, most of the plots would resemble many \L"-shaped curves squashed togetheron the left side of the graphs. The appearance of the learning curves is more linear usinglog-log plots, and behavioral di�erences are clearer.Each experiment in this chapter will be presented with four accompanying graphs.All the graphs show the performance of three \standard" EuAs, which use a 5.0% selectionnoise and creation rate. The three standard EuAs use di�erent population sizes|20, 50and 100 individuals. Each graph compares the performance of these three standard EuAswith either \nonstandard" EuAs or di�erent algorithms altogether. Nonstandard EuAs arethose that have extremely high selection noise, creation rates, or do not use restriction. The60



notation EuA-� is used to denote eugenic algorithms with population size �. The variablesN and C will denote EuA selection noise and creation rates, respectively. The four graphspresented for each experiment are:1. Eugenic vs Genetic Search: Graphs the behavior of the standard EuAs relative to twoor more GAs that use di�erent recombination operators (uniform or simple 2-pointcrossover).2. Eugenic vs Mutation-Based Search: Graphs the behavior of the standard EuAs relativeto SA, DMHC, and IMHC. Two cooling rates, 1.0 and 4.0, were studied with bothSA and DMHC.3. Selection Noise and Creation Rate Tests: Graphs the behavior of the standard EuAsrelative to EuAs that use various di�ering combinations of population size, selectionnoise and creation rate.4. Restriction Operator Tests: Graphs the behavior of the standard EuAs relative to EuAsthat do not use the restriction operator.The o(1)-epistasis (E) and �tness variation (F ) of each problem was estimated foreach problem. A random sampling of individuals was generated and then epistasis (o(1)�2-Epistasis) and �tness variation ( SbSw ) were calculated using the random sampling. For eachpaired o(1)-competition, two genotypes that di�ered by a single bit were compared. Fivehundred o(1)-competitions occurred per gene (bit). Therefore the total number of randomsamples taken for an l-bit problem was l � 500.5.3.1 F02: The Two-Dimensional Rosenbrock FunctionProblem DescriptionThe two-dimensional Rosenbrock function has one global optimum and one major localoptimum, when encoded in 2-dimensional real space (De Jong, 1993). It is an arti�cialproblem that was intentionally created to have a local optimum with a basin of attractionmuch larger than the global optimum's basin of attraction. It is therefore very deceptive inreal space. The two dependent variables can vary in the region [�5:12; 5:12]. This problem'sphenotypic values can range from 0 to approximately 105.F02(y) = (100 � (y2 � y21)2 + (y1 � 1)2) (5.6)yi 2 [�5:12; 5:12] (5.7)61



The genotype [1:0; 1:0] yields the global optimal phenotype (0:0), while the localoptimum (0:017) occurs at [1:13111; 1:28]. When y1 = 1:13111 and y2 = 1:28, y21 � 1:28 =y2, and therefore both the �rst term in F02 (100 � (y2�y21)2) and the second term ((y1�1)2)are very close to zero.32; 000 samples were generated for the random sampling conducted for estimatingepistasis and �tness variance. The measured o(1)�2-Epistasis) was 0.70 and the �tnessvariation ( SbSw ) was 1.84. The average phenotypic value was 14418.5; the minimum valueencountered in the random sampling was 0.0159001 and the maximum was 97766.4.When the two real variables are encoded in n-dimensional binary space, however, theproblem becomes rife with many additional mutation-based and pattern-based local optima(due to hamming cli�s). Obviously, the global optimum still occurs when the both groupsof 32 bits are decoded to yield the real number 1:0. However, due to limited precision, thisnumber can be coded in two di�erent ways:G1 = 00000000000000000000000010011001 (= 1:0)G2 = 11111111111111111111111100011001 (= 1:0)Note that the rightmost bits are the most signi�cant in this binary encoding.In addition, the strong local optimum 0.017 still occurs when the �rst group of 32bits decodes to 1.13111 and the second group decodes to 1.28. The coding for this localoptimum is: y1 = 01010010010001001110001000111001 (= 1:13111)y2 = 00000000000000000000000000000101 (= 1:28)The reason why this is a local optimum is because a large mutation would be requiredto decrease the phenotypic value, while intermediate-sized mutations would cause largeincreases in the phenotypic value. As a result, even though the second group of bits di�ersby only 4 bits from the G1 setting (causing 1.0), changing these 4 bits would require asimultaneous change of either 11 bits (to the G1 setting) or 16 bits (to the G2 setting) iny1's bits, so that y1's bits would also decode to the value 1.0. Therefore, to decrease thephenotypic value from 0.017 down to 0.0 would require a fairly precise jump of (4+11) = 15or (4 + 16) = 20 bits|roughly 25%-30% of the bits. The jump would also have to be wellcoordinated, because the large �rst term in F02 causes large increases in the phenotypicvalue when y21 di�ers too much from y2. Because of the transformation from a real spacegenotype to a binary space genotype, many additional local optima are introduced into theproblem(including another fairly strong one at phenotypic value 1.0, requiring a perfect12-bit mutation). Many of the optimization algorithms tested frequently converged to oneof these other local optima (see below). 62


