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Abstract

Shortcomings of quali tat i ve s i mul at i on and of quant i tat i ve s i mul at i on mot i vate combi ni ng
themto do s i mul at i ons exhi bi t i ng st rengths of both. The resul t i ng cl as s of techni ques i s cal l ed

semi-quantitative simulation. One approach to semi -quant i tat i ve s i mul at i on i s to use numer i c
i nterval s to represent i ncompl ete quant i tat i ve i nf ormat i on. In thi s research we demonstrate se

quant i tat i ve s i mul at i on us i ng i nterval s i n an i mpl emented semi - quant i tat i ve s i mul ato
Q3 progres s i vel y re�nes a qual i tat i ve s i mul at i on, provi di ng i ncreas i ngl

predi ct i ons whi ch can converge to a numer i cal s i mul at i on i n the
correctnes s guarantees f romqual i tat i ve and i nterval s i

Q3 's s i mul at i ons are based on a techni que we
i tat i ve s i mul at i on has a very coarse s tep s i z

rel at i vel y f ewqual i tat i vel y di s t i n
qual i tat i ve s tates ,

to i mprove
Q3

not constitut
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1 Int roduct ion

Systems that change over t i me are of ten so compl ex that anal yt i cal sol ut i ons , equati ons predi ct i ng
f uture systemstates as a f unct i on of t i me, cannot be f ound. I n those cases s i mul at i on i s usef u

predi ct i on. Gi ven a model of systemstructure and i ni t i al state, s i mul at i on determi ne
trajectory through i ts state space.

When accurate numeri cal i nf ormati on about structure and i ni t i al stat
of numeri cal s i mul at i on techni ques i s avai l abl e. When onl y qual i

avai l abl e, a s i gni �cant body of work descr i bes methods
the many cases i n whi ch accurate numeri cal i n

numeri cal s i mul at i on, yet i ncompl ete n
f or stronger predi ct i ons than

quanti tat i ve s i mul at i
i nf ormati ve i nf

As an exa
ti on



An object is fired upward fast enough to escape a gravitational field
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Fi gure 1: Qual i tat i ve s i mul at i on of an obj ect �red upward at greater than escape vel oci ty shows
that the gravi tat i on exper i enced by the obj ect produces a negat i ve accel erat i on (a) , reduci ng

vel oci ty (b) . As di stance i ncreases (c) , gravi tat i on decreases . Qual i tat i ve s i mul at i
another behavi or i n whi ch the obj ect f al l s back to Earth (not shown).

Thi s paper s i gni �cantl y revi ses and expands a prel i mi nary account
and provi des a proof of convergence and stabi l i ty f or step s i z

2 Q3 and St ep Si ze Re�nement

Q3 i mproves on pure qual i tati ve s i mul at i on by augmen
i nf erences when quanti tat i ve i nf ormati on i s

i ng behavi ors , and i n provi di ng nume
that quanti tat i ve i nf ormati o

boundi ng spaces of po
extract i ng as m

expl i ci



tat i ve s i mul at i ons because the qual i tat i ve f eatures of qual i tati ve s i mul at i on traj ector i es do change
s i gni �cantl y f romone ti me poi nt to the next. Theref ore step s i zes f or qual i tat i ve s i mul at i

l arge by de�ni t i on and so numeri cal i nf erences on themtend to be weak.
Augmenti ng a Q2 s i mul at i on so that i t has smal l er step s i zes can l ead to

quanti tat i ve i nf erences , j ust as numeri cal s i mul at i ons can be i mproved
(wi thi n l i mi ts i mposed by the accuracy of oati ng poi nt ar i thm

al gor i thmf or doi ng thi s . Q3 augments Q2 wi th the the
capabi l i ty of smal l er step s i zes .

Q3 �rst generates qual i tat i ve behavi ors
mati on vi a Q2 . Then, better i nf eren

step s i ze re�nement and au
techni que. Adapti ve

represent a
the



Model of a Tank wi th Fl ui d Fl ow OverowBehavi or of the Tank
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Amount(T1)�Amount(T0)
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�

[min(Netflow(T0) ; Netflow(T1)) ;

max(Netflow(T0); Netflow(T1)) ]

(a) Di agram& equat i ons of a model (b) Di agram&equat i ons of a behavior

(c) Overowbehavi or : graphi cal repres entat i on
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Fi gure 2: A si mpl e tank model and i ts overowbehavi or . The model consi sts of two const
t empl at es, shown i n (a) . Those templ ates hol d at al l t i mes. Instant i at i ng the templ ate

tat i vel y di st i nct i ve t i me poi nts T0 and T1 l eads to representat i ons of i ts be
network representat i on of the overowbehavi or i s shown i n (b) . Al a

t i me poi nts woul d be unwi el dy to depi ct graphi cal l y, but can e
memory. The same behavi or represented graphi cal l y i s

quanti ty of ui d i n the tank. Overowoccurs at
capaci ty of the tank. The mean val ue const

Amount, Netflow, and TIME.
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Fi gure 3: Constraint propagation of i nterval l abel s through an add constrai nt . The i nterval at
each termi nal i s narrowed by usi ng the constrai nt to propagate the i nterval s current l y at the other

termi nal s , so an add constrai nt actual l y enf orces three rel at i ons , one addi t i on, Z� X+Y, a
subtract i ons , X�Z�Y and Y�Z�X.

var i abl es concerned at part i cul ar poi nts i n t i me (Fi gure 2b). These constrai nts rel ate i n
quanti tat i vel y bound the qual i tati ve l andmarks of model var i abl es . The constr

narrowi ng of one or more i nterval s (Davi s 1987), where a narrower i nt
tai nty about quanti tat i ve val ue. When an i nterval i s narrowed

constrai nts di rect l y a�ected can of ten narrow other
13) . Thus the e�ect of narrowi ng an i nterval c

the constrai nt network.
There are a number of di �erent ki nd

� Ari thmeti c and monotoni c

� Greater and l ess than
model var i abl e.

� Mean val ue co
traj e

Propa



   upper
envelope

     Interval propagation across an M  constraint: Y = M (X)
Given Y, find a new range for X:
1) Project Y across the envelopes.
2) Intersect the projection with the old interval for X.

+ +

The interval Y

Interval for X
implied by Y

      The old interval for X
Intersection = new interval for X

  lower
envelope

Fi gure 4: Propagati on through an M+ (pos i t i ve monotoni c) f unct i on wi th quanti tat i ve envel opes .
Hatched regi ons of the axes represent i nterval s , and the upper and l ower envel opes bound a space of

monotoni c f unct i ons . Propagati onshown i s f roman i nterval on the y- axi s to the x- axi s . Propag
the other way, f romxto y i s anal ogous.

I f two vari abl es are monotoni cal l y rel ated, the hi ghest and l owest poi nts of an i n
themi mpl y hi ghest and l owest poi nts of the proj ect i on of that i nterval on

A qual i t at i ve monotoni c f unct i on represents a l arge set of quan
al l those that are monotoni c i n the di rect i on speci �ed b

mi ddl e ground between qual i tat i ve monotoni c f unct
i s upper and l ower monotoni c envel opes whi ch b

i s i l l ustrated by Fi gure 4, whi ch shows a
monotoni ci ty.

2.1.3 The meanvalue constraint

The mean val ue constrai nt i s des i gned t
t i me poi nt to another . I t der i ve

whi ch states :

where t i me t� 2 ( tn�1; tn) : r
(Forrester 1961) rel a

We do not knowthe val u

rate(

2See e.g. Hyv�onen (1992 p. 89{
techniques (Boltyanski i 1964).



because t� 2 ( tn�1; tn) , because a cl osed i nterval I =[ a; b] i s a superset of the open i nterval (a; b) ,
and because the qual i tat i ve s i mul at i on modul e (QSIM) ensures that rate( t) and al l other varyi ng

quanti t i es are monotoni c between states at adj acent t i me poi nts tn�1 and tn.
From(1) and (2) ,

level( tn) �level( tn�1)

tn �tn�1
2 [min(rate( tn�1) ; rate( tn)) ; max(rate( tn�1) ; rate( tn)) ] : (3)

When quanti t i es are known onl y to wi thi n i nterval s , thi s equati on must be i nterval i zed i n the
obvi ous ways. Real var i abl es xi are repl aced by correspondi ng i nterval var i abl es Xi , real f unc

f(xi ) are repl aced by correspondi ng i nterval f unct i ons F (Xi ) ; real ar i thmeti c opera
\�" are gi ven the correspondi ng i nterval i nterpretat i ons , the natural i nte

1979) of 2 i s �, and f unct i ons min() and max() are appl i ed respect i v
bounds of i nterval s . I nterval i zi ng (3) gi ves

LEVEL(Tn) �LEVEL(Tn�1)

Tn �Tn�1
� [min(RATE(Tn�1) ; RATE(Tn)) ; max(RATE(Tn�1) ; RAT

where the l owbound of an i nterval Xi s denoted by Xand the hi gh bound by X(Moore 1979)
The RHS si mpl i �es to the convex hul l of the set RATE(Tn�1)[RATE(Tn) , or RATE(Tn�1)[RATE(Tn) ,

where the convex hul l i ncl udes everythi ng i n ei ther i nterval or between them. Thi s resul ts i n the
mean val ue const rai nt :

LEVEL(Tn) �LEVEL(Tn�1)

Tn �Tn�1
� RATE(Tn�1)[RATE(Tn) : (4)

Equati on (4) can be sol ved al gebrai cal l y f or each vari abl e on the l ef t hand si de. The resul t i ng
r i ght hand si de can then be eval uated to gi ve an i nterval , whi ch i s i ntersected wi th the quanti ty' s

current i nterval as i n Fi gure 3.
Quanti tat i ve i nf erences provi ded by the mean val ue constrai nt tend to be weak when the v
Tn�1 and Tn are wi del y separated, as i s of ten the case wi th qual i tat i vel y di st i nct t i me

Fi gure 6a) . Much better resul ts are typi cal l y obtai ned f romthe mean val ue c
s i ze re�nement, whi ch makes adj acent t i me poi nts cl oser together (as

Alternatives to the mean value constraint The mean val ue constra
method. An obvi ous i mprovement over the rel at i vel y weak Eul er ' s

method, a mai nstay of numeri cal s i mul at i on. For i nterval probl e
1- step method (such as Runge-Kutta) can be extended to i nt

woul d be to use an exi stence and convergence theoremf
Theorem 5.7) . Moore (1979 p. 94{97) al so desc

s i mul at i on. Ei j genraam(1981) and Lohner
Massuy�es (1991) demonstrate the f eas i

s i mul at i on.

2. 2 Phase I I: progress

Aquanti tati vel y annotated
re�ned i n Phase I I .

whi ch gradua
ones



2.2.1 Step size re�nement: overview

Standard numeri cal s i mul at i on al gor i thms est i mate systemstate at the next t i me poi nt by ex-
trapol at i ng f romcurrent trends. I t i s better to extrapol ate onl y a short di stance al ong the system

traj ectory and then to reassess current trends bef ore extrapol at i ng f urther , than to extrapol ate
a l onger di stance. Thi s means keepi ng the step s i ze of the s i mul ati on smal l and, i ntu

smal l step s i zes typi cal l y l ead to l ess error i n the predi cted traj ectory o
For most i nterval general i zat i ons of numeri cal s i mul at i on m

si zes l ead to narrower but correct i nterval predi ct i ons .
step s i ze re�nement, the step s i zes of the s i mu

sharp predi ct i ons i n the f ormof na
These i ntui t i ons about st

proven i n Appendi x B

2.2.2 Step size re�n

We are gi ven a �ni te orde
i nterval range [ ti ; ti ]

may over l a
I ter
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Fi gure 5: A rocket i s �red upward f romthe Earth' s surf ace. Gravi ty decreases wi th the squared
di stance f romthe Earth' s center (Fi gure 8) . I ni t i al vel oci ty i s R� 2 [ 10000; 20000] m

s , whi ch contai ns
escape vel oci ty (approxi matel y 11000 m

s ) . Q3 correct l y predi cts that the rocket coul d ei ther
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Fi gure 6: A rocket i s �red upward at [ 3000; 3300] meters per second, l ess than escape vel oci ty.
The behavi or i n whi ch the rocket f al l s back to the ground i s shown i n (a) , whi ch al so shows weak

quanti tat i ve i nf erences that were unabl e to prune any of the other two behavi ors . I n (b) the
behavi or i s shown, however 25 t i me poi nts were i nterpol ated. Consequentl y, quanti tat i v

are much stronger | and the 2 i mposs i bl e behavi ors have been pruned. Tabl e 1
i ntermedi ate stages i n the s i mul at i on.
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Vari abl e�! Accel erat i on Vel oci ty Hei ght Ti me #

TIME�! 153 T1 153 T2 153 T1 T1 T2
b
e

Stage#
h
' s

(a) [�9:83; (�1; (0; [ 305; [ 305;
Phase I 0) 0) 1) 1) 1) 3
(b) [�9:16; [�9:16; [ 1496; , , [ 229; [ 229; [ 316; [ 316;
1 i nterp. �8:44] 0) 2009] 505] 1) 1) 1) 1

(c) [�8:99; [�8:77; [ 1535; , , [ 289; [ 373; [ 326; [ 326;
4 i nterp. �8:57] 0) 1948] 452] 1) 1) 1) 1

(d) , , , , , , , , , , , , , , [ 519;
TIS 1)
(e) [�8:91; [�8:65; [ 1558; , , [ 319; [ 422; [ 331; [ 51
7 i nterp. �8:64] 0) 1919] 424] 1) 1)

(f) , , [�8:65; , , , , , , [ 422; [ 331
Beh. spl i t �:00052] 866624]

(g) , , [�8:63; , , (�1; , , [ 428;
8 i nterp. �7:98] �1044] 699

(h) [�8:87; [�8:56; [ 1570; [�5482; [ 334; [ 45
25 i nterp. �8:68] �8:06] 1905] �1819] 409]

( i ) [�8:87; [�8:53; [ 1572; [�4653; [ 3
50 i nterp. �8:69] �8:10] 1902] �2137]

Tabl e 1: The returni ng rocket s i mul at i on at var i o
var i abl es are each shown at TIME=153 (the �

al gor i thm), and ei ther T1 when the
on the way down. Each techni

i nterval resul ts get nar
the text . )



Ti�1
� �gap� �

Ti -t ime� �
S

� �

Fi gure 7: Ti�1 and Ti are t i me poi nt s, but thei r val ues are known onl y to wi thi n i nterval s , i nd
by sol i d l i ne segments . Between themi s a gap. Ti�1 and Ti are the endpoi nts of a t i me

si ze i s i n [ w(gap) ; S] , where w(gap) i s the wi dth of the gap. S i s the maxi mumpos
f romTi�1 to Ti.

|||||||

3 Det ai led Exampl e: a Nonl i near Second-Order Roc

We nowstep through an exampl e requi r i ng step s i ze re�nement and the aux
o�ers . Consi der a rocket i n a gravi tati onal �el d whi ch decreases wi th

second order and nonl i near , and hence makes a usef ul demon
model appears i n Fi gure 8. The s i mul at i on f or thi s exa

scr i bi ng known quanti tat i ve data about the Earth
than the escape vel oci ty of 11; 000ms so

To di rect Q3 ' s operat i on, we sp

Goal: \Prune as many beha
havi or(s). "

To mi ni mi ze the potent i al c
subgoal to pursue, gi ve

Subgo a l 1:

Phase I of a
bounds ob

t



(define-QDE escape-velocity

(text "Gravity decreases with height as r''=-GM/r^2")

; Define model variables and their qualitative values.

(quantity-spaces

(r (0 sea-level inf) "meters from Earth's core")

(r^2 (0 inf ) "distance squared" )

(h (0 inf ) "meters above surface" )

(km (0 inf ) "kilometers above surface")

(surface (0 s* ) "depth of Earth" )

(dr/dt (minf 0 r* inf) "velocity, m/s" )

(d2r/dt2 (minf 0 inf) "acceleration, m/s^2" )

(G (0 G* ) "Gravitational constant G")

(Earth-M (0 M* ) "Mass of Earth M" )

(K (0 K* ) "K (=G*M)" )

(-K (-K* 0 ) "-K" )

(=1000 (0 1000 ) "Thousand" ))

; The model defines these constraint templates

(constraints

((mult km =1000 h ))

((add surface h r ) (s* 0 sea-level))

((mult r r r^2) )

((mult G Earth-M K ) (g* m* k*) )

((minus k -k ) (k* -k*) )

((mult d2r/dt2 r^2 -K ) )

((d/dt r dr/dt ))

((d/dt dr/dt d2r/dt2 ))

((constant surface))

((constant G))

((constant Earth-M))

((constant k))

((constant -k))

((constant =1000))) )

Fi gure 8: Qualitativemodel of a secondorder nonlinear system. Al i st of quantity-spaces
descr i bes the qual i tat i ve val ues the vari ous model var i abl es can have, and a l i st of constraints

descr i bes the rel at i onshi ps among those model var i abl es . Thi s model descr i bes an obj ect i n f ree
f al l i n the Earth' s gravi tat i onal �el d, such as a rocket or other proj ect i l e �red upward or an o

f al l i ng downward. Gravi ty decreases wi th di stance accordi ng to the standard nonl
order di �erent i al equati on

d2r

dt2
=
�GM

r2
:
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(def-quantitative-info

(name initial-velocity-about-3000)

(quantitative-initializations

;gravitational constant

(G (G* (6.67e-11 6.67e-11)))

;Earth's mass

(Earth-M (M* (5.98e24 5.98e24 )))

;radius of Earth

(r (sea-level (6.37e6 6.37e6 )))

;Initial condition, less than escape velocity

(dr/dt (r* (3000 3300 ))))

(envelopes ()))

Fi gure 9: Quanti tat i ve data descr i bi ng known f acts about the Earth, as wel l as the i ncompl etel y
speci �ed i ni t i al vel oci ty dr/dt of a rocket (Fi gure 8) �red upward f romthe Earth' s surf ace.

each behavi or . For the return behavi or thi s was at t i me 153. For the escape behavi ors , whi
T1=1, i t occurred at t i me 1000 (Sect i on 4. 2. 1). Constrai nt propagati on on the resul

network f or each behavi or pruned the escape behavi ors and i mproved the cha
return behavi or somewhat. The pruni ng of an escape behavi or i s des

i mproved character i zat i on of the return behavi or was descr i bed
S u b g o a l 1 has been f ul l y sat i s�ed but the overal l Go

st i l l know l i tt l e about howhi gh the rock
narrowexi st i ng i nterval s , and i nf e

i n the return behavi or . Th

S u b g o a l 2

and

S u b g o

Step



CONSTRAINT I NFERENCE REASON

I nit i a l Con di t i o n s RT0 = SEA-LEVEL=6:37e6 meters (i) Gi ven
(DR=DT)T0 2 [ 3000; 3300] m=s (ii)

Pr evi o us l y I n fe r r e d -K*=�3:99e14 (iii) FromG* and M* i n Ph
(D2R/DT2)T0 =�9:83 m=s

2 (iv) From(R^2)T0 and -K i n

MEAN VALUE
RATE(T0)[RATE(1000)

=(�1; 3300] ; (v)
Qual i tat i ve behavi or h

decreas i ng; use that

RATEvar i abl e: DR=DT
(vel oci ty, m=s upward)

Decrease R1000;
R1000 2 (�1; 9:67e6]

Sol ve equat i on (4)
f or LEVEL(Tn) us i n

(i), (ii), and (v).
LEVELvar i abl e: R

( radi us , meter s f rom
the Earth' s center )

I ncrease (DR=DT)1000;

(DR/DT)1000 2 (0;1) (vi)

Qual i tat i ve be
R1000 > RT0,
i mpl i es tha

TIME:
Tn�1 =T0 =0; Tn=1000

I ncrease R1000;

R1000 2 (6:37e6; 9:67e6] (vii)

Sol ve equa
LEVEL(Tn) u

(i), (ii), and

MULTI PLI CATI ON
R�R= R^2, so
R1000�R1000 =(R^2)1000

I ncrease (R^2)1000;

Decrease (R^2)1000;
(R^2)1000 2 [ 4:06e13;9:35e13]

(viii)
Squ

MULTI PLI CATI ON
(D2R/DT2)�(R^2) =-K, so
(D2R/DT2)1000�(R^2)1000

=-K1000 =-K*

I ncrease (D2R/DT2)1000;

Decrease (D2R/DT2)1000;
(D2R/DT2)1000 2 [�9:83;�4:27]

MEAN VALUE
RATEvar i abl e: D2R/DT2

(accel erat i on of gravi ty, m=s2)
LEVELvar i abl e: DR/DT

TIME: Tn�1=T0 =0; Tn=1000

Prune behavi or ;
DR/DT)1000 2 (0;1) and
DR/DT)1000 2 [�6830;�965:5]
have a nul l i nter sect i on;

i ncons i s tency detect ed.

(a) Trace%
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(b) Pl ot%
Radi us=r( t) Vel oci ty=dr/d

Tabl e 2: (a) Excerpt of a trace showi ng howconstrai
rocket , af ter a state was i nterpol ated at t i me=

(b) Apl ot f or a pruned escape behavi o



because behavi or spl i tt i ng creates new branches i n the behavi or tree and hence can l ead to hi gh
computat i onal compl exi ty i n subsequent s i mul at i on re�nement. Thus, target i nterval spl i tt i ng

(\TI S") i s used next, to try rai s i ng T2 and l oweri ng T1.
Start i ng wi th the knowl edge that T2 2 [ 326;1] , Q3 ' s i mpl ementat i on of target i nte

assumed T2 2 [ 326; 434] , l et the s i mul at i on sett l e vi a constrai ng propagati on a
that sett l i ng l ed to an i nconsi stency (Tabl e 2 exempl i �es detect i n

T2 62 [ 326; 434] , so [ 326; 434] was tr i mmed f romthe i nterva
success f ul l y rul i ng out [ 326; 434] , target i nterval

[ 326; 651] : Subsequent to rul i ng out
out the adj acent i nterval

[ 482; 536] , s
o



approachi ng poi nt val ues i n the l i mi t i f the model i s speci �ed wi th real val ued i ni t i al condi t i ons
and model parameters . When the model i s speci �ed i mpreci sel y wi th one or more i nterval s we

are i nterested i n stabi l i t y, whi ch i ntui t i vel y means that i f systemspeci �cat i ons are weak
wi dths of resul t i nterval s wi l l be wi der but onl y to a l i mi ted degree. We �rst d

f ol l owed by convergence, stabi l i ty and �nal l y termi nati on f or step s i z

4.1 Correctness

Numeri cal methods est i mate answers , and i nterval methods bound the
that the bounds saf el y contai n the space of poss i bl e answers (e

may al so i ncl ude extraneous val ues , whi ch may occur f or

� Excess wi dth. Thi s i s a wel l - known probl emi n
1979; see al so e. g. Abel son & Sussman

The si mpl est such express i on i s (X�
gi ve a weaker answer. For exam

X�X= [ 1; 2] � [ 1; 2] = [�
contai ni ng subtract i o

once. El i mi nati
ei ther



4.2 Convergence

For numeri cal s i mul at i on, convergence means i mprovi ng poi nt predi ct i ons al l the way to f ul l ac-
curacy (Gear 1971). For i nterval s i mul at i ons , convergence means narrowi ng i nterval encl osures al l

the way to correct poi nt predi ct i ons (Ei j genraam1981 p. 57; Moore 1979 pp. 96{97; Lohner 1987
p. 261) . Both senses appl y i n the l i mi t as the step s i ze of the s i mul at i on approaches zero.

As the step s i ze decreases , the total number of steps i ncreases . The computat i o
of s i mul at i ons contai ni ng a l arge number of steps , together wi th round- o� er

poi nt ar i thmeti c or the compensat i ng extra wi dth added i ntent i on
meti c, restr i cts convergence i n pract i ce. Neverthel ess ,

s i mul at i on al gor i thms.
Our anal ys i s bui l ds on tradi t i onal anal ys

as Eul er ' s method (Gear 1971; al so se
(Appendi x B) states :

Let Y0 =F(Y) be a syst emof �
val ued f unct i ons of Y. We cons
component Y(j) of vector Y, Y(j ) (

[ lo; hi] , and that each Fi i n vector F
fi (y) .

7

Let hbe the maximumstep si ze,
est imate of Yat i nt erpol at ed t ime

represent the amount of uncertai nty
such that

Gi ven preci se i ni t i al condi t i ons
that k Yn k!0 as h!0. Thi s co
can be reduced arbi trar i l y c

start i ng at t i me t

propagati on o
be c



part i cul ar systemsu�ers f romexcess wi dth. For exampl e, as Davi s (1987) poi nts out,

x2 [ 1; 2] impl i es
x+1

x
2 [

3

2
; 2]

but strai ghtf orward cal cul at i on (e. g. by hand or i n Q3 ) , gi ves

x+1

x
2
[ 1; 2] +1

[ 1; 2]
=
[ 2; 3]

[ 1; 2]
=[

2

2
;
3

1
] =[ 1; 3] :

Thus thi s exampl e demonstrates convergence despi te excess wi dth.

4.2.1 The in�nitesimal step size assumption

Convergence as a theoret i cal property (both i n numeri cal s i mul at i on and i n the present ca
assumes that the step s i ze can be made i n�ni tes i mal l y smal l . We di scuss thi s i ssue i n

bel ow.

� I f i nterpol at i on of each newti me poi nt can be done so as to reduce the s i
S i n the regi on i n whi ch convergence i s des i red, then conti nued

str i ct l y monotoni c decrease i n the maxi mumstep si ze i n

Example: i f the regi on of convergence i s [ 0; 1] su
and 0. 875 woul d not be al l owed because a

bef ore the gap (0:75; 1) i f a str i ct l ym

� The decrease i n maxi mumste
str i ct l y monotoni c, but

two smal l er ste
prede�ned con

Example: i f
0:1
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Fi gure 10: Exampl e of convergence even though the i nterval cal cul at i ons produce excess wi dth. A
si mul at i on f or dx

dt
=x+1

x
reveal s a s l i ght l y concave down curve. Bef ore step s i ze re�nement there

are t i me poi nts at 0 and 1. Af ter re�ni ng the s i mul at i on by i nterpol at i ng two newstates at t i me
val ues t =0:50 and t =1:00, uncertai nty i n x i ncreases rapi dl y, as shown by the two tal l i n

del i mi ters at t = 0:50 and t = 1:00: Af ter re�nement wi th ten i nterpol at i ons , the tr
s i gni �cantl y more constrai ned, as shown by the ten i nterval del i mi ters of i n

t i mes 0. 10, 0. 20, etc. Re�nement wi th 100 i nterpol at i ons l eads to muc
the 100 much shorter i nterval del i mi ters .
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Whi l e convergence i s uni versal l y recogni zed as an i mportant theoret i cal property of s i mul at i on
methods f or conti nuous systems, i t shoul d be noted that pragmati cal l y or i ented uses of t i me poi n

i nterpol at i on have not had convergence as a goal (Dvorak 1992; Kay 1996; thi s paper Sec
and especi al l y 5. 3. 2). Pragmati cal l y or i ented work shows that even one i nterpol at

s i gni �cantl y i mproved quanti tat i ve bounds on model traj ector i es (Ber l eant
detai l ed exampl e) .

4.3 Stability

I n numeri cal s i mul at i on stabi l i ty i s , i ntui t i vel y, the des i rabl e cha
start i ng val ues by a �xed amount produces a bounded ch

a wel l - posed probl emand su�ci ent l y smal l step s i z
Gear (1971 p. 56) de�nes stabi l i ty more f o

k yn �~yn k

where y0 and ~y0 are two sets of i ni t i al con
numeri cal s i mul at i on af ter nsteps wi t

vector general i zat i on of absol u
equati ons contai ni n

some posi
We ad

b



4.3.1 Gap existence and creation

Whi l e step s i ze re�nement i s stabl e, convergent, and correct , i t can onl y run wi thi n a gap. The
most common and i mportant case i s a gap start i ng at T0 2 [ 0; 0] : I n part i cul ar :

� When the behavi or has two qual i tat i ve t i me poi nts T0=0 and T1=1the gap between T0 and
T1 i ncl udes al l pos i t i ve �ni te val ues , al l owi ng states to be i nterpol ated at arbi trary t i mes

step s i ze re�nement i s uni mpeded.

� When 0 <T1 <1, the �rst gap i s the open i nterval (0; T1) , and step s i ze re�
uni mpeded f or t i me val ues i n that i nterval . T1 may al so i ncrease as the s i m

more re�ned, i ncreas i ng the s i ze of the gap. (Thi s occurred i n Tabl e

Whi l e of ten the requi s i te gaps wi l l exi st pr i or to step s i ze re
i nterval s i n Phase I of the progress i ve s i mul at i on re�nement

may not, due to weak i ni t i al condi t i ons . Q3 provi d

� Use t arget i nt erval spl i t t i ng. See Appen

� Use behavi or spl i t t i ng to f orce a p

� Use another t i me step that

� I nterpol ate us i ng a gap

Example: step s i ze r
i n Fi gure 11.

4.3.2 Termination

Constrai nt propagati on i
have a �ni te numb

or other l abe
termi na
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Fi gure 11: Pi ecewi se conti nuous s i mul at i on of an ai r condi t i oned dwel l i ng. The t i me poi nts i n thi s
s i mul at i on come f romthree sources : (1) qual i tati ve s i mul at i on, whi ch created t i me poi nts T0, T

T2, T3 and T4; (2) i nterpol at i ons i n the gap between T0 and T1, whi ch created t i me poi n
1000, and 10000; and (3) i nterpol at i ons i n gaps of model var i abl e Inside Tempera

created t i me poi nts K, K0, K1 and K2 at temperatures 79:5 and 81:5. Di sconti
some of the pl ots are caused by transi t i ons between model s .
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5.1 Improved predictions

By maki ng quanti tat i ve i nf erences , semi - quanti tati ve s i mul at i on can of ten prune qual i tat i ve behav-
i ors that are pl ausi bl e f roma purel y qual i tat i ve standpoi nt . Abehavi or i s pruned when quanti tat i ve

i nf erence reveal s that no i nterval i s poss i bl e f or some model var i abl e at some ti me poi nt (as we s
i n Tabl e 2) . Dal l e Mol l e (1989) and Dal l e Mol l e and Edgar (1991) used phase I of Q3 (Q2 )

purpose wi th two model s of chemi cal engi neer i ng systems, the rel at i vel y s i mpl e but
of two paral l el �rst - order chemi cal processes , and the l ess s i mpl e adi aba

reactor .
Farquhar and Braj ni k (1994) used phase I of Q3 i n a syste
Physi cs Compi l er") . They generated semi - quanti tat i ve mo

were abl e to model and si mul ate a real hydroel ectr
l evel s f or di �erent water control scenar i os .

5.2 Diagnosis

Semi - quanti tat i ve s i mul at i on can hel p di agnos
Model s f or whi ch al l behavi ors are i n

one remai ni ng f aul t model
vers i on (Dvorak 1992)

5.3 Measurement

The concept of i nterpol at i
measurement part i a

power of th

5.3.1

Suppose th
t=3375

a



Variable! Vel oci ty Hei ght
Time poi nt! 400 3000 T1 400 3000 T1

No measurement
[ 6770;
18867]

[ 906;
17870]

[ 0;
0]

[ 2950;
7862]

[ 10706;
55171]

[ 10924;
1)

Weak measurement:
Hei ght2[ 12000, 12500]
at t i me=3375

[ 6770;
18463]

[ 906;
14295]

[ 0;
0]

[ 2950;
4558]

[ 10706;
12314]

[ 12025;
1)

Strong measurement:
Hei ght=12000
at t i me=3375

[ 6770;
18293]

[ 906;
13844]

[ 0;
0]

[ 2950;
4058]

[ 10706;
11814]

[ 12025;
1)

Vari abl e! Accel erat i on
Time poi nt! 400 3000 T1

No measurement
[�4:59;
�1:97]

[�1:37;
�0:105]

[�1:34;
0)

Weak measurement:
Hei ght2[ 12000, 12500]
at t i me=3375

[�4:59;
�3:34]

[�1:37;
�1:14]

[�1:18;
0)

Strong measurement:
Hei ght=12000
at t i me=3375

[�4:59;
�3:67]

[�1:37;
�1:2]

[�1:18;
0)

Tabl e 3: E�ects of di �erent measurement strengths on predi ct i ons f or Vel oci ty, Hei ght, and A
erat i on of the rocket , at t i me poi nts 400, 3000, and T1. The i nterval s f or the \no m

condi t i on are the same as i n Fi gure 5. The e�ects of i nterpol at i ng a state wi th a
measurement condi t i on are shown i n the mi ddl e rows. Astrong measuremen

the l ast rows. Noti ce howpredi cted i nterval s tend to narrowas str
i ntroduce stronger quanti tat i ve i nf ormati on i nto the s i mul at
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The i nterpol at i onmethod of measurement i nterpretat i on contrasts wi thDeCoste' s DATMI system
(1991) and i ts precursor ATMI (Forbus 1986). A si gni �cant di �erence i s that DATMI abstracts

measurements i nto qual i tat i ve categor i es bef ore us i ng them, whereas MIMIC and Q3 use the ac
measured quanti tat i ve i nf ormati on. Hence DATMI l oses quanti tat i ve i nf ormati on retai n

by MIMIC and Q3 .
DATMI i s i ntended f or handl i ng l arge numbers of measurements . The unmodi �ed
unwi el dy f or l arge numbers of measurements , but can be modi �ed to ci rcumve

by propagati ng f orward but not backward i n t i me, and propagati ng f orwa
Thi s was the approach taken by MIMIC.

5.4 Boundingtheprobabilities of qualitativebehaviors

Qual i tat i ve s i mul at i on al one can �nd al l poss i bl e behavi ors of a systembut not thei r
Addi ng quanti tat i ve i nf ormati on can hel p. Q3 was part of a systemthat i n

the qual i tat i ve behavi ors of a f aul t tol erant system(Berl eant
f unct i ons (pdf s) were used i nstead of i nterval s to d

i nf ormati ve than i nterval s . An i nterval repres
zero beyond the i nterval endpoi nts ,

The pdf s were �rst di scre
i nterval . Thus probl ems

i nterval s and sol
the di s



NSIM (Kay and Kui pers 1993) and SQSIM (Kay 1996) were devel oped i n part to al l evi ate the
wi de bounds that Q3 ' s predecessor Q2 of ten i nf ers . Whi l e NSIM someti mes provi des better bounds

than Q2 (Kay and Kui pers 1993; Kui pers 1994), someti mes NSIM' s resul ts are poorer than Q2 ' s
resul t whi ch l ed to SQSIMwhi ch combi nes f eatures of both NSIMand Q2. Kay (1996) desc
SQSIMi n detai l but no compari son of i ts i nf erent i al abi l i ty to that of Q3 exi sts .

6.2 Numerical work

Forbus &Fal kenhai ner (1990, 1992) combi ned numeri cal and qual i tat i ve s i mul at i ons i n
(SIMul ator GENerat i on) system, bui l di ng on qual i tati ve process theory (Forbus

pl ays notabl e advantages .

1. Use of qual i tat i vel y i nf erred model transi t i ons (e. g. when w
and boi l i ng commences) enabl i ng automati ng s i mul at i o

s i mul at i ons .

2. Causal order i ng appl i ed to qual i tat i ve model s

Li mi tat i ons of SIMGEN i ncl ude (1) the req
the need f or preci se numeri cal i nf orma

approxi mate outputs and of ten u
Whi l e SIMGEN used q

(1991) used nume
i ors as

s
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Fi gure 12: Fuzzy i nterval s . Sl opi ng l i ne segments i ndi cate f uzzy regi ons . The l ower the val ue of
membershi p f unct i on �(x) , the l ess the degree of membershi p f or xi n the f uzzy i nterval .

6.3.1 As with standard intervals, operations on fuzzy intervals can produce excess

width

Fi gure 12 contai ns a very s i mpl e exampl e of how the excess wi dth probl emi n cal cul at i ons on
i nterval s has s i mi l ar mani f estat i ons i n cal cul at i ons on f uzzy i nterval s . Val ues of x i n t

terval [ 104; 106] are f ul l members of f uzzy i nterval Z; and those i n the s l opi ng a
s i bl e members . Subtract i on woul d gi ve the regi on of f ul l membershi p i n the

[ 104; 106]�[ 104; 106] =[�2; 2] , the regi on of non- zero membershi p as [ 102;
and f uzzy edges of constant s l ope. However , Zi s per f ect l y correl a

has f ul l membershi p at 0 and zero membershi p everywhere e
tr i vi al , such si tuat i ons can be arbi trar i l y compl ex

Consi der i ng �(x) as an upper bound on t
addresses the membershi p over- est i mati

resul ts contai ni ng excess wi dth
Correl ated f uzzy s i mul at

cost of assumi ng al l o
case of Mon

Fuzzy



� Frominterval simul at i on: the guarantee that the traj ectory of any real systemconf ormi ng to
an i ncompl etel y speci �ed model i s encl osed by one of the predi cted semi - quanti tat i ve behavi or

descr i pt i ons .

� Frominterval simul at i on: h!0 stabi l i ty.

� Frominterval simul at i on: convergence as uncertai nty i n the quanti tat i ve speci �cat
maxi mumstep si ze, both approach zero.

� Fromqual i t at i ve and i nt erval representat i ons: the abi l i ty to express and m
f rompart i al knowl edge.

The capabi l i t i es of Q3 rel y most l y on the f ol l owi ng.

� Step si ze re�nement , f or adapti ve reduct i on i n step s i ze by i nt
medi ate t i me poi nts i nto a predi cted behavi or .

� Propagat i on of i nt erval l abel s i n constrai nt networ

Exampl es of graphi cal output f romQ3 were p
i nvol vi ng the domai ns of predi ct i on, di agn

abi l i t i es of qual i tat i ve behavi or
The si gni �cance of Q3 to

because Q3 demonst
quanti tat i ve s

men



Target I nterval Spl i tt i ng (TI S): Outl i ne

GIVEN: � Y=X2 �X, and
X2 [ 0; 1]

THEREFORE: � Y 2 [�1; 1] by constrai nt propagati on (shown i n thi s Fi gure) .
OBJECTIVE: � NarrowY (the target) f urther , by test i ng and

rul i ng out pi eces of i ts current i nterval as i n Fi gure 14.
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Fi gure 13: Aconstrai nt network f or the equati on Y=X2�X. Gi venX2 [ 0; 1] , constrai nt propa-
gat i on concl udes Y 2 [�1; 1] . Thi s concl us i on i s correct , but excess i vel y weak, and i s strengt

i n Fi gure 14.

a n e q u a t i o n a op b = c . Co n s t r a i n t s o v e r mo r e t h a n t h r e e q u a n t i t i e s
i n t h e me a n va l u e c o n s t r a i n t , S e c

Tr a n s f o r ma t i o



TIS tests lowbounds: : :

I terat i on I nterval (s) Reason

1 Y 2 [�1; 1] constrai nt propagati on
[�1; 0] [ 0; 1] Spl i t and test

2 [�1;�0:5] [�0:5; 1] Re- spl i t and test
X Rul e out

[�0:5; 1] Narrowed i nterval
3 [�0:5;+0:25] [ +0:25; 1] Spl i t and test
4 [�0:5;�0:125] [�0:125; 1] Re- spl i t and test

5 [�0:5;�0:3125] [�0:3125; 1] Re- spl i t and test
X Rul e out

[�0:3125; 1] Narrowed i nterval
6 [�0:3125;+0:3438] [ +0:3438; 1] Spl i t and test
7 [�0:3125;+0:0158] [ +0:0158; 1] Spl i t and test

. . .
. . .
. . .

[�0:25��1; 1] Concl ude

: : :then highbounds

N [�0:25��1; 1] Gi ven
[�0:25� �1;+0:375�

�1
2 ] [ +0:375� �1

2 ; 1] Spl i t and test
. . .
. . .
. . .

[�0:25��1; 0 +�2] Concl ude

Fi gure 14: Target interval splitting narrows a target interval by ruling out piece
The constrai nt network f or Y =X2 �Xwas shown i n Fi gure 13. Target i nterval spl i t

tests the l ower hal f of a target i nterval , Y 2 [�1; 1] i n thi s exampl e, by sett i ng
propagati ng. I f the network sett l es success f ul l y ( i . e. has a sol ut i on) ,

[�1;�:5] i n thi s case, the l ower ei ghth i f necessary, etc.
network has no sol ut i on. That sub- i nterval i s t

the l owest quarter , Y 2 [�1;�:5] , was
f or the hi ghest hal f , quarte

above. For Y =X
reachi ng, [�:

�.



Pr oof : Th e p r o o f h a s s i mi l a r i t i e s wi t h s t a n d a r d p r o o f s o f Eu l e r ' s me t h o d ( Ge a r 1
ma n 1 9 7 6 ) a n d i s a l s o i n  u e n c e d by Mo o r e ( 1 9 7 9 ) .

Yn.

1 . Th e i n f e r e n c e me t h o d u s



Th i s a n d e q u a t i o n ( 1 2 ) j u s t i f y

w( Yn) � w( Yn�1) + hLw( Yn�1[( Yn�1 + hF( M) ) ) :

7 . S i n c e F i s Li p s c h i t z a n d a n a t u r a l i n t e r va l e x t e n s i o n , F( M) i s b o u
a b s o l u t e va l u e o f a n i n t e r va l i s t h e m

8 .



Theor em1 Let Y0 =F( Y) be a systemof �rst order di�erent i al equat i ons, where F i s a vector of i nterval

val ued f unct i ons of Y. We consi der some bounded subset [ l o; hi ] of the real s such that f or each component

Y(j) of vector Y, Y(j) ( t ) � [ l o; hi ] . We assume that F( Y) i s de�ned when each Y(j) � [ l o; hi ] , and that each

Fi i n vector F i s the natural i nterval extensi on of a real rat i onal f unct i on fi .
7

Let h be the maximumstep si ze, l et kYt=bk represent the amount of uncertai nty i n the simul ated est imate

of Y at i nterpol ated t ime point t = b as measured by i t s vector norm, 8, and l et k Y0 k represent the amoun

of uncertai nty i n the i ni t i al condi t i ons. Then there are constants K1 and K2 such that

k Yt=bk � K1 k Y0k +K2h:

1 . Higher order systems: Th e p r o o f o f Le mma 1 e x t e n d s t o h i g h e r o r d e r s y s t e
d e s c r i b e t h e h i g h e r o r d e r s y s t e m a s a s y s t

Ea c h i n d i v i



1 . ElowerEnvelope a n d EupperEnvelope d i � e r o n l y i n t h e va l u e s o f s o me c o n s t a n t s . Th e n , GlowerEnvelope �
GupperEnvelope. Ca l l t h i s f u n c t i o n G.

Co n s i d e r e a c h c o n s t a n t c i who s e va l u e d i � e r s b e t we e n ElowerEnvelope
t h e l o we r o f t h e va l u e s a n d c i t h e h i g h e r o n e . W
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