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ABSTRACT

The concept of a two-dimensional recursive digitial filter is intro-
duced and block diagram representations are given. Error analyses for
both floating-point and fixed-point two-dimensional digital filters are
carried out. A systematic way of estimating the mean squared errors due
to roundoff, coefficient and input quantizations is discussed. Norm error
bounds are also derived. Simulations of the implementations of digital
filters are discussed, and corresponding to these simulations error cal-
culations are performed. Numerical examples are given. The derived
analytic results are shown to be in good agreement with the simulation

results.
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I. INTRODUCTION

Digital filtering of two~dimensional digital data is needed in many
applications. For example, the processing of seismic fecords, gravity
and magnetic data, and scene analysis and picture processing require
two-dimensional filtering. Prior to 1965, the implementation of the two-
dimensional digital filtering processes mostly used the two-dimensional

direct convolution algorithm which is characterized by the double sum:

m n
Z Z %k *m-j, n-k
=0 k=0

where {x, k} is the input sequence, which, for example, is the digitized
recorded image, {g k} s the "weight matrix", which corresponds to the
impulse response in the one-dimensional case, and {w k} is the output
Sequence, which, for example, is the enhanced image. In this method
the output, Wmn' is the weighted sum of all past values of the input se~
quence, i.e, {xjk}, O0<jsm, and 0 sk sn. A variation of the direct
convolution technique is the method where a partial set of the past values
of the input sequence is used to obtain the output Wmn' Direct convolu-
tion has a serious drawback, its requirements of a large number of arith-
metic operations (multiplications and additions). The FFT algorithm, dis-
covered in 1965, can provide a great deal of reduction in the number of
arithmetic operations, and is being widely used. The FFT makes filtering

feasible by use of the frequency domain equation,

W((Dl :wz) = G(wl :wz) X(wl :UJZ) 2

where W(t.u1 ’“’2)’ G(wl ,wz) and X(g,.;1 '“’2) are discrete Fourier transforms
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of the sequences {wmn}, {gmn}, and {xmn} respectively, which are as-
sumed to be periodic, and ) and w, are the two spatial radian frequencies.

The recursive algorithm provides another technique for the imple-
mentation of the filtering processes, especially for very large amounts of
data. It is already known that the recursive techniques are more powerful
(in the sense that its computational and memory requirements are fewer)
than the FFT algorithm in a large number of one-dimensional cases. There-
fore, it is desirable to study the related problems in two-dimensional re-
cursive filtering.

There are several reports discussing two-dimensional recursive
digital filters ([11, [2], [3]). For example, Shanks, Treitel and Justice
([2]) formulate two-dimensional recursive filters by the two-dimensional
7-transform and linear difference equations. They also study the stability
of the fllters and extend synthesis methods in the one-dimensional case
to the two-dimensional case. Huang ([3]) simplifies Shanks' stability
theorems ([1]). Farmer and Gooden ([21]) describe some of the computa-
tional problems associated with the approximation of unstable recursive
digital filters by stable recursive digital filters. Hall ([22]) compares the
computation required for the three spatial frequency filtering techniques
which are direct convolution, fast Fourier transform, and recursive filter-
ing. Other reports which touch upon two-dimensional recursive filtering
are ([23], [24], [25]).

Besides considering the stability and the synthesis problems ({11,
[2], [3]), we must also consider the effects of finite word length in the
design of two-dimensional recursive digital filters. As in one-dimensional
digital filters, the effects of finite word length also lead to the following
three sources of error; namely, (1) the quantizations of input signals and
initial stafes, (2) the quantizations of the filter coefficients, and (3) the
rounding off of arithmetic operations. These sources of error cause the

actual outputs of the digital filters to be different from the ideal outputs.
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It is important to know whether a certain accuracy can be achieved if the
digital filters are simulated on general purpose computers where the word
length is usually fixed, or to determine the minimum word length needed
for a specific performance accuracy if the digital filters are constructed
with digital hardware. The effects of the three sources of error and the
methods of analyzing them generally depend on the types of arithmetic
(e.g., fixed-point arithmetic, floating-point arithmetic, or block floating-
point arithmetic). There are many reports on fixed-point one-dimensional
digital filters. For example, Jackson ([16], [17]) analyzed roundoff noise
for digital filters realized in various forms (i.e.,direct, parallel, and
cascade forms). Gold and Rader ([20]) studied the effects of parameter
quantization on the poles of a digital filter. Jackson ([18]) and Ebert and
etc. ([19]) investigated the limit cycle oscillations due to roundoff after
multiplication and overflow at the adder. There are also some papers on
floating-point one-dimensional digital filters. Sandberg ([4]) derived an
absolute upper bound on the error accumulations due to roundoffs in arith-
metic operations. Kaneko and Liu ([8], [9]) derived an expression for the
mean squared error caused by roundoff error accumulations assuming that
the input signal is zero mean and wide sense stationary. Kan and Aggarwal
([6]) studied the error properties of digital filters realized in canonical
form. Oppenheim and Weinstein ([13], [14]) examined and tested the round-
off errors of first and second order digital filters with zeros at infinity and
gave expressions of output error to signal ratios for white noise inputs.
Generally, the methods (e.g., [4], [6], [8], [9], [13], [14] and etc.) and
the expressions (e.g., [4], [6], [8], and etc.) for roundoff errors are
quite readily extended to recursive digital filters. However, a fundamen-
tal difficulty of two-dimensional digital filters is that we generally cannot
factorize a two-dimensional recursive digital filter into a multiplication of

lower order digital filters. This fundamental difficulty has caused serious
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problems in the designing and analyzing of two-dimensional recursive
digital filters. For example, we can obtain integral results in closed
form for the expressions given by Kaneko and Liu ([8], [9]), but when the
expressions are extended to two dimensions we generally cannot get simi-
lar results, although numerical approximations are possible.

In this manuscript we review some basic definitions and conse-
quences and give block diagram representations for two-dimensional digi-
tal filters. We formulate a systematic way of estimating the output mean
squared errors and the output norm error bounds for output errors due to
the effects of finite word length for both fixed-point and floating-point
two-dimensional digital filters. We give several examples to demon-
strate the validity of the method. We also have two appendices. Appen-
dix I describes the properties of the two-dimensional Z-transform needed
for the development of the present report. Appendix I also proves &
lemma which is essential to the derivation of the output norm error bounds.
Appendix II lists some of the programs used to obtain the numerical re-
sults. "Two-dimensional” will be designated by "2D" henceforth for
brevity.



II. 2D DIGITAL FILTERS

A one-dimensional recursive digital filter is described by the

linear difference equation:

N M
w_o= z bkxn-k - Z AWy (1)
k=0 =1

where (i) n=z0,
(ii) N <M,
(iii) {xn} is the input sequence, and
xi=0, fori <0,
(iv) {wn} {s the output sequence, and
Wj =w(@),ji=-1,...,-M
=0, j<-M-.

Programs for a general purpose digital computer may be written or
special purpose hardware may be built for performing the computation of
Eq. (1). Extending the algorithm of Eq. (1) to two dimensions, one gets
the following 2D computational algorithm:

My, Ny, Y
= | - . (@)
Wmn z E bjk Xm-—j,n-—k Z ajkwm-j,n-—k
=0 k=0 k=
#
where (i) m=0andn 20,
(i1) Mb ° Nb SMa e Na,
(iit) {xmn} is the input sequence, and

Xjk=0' forj <0ork <0,

e——— e S - oo, S S et AT RS 0 R
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(iv) {wmn} is the output sequence, and
w =W lkl k= ¢l 000 4™
ik (G.k) 0,-1 Na ,
j=ol"11-=-l°‘M 7
a
i+k#£0,

ij=0' for k <-Na or j <--Ma°

Equation (2) is a 2D linear difference equation and represents a 2D linear dis-
crete system. When the input sequence {xmn}, the output sequence {wmn},
and the coefficients a's and b's are digital quantities, it is called a 2D
digital filter. Further, if all of the ajk's (i+k # 0) are zero, it is nonrecur-
sive, otherwise it is recursive,

In Appendix I, the 2D Z-transform is defined and some of its
salient properties are listed. Its use in 2D digital filters is discussed in
the following. Taking the 2D Z-transform of the 2D linear difference Eq.

(2), and assuming all initial conditions are zero, one gets

W(zl.zz) = G(zl,zz) . X(zl,zz) (3)

where
N(zl, ZZ)

G(z1 ,22) = (4)

D(zl,zz)
R
L PiE 2%
= i=0 k=0 . (5)

M_ N
a a

Ll ‘,j _k
1+ ) Z T

j=0 k=0

i+k#0

G(z1
represent a 2D digital filter,

,zz) is called a 2D digital transfer function, and may be used to



A 2D unit point function is the sequence {xmn} such that
x =1, m=n=0,
mn
= 0, otherwise,

and the response of a digital filter to such an input is called its "point

spread response” ., If

1772 T 2 g k1 :

the point spread response is given by the 2D sequence

@ [>-]
(7)

{gjk} 3':0 k=0 4
furthermore, the response of the filter to the input sequence {xmn} is

given by

Z ijk. 9m-j,n-k z 2 m-j,n-k ®

j=0 k=0 j=0 k=0

In the above Egs. (6), (7), and (8), it is assumed that the digital filter
is causal. The inversion formula and other techniques for obtaining point
spread response (7) from the transfer function (5) are discussed in Ap-
pendix I,

The difference Eq. (2) can be represented by the block diagram as
shown in Figure 1. The 2D Z-transform relationship is given by Eqs. (3),
(4), and (5). There are many block diagrams with G’:(z1 ,zz) equivalent to
that of Figure 1. Different block diagrams signify different implementa-
tions of G(z 1 ,zz) , and lead to different error properties. Figure 2 is an
example in which the block diagram is described by the following pair of

equations,

s s = e R R s g g
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z Z jk m-j,n-k + Xmn’ (9)
i+k # o
My
Wmn= 2 z bjk m-j,n-k’ (10)
=0 k=0

where (i) m=0and n20,

(ii) Mb ° Nb SMa . Na,

(1i1) {xmn} is the input sequence,
xjk=Q, forj <0 ork <0,

(iv) {wmn} is the output sequence,
wjk=0, forj<0ork <0,

(v) {vmn} is the state sequence,

ijzv(jtk)lj=ol‘11-'ot°Map k=0:'1:-‘-:"Nav
j+k+0,

v, =0, for j < -M_ork <-N

jk a a

In the following sections, EQ. (2) will be called the "direct filtering pro-

cess", and Eqs. (9) and (10) the "canonic filtering process"” .

Definition:

The "2D sequence mean square average"” norm is defined as

s . K, K N /2
(x) 27 71 A 1 z L 2
p.,q = (K —p+1)(K -g+1)
m=p 0=q

for every real-valued sequence {xmn} , and every K2 ,K1 € I+ and every
p.q ¢ I, where I+ is the set of positive integers, and I is the set of

integers.
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K K,.K
2 1 ]2 is denoted by 2 (x)pzq 1

K
[ <X>

When both p and g are equal to zero, p and g are omitted, e.g.,

K, .,K K,.K
pzq 1 is denoted by (x) 2 1.

The following lemma is used in the derivation of error bounds.

(x)

The proof is given in Appendix I.

Lemma 1
m n
If fmn = Z Z Cm-—k,n—lgkl' form=20andn=z=0
k=0 1=0
with Z Z lckl | <=,
k=0 1=0
K..K @ @ K_,K
271 Z ik - :
then  (f) < max l Z Z C. .e lkmle il“’z | (g 21
Oy s2T kl
4 k=0 1=0
Osw252n
for K, = 0 and Kz 2 0, where i =./~1.

We also need the following representations;

2 2 -m -n 1
Z >: hmn 1 %2 ° D(zl,zz) ’ (11)
m=0 n=0

Ma Ng -(p-j) ,-(a-k)

@ z z apq 1 2

= h(Jk) "m -n p’_‘J k (12)
2 Z mn 1 D(zl,zz) !
m=0 n=0

J=Ol"‘lMal

k=o:on.;N 2

a
j+k # 0.




III. ERROR ANALYSIS FOR TWO-DIMENSIONAL DIGITAL
FILTERS EMPLOYING FIXED-POINT ARITHMETIC

In this chapter, we analyze the effects of finite word length on

two-dimensional digital filters emploving fixed-point arithmetic., We first

find out the actual system equations with finite word length, and then de~-
rive formulas for estimating (1) the output mean squared errors and (2) the
output norm error bounds. We only consider the case of roundoff errors.
By following a similar approach we can obtain similar results for other
sources of error. We study both the direct filtering process and the

canonic filtering process.

III.1 Actual System Equations with Roundoff Errors

In the implementation of digital filter Eqs. (2), (9), and (10), the
finite word length of registers in a general purpose digital computer or
special purpose digital hardware produces modification of these difference
equations. The actual difference equations corresponding to Eqs. (2), (9),
and (10), while taking into account the multiplication roundoff errors, are
given here. We assume that:

(i) each machine number q is normalized, so that } q l < 1 and is

represented by

SRR S v

t=1

W

-q, + Z . 27k,
k=

OB

where t is the number of bits. The qk's take on values "0" or "1",. The

following error properties are assumed:

t

filx]=x+e=x,|¢e|<2 ", (13)
filx+y]l = x + vy, (14)
filxy] =xy + 6, |8 | <275, (15)

12
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where x is a real number, and X and y are machine numbers. It may be
observed that the error § is zero ifx or y is zero.

(i1) there is no overflow unless otherwise mentioned.
M_,N

$ 3 f i a a
(1ii) the numbers ajk s, bjk s, {xmn}, (W(-i, k) } §=0,k=0
j+k# 0
M ’Na
and {V(—J,—k)} §=0,k=0 are machine numbers.
j+k#0
(iv) the digital filter of Eq. (2) or (9) and (10) is stable ([11,[2]),
and we let
filb 1=

ix*m-j ,n-k b *mj,n-k * Smn,jk’

filay, v ,n-—k] =3 Ymj,n-k © Tmn,jk’

filby,u 5, n- 2k = Pl n-k ¥ Ymn, ik’

fi[a‘kum—j ,n-k] = ajkum-—j ,n-k * €mn,ik’

where the symbols émn ik’ nmn ik’ Ymn )k and €mn. ik play the same role
as § in Eq. (15) above, and take on values in the 1nterva1 (- -2- 2 t)
ordering of the arithmetic operations of Eqs. (2), (9) and (10) are according
to the flow graphs shown in Figures 3 and 4.

The above assumptions lead to the following actual system of

equations:
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booXmn bes xm,n-l be [ Xm,n—Nb GoNg¥m, n—No
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T 1
b Pt

8mn,00 8mn, o1 8mn,onp mn, oNg mn, ol
[ =
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Fig. 3 Flow Graph for Fixed-Point Direct Filtering Process
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Fig. 4 Flow Graph for Fixed-Point Canonic Filtering Process




16
{1 Direct Filtering Process
M, Ny Maq Na
ymn Z Z bjk m=],n~- -k Z Z ajkym~j,n—k
§=0 k=0 =0 k=0
i+k#0
Mp Ny
Z Z bjkxm-—j,n— Z Z m j.n=-k 1s)
j=0 k=0 j=0 k=0
i+ k#0
+ e(d) ,mz0and n=z=20,
mn
where
My Ny M, N,
e(d)= Z Z mn jk ~ Z Z nmn,jk' form=z0and n=20, -
mn =0 k=0 j=0 k=0
’ j+k#0
0, otherwise,
(2) Canonic Filtering Process
umn - Z Z )k um—j,n-—k+ an (18)
=0 k=0
j+k#0
Ma Na 0
= - u
Z L % m-j,n-k" °mn ¥ *mn’ tor m=20 and n20,
j+k#0

o A
st




My, Ny,

ymn= f z Z bjk m-j,n=k
j=0 k=0

M, N
b 2)

Z Za bjkmjn— +emn’

j=0 k=0
vihere

N
a 3
2‘ ,mz0andnz=0 -,
k=

[\/JZ

mn,jk
(1) =0 0
®mn J+k#O0

0, otherwise,
/. Ymn ik’ mz20andnz20 ,
k=0

0, otherwise,

III.2 Error Analysis

III.2.1 Behavior of the Sources of Error

Roundoff Error Accumulation

Let

Then, for the direct filtering process, by Egs. (2) and (16),

form=z0 andn =0,

17

19)

(20)

(21)

(22)

(23)
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M N

= 7750 e + e(d) (24)

®mn 24 Z ajk m-j,n~-k mn ’
j=0 k=0
i+k#0
or
M N
e 8 @

Z ajkem—j,n-—k =e with 350 1, (25)
=0 k=0

Ma Na
oo \ ' (1)

emn Z Z ajk em—j,n-k * emn (26)
j=0 k=0
ij+k#0

or

M N

70T L &)

). & K Cmeg ik = Smm Withag =1, (27)

i=0 k=0
M, N

- + . (28)

Con Z Z bjkem-—j,n-k ®mn

=0 k=0

Equations (24), (25), (26), (27) and (28) ca(n be bes(t )illustrated ?y Figures
d) 1 2)
5(a) and 6(a), where the roundoff errors {epn ¥+ {e,, }. and fen } act

as noise sources injected at the indicated junctions.
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(d)
femn}
0 emn}
o}, N (Z,.2,) ) o L {_n:n
D(Z,.Z,)
(a)
Mo, N
{Aw (‘j,"’k)} i :O ’Ok: 0
{B%mn} j+k#0
{oLé-—ﬁmz,,zz) ! s
D(z,,z,) {emn}
(b)

A
{o} . {emn}
———4N(z,2,) I s —
D(Z,,2,)

(c)

Fig. 5 Block Diagram Interpretations for Direct Filtering Process

(@) Error {emn} due to roundoff

(b) Error {e } due to quantization
of inputs and initial values

(c) Error {émn} due to coefficient quantization
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() (2)
{e"‘"} {e mn}
{o} | (ermn}

hX — & N(Z,,Z,) z B
D(Z,,Z,)
(a)
Ma,Na
{aukirn}i-o k-0
{Axmn} l i+k#0
{O} I {gmn}
z » . » N(Z,,2,) p—t
D(Z,Z,)| ¥
mn
(b)
(2)
{8 o
{0} (v) {g }
0 | emn é mn
Z - z
—p bz, 2y | N(Z,,Z,) —p
(c)

Fig. 6 Block Diagram Interpretations for Canonic Filtering Process
(a) Error {emn} due to roundoff

(b) Error {gm } due to quantization of inputs
and initlarf values

(c) Error {émn} due to coefficient quantization
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Input and Initial Value Quantization

An interpretation similar to the above is possible for input quanti-
zation and initial state quantization. Let the symbols with bars denote
infinite precision quantities. For the direct filtering process, the use of
the following notation makes the interpretation of noise sources in Figure

5(b) obvious.

X

“mn , m20 and n20 ,
0, otherwise,

(i) ax__ A {an
mn =

1) aw(.k) 4 WO,K) - WGk, lwG k]| =27",
(i) e A, w - w , mz20andnz20,
mn = mn mn
AW(m,n) 7 m=0,—1,..-,_Ma,

n‘-‘-‘O,-l,...,-Na, m+l’1?‘0.

0, form<-M orn<-N_.
a a

For the canonic filtering process, the use of the following additional no-

tation is needed for suitable interpretation of Figure 6(b).

t

(iv) Aul,k) & u(.k) -V(@,k, |avi,k [s27°,
(w) u -u_ ,m=20,n=20,
(v) e n A mn mn

Au(m,n), form=0,-1,...,-M ,
a
n=0,-1,...,-N_, m+n#o0,

0 form<-Ma, orn<—Na,

P = W . i; mZO nz=0.
(i) €mn mn mn’ ’

Coefficient Quantization

Finally, the coefficient quantization introduces output errors as
shown in Figures 5(c) and 6(c) for direct and canonic filtering processes,

respectively, with the following notation.
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(vii) aAb,, 4 b

Aajk 4 ajk - a}k.
-t -t
lAbjk‘Sz ’ ‘Aajkisz ¢
(d) & Ii]b il
A Il ‘ \. y
(wit)) &~ L AP Fn gk L L Pfk"m-jn-k,
j=0 k=0 j=0 k=0
j+k #0
Ma Na
. A (1) e e
(ix) e = z Z Aajk Ym-j,n-k '
=0 k=0
j+ k#0
@ . <P
emn = L Abjk Vm—j'n—k !
=0 k=0
(x) e(v)=v -v__,mz20,n20,
mn mn mn
é = W -w_,mz20,nz20.
mn mn mn

In the later developments, output error bounds due to roundoff
error accumulation are derived, mean-square-error analysis is presented,
and dynamic range is also discussed. By following the same line of de-
velopment, similar results for the effects of quantization errors for input
and initial conditions, coefficients, and of the combinations of more than

two sources of these errors (including roundoff errors) can be obtained

without serious difficulty.
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II1.2.2 Mean Squared Error Analysis

Under certain circumstances, it is reasonable to model the effect
of the rounding at each multiplication by the introduction of a white-noise
source uniformly distributed with amplitude in the interval (-E /2 E ,/2
(i.e. the mean is zero, and the variance is E /12) where E is the quanti—
zation level. Each of the noise sources is assumed to be 1ndependent of
each other and of the input. Figure 7 shows how the quantization noise
is introduced into the block diagram representation of a second order fil-

ter. The noise sources can be replaced by a single noise source as

e =g + e
mn mn,l mn,2

In general, from Eqs. (17), (20) and (21) the sources of roundoff errors

(@)

can be represented by single sources e(d) . e(l) . and e with zero
, mn mn mn
means and with variances as follows:
c. 2 preeed EOZ R A Y £y
- @ . @ ¥i 2
e(d) 12 (Ma Na 1+ Mb Nb) (29)
2_E?
° @ T i+ N - 30
M T MN -1, (30)
2 _ Eo2 (31)
c — K R a3 . 1
e® Tz My Ny

where IOIbz M+ 1, Nb=Nb+ 1, M, = M, + 1, Na=Na+ 1, and we
have assumed that none of the coefficients, a's and b's, are zeroor 1.

If any of the coefficients are zero, the error is suitably reduced. We hold
this assumption throughout the rest of this chapter,

The output fmn’ when the input consists of the noise samples rmn’

is
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1
1+ azm1 + bz‘1+ cz..lz.z.1

Pig. 7 G(zl.zz) =
1 2 1
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(32)

2 z m=-j,n=-k jk

j=0 k=0

h
0

f =
mn
]

} is the point spread response. Thus, for the direct filtering

ik Tm-j,n-k

&8
e

where {h
mn

process,
2 £, N i
o Y H
T — 2 - +

For the steady state condition,
[ ]
2 (349

Generally, regardless of the configuration of the filters, if the im-

)
sl
o™
2>
s
f
fooeet
+
g>
u ~18

pulse response from the (jk)th noise source to the output is

@ @ - .

{hmn,jk} m=0 ' n=0 then the steady state output-noise variance due to the
(jk)th noise source is

EZ @ @©
= 12 2 Z hmn ik (35)
m=0 n=0
and the total output noise is
(36)

»

111.2.3 Norm Error Bounds

In this section we first derive the absolute upper bounds for output
errors. We also obtain the corresponding expectation bounds. From Eqg.
(17), it follows that
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(d) -t . a - . ~
lemnlﬁ2 (M, Nb-}bMa Na-l) (37)
or
K. .K
-t . Y o Y
(e@y 2 taph M s Np+M_ N =D (38)

Further, from Eq. (24) it follows that

5

=]

(@) (39)

hm-—j,n—k € mn °

e ==
mn

0

®e

j =0
Thus the bound for the total roundoff error at the output for the direct

filtering process is

. K. K max i iw K., K
ity < < - !
<e>z 1 _0s=w, Zﬂ‘Dl(ewl,e z)l<e(d)>21
0sw, s2n
2
-t - - N max -1 iwl iwz
<2 (Mb*Nb+Ma~Na-1) . Osw1$2ﬂlD e “.e ‘)| (40

0 Sw252ﬂ

by lemma 1 where K1 . K2 = 0. For the canonic filtering process

(1) _t ~ . »
lemn | s27° (M N_-1),
(2') -t @ . &
e | s27" (M * N
or

K, K
MKt _ -t o
(e ) £2 (Ma Na 1),

. K. .. K
(2,721 =t .
(e’ <2 (Mb Nb),
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The total roundoff error {emn} accumulated at the output is given

by
(1) (2)
ﬁ‘i mjnk ®mn emn' (45)
and by lemma 1
K.,K max i iw K..X
-y 2 P <o sw s2nlGle T2y My (46)

0 Swz =27

Inserting (43 and (44 into (46), one obtains

K,.K max iw i . R P
2 s2n|Gle e ub) {'Z_t(Ma- Na—1)+2't(Mb-Nb).

©) 1sOsm1 (47)

050425211

Eqs. (40) and (47) are absolute upper bounds. If we keep the as-

sumptions for the absolute errors émn, ik’ nmn, K etc. in the beginn-

ing of Section III.2.2, we can easily obtain the following expectation

bounds by the application of lemma 1 to Egs. (39) and (45);

2 KZ’Kl Eg " "
E{" (&) }s 1y (M, N+ Ma-Na—l)
iw iw
« max |D 1(e 1, e 2)[2 (48)
0‘(”1‘2'"
Oswstn
for the direct filtering process, and
2
K E iw, o
! 2
E{2<e>K2 ! [(M 'N_-1) max _ |Gle e %)
' Osvlszn
Osw, <27
2
+ Mb Nb] (49)

for the canonic filtering process.
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1II1.3 Dynamic Range Considerations

Overflow occurs when the absolute value of the sum of more than

one signal is greater than 1. For the two 2D fixed-point digital filtering

processes discussed above inputs must be properly scaled so that over-

flow will not occur at node SN1 for the direct process shown in Figure 1,

and at nodes SN2 and SN3 for the canonic process shown in Figure 2. The

maximum value of input signal that will not cause overflow is found for

each case as follows.
1I1.3.1 Direct Filtering Process

At SN1 in Figure 1,

wmn - f Xrn-j,n--kgjk
=0 k

=0
where
9ik%1 %2 Dlz,.z) '
=0 k=0
and
ol = 0 3 Tty 1oy
=0 k=0
® @
= Z Z lxm—j,n—k! 'gjk‘
j=0 k=0
= Xaxd Z Z E
j=0 k=0
where
'Xjkl SX g for all j and k.

é
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In order to guarantee Iwmnl <1 foreverym>0and n 20, it

suffices to have

1
Xmaxd = = = . (50)
=0 k=0
1II.3.2 Canonic Filtering Process
At SN2 in Figure 2,
Vmn S i X -1, n-kk
=0 k=0
where - ® -k X
Z Z b2 = D(z,.z,)
j=0 k=0
so,
® @
ian‘ =X maxc Z E lhjk‘ ‘ (51)
j=0 k=0
At SN3,
Wmn = . bjkvm—j ,n-k
=0 k=0
so,
My Ny
‘wmnl = max. E E lbjkl
=0 k=0
Let v < L (52)
max M, N !
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then ’wmn‘ <1 for every m >0 and n >0
where X < j
| jkl X o 20d Ivjkl <v__. foreveryj>0andk20.

From Egs. (VSI) and (52), we have

1 1
IXmnl <xmax = ® o X Mb Nb ! (53)
) gl |
ik ) b, |
j=0 k=0 =0 k=0

form 2 0 and n 2 0, and for no overflows at SN2 and SN3. It may be ob-

served and emphasized that these are worst case bounds.
III.4 Numerical Results

We have a decimal simulation scheme to simulate the filtering
operations. All the quantities involved are in double precision. The finite
bit operations are simulated by having a decimal quantizer with quantiza-

~D f11ow each multiplication (or each input signal).

tion level Eo =2
When there is no quantizer, the results are taken as infinite precision
ones. For the CDC 6600 computer, the mantissa of a number is repre-
sented by 48 bits. When double precision is used, the maximum possible
error for the mantissa is 2—97 o 10—30. The following two examples are
given to demonstrate the usefulness of the analytic results stated in Egs.
(35), (36), and (40) and (47). Table 1 and Table 2 show the computer re-
sults for the operations fromm=1andn=1tom= 100 and n= 100. The
impulse response in each example is reasonably small beyond m = 100 and
n= 100,

Columns (I) and (III) list the "actual maximum errors" and "actual
mean-square errors” calculated by the decimal simulation scheme on ex-

ecuting Eqs. (2), (9), and (10) respectively. Column (II) gives "theoretical
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upper bound of errors" by Eqs. (40) and (47). The actual error sequence
mean square average norms are obtained by taking the square roots of cor-
responding values in Column (III). Column (IV) gives "theoretical mean-
square errors" by Egs. (35) and (36), respectively. Inputs in both cases
are arbitrarily selected,

Example 1.

1
-1 -1 -1 =1 !
1--0.721 --0.522 +0.321 z2

(This filter is given in [2]),

G(zl,zz) =

input: X o= 0.1 cos(wt) where wt=0.01 m(n-1)m.

The point spread response dies out slowly. The real theoretical values

should be greater than the ones listed in Column (IV).

Table 1
items 1 (11) (111) (V)
bits
-2 -1 -5 -5
t=8  3.38867x10"° 1.17188x10" 8.73152x10 4.54929x 10
t=12 1.91280x 1073 7.32422x10° 3.04815x10‘7 1.77707 1077
t=16 1.24287x10"%  4.57764x10”% 1.08707x10”° 6.94167x10" 10
t=20 8.71887x10°° 2.86102x10"° 4.59030x10 12 2.71159x10 ‘2
t=24 4.94035x 1077 1.78814x10°° 1.821sox10'14 1.0592-,1x10“14
t=28 3.09238x10"° 1.11759x10"° 6.54997x10" %7 4.13756x10° 17
t=32 2.05030x107°  6.98492x107° 2.75747x1071% 1.61623x1071°
Example 2.
N(z..,z.)
1° %5
Glz.,z.)= —2L1 2
172 D(zl,zz)
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where

1

-2 -1 -2
~0.7694982] 'z, +0.7310252; 7z,

input: x = 0.025 coswt and
mn

wt=0.1m x[{m-1) x 100 + n] + 0.0ln.

The value of maximum gain of this filter is approximately 60.

_ -1 -1 -
N(zl,zz) =1 (3.47499922 0.63639621 +0.302287z1 z2 ’
-1 -2 -1
D(zl,zz) = 1—-0.94999822 + 0.902522 + 1.2727921
-1 -1 -1 =2 -2
-—1.2091521 22 + 1.1486921 z2 + 0.812l
2 -2




33

X * X ° X ® X . ¥ ° X M b4 - X «
2-3 BTLED T 9..3 vItiz e w—x.: L0LBS L Eno_ E0K66°9 \.;3 6£910°1 uso— 6zpse-z MT..‘: 8559071 m-i 19%F0°1 28 =3
% . X . X . " ° X ° X . X . X N =
q-01 X EpSS9TZ | o 01 X s0z0T°2 q-017 8045572 | o 01X 8229¢°2 9-01 X 2292971 | o 01 % £8909°¢ (0T X989%0°T | 01X 989861 8Z =13
X M X * X N X M X M X M X . X ® =
gr-01 % 06464%9 | 01 X 9z18¢E"§ gr-0T% S9SEES | 0T X L624p°p g-D1 ¥ 9610972 | . 01X 6604L°S 9-01% 260%0°¢ | | 01X £99p9°7 ¥Z =3
X . « . x . x . - . X . X . % . -
Ssoﬂ 920¥vL7 1 2..3 094871 2.,2 ShLzk°1 oToﬂ 2E860° 1 vun: [REA R 1 v..c— BSEEZ"6 m..oq be06Y ¥ m..oﬁ €881V9°p 02 =13
g-01 X L0SSE™V | o 01 X 999z5°¢ g-01 ¥ 92ZLLE™y | o 01 x /2898°¢ g-01 % 10199%9 |, o1 X se4p1 p-01 ¥ 6022Zh°L | . 01X £6896°9 91 =3
m..oﬂ X 0S0FT°1 wuoﬂx S7820°6 m..o. X £9990°1 m|o~ *1¥8RT°9 TE X 9£590°1 TE X 0829t°2 N'oﬁ X 16E¥E"1 Nnoﬂ X L6001 1 =1
g-01 X L9616°Z | o o1 X ezitee g-01%86202°2 | . 01 % 06920°¢ 72504° ¥ £0Z8L7€ | L. OT X £9550°2 (01 X L0612 8 =3
$880014 gsaooyy $880014 $S80014 §5 90014 8850014 8820014 888001 mu:Q
oouen 0811g oruoury weng oruouw) 108111 Syuoue) 30811
(an) (1) () ) swaly
¢ °lqeL




IV. ERROR ANALYSIS FOR TWO-DIMEN SIONAL DIGITAL
FILTERS EMPLOYING FLOATING-POINT ARITHMETIC

In this chapter, we analyze the effects of finite word length for
two-dimensional digital filters employing floating-point arithmetic., Our
procedures are basically the same as in Chapter III. We present a sys-
tematic way of estimating (1) the output mean squared errors and (2) the
output norm error bounds for all three sources of error. Extensive numeri-
cal experiments show that the method leads to satisfactory results. We
concentrate our efforts on the direct filtering process of Eq. (2). We be-

gin by deriving the actual system equations with finite word length.
IV.1 Actual Systems of Equations

Basic Assumptions for Digital Filters

(1) each machine number q is equal to "sgn (q) - & Zb where the
exponent "b" is an integer and "a", the mantissa, is represented byat
bit number. "a" takes on values in ['1’, 1) or {0}. The following error

properties are true under this assumption;

a [x] = x+s), |e l<2™, (54)
B [x+y] = Genee), |p <2, (55)
A [xv]=xy (1+8), |8 <27 (56)

where x and y are infinite precision numbers, ¢, p. and § are relative
errors, and fl [-] denotes the floating-point operation with t-bit mantissa,

(2) the range of the values of b is adequate enough to ensure that
all the computed numbers lie within the permissible range,

(3) the digital filter of Eq. (2) is stable ([11,[2]),

(4) the ordering of the arithmetic operations is according to'the

flow diagram shown in Figure 8, where smn,ij' €mn i’ rmn,ij' gmn'

34
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1 +8mn OOJ“Q'S mnpli 1+3 m"'&Nb i+ emn'ONO H"émn'o‘
e 0 0 -
1+ T mn, 01 1+ fmn,0 Np- i+ mn,02 L . 3
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byoXm-1 n-2 blf‘ibxm-l ANy {Jm m—1,n-Ng Oy m-1,n-l o L
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b._X #7mn,0 I+ 3mn,12 1+8mn, 1Np e 2
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T
HrmnMB- 1+3mn, M| £
o Lo . .. -
v 1 T M % Z
& * TmaMp O mn Mp
\x“’@ e P ’é?"\’
N° 50
&
&
o

Fig. 8 Flow Graph for Floating-point Direct Filtering Process




7 are relative errors and take on values in (-2 5,279.
mn , i

Actual System of Equations with Roundoff Errors in Multiplications

and Additions

The actual system equations for additive and multiplicative round-

off errors are

- .
Mb Nb Ma Na
Yon =8 2 Z Dix *m-j,n-k " Z zajkym-j,n—k (57)
i=0 k=0 =0 k=0
i j+k #0 ]
M N M_ N
a a (d)
= z 2 bjk xm-j,n-k -z z ajk ym-—j,n-k+ emn s (58)
j=0 k=0 j=0 k=0
j+k #0

a 14
where Yon? xmn’ bjk' nd ajk are machine numbers

M N
(@) b b
®mn 2 Z bjk(emn,jk-'l)xm-j,n—k
=0 k=0
M N
a a
- Z z %k (wmn,jkul)ym—j,n-k ’ (59)
=0 k=0
j+k#0
(d)
eu = (0 fori<Qors<0 ,
Mb'Nb 1 60
= (1+ + +
8 mn,00 (1 Emn)(l bmn,OO) 120,1;0( Ymn,u,) . )
1i+2#0
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My, Ny,
L= {1+ Y(1+8 L) 1 (1+y ) .
emn,]k ( :mn mn,]k 1=j,{,=k mn iz (61)
i=0,.. .,Mb,
k'—_’O, 2 e .'Nb'
j+k#0,
Na Ma’Na
=1+ 1+ n(1+ n 1+
P01 = 8 (1 8 o) (L (14T )Y (R 0 ) )
(62)
Na Ma'Na
chn,Ok”(l +§mn)(1 +emn,O-k)(F=k(1+nmn,0k)(in=1 L=(3.+nmn'u)) ,  (63)
k =2, e © o p N
a
and
Ma’Na
Pn, sk = (e @ omn, i (T ,L=k(1 MR (64)

kzo,...,N
a
j=1 ,o.o'M e
a

For Eqs. (60) to (64), we have assumed that bjk # 0 or 1 for
0si sMband 0=k sNb, and thatajk;!O orl for0 <] ‘Ma and 0 gk sNa
except 859 = 1, If any of the bjk or ajk is 0 or 1, the multiplicative and ad-
ditive roundoff errors associated with it are zero. The numbers of factors in

the expressions for ®mn ik and ®mn . ik are respectively as follows,

g

M +1)(Nb+1)+1, for j=0,k=0, (65)

b

s.
Jk (M, -5+1) (N, -k+1)+2,  otherwise, (66)
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(Ma+1)(Na+1), forj=0,k=1, (67)
Q,Jgk = (Ma+1)(Na+1)— k+2,forj=0,k=2,...,N_, (68)
(Ma—j+1)(Na-j+1)+2, otherwise . (69)

Notice that if some of the filter coefficients are 0 (no addition and

multiplication) or 1 (no multiplication), the numbers in Egs. (65) to (69)
will be correspondingly reduced.

Since the digital filter is stable, if the number of bits t is not too

small we can approximate Eq. (59) by substituting wm-j -k for ym_j -k
(the mathematical justification is similar to the 1D case in [8] ) and obtain

Mb Nb

(d)

®mn Z z bjk (emn,jk -1) *m-j ,n=k

3’: k=0
Ma Ny

- E ajk (q’mn,jk-l) Wm--j,n—k ! (70)
j=0 k=0
j+k#£0

where w_  is the ideal output,

Actual System Equations for Coefficient Quantizations

For coefficient quantization the actual system equations are

M N

b
=>: z ik m—J n-k z Z jk Ym-j, n-—k+é(d) o (71)
i =0k=0 i=0 k=0

j+k#0

where ymn' bjk' ajk' and xmn are machine numbers, and
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My, N M, N
a(d) b S"b a a
z ) Jk 3k m-J n-k L S 6Jk ik m-3 n-k’ (72)
i=0 k=0 i=0 k=0
j+k#0
where Bjk and -éjk are ideal filter coefficients,
-t
| €ix <2 7, and
-t
} 8ix l<2 ",
Similar to Eq. (70),we can also approximate Eq. (72) by
“(d)
z z Jk )k m-J n-k 2 2 53k ik m j,n-k ' (73)
.'—0 k=0 =0 k=0
j+k#0
where w _ is the ideal output.
mn
Actual System Equations for Quantizations of Inputs and Initial
Conditions
For quantized inputs and initial conditions the actual system
equations are
M. N M N
b b ‘ a a
-5 v +e @ (74)
Z 2 bjk *m-j,n-k L Z ajk Ym-i,n-k ®mn °
i=0 k=0 i=0 k=0
j+k#0

where ;r ,b.,a. ,and x are machine numbers,
ik’ Tik mn
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v. =1+ WwW(=j,-k), 75
ik (1 ‘jk) (-j,~k) (75)
j =D; s o @ g Ma'

k=0, ...,Na,

j+k#0,

where \e.k | < th, and W(-j,-k) are the ideal initial conditions,
]

and My, Nb

~ @) -
©mn B 2 2 bjk (bm-j,n-—k Xm-j,n-k) ¢
j=0 k=0

(76)

where gmn is an ideal input, and
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IV.2 Behavior of the Sources of BError
Let

emn = Ymn - wmn‘ 77

Subtracting EQ. (2) from EQ. (58), we have

M_ N
a a
= (@) :
e 3 £
mn 2 Y 2 Cm-jnk T Smn (78)
i=0 k=0
j+k# 0

Eq. (78) says that the output roundoff errors {ep} can be interpreted as
resulting from the injection of an error source ef:gl into the system at
the junction indicated in Figure 5(a).

Similarly, from Egs. (2), (71), and (70), we can interpret the out-
put errors, due to the coefficient inaccuracies or the quantizations of in-
puts and initial states, as resulting from error sources éf:r)z or ES;

ed into the system at the junctions shown in Figures 5(b) and 5(c).

inject~

1Iv.3 Mean Squared Error Anaiysis

pasic Assumptions
As usual, we assume that the relative errors § .. € .
_ mn,ij mn,ij

Yon ij gmn 3" etc, are independent random variables and are uniformly

distributed in the range (—2",2"5 . Thus they are 2€ro mean and have a
variance of o’z = Eoz/ 3 with Eo = Z—t, and they are uncorrelated with each
other or with any other signals. We also assume that the input signal X n
is zero mean and wide sense stationary. Since our gystem is a linear

spatially invariant system the output signal is also zero mean and wide

sense stationary.
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Mean Squared Error Estimations for Roundoff Errors
have
: (79)

Expanding Ed. (63), we
).

| -2
=1+ + +
men,jk 1 gmn emn,jk Ezﬂmn,u,+0(2
i1
(80)

Take the first order approximation,
+ +
gmn amn,jk 2 2 nmn,i&

“"mn,jk”l <
i
The right hand side of Eq. (80) has @ total of a):k (see Eq. (69))
independent identically distributed random variables. We then consider
("Pmn j -1) to be an independent random variable consisting of the sum of
a’jk independent identically distributed random variables. Likewise wé
consider each (emn j -1) to be an independent random variable which is
the sum of Bik independent identically distributed random variables.
In Eq. (70), let
@ = _
®mn, jk (q’mn,jk 1) 3k “m-j.n-k ' (81)
B (e -1)b 82
€mn ik mn,jk ik Xm-j,nk’ (82)
The means of the random variables e and e(b) are zero. Let
2 2 mn,jk mn,jk
oe(a) and c’e(b) represent their variances respectively: then,
ik jk
Z B?) Z
& e t e
C’e(jk) 3 " %k (ajkwm—j ,n-k) ! (83)
2
2 () 2. ® ¢
o™= "Bk T Dy ok (84)
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The bar denotes expected value, We approximate it by the following

operation,
g8
v AL,
A2-1im =20=0 . (85)
nN<$ o mn
m- e

Considering esl)l (Eqs. (58), (59), (60), and (78)) to be composed

b)) _ (@
of (Mb+ 1) (Nb+ 1) of the ©mn. ik s and [(Ma+1) (Na+1) 1] of the ®mn. ik s,

then from Egs. (83) and (84), the steady state output error is found to be

M_ N M, N
9 a a 2 ﬁb b 2 % = 4
23 Y dw T v d T e
j=0 k=0 JX4=0 k=0 m=0 n=0
i+ k#

Mean Squared Error Estimates for Coefficient Inaccuracles

From Egs. (71) and (73), the output error due to the quantizations

of the filter coefficients can be calculated as

M_ N M, N

.2 2 2 L P2 2 2 2

so= () Zce§?+ ) e Yoy w (87)
=0 k=0 =0 k=0 m=0 n=0
j+k#0

with
M2,y 2 2 2
5.@= @uenWo g nk) = Ok @Vmgnk) (88)




44

A a 2 _ 2 2
Ue(jk]’c) = O &%y -k T Sk L (89)
where 5jk and ¢ ik are fixed numbers. For high order filters we may be

able to regard ajk and &k as random variables, and hence we can replace

2 2 2
6jk or €k by E 0/3 in Eqs. (88) and (89).
Mean Squared Error Estimates for Quantizations of Input Signals and

Initial Conditions

The output error due to the quantization of the input signal can be

calculated as

2 Ei 2 2 T 2
Fe( 2 Y ) T (90)
m=0 n=0

As for the output error due to the guantization of the initial condi-
tions, it usually can be neglected if the impulse response dies out fast

enough. The output error is governed by the following equation,

M_ N,
= a 19) w .
emn = e 2 2 hmn ‘jk ("j:" )' (91)
j=0 k=0
j+k#0
where &k and W({-j,-k) are defined in Eq. (75), and hgﬁ) is given in Eq.
(12).

The derivation of Eq. (91) is not difficult and is omitted here.

Note that hunfr)l + 0 and hence ;mn -+ 0 when m and/or n » =, since the
m,n
digital filter is stable. It can be seen that
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M N
S
= ’ %< k ’ K ,K
(e)Kz &y 4 (h(j ) y 2’1 ]gjkW(—j,—k) | . (92)
j=0 k=0
: The value of the right hand side dies out as K2 and K1 increase.
1 Discussion
3 We have derived the steady state output mean squared error for

each of the three sources of error. If two or more sources of error are
present, the output mean squared errors due to their combined effects can
be approximated by the summations of cez (Eq. (86)), c‘;ez (Eq. (87)), and/or
5.’ (Ea. (90)).

For nonstationary or deterministic inputs we cannot obtain similar
results to those in Egs. (86), (89), and (90). As an illustration, for round-

off error with deterministic inputs, we have the following equation instead

of Eq. (86),

Ez Ma Na m n
2 _9o| T ¢ o 2 2
c mn—' 3 41.‘ 1a ajk ajk (Z E wUt—Jl\’”k m-uln—\)
=0 k=0 p=0v=0
j+k#0
v b, B n o, 2
+ b, Bl -
Z z ik sJk (Z z xu"j,v'k m-y n—v) - (93)
j:o k_—:O u=0 \;'—-"0

IV.4 Norm Bounds

In this section we obtain norm bounds for output errors due to the
three sources of error. We still assume that the relative errors Ymn, ik’
¢

5 , etc. are independent random variables uniformly distributed

mn,jk’"°"°

in (-Z_t,znt) . We make no assumption for the input signal.
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0
For roundoff errors, letting e ! be the output error due to the

mn,jk
error source e(a)
mn,jk’
®mn, jk z Sﬁ 12k Wuni vk Brep,n-ve 94)
By lemma 1 we can obtain
K, . K iw iw EZ
2 ¢ -
E{ (?kl) 2 l}s max ‘D 1(e l,e 2)|2-—3-Qaj2k°{3k
Osw , <27 }
Oswzszn
K, K
2 2°71

where E{- ] denotes the expected value, and we have assumed that the

initial conditions of the 2D digital filters are zero. Therefore,

2
K,.K _ iw iw E
B{z(e> 2 1} < max |D 1(e le 2)}2- -:-39
sy %21
0$w2$2n
M N M, N
a a K.,.K b " b K K
T a2 . 92 2 1 b 1
LY ) o e Mk + 3 ) Pk Bk <>j L
j=0 k=0 j=0 k=0
j+k#0

(96)

AN
Similarly, for quantization errors of the filter coefficients, we have

IR ————e el




M N
K iw iw a -
2 . K%y et T N S 2 2 2
E{* (&) Jsmax D (e T.e O[T LY ) & e
0w <2m Z0 k=0
]: b3
OSwzszn j+ k#0
o T2, 2 KoK
)Y By ek )

=0 k=0

For quantization errors of the input signal,

2
K., K iw iw E
ey 2 Yysmax |Gl le A2
Osw152'rr
OSwZSZn

M, N
b b k.. K
2 2 K%y
LY ) bl @y I
j=0 k=0

(97)

(98)
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IV.5 Numerical Results

A "Decimal simulation program®" has been written to simulate, deci-
mally, all the filtering operations on a CDC 6600 computer. The program
includes subroutines which simulate floating-point additions, floating-
point multiplications, and quantizations. All the floating-point variables
are double precision.

The following examples are among those we used to test the vali-
dity of the method in Eqs. (86), (87), (90), (96), (97), and (98). For each

example with a given input signal the following quantities are calculated;
2 K 'Kl
let o= (W) where Won is the ideal output sequence,

(i) RE: gi/ A, where o'i is the theoretical roundoff error (Eq. (86),
K ,K
(i) RA : 2 (&) 271

roundoffs,

/&, where € n is the actual output error due to

(ii1) RNE : Norm bound for output error due to roundoffs (Eq. (96))
divided by 4.

(tv) CE : ai (Eq. (87)/a,

K, ,K
(v) CA:z(é) 2

to coefficient quantizations,

1/ A, where émn is the actual output error due

(vi) CNE : Norm bounds for output error due to coefficient quanti-

zations (Eq. (97)) divided by a,

(vii) IE: Ez (Ea. (90))/a,

K,.K
{viil) IA : 2 (5) 2 /., where émn is the actual output error due

to input quantizations.,

(ix) INE : Norm bound for output error due to input quantizations
(Eq. (98)) divided by a4,
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() RCE = RE + CE,

K, ,K
(xi) RCA : 2 (erc) 2 1/ A. where eIr:n is the actual output error

due to roundoffs and coefficient quantizations .
(xii) RCNE = RNE + CNE,
(xiii) RCIE = RC + CE + IE,

2 rci K2 ’Kl rci
(xiv) RCIA : CI /&, where e is the actual output error
due to the combined effects of all the three sources

of error,

(xv) RCINE = RNE + CNE + INE.

Example 1: Two-dimensional Digital Filter Designed by Shanks®
Rotation Method and Modified by a Planar Least Squares Inverse Algorithm
([30).

Nz .z,) = 4.39x107°+1.3) 7x10_2z1—1 +1.317x10 2 zl‘2 +4.39x10‘3zl’3

-2 - -2 =1 _ -2 -2 -
+ 1.317x10 2:".. 1+3.9509x10 221 221+3.9509x10 2212221

2
2 -3 z—l
2

+ 1.31 7'x10"?‘z2'2 +3.9509%10 % l‘lz ;2 +3.9509x10 %2 l"zzz'2

+1.317x10" z;

-2 -3 -2
+1.
1.317x10 z, 22

+ 4.39x107% ;3 +1.31 7x10'2z1'1z;3 +1.317x10 % ;sz

-3 =3 =3
+ 4.39x%10 z:l 2.‘2 o
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D(z,2,) = 1 .+9.72193x10‘zz;1 +1 .35846x10'22;2+6.245431x10”4 ;
+ 2.105095x10 2z L -1.785671z L 2zt -0.13982052 27}
2 1 % 1%
~1.197869x10 2z 3271
1 %
+ 7.184771x10-3z'2-2—8.055841x10_22;12-2.2+1.2628082;225
+ S.927248x10“2 Z;SZ;Z
- 7.236237x10 % ;3—5.415724x10-32i_lz;3
+5.705888x10 2z, %2, "% -3 541561x10 1z 3z "3,
1 %2 1 ‘2
The following three input signals are used:
211 : X = cos(j) cosk), §=0,..., 127, andk=0,..., 127, (99)
212 2 % = cos(ik), j=0,..., 127, andk=0,..., 127, (100)
213 : xjk= noise(j,k), j=0,..., 127, andk=0,..., 127, (101)

where noise (j ,k) are generated by a random number generator.

The operations are romm=0,..., 127andn=20,..., 127, The
impulse responses for l/D(z:l '22) at {(m,n) = (0,0) and (m,n) = (127,127)
are 1.0 and 5.732 x 10—16, respectively. The number of bits for simula-

tions is t= 16. Table 3 shows the numerical results.

3

2




Table 3
Inputs Powers
of
Errors 211 212 213 10.
RE 2.14062 2.14409 2.15345 10“8
RA 2.76639 1.75509 1.55308 10'8
RNE 1.47309 1.47548 1.48192 1077
CE 1.18103  1.19667 1.19465 1070
CA 2.18830 1.63675 1.57992 1072
CNE 8.12738  8.23503 g8.22112 1070
IE 2.73986  8.64918 7.066 107
A 1.28770  3.15256 3.55109 10 Mt
INE 0.681206 2.15043 1.75680 1077
RCE 2.25872 2.26376 2.27292 10“8
RCA 2.02213 1.57048 1.40364 1078
RCNE 1.55437  1.55783 1.56413  10°°
RCIE 2.26146 2.27241 2.27998 10'8
RCIA 2.08492 1.60492 1.41122 10’8
RCINE 1.56118 1.57934 1.58170 1077
Example 2: Two-Dimensional High Pass Digital Filter.
| -1 -2 -3 -1 -1
N(zl,zz)—l.Z-C’p.Gz1 +3.621 l.Zzl -=-3.622 +10.821
-2 -1 -3 -1 -2 -1 -
- 10‘.08:».:1 z2 +3.6z1 z2 +3.6z2 -=10.821 zz-
-2 -2 -3 =2 -3 -1 -3
+10.08z," z, -3.62)°2, - 1.2z, +3.62;" 2,
2 -3 -3 -3
- 3.6z, 2z, +1.22;" 2,

51
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_ -1 -2 -3
D(zl'zz) = 1.-1.5295782; +9.69122," -2.146642,
-1 -1 -1 -2 -2
- 1.529578z, +2.3396082,72, -1.4823442 "3,
-3 -3
- 0.208035z, 2,
+ 0.96912z. -1 482344z"1z"2+o 939193z"2z“
° ZZ . 1 2 ° 1 2
+ 4.6081x10nzz —3z -3
1 “2
- 0.214644z. -3.28345 -1,739 zosoasz'zz“
° 22 . Z1 2 . 1 2
+ 4.6081x10—221'3z2"3.

The inputs used are still those in Eqs. (99), (100), and (101).
Other operating conditions (number of bits, number of input and output
points and etc.) are also the same as in Example 1. Table 4 gives the

numerical results.




Table 4
Inputs Power
of
Errors 211 212 213 10
RE 6.70882  5.97688 6.89292 107/
RA 8.27063  1.54102 5.85148 107/
RNE 8.91590  7.94316  9.16056  10°°
CE 5.36286  4.55883 5.56276  10°°
caA 0.979651 1.53522 1.00613  107°
CNE 7.12713  6.05860 7.39280 1077
IE 0.429636 0.761428  1.072392 10 10
1A 0.380303 0.322345  0.66187 10 -0
INE 1.37214  1.03698 1.46045 10710
RCE 7.2451  3.91965 3.95618 107/
RCA 8.57491  1.54024  6.69687 107/
RCNE  9.62861  8.54902  9.89984  10°°
RCIE 7.2503  3.92726  3.95725 107/
RCIA 7.94085  1.62868  5.98533 107/
RCINE  9.62875  8.54913  9.89998  107°

Example 3: One-dimensional bandpass digital filter designed by linear
programming method ([10]).

Filter Coefficients:

1+ 0.39 860852“2

4

N(z) = 0.10202-0.30310652

0.27869622 °+ 0.08125572

1

3

D(z) = 1.-2.982472 '+ 3,957452_2-—2.599932-

+ 0.7581172_4.
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Input Signals Used:

11 : xj = cos(10 i), =0,...,255,

12: x, = cos(0.1j), §=0,...,235,

]
I3 : xj=cos(j), j=0,...,255,
14 : X, = noise(j), i=0,...,255,
IS5 : X, = noise(j) cos(j), =0,...,255,
16 : X, = cos(j+noise(i)), =0,...,255,
17 X, = cos(noise(})+j), =0, ...,255,
18 : xj = noise(j) - cos(j) + noisel(j) . sin(j), =0,...,255,

2
19 «+ x, = noise (i)- cos(j) + noisea(j) . sin(j), =0, ...,255,

where the signals noise @) . noisel(j) . noisez(j) , and noiseB(j) are gene-

rated by a random number generator. They have different variances and

different starting values,
The operations are from n = 0 ton = 255. Table 5 lists the

numerical results.
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Tsble 5

t = 15 bits

Inputs Powers
crors 12 B @4 5 16 17 B 19 oflo
RE 6.73 7.05 6.51 1.64 1.60 6.15 1.73 1.60 1.61 107°
RA 2 25 3.00 2.05 0.75 0.52 2.25 0.71 0.52 0.91 107°
RNE 7.33 7.68 7.01 1,79 1.74 6.70 1.89 1.74 1.76 1074
CE 1.51 1.58 1.46 0.30 0.29 1.37 0.32 0.29 0.29 107
cA |56 1.42 0.85 1.57 1.66 0.84 2.52 1.66 1.59 107°
oNE  16.4 17.2 15.8 3.29 3.18 14.9 3.53 3.18 3.2 107
IE L 21 1.29 1.15 0.033 0.023 1.08 0.058 0.023 0.026 1078
A 0.47 0.26 0.39 0.012 0.014 0.26 0.027 0.014 0.0l 1078
INE 13.7 14.6 13.1 0.37 0.26 12.2 0.62 0.26 0.29 1078
ncE  8.23 8.63 7.97 1.94 1.8 7.52 2.06 1.89 1.9 107°
ccA  5.51 9.60 3,38 3.23 2.97 3.02 2.52 2.97 172 1070
nCNE  8.87 9.4 8.7 2.11 2,06 8.2 2.24 2,06 2.08 1074
nclE  8.23 8.63 7.97 1.94 1,88 7.52 2,06 1.89 1.9 107
RCIA 6.51 8.18 2.26 2.22 2.49 2.90 2.46 2.50 2.23 107
RCINE 8.97 9.41 8.7 2.11 2.06 8.2 2.24 2.06 2.08 1074
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Table 5 - (continued)

t = 29 bits

Inputs
Errors Il 12 I3 I4 IS5 16 17 I8 I9
RE 2,51 2.63 2,43 0.61 0.60 2.29 0.65 0.60 0.60
RA 1.36 0.90 0.79 0.47 0.25 0.74 0.32 0.25 0.54
RNE 27.3 28.6 26.5 6.65 6.49 25.0 7.04 6.48 6.54
CE 1.94 2.01 1.89 0.77 0.76 1.80 0.78 0.076 0.77
CA 4.39 4.21 1.8 0.36 0.37 1.81 2,96 0.37 0.36
CNE 21.1 21.9 20.6 8.41 8,31 19.7 8,52 8.31 8.35
IE 4.52 4.80 4.33 0.123 0.089 4.01 0.22 0.087 0.095
IA 1.84 1.36 1,98 0.056 0.039 1.30 0.084 0.039 0.054
INE 51.4 54.6 49.0 1.40 0.98 45.5 0.25 0.98 1.08
RCE 2.70 2.83 2.61 0.69 0.67 2.47 0.72 0.67 0.68
RCA 1.22 0.94 1.32 0.47 0.70 0.86 0.40 0.70 0.48
RCNE 29.4 30.8 28,5 7.50 7.32 26.9 7.89 7.32 7.37
RCIE 2.70 2.83 2.62 0.69 0.67 2.47 0.72 0.67 0.68
RCIA 1.45 1.98 1.05 0.34 0.61 0.64 0.70 0.61 0.63
RCINE 29.4 30.8 28,5 7.50 7.32 27.0 7.89 7.32 7.37




v, DISCUSSION AND CONCLUSION
V.1 Discussion

We have a unified approach for dealing with uncorrelated errors in
both floating-point and fixed-point two-dimensional digital filters. For
both kinds of filters we have adopted the same method to derive formulas
for estimating the output mean squared errors and output norm error bounds.
(Note that mean squared errors and norm error bounds together should fur-
nish us enough information to determine how many bits are needed for a
digital filter to have certain desired performance.)

Eqs. (34), (35), (86), (87) and (90) require the calculations of the
unit impulse responses ( 15131 ghxznn and rzn g gim) . They could be replaced

by the frequency evaluations,

@ © dz dz
z ? h ’ § g‘ Dz, ,2z )1D(1/Z 1/z,) z1 zz
L Pmn” (2m)> (.2 1°/%) %1 %2
=0 n=0 |z =1 |z, |=1
m=0 n= Zl 2 (102)
and
dz. dz
= = 1 1 1 2
(Zni) 1 2 1 yA
m=0 n=0 !zl ‘=1 'zz ‘=1
(103)

Closed form solutions of Egs. (102) and (103) for 2D recursive digital fil-
ters are usually out of reach. Approximations are possible and one way of
doing it is via FFT.

For digital filters with high gain and narrow passband area (these
filters are difficult to implement), the present method of estimating the

mean squared errors is difficult, since the impulse responses die out
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slowly, and the approximations of Eqs. (102) and (103) also require

very fine step sizes. However, in many important applications ([1}) of 2D
signal processing we usually require that the results of the recursive fil-
tering be roughly independent of the initial conditions since they are
usually unknown. Thus, we require that hmn and hence gmn diezout fast
enough. This means that the calculations of El %; hmn and f?n b3 gmn can be
cut at a reasonably small length of m and n. So, for some practical 2D
recursive digital filters, the present method should serve as an effective
way of estimating the output mean squared errors.

The results in Chapters III and IV can be applied to one- and multi-
dimensional digital filters, and similar approaches can be adapted to ana-
lyzing the error properties of filters realized in different forms., However,
for many one-dimensional digital filters, the frequency domain evaluations

2 -2

- -4
for ¥+ h W and etc. are easier.

nl
n=o
V.2 Conclusion

Block diagram representations of a two-dimensional digital filter
have been introduced. A systematic treatment of uncorrelated errors for
both floating-point and fixed-point 2D digital filters is presented. The
analytic results include output norm error bounds (Eqs. (40), (47), (48),
(49), (96), (97), and (98)) and output mean squared error estimations
(Eqs. (34), (35), (36), (86), (87), and (90)). The numerical experiments
have shown that the estimated errors are within an order of magnitude of

the actual errors.




APPENDIX I

(i) 2D Z-transform

<] @

The 2D Z-transform X(z1 ,zz) of the 2D sequence {xmn} m=0, n=0

is defined by the double summation as: .
_ ;o
Z{Xm b=X 1'%2 ) Z 2 Xmn 1 2y (.1
m=0 n=0

where z1 and z2 are complex variables. 1f the sequence {xmn} satisfies

the properties:
@ |x__| <= forall finite m and n,
mn

m n FY -~
(b) |xnm\<1<R1 Rz,foralln>Norm>M,

~ A

where R., R., N, M, and K are constants, the summation (A.1) converges

1 2'
absolutely. The region of the convergence of the series (A.1) is

D= {(z,,2,): lzll >R, and Izz| >R, 1.

The proof of this result follows easily by considering the summation (A.1)
in several parts, i.e. for (i) m<M, n<N (i) m>l§[ n<I:I (iii) m<h71,
n>N, and (iv) m>M, n>N. It may be emphasized that the Series (A.1)
is a doubly infinite series because of the two indices m and n. There
are several ways of summing a series of this nature, and it is absolutely
convergent if at least one arrangement for its summation converges ab-
solutely. Further, any rearrangement of an absolutely convergent series
leads to an absolutely convergent series, and the sum is the same for

all arrangements.

The inversion formula for the above transform is given by
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i=1 kl

X = X(Z ,Z )Z dz. dz ’ (A~2)
ik (—————z—znl) § § 2 1772

1 72

where the paths of integration c1 and c2 are within the region of the con-
*

vergence of the Series (A.1). In partlcular c, is the contour ]z | = R, >

R1 . and c2 is the contour ]z l = R2 >R2 This formula follows by sub-

stituting for X(z1 ,zz) in the right-hand side of (A.2), which yields

§ § Z Z x ’1 ~m-1 zlz‘"“'1 dz dz, . (A.3)

c2 m=0 n=0

The interchange of summations and integration gives

[+ +) k>+]

B j=m=1 k-n-1

Z Z x § § 2) z, dz dz, . (a.4)
m=0 n=0 c c

The absolute and uniform convergence of the series for X(z 2y ) justi-
fies this interchange. By the Cauchy Integral Theorem of two variables
(Kaplan [14]), if the paths of integration < and c, lie in the region of

convergence of the series, as chosen above, it follows that

j=m-1 k-n-1 _
§ § z) z, dz dz, = O,j?;mork?‘n, a.5)
(2m)”, j=m and k=n .
There is another expression for the inverse transform given by
] aj-i—k
ik T 3Tk Ly, o1g XEpez) - 4.9
(3z, ") (3z.") = -
1 2 zl-— =, z2 =

The expression (A.6) follows from expanding the function X(z1 0z, ) in the

neighborhood of z -1

1 =0= zzl. In the case X(zl,zz) is a given rational
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function of zzl and z-z-l, Xjk may be evaluated by determining the Series

(A.1) by long division. The relationship (A.1) between X(z1 ,zz) and
{xmn} is designated by the notation {xmn}e X(zl'22)°

Many properties of the one-dimensional Z-transform are still

true when they are extended suitably to the 2D Z-transform. The fol-

lowing properties are needed in the development of the present paper.

—-“ AL

oA ik e B M

The proofs are omitted since they follow simply from the definition of
the 2D Z-transform.
(8) Linearity:
+ = +
Z{axmn bymn} aZ{xmn} bZ{ymn} (a.7)

where a and b are constants, and {an}' {ymn} are 2D sequences.

{b) Shifting:

_ g |
Z{Xm+M, n+N} S ) Z{xmn
- ~ ) . ; 3
M-j N-k P
- y 3 xjkzl z, (A.8) :
j:o k:p . '
j+k # M+N
where xjk = (0, for j<0 or k<0, j and k not equal to zero.

(c) Convolution in space domain:

Let W(zl,zz)e-—a{wmn}, Glz, ,zz)é—%{gjk} and X(zl,zz)é—?{xmn}.

if W(zl,zz) = G(zl,zz) X(zl,zz), then

Wmn= i‘ i gjkxm-j,n-sz i gm—j,n——kxjk' (3.9)
=0 k=0 =0 k=0

(d) Convolution in frequency domain:
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Let Ulz,,z )(-){Umn}, X(zl.zz)(-—a{xmn}. and Y(zl,zz)e{ym}.

I {x mn mn}- {U }, then

1 Z z -1 =1

- , dv.d .10

Ulz,:2)) = G2 § § X(-——Vl ‘ —-—VZ ) Y(v,.v,)v, v, dvydv, (8.10)
c1 c2 1 2

where the contours are obtained by the simple generalization of the

one-dimensional case as in Kuo [15].

A special case of the above result is given by the following
equality:
11 -1-1
Z Z (21?1)2 § § X (Vll VZ )X(VI'VZ)VI v2 dvldv2
m=0 n=0 lvl |=1 ‘VZ |=1
(a.11)
where X(z, ,2,) is convergent for lzl |>1, lzzl 1.
(ii) Proof of Lemma 1
First, we show that
K, X . 2 1 2m _2m 2
f i lfmn‘ = ‘;;"2' S S lF(wl,wz)l dmzdw1 (A.12)
m=0 n=0 0 0 :
where
K, K
2 1
- -in
Flo,,w,) = =) Y f i I (B.13)
m=0 n=0
f , msM and nsN,
and f__={ ™
ma 0 , otherwise.
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1t is known that

rS

if Yn=yn: nsN,
=0 ; n>N,
and flw) = i 9ne‘1“‘° , (A14)
n=0
then
& s 1 T 2
Z [ 1" =5= g lf@ ] dw , (a15)
n 21
_ 0
n=0

where {yn} can be a complex sequence.

Rewrite (Al13) as

Ky K \
- a —inwz -imwy

F(wl,wz) z 2 fmne e . (A16)

m=0 n=0

By (L4) it follows that
K \

@ 1 ZTY

~ =inw 2 1 2

2 = —

z ‘ Z fan® l 2m SO ‘F(wl'mz)‘ dwy. (a17)

m=0 n=0

and on integrating with respect to w, . one obtains:

K

2n = 1 27 2n
1 ¢ - inw 2 1 1 2
- 2 . —~
21 2 l z fmn® | dwg= oq SO 2m SoiP(ml'wz)\ dwp dwy
m=0 n=0
or
@ 271 @
1 ~ ~inw 2
— 2
z [ZTT SO ! 2 fmne ‘ dmZ] (A18)
m= n=0

1 2m 2w 2
= -'—'S S ]F(w ,W )l dwy wa-.
4TT2 0“0 172
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Again, by (15) one gets (A12). Now, by (Al2),

k2 54 2n 2n 2 Bl
Z z _ 1 S 'Z Z - tmw; e—inwzin i c 12
2 : m-k,n-1%1
m=0 n=0 m=0 n=0 k=0 1=0
dwzdwl,
_ 1 SZn Zn i -1mw1 (_3-—11'u»2iJ i c - 12
4,”2 0 m"k,n"lgkl
m"O n=0 k=0 1=0
dwzdwl, (A19)
in which
91 = 91 ¢ fork =M, and1sN (A20)
=0 , otherwise.
Further
m
"‘1mwl -ian z
m=0 n=0 m=0 n"O k=0 1=0
5 1% du,dw (a21)
k1l 217
(rfter reordering and fa ctoring)
1 plmetm @ & tkw, -1l -1 i
g——-—g S 12 Zc o~ ikwy o “’22 z mw; -inwy
4112
k=0 1=0 m=0 n=0
5 1% do, dw (a22)
mn 2 17
< max ! Ckl -ikw1 "‘ﬂ.(ﬂz ‘Z.
OSwlsZn k=0 1=0
0=y, =27
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3
27 21 2 & £
1 ' -imw -in - 2 =
7Y ) 1) L e e I (a23) :
4n 0 0 _ 1
m=0 n=0 i
K, K 4’
z < —ikwy -ilw, |2 2 2
= max | 2 E Ckle 1e %2 | z lg | (A24)
Osw, <21 ' mn
1 k=0 1=0 m=0 n=0
OSquSZTT

which proves the Lemma. The present lemma is a generalization of a

similar lemma in one-dimension by Sandberg [4].
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SUBROUTINE prel (IESTQDgERNSTgERMSTRU.HY.EDSQRE.HH'HonvGWXvHMX|
SERMSTB o ERMSTBO!}

PURPOSE

10 CALCULATE (1) Tng mEAN SQUAREY ERRNR ESTIMATIONS AND (2) TwE
NORM EWROR BOUNDS FOR allL SOURCES OF ERRnR IN TeL=DIMENSIONAL
DiGITalL FPILTERS EMPLOYING FLOATING=POINT AITHMETIC.

ATTENTION 8

WITH SUME ChANGESs THIS S BROUTINE Can 88 EaSiLY MODIFIED
10 DO THE SAME JOB FOR TwO=DIMENSIONaL DYGITAL riLfers
EYPLOY ING FIAEU=POINT ARITHMETICS

SUBROUTINES nEEDED 3
FLTGRs uUNTZUs SHFT.

INPUT ARGUEMENTS (INCLUDING THOSE In COMMON STATEMENTSY §
Igsrav.HY.EUSuRE.Hn.H.nA,GMx,an,n.a-xywA-NA-MBoNB-
M o WNeNSTURE,

OUTPUT ARGUEMENTS ilNCLUQING THOSE 1% CQumON gTATEMENTS) 1§
EPMST-;RMSTROoERMSTB’ERHSTBOahivﬁﬂqHuux.Y-

DESCRIPTIUNS OF INPUT aND QUTPUT ARGUE4EwNTS 8

{ESTRP=31 § N0 CaLCULATIONS FOR HHors AND HXo
IESTRP=0 § N0 CALCULATIONS FOR HH AND H,
[ESTRP==1 § CALCULATIONS FOR HMpHoaND Mg,
ExRMST (1) § 70 STOKE THE ESTIMATED UJTPUY uwEAN SuUARED ERRUR
MY 3 THE QUTPUT SUUARE SuMe
EXMSTRO(L) § ERmST(1)sHve
EOSWRE 3§ EQO®EU, WHERE Eu IS THE 2UaNTIZATION STuP SIZEe
e 3 THE IMPULSE RESPONSE SQUARE SuM FDa THE DENOINATOR FILTER,
w § TrE IMPULSE RESPONSE $QUARE Sud FOR T=E wHOLE FILTER,
Wk § THE INPUT SQUARE SUMe
g™k 8 THE SwWJARED VALUE OF THE MAaRimyd aMPLITUDE FREQUENCY RESPANSE
FOR THE wHOLE FILTER.
HeX § THE SWUARED VALUE OF THE MAXIMU¥ aM2LITUDE FREQUENCY RESPANSE
FOR THe DENOMINATOR FILTER,
ERMSTE!I) 3 TO STORE ThE ESTIMATED \OAM ERROR BUUND.
ERMSTBO(I) § ERmMSTB (L) /Y.
(lA(IvJ)clﬂlv'ooﬂﬂ)'dl19..-ﬁNA)v liH(I;J)vI'lv.-oﬂé)vJ-lv.ooNB) H
STORING TrHE Twd=DIMgNSIONAL piFiTaL Fey TER COEFFICIENTS,
A FUR DENO%INATOR CNEFFICIENTSe
B FOR NUMERATOR COEFFICIENTS.
MY NN § sPaTlaL RANGE UF FILTERING OPERATIONS
TOTALLY (MMe#Ny} PUINTSS
(((X(I’J)vY(LvJ))tJ'lQ...!NNIolilio.ovﬂﬂy §
INPUT AND OUTPUT POINTS OF THE Di6ITAL FILTER,
NSTORE § Nn®ge THE ~NUWBER OF COMPUTER wIRDS TRANSFERRED BACK aND
FORTH BETWEEN DISK AND CEwTRAL MEMORY e




COMMUN/IF c T1/780606) stiaed) oY (#elcB) oAb 2R)

COMMUN/UF 2 2/ M8l oMB, jHo MM NS TURE

COMMUM/ZVUF € LT/ LERROR

CIMMON/SHF TLI/STURE (L9,

NIMENSIIN YMa{406)9YME(6.6) 0LPHA{G,4) sBFTA{S,6) sBEA(6,8)s2EB(644a)
2o ERMST (9) s ERMSTRO(Y) s JEBL (w94} oLRMSTS(5) (Fa¥STBO(S)

LOGICAL TAURLL?InNDXL

DIYBLE PRECISIUN Agbey XsTMA YMBoVory o= ALPHA BET A QELedEBsHD R,
2STORE sHoE USORE2BUXLsAUK2FREFsHAHBNM HBINV o HR

e

catl [JP(3rREwe ]}
CALL IuP{3HREme&)
IF(IESTRP) 19lslvwlselY9e
13} 00 24 1®jemA
NUlEé Uzl wn
20 Y{lsJ)zUeLv
DU 2& JslenA
2 YWA(lss)lmUDv
Uy 126 I=ieMp
DY 27 J=lae NN
27 xlleJi=l.u0
V0124 Jzlenl
176 YMH({]leJ)m0.Dvu

o

c
IvOXLZ.F,
AR, U
Hal,010
INUse]
INDGT=
1aUX]IL=eF s

c

667 DO 62 =B MM
cakbl SHFT (InDom)
V) 62 wumlenn
Y(MA N)suJU
GJ TO (64esTY0) s INUGT

ToU UUvee JBLeNB
LJBNw» jo i
IF{LJLTo 1) 8l Tyvos
DI ba [=]e48
LisMbe=le]}
vak(LlsLJ) 28 (Isd)
Y{MAoiN)BY (FA9 N} oy
GO TO (HeoeTe) s INDOT

676 YIS (Iou)aYmB{lod)eVoy

66 CINTInNGE
964 CUNTINUJE

@9 T0 445

bee 1F{Iaunll) Gu TO 645
IF{INU) 679906956 TY
e79 vY(MAsN)IE] U0
G0 TC obv
669 IF(M.GTe(mEel)) GU TO 59
X{HMBsN) 30,00
IF (M Edolo@NUNFQol) x( BeNy3].00
g9 Ty 7du
659 [AUAILZ.T.
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6659 LDJIIEe JBLle A
LJsN=Jdel
P lLdelTod) wl To9es
{es]
1F(JEvel) [a=e
Ul 66 IZImeva
Lisma=1¢]
veYiLlebu)ea(led)
Y{MAgN)BY (A N) =y
GO Tu (BoemTo) el uDLY
87 YMA{IeJdlmYmallsdyevey
g6 CINTINGE
weeo CONTINUE

o
HERSY {~Agh) Y (MAGN)
IFUInuAL) AXSHASA (MAs ) # 2 (1A0 )
&¢ CONTINUE
Cc
c

IF(IND) Tuleneds 704
Tpl HmmH
PRINT LT72eHN
1773 FurRMaT(LaA/ /7 AR TRE IMPULSE RENPUNSE SAE §I¥S OF TrE®,
#8 UEROalnualTOr FILTER §  @eUl7,10)
HEY LU
IF(IER“UREQe)) [NUALE T,
INU=m)
1 UGT=e
20 e [®ledA
wl 16 Usleni
16 v(loJimio

[
c 30 BACK Tu Fi¥w THE OJUTPUTS «ITh INWJTS ¢
wd TO nei
C
{ng nYan
C
pY S I=le™MA
N0 BT7 JSleni
57 STORE (u)sYiled}
sy CALL 1UP (zHWB 29 STURE s NS TORE)
c
e PREPARL TO Gu BaCK TU FiIny TmE InBPULSE ResSBONSE P 0Ow THE
c anulLE ¢ ILTER
C
Ivusy
1vGTel

o le 1=leomy
00 le JslennN
16 A(leJi=U.uU
wHaeDU
INDXAL=.F .
DI 15 IBlené
p0 1% Uslaenn
18 v{lsJial,uu
1aUX1LZeF e
o Ty »e7

SET UP ¥YARIUUS PaRAYETER VALIES FOR Eax0G: ESTIMAVICNS,

ot
c
c
¢ .
L1 4 Q#QOQO#&&#&»&*Q’&OQOQQ“. i’toauiooii'i*ﬁlﬁ.&nl’uoi»l;o.i.DQQ.QQDQQQGO
Co®e ®




70

c
C

THE FOLLLAING STuTE®ENTS SrOuLD 8E PROPE 41 ¥ ADJUSTHD wHEN UNE OR
WORE OF TRE FPILTER CUZFFICIETS IS (ERD R UMNE,

CQQ;»»#&»Q'§¢Q¢¢'Q¢9¢§»Q§Q¢Q.Qﬁ»»»q»ﬁ&&i’*».0',*»’&9,!#9.00*;!0.#0'.«&5.#

2]

BZ%

26

yel-7-27 [=1emtd

pugade JmioNB

IF(loEwoloiNedaEQel) AETA(l.J)m(MBoNd)
IF(I.NE.‘.oﬂ.JoNE.li BEYA(Xle'((“b-ll'(mﬂ—J)¢))
CunT Ik

NI 26 (51944

DY 26 JEBlanNA

1F(1.EVoisANDodoEQe?) ALPHE (1sJ)=YAeNa
1F(lobdeloaNbodanEe] QLPHn(IvJ)s(Maﬁna-Jo:)
IF(I-EU-L-ANu-J-EQ.I) ALPHB([QJ)‘O.

1F (L vEel) ALPHA (TeJlm(4R=l)o(Naad)ed)
CINTINUE

CQ..§9¢09¢9¢puoggﬁ’*ﬂﬁq...!i..Qio»c#:.cﬂbob¢i0nli09.¢l90¢§...!.#'00§«6§§9

SO0

[eXeZ2l

(X4

€20
15

gze

2%y

171

77¢

177

u) 226 Islemp

Poe2a J=zle 48

QEBV (1sJ18YMB (e d) /3. 0a®3ETA(Led)
DY 2eb lzlemA

UY 226 JmlioNA
QEA(I')lIYMA(I9J)/S.UunALPnA(I;J)
“sl,

DO 220 1=l .MA

D0 2eBJB L NA

HREHkeuEA (Lo}

HaRNME et U

00 23u Isl.Mo

U0 23y JmlsND
HsKNmEHgRveuEH0 (1ed)

AMINNEM 7 BN

4020,

HeNMa0, )

Vo 77 I=seMo

Ul 771 JsleNe

AUAIIS(I.J)

catl FLTGH(QUKLQFQEEQKAUALIoTc'oToOAJl&)
AUAlB (AJRL=AURE) JAURE

HENMzHs Mo YMB (1o J) #AUR SAUAL

P 772 ImioMa

po 772 Jaslen@

avhlsa(led)

call FLTGR(AullvFREE9<AUl11oT"cT0!AJl2)
Au&l:(aJAL—AulZ)/Auxe
Hosnuovﬂn11,¢)'04xlﬁhuxl
1F(IESTRPLEe W) PRINT 1T776eH
FORMAT (4Xo®THE 14PULSE RESPONSE gaRE suma 0oF THE®e
e# wWrylLe FILTER 3 BolenedTelss)

ROUNLOFF LRRURS esTImat0«
ngST(1)-(4H¢Hdﬂmm)tnAgensuRE
EQMSTRU(1)=EHMST(1)/HY
ERMST(L)sﬁﬁmaTilz/nmNy

gsTimaTiuv OF COEFFICIgNT WUANTIZATION EaRDAS
ERMST(d)-(HD*HBN%)’HH
ExMSTRd(&):Ea“ST(Z)/nv
£HMST(¢)=L%M5T(2)/MMNM

gsTimaliy: OF IneUT GJanTIZATION ERRYRS




OO0

EQMSY(:):hxﬁn#tUSQREIB.DF
E%MSTRU(3)=EkﬂSY(3)/ﬁY
E%MST(:)=£HM§‘(3)/MMNV

EQHST(433tHH:T(1)‘ERHST(3)
g%MSTHu(u)SEHMSTRO(l)oERmSTHn(Z)
EQMST(3)=£RM57(~)#ERNST(i)
EAMSTRu(a)-aNMSTRO(n)‘ERMSTRots)

£STIMATIun QOF NUmM ERINR BUUNDS

ERMSTH(L)‘(HK‘ﬂbdNM)*HuX’EUSdpE
ERAMSTH (€)= (HU+HBNM) @My
EﬂMSYu‘3)=ﬂX“6HA*EUSUQE!1-U"
EAMSTEU (1) sEXMST g (1) /My
EﬁﬂSTbJ(E)SEKWSTu(d)/HV
ERMSTBQ(B!:ERWSTﬁ(S)/Hv

E2MSTH ¢( LysERMSTB (1) /7munNN
ERMST&(e»:ﬁumsTuta)/Man

eAMSTr {3) BERMS TH (37 /1NN
gaMSTuu(u)=ERw=TBO(1>ognmstao<2)
EﬁMSTB(é)zﬁﬁmSVb(Q)‘t*wSTB(B)
Ean515(~>=ERmSTb(lloiawSTa(E»
ERMSTbu(b)sEnwa:O(“).gR»STBo(a)

WETUKN
[ 1Y)

71
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OO0

100

dne

ani

119
ineg

sJgroUl Ine SHFT([STOR o w)

pJHPUSE 3
anv £JAILIARY SUBROUTINE FOR SUBRUJUTINE HF2l,

COMMON/OF 211/8(%,6) 9B (sen) oY (6sleB)sa(ss123)
CJHMUN/JFCI?I“AvNA!MBQNH»MMcMNvNSTQKE
CuMMOnN/SHF TI/STURE(L28)

VDIUBLE KsSTumBoY A8

IF(ISTUR) Luaeltwelou

DY 1 I=gemd

DI 1 oysleivy
Kilelod)zma(lsJd)

cabl [uP (g=RoelssTURE s 4ySTOKE)
LY 2 Jalsivn

X (M, Jd) =STURE ()

GJ To U1

IF(MeGTo (Mdesl) 30 TU 3014
DY B ImlemMB
All=lslimatleld)
IF({M,LEaMa) 6D Tu 102

ov 3 Jslenn

STURE (J)sY (1)

IF(ISTUR) L0eeludolly
cabl 1P (emWosdsSTOREsnSTORE)
VY & lsgerma

Ud & Jm)onin
Y{l=loJ)zY(1eJ}

RETUHN

ENU

e B
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SIBRUGUTI 9b ur ek (ERMaxs RS ERMSUsHY)

pUHPUSE ¢ i
T SI~ULATE TmnE UPERATIUNSG OF TeEo=DiMeNsIONaL DiGiTAL .
FILTER E~PLOTING FLOATING #OINT &RTIAEMATIC, ﬁ

NITE 3
TRIS SusrUJITINE Can BE mODIFIED 7O 3EcOvE A MuCH SI4PLER
VERSION «hiCcH SImULaTES TrE NPERATIUNS OF TH#0=nINESIONAL
D1GITAL FluTe™ £4PLOYING FIXFU=FOINT aITH4ETIC, =

SuBROUTINES wELDED ¢
FLTwARFLTURIFLTOMeG yT2DeSHFTON,

(NPUT A%LuEMENTS (INCLUDING THOSE In CoMany STATEMENTS) §
nY-u'b’Yqu:0~EOH9EuI-EquRIQDLavIS'EnVEQ2;lNgQwL-INDulLlIVUOcLu
MbigNNotR givA s gNEo isTORE

QJTPUT ARGUEMENTS (INCLUuING THUSE §v S0mIv STAIEENTS) 8
ErRMaXotnriidebR 4SRUsY T,

UESCRIPTIunS JF INPUT ahu uliTPUT ARGUEWENTS §

WY oloboToAgMAsNA MBoNa Mg N MSTORE 3

PLEASE SEE Su~ROUTIME UF21.
EJ'EOHvaLOEUVERL.EOVERZQQLZyIS § PLEASF SEE SUsROUTINE FLTu<,
[NUQHLB.Te § SI«ULATIONS INCLUUING 304N 0FFS, -
IvOuCLseTo 8 DlaULATIUNS INCLULING (oEfFerslenT LJANTI2ATIUNS,
INWOIL=eTs 8 SIAULATIONS INCLUUING 1N3Ur RUANTICATIUNS.
ERMAX 3 THE MAXRIMUM4 acTuhl ERHOK.
gRMS 3 TrE wClual MEay SJJUaRED ERROH ,
ERMSKFU §  EwS/hY,
((YN1(IOJ)-J=10...'NN).III|...0MM) $

Tme ACTual YUTPUTS UF TnE DIviITAL FILTER.

nnnonnnnnnnnnnnnnonnnnnnonnnnnnnnnnnnnnnnnn

canmow/avtzu;/ﬁo,EOd.EuI.EUVERI.EOVEQE

CUMMON/FLTBRI/ZULEZGIS

CoMMON/SHE T STURE (128}
cunManoFgll/h(a.A).a(..s)ov(hoxes)vtzscyas)

CUMMUN/OF E127/ mAy B IMB a8 MMonNeNSTORE
COHNON/FLTGM;/INUQNL/DFZDNLI!NDQCL»lﬁOQIL
CUHMON/JFcURﬁ/VNYNT(QQLZS)7VMX(“!136):(AVNT(O'\EO)oKAX(*ide)
DIMENSLUN A (%9%) yHB(0,4) sRA[4o%) sKE (88

LUGICAL INUQRL’INDNCL’INUHILgKAUXIL

DOUBLE PRECISIUN A'va.x'YNT.AA;BS&EO.EOu.nLZ.HY-FQEE.VMwasvvxo
~STORE'AJA:.Auxc.uUAY.EuI.EoveﬁlqEOVEae

cabl 1OP(sHREW L)
cabl 1P (orRewse)
ERMS=0,
ERMAXBU e
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e

Ay

C

c

c
2%
26

Cc

C
86

c
56
9860

C
690
L3
40e

AudAallslruaCe

) 3z 18)]ema

UY 32 1=levA

aJalsalsd)

Cubl FLTGR (mUAlsaA(loe ) KAITsJ)sRAUAL o F, oF REE)
BJd 30 [Blemg

wd 30 JELeNB

Aghlmis{fey)

CaLL FLTuR (RJK1e88(1yJ) KB (Tod) sKAUALLY .FosFRER)

DI 24 1Bl 94
Y 24 JBle
YNYNT (19J) 33UV
RAYNT ([oJ) =t

DJ 26 i3(evH

g 26 JBlean
YNA{Teuw)miuolU
KaA{Jeulsu

1JJ962 1B oMM
capl, SAFTLR
Uy bE UBlenn
AJAYmU . Ui
RAURYBY

Ud B4 Bl gmE

LIaMB=] el

Niggg®shE

IF (N LTemni) isBYB.Y

PY be JsioNdo

LJdBN=Jol

adAlev AlLlelJ}

RAUAlSRAX(LIsL) .

Cubl FLTur (MJAZsKAURZ i (hog) aRBIIsdd el x1oRAUAL)
caLlL FLTGa (mJAY ¢ RAUAY ;B A20KAUNXC oo T o)
CONTINE

wlv6e (B ema

Jasl

1F({I.Eval]) Jasc

NEHEBNA

IF (N LTeria) ussh

LisMa= el

IF(NBB . LTeJa) YO TU06

UJ 86 JEJRAoNGST

LJBhNmJed

AdAlmyaIYnT (Lisb s

rayxisandynT(LioL )

Ccall FLTum {AUR2oKAURZ,aallo doRAllsd)saixleRaukl)
cabl FLToa (RUAY s KAUAy 8 1A KAURE D oF o}
CONTINUE

CUNTINUE

[FlAURY) <tyesulssul
Y(MAN)BAJAYSLDUERKAyY
G TO 4ve

Y{MaoNIBL.UD
VYTNT (cRg it maJAY
KAYNT ( 1A sRAURY
AURIBS TOKe (N) =Y (wmhAenN)

. S

.
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EQMSIE**H*AUAI“AVKL
rF(unﬁs(Auxx).ut.Eamnx) ErMALSALAL
e CONTINUE
9ag CUNTINUE
ERMSH):Em-v'S/ﬁY
EQMS:EH*S/(HM“NN)
RETURN

Y
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OO0

sJurUUT Le smF T

PURPOSE 3
An aJXILIARY SUBROJTINE FoR SyBRyJTLINE SOF 20R.

cJMMON/JFcuRz/INuQLL.IunqlL
CuMMON/JFz12/ﬂA;uAaﬂdoNdvnﬂvﬁNoNSTORE
cuMMQMISHrTLISTORE(Ids)
CD"N“N/O‘c0H~/VNfNT(Q-xzd),Vcha.lza).<Av~r(~.1ee>.nAx(~.xaa,
LogiCal poEeke I-Delb ok AUALL

QUUBLE PRECISIUN STORE.Auxx.auxe.FRaE.vw(.vnvur

00 1 Im@eMus

DJ 1 Jdelevim
VVA(I-st)SVNX(IvJ)
K&X(I-L!J)SKAA(IQJ)

caLl XUP(&HRCOL,%TORE;MSTORE)
KaURiL=Elivwuls

00 € J=lenind

AJAL=STURE (J)

cakl FLTGH (AJAL-AUAd.xnuxc.xauxxL'.F..F4Eg)
VVA(MH-J)quAE
nAAimalesnnule

0D @ I=£|MA'

Ul & JI}.,NN

GYYNT (Lefo ) svni¥aTiledy
KﬁYNTti-le)tKAYwT(I.J)

caLt IJP (enna,z.STonE.NSTURE)
RE‘UHI\

g0

e e e ol PR AT (11T
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€69
@50

suBRuut lhe FLloa (VNl;ﬂAIQVN?QKAC'INdp_)

PwIRPLSE S
70 SkoulLalE DECIMALLY THE glna’y aldIvIoy (OR S .BTRACTION)
OF Tut FLTu=PTe aUMBERS (ynled,uinlen(at)y and 4v“2.2_ouoon»(KAa)),

susRrOUT It NeEVEU S
WMTLDe

[NPUT adeunMeNTS (INCLUDING TrOSE In £oMa0y STaTemiNTS) 3
le-Vw(sﬂul’RAZyINUPL»EUoEOHQEOI!)LZ'fS

04TPUT ARGUEMENTSS
yinkeXnl

QESCRirTIUNS IF INPUT a0 UOTRUT ARG JEMEMTSI

VNjgKALS aS [up jTS, PLExSt SEE (PURPDISEY .

48§ QuUTPUTSeTn STURE THE RESJLTe HF THE anDITION

UR SURTRACTfuN. :

yN2sRAZI PLEASE SEE (pUKRPUSE).
[NUPL= T LNWICATING (vn3®2,0000%2(k811) @ (UNe®z,DUNUER (KAL),

JF.t INwicaTInNG - R
[VWERLEeTo GURnTIIN AND OVERFLO® LIMITN, pESIRE. IN THE UPEPATN.
EJcEOHaEUI.EUVEPlyEOVEQZvDL2~153 pLEASE SEE SUBROVTINE FLToR.

CJHMUN/JATZDL/CUQEUH!EUI;EUVERl’EOVEaZ
cunMUN/FL!GGLIULd.IS

CUMMQN/FLTQM&/lNuQKL

LoslcaL [n0PL e INuQRL

puUBLE PRECIBIUN VNxoqu'DLEcE09EOH9$1¢V'.EQItEOVE'l’E“VE*C

1F(VN£.EQ.u.uu) wE TURN
xrtvmx.ﬁu.u.yu) uh 7O 197

WEKA=RAZ

NNBlABS 1)

g, U cwe (=)

[F{N} lslo3d

YNLBYN SN

1F {InDuwRL) gall NTZD (¥Ynlo¥nl)
KalsEag

gy TO 2

YNEZBYNZRESY

1F (INDORL) caLl UNTZVD (YN2oVnE)
1F (InDPL) yNL=VNLe¥YNE
l‘(.hO).xquL) yn1BYNl=YNZ
S\SDABS(VWX)

1F(15.£W,1) $0 To 29V
LF(VNX-LT-I.UQ-“JD-VNA.GE.('1.00)) 30 70 &1
GO To «00

1F(sN.LT.1.uu) Gu TO @1

YN BYN1®0.500V

IF (InULRL) CAbLL QNTZ0 (ynNhsVal)
KalshkAliel

RETURN
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&l

Loy

1 (SN 3E,UoBUUa0,5NsENaievl) HETJRY
cabl FLTUR(VINIeVNgKAIoFesaF oSN}
KAalzgAleKhk

AT 1

RETURN

yNLIBYNZ

Kalmraz

[FlenUTeIiuPL) VulS=Vy)

WETURN

[ TY
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v

lov

129

79

gUBRLUT Lk FLTO™ (VNI»KAL;VNZ;KA&OVNJ.(A1)

PURPLSEE 2

70 sivwuLklE THE MULTIPLLICATION OF Tau F_OATINe=rUINT
NUMBERS {(VNE®2e0u®®(RA1)) AND (Vin3®2,00%a (<A3)e THE
WESULTS snE >TURED AS (VWL*Z.DO’*(KAL)).

SJBROUTINE WNEEUED 3
@hT40e

I NPUT ARGUEMENTS (INCLUDING THUSE 14 COM40N STATEMENTS) &
vwdqKucwadaKaBaEthOHoEOt0UL£915

0aTPUT AnuJdEMENTS?
YhloxA]

QESCRIPTIUNS OF INFUT aNp QUTPUT ParaMETERS?S

lengeov~3.nA1quAdohﬂ3z pLEASE SER (3unpuUSE) .
EOOEOHOEuL9EuVEP1;i0VER200LZvIS3 PLEASE SEE SUBNOUTINE FLTGR.
INUUWURLBeTe 1 WUaNTIZATTION OF MULTIPLICAa®INN IN [HE OPERATION nEeintde

CQMMONIQN1ZQx/tUpEQHvEuI.EOVEH19ﬁ0V£R2

CDMMON/FLTWR;/ULE.IS

COMM0N/FL1le/1NOQRL

JUUBLE PRECISIUN VNI'VNZoVN3o£U’EQﬂ|EDIv"LeoquEthﬁloFQVENZ
LOGICAL InnuRL

LFtvwa.Eu.u.uuoou.vmd.go.o.nn) o Tu 1uf
KalakaldoRAs

yNlayn2eyid

IF(InDuRL) Cabb WnNTZD (¥ ibevl)
IF(DABSIVHx)-u-bHD) 101299129
JNLBYNLRZ. 00

Kalsrbéle]}

g TO 19

KAalsl

ynABU LW

RETURN

ENU
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O(ﬁﬂtﬁn(36(10()ﬂ(ﬁn!ﬁn(ﬁnl§n(30(30(1G€10<10

925
y2u

¥29
920

£ng
00

300

I3

SJUBRGUTIne FLIGR (Vo¥a,KapiNDQLe INDRY LY 1)

PuURPGSE S

TO REPRESENT u NUMZER (¥) AS (VN®Z2,00 ne®Ra)s HOERE THE

ASSOLUTE valLuE UF (vM) 18 BETWERM loub an D.500 09 0,00
aND (Ka) 1% aN J4TEGER,

SUBRUUTINE NEEUEDS
ANT LD,

I NPUT ARUUEMENTS (INCLUDING THOSE InN £IM4Ov STaTEMyNTSY S
v;IuQULoImuuVL,EQvEUH'Eux-ULE’IS

VUTPUT AmbUENENTSS
VYoKRovILAT InDavL®E, T,

DESCRIPTIUNS OF INPJT aND QUTRUT PARMETERS,

veV¥N.Kas PLEASE SEE [ByRQO3E]

[VDQL@B.To! WUANTIZATION 0N (VN) IS uESlirey,

vl QUANTIZEY VALUES OF (V) IW DECTIuAL,

INDUVLE.To 8 VYW [S DESIREV.

15213 SIen AND mMaGNITunE REPRESENTATION =03 (vn)
(DECIMaL EWUIVALENT).

EO0sENHIEUI 9EUVER  EOVERE? PLEASE SEE SU~ROUTINE 872D,

ULel 1., 70L0G{€abd)e

cJMMuN/QNTZQLIEU-EUH’EoI.EuveRx.ﬁavsaz
COMMON/ZFLTUREI/ULZPIS

LOGIcAL INVRLeIMOQVL

DOUSLE PRECISIUN Vvang.EU;EON’hJIgugas;nvEﬁx.guvgng

vyaDaBS (V)
IF(VhoEQovaDul GU TO 100
1F (YNLTs2:00cADa¥N.6E500500) 83 TV 9és

2sLLOG (YN ®DLE

Ka=zINT (A)

IFIKA.GE,U) RABKAeL

§2 T0 vae

IF(VN.GE. 1) G0 To 929

Ka=0

&0 TO Y20

Kbh®m)

YNB2,Du®e (KA)

YNBY SYN

IF(15.E2.4) 60 TO 200
xF(vN.LT.l.DUoANu.VN-Ge.(-&.00)) 80 To 3n0
30 T0 e«lu

1FDABS v eTol DVl Bu TO 300
vuBYNeU . BUD

RaBKAe] )

IF (Inpak) CALL UWTZL (vRs ¥N)
g0 To 1434

yNBU,

KasZ=lyck
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1g36 IP{IRDIVL) VuBYNa2.DJd%8R.
e TUki
END
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e e 05

GO0 O00000000000000

909

T VIO SRR — _ e

SIBRCUTEInE unNTLD (VYevun)

PJRPOSE $
Y0 ada~TILE A NUMSER (INCLUDING UVERFLO» LIMITATIONY 6

[NPUT ARGUEMENTS (INCLUDING THOSE In COMwov STATeMENT) g
VeEUsELU19eDIeHOVER]L ENVER2

OJTPUT arUUEMENTSS
YN

DESCKIPTIUGS OF LNPUT aNn wUTPUT ARGJEMENTSS

£33 QUAnT[ZaTiOn LEVE OR STEP $1Z€.

gurt  HapLF OF EU.

EQL LeDU/ZEW.

¥i  THE mumBeR Tu BE JJANTIZED axD LIVITED,

YING  THE wUTPUT NUMHER.

EOVERLsEUVERE! THE LUwEW LI4IT AND TwE PPER LINIT FOoR ¥Yuie

DOUBLE PRECISIUN VeVN,ED.EQH,D s VNN, E01srOvER] (EUVERR
COMMON/QNTZD;/anEOHlEUIOEUVERIVhQVEQZ

viay

KeV®EQ]

yysE0®F Lual (R)

pBY=YN

VNSV

IFIV]l) bece2

1F (DebLEs (=EU=I) VNNBVy=ED
IF (VNN LT.EOVERZ; YNNsgOvER2
60 To 3vUvu

1F (DQ"EOE”"’ yidtiE VNOEO
IF(VNN.BT-EUYERL) VNNSgOVER]
RETURN

E£ND
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pUGKA~ uFlus (1wPUTHOuTPUT

PJIRPOSE 3

T0 aMNaLYZe ThE ERROm PRUOPERTLIES FJR G E=DIMENSTONAL pieiTaw
FILTERS E-PLUTING FLOATIB=POINT ARLTHYETIC BY USL 6 S aHOUT I NES
UFEIu aND OFgORO TV ESTIFATE MEAN SwJalIEn ERRORS AL NORM ERRDR
BOUNDS a~p T COMPARE THEM wiTH THE aCTURL ERRORS BTAINEY THRNOURH
sIMuLal [UnS,

SUBROUTINES WEEUVED ¥
DF21JoUFZURU-NOISEvFL?GA.FLTthFLTGR.QNTZD'FREOZI-

INPUT &RGUEME VTS BY (FORTRAN 1v) REaD STaTEZMENTS §
NA¢~B~HN01PRNr,IS’wT1vNTa.NTINCR.IN)Q.vvoxvanw.«I.wJoer;stY.
START,STUCeSTaRT244,8,

DESCREPTIUNS OF INPUT ARGUEMENTS 3

NAsNby ¥NesueB § PLEASE SEE SUBRUUTINE 2F 217
[PRNT==4 & [E FORTHAy YARTABLE NPRINT (P_EASE SEr SURRUJTINE
UFelu) wiiy oE GIVEN THE vabLuf {=1io
1PRNTSy § NPRINTBNN/6521e
[PKNT = 0 § NPRINT=ny I RRNT e L,
151 8 SlueN &alD MAGHITUDE RESPRESENATION £OR MAnTI5Sa OF A FLDAT=
TsePULINT NUHBER LN SIMULATING 0PE2ATIONS F THE 01617al FLILTEAS,
NilenToenTingR 3 Tre gI~ULATIONS AND gsry+aTIons itl SE LONE Fnk
T (ugMHER OF opINARY 3178y =NTLoNTleNTINCRoNTLe?
'NTIMCHO' co® “‘ROU‘JD) NT2,

jvulm=1 § ERROR ANALYSIS Foa INPJT QJaNTTZATEION O LY (D)
[NDG= v § ERRUR ANALYSIS Fop CUEFFICIENT JUANTIZN, 0NLY (Ll
fvoe=m 1§ ERAVUR ANALYSIS FOR RUUYD OFF sRI0OR ONLY (=1,

IND@= 2 3 EMRUR aANALYSIS FOR CUEFFICIENT AUaNTILATIONS aNU

QUJINDUFF ERRURS (R AMND Cjo
1vDem 3 3 EndUR ANALYSIS Fom INPUT anNd enEFFICIcNT wyaNTidaTioNg
and HUUNDUFF ERHORS (R ¢ aNy [l
INDE & 3 CuStES FOR InDu=ls 1o aND 2.
IvDEs 3 §  CaSES FuRr InOuE=ly 03 by 2 81D 3e
TWReAMPen ] gﬂJOSTDOSTARTqSTDZQST&RTa 8
PARAMETERD FOW ASSInNING THE 1WPuTs To TrE nielTaL FILTER,
(PLEASE SEE TmE SECTIUN FoR INPUT SET R InN TriS PROGAAY) o
InDASE OR €5¢ 0ALY QME OF THe NINE <IwDS OF I.PT8 15 JSED FOo
ERRUR aNALYSIS, IvuDsé 0R »6, NINE %Inns OF InP1iTS aRE USED.
gwfyasy & N0 MUDIFICATIONS FoR TrE FLLTEY YUMERRTOW COEFP uIs, BiTle
guFYs=1 § ALL B(l} ARE QIVINDEL BY d{11/%,20
a9y =v 8 Auk B(I) ARE JIVINED By o¥FyY,

COMMENTS ¢

1o THE MarlMUY ValLUE OF THE aMPLITUDE FRr@JENCY =ESPONSE 1S U3TAINE:
BY SUBROUTINE FREGZ1e 17 18 awn apParuiMaTED ValUEs aAND THE
ACCURACY WEPE.DS ON THE PARAMETER SETUPS FOR aNu THE ¥#aY OF
USING SUBHOUTINE FEg@lle

2. TrE CumPUlaTION Tl4g FOR THIS PROGHEAM AT INuEEs . InDNRsS T sy
NT2229s AU NTINCRe? 1S apPRUXIMATELY 200 SEC FnR & FIFIR OWDFR
FILTER -I1T® all THE COEFEICIEwTS NOT gniaL T0 6 OR 1e [LIF Nu
SIMULATIONS 2=E INVOLVEDs 12 SEC IS NEFNED 1INUER THE SAME
CONJLTLUNDe
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[eNe Nyl

CIMMUN/DF cl1/A1(8) 48(b) ,Y(256),X(256)
COMMON/UF 21 2/NAyiiB NNy uPRINT

CIMMON/UF 218/ YNT (256)
COMMON/FLTGML/ZINDQRL/DFRURL/ZINDRCL Y INOID
CIOMMON/FLTuRL/VLgeIS
COMMONZAnNTZOL/EQsEOHYENTSEOVERIVEOVERZ

CUMMUN/DF cURS/VNYNT (256) « VX (250) s KaYNT (356) 9 KAA (25:0)
DIMENS [0 ERMST () 1ERMSTO(5) »PLINE(130) +#RuSTB(5) 9FRUSTBO (D)
DUUBLE PRECISIUN AeBey XeBUsEOHIULZ o HY s Vv uToVNRsEUT
lHQ’ﬁI'FK'EUVE<‘QEUVER£.YNT

LOGICAL IHDURLYINDUCLy INOQILINDIG

DATA R/L1n®/

1400 FURMAT (LW o/7)

132 FURMLT (1xs#TrHE ACTUAL QUTPUTS AT FIGITE QITS § */1xs{]11011e3))

lant FORMAT(1x9#TrE MaXi4uv AYPLITUDE FREWQUEINCY RESPONSE FOR THE wrOLe
#FILTER 3 #3Ei3+5)

1485 FURMAT (149 #THE MaXIvUY AWPLITUDE FREJUENRY RESPONSS FOR THE DENOMI
*NATOR FILTER § #,E13.3

16461 FORMAT(LK///74As#ERROR BOUNUS § #//71Ks83 3 #92E13.5/1%,0C § #,2E10,
#S/LKe®] § #92EL3,.5/1XeeR AND C 3 #02E13.5/1X08R C uND T § #92E13.8
w77

1520 FORMAT(IX/1Xs®THE INUICATOR FOR TYPE(S) ¢ INPUT(S) § #s]@//1X8nT
WHER INPJT HARRMETER VLUES ARE § %9 9]4¢3F7,2 /aXyewESPECTIVELY FaR
® NAy Nrs LERROMy ISe NTle NT2e NTINCR, IuDJs IPHWT, #AMFYy STDZe o7
’ARTZ.‘///)

1167 FORMAT (1x»#THE SURE Sum UF THE IOEAL OJTouT SIGNaL ISe,017.5/1x%,
eeTrE [vD1LATURS FOR KOUNDOFF ERRUR UPERATIONS, CUEFFICIENTY AL TN
#PUT GUANTIZATIUNS ARE IWNDWRL e InDQACLe AND INDGIwe RESPELTIVELYss
#/1As@TRE[R VALUES FOLLow THE NUMERICAL vaL (ES OF T £ AcTuaL gE3xDLS
0.'//)

1093 FURMATILX99Fae*)

1000 FORMAT (IXs191%)

LU0l FUORMAT{LIA95U13+6)

1601 FORMAT (1a//77iKs®ESTIMATED ERRORS AND ACLT AL ERRUXS AT®,I13,% 3175 1§
aw///71K#ESTIMATED ERRIRS 1 #//1A,#R § #42E13.5/1A9#C § #42E13.5)

1603 FORMAT(1Xo®1 3 ®42E13,5/1X9%R AND C § %425 13+5/1As%R C AND I 3 &,
®2EL13,5/7/7/)

1605 FORMAT(Lxe#R C AnD 1 1 #,3E13.5,4Xs#INJICATOR VALUES § #o3Ld,

PRI REST ER«Z/ACT, § ®y3XsF9,2)

1606 FURMAT(LX1®R AND C § ®,3€13,59 OXe®INDICATIR VALUES § #0Jp 3y
a6KWESTe EHe/ACT, § #43X,F2,2)

1403 FORMAT (1XsoRk 3#%33E13.5,13XKs#INDICATOR vALIES 8 ®930L 30
GnXsWESTe ERG/ACT, | *y3X4F5,2)

14ng FURMAT(1xe®l $®,3E13.5,13X,0INDICATOR vALUES § #9313y
SuXeRESTe ER/ACT, | #*43X4F3,2)

1401 FIRMAT(1xe9C I%,3E13.5,13X9#INDICATOR VALUES § ®s3_L3,
2ok ®ESTe Lo /aCT, # #,3xX%F5,2)

1010 FORMAT (1rls®aMPLITUDE (MaX VALUE) § #,E13,5/71X+*FREQUENCIES FOR I
angSOTIUAL INPUTS 1 #9E13,99% (Wl)  #9EL13,S5,% (wd) #/1x9*STARTING
avaLUE aND STANUARD DEVIATIUN FOR NOISE INPUT BENERATN, § #sgEldes)

1011 FORMAT (Axe®quMBER OF [nPUT OR QUTPUT #DINTS 8 # *
w16//71Xs#THE FILTERING CORFFICIENTS ARE § »/)

1510 FORMAT(1xel3valei2)

127) FORMAT(1Xxe*InPUTS ARE A4P CNS(1U Wy w1 3.%)

190¢ FURMAT (LX9#InPUTS ARE  AMP CaS(wJd/ (LU #1) J)ew)

1503 FORMAT (IXe®InPUTS ARE  AMP COSI(WJ J)e#)

1904 FORMAT (Lxe®InPUTS ARE  A4P NOISE.®)




[s NsXel

OO0

13-13-)
E%-31-)
19907
1]
1219
leye
17n¢

9
93y

53l
93¢
533

£5%
£86

83
¢hd

FORMAT (las®nPUTS ARE AP NOISE COS(ay

1. ®)

FORMAT (1x3®#]iwPUTS ARE AP COS(AJ J ¢ NOTSE)ew)
FORMAT (LX s #In”UTS ARE  A4P CASINGISE J)ew)

FORMAT (LAs#1PUTS ARE AP (£(J) COS(4J
FURMAT (Lae®InPUTS ARE  AWP (X ({J) COs(wl
FORMAT (LXeD01%e0)

FORMAT (Las///)

1y e YNT(J) COS(ad J))o®)
1)« YNT (J) COS({WJd J1).®)

READ 1UUUGNA NSy Ny TERROR G ISy NTLoNTZyNTTICR0 IND@y INOX, IPRNT
READ 1J0:'Amv-~1.ﬁJ.STu,HnFV,STanTosTua'thRTz

WEAD 1001y (A{J) sumlaNay
READ 1701 (B({J)sd=lenNB)

VI #9 I%1y13¢
PLINE (1) =P

IFLIPR~T) 33ued314532
NPRINTa=]

69 TOo 233

IPRNT=AD
NPRINTZNN/ZIPRNT 4L
[F(STAHY.EA-U.{ START=D,.>
DL2ml,D0/0L00(E,000)
1F(NT2.Elau) NT2uNT]
IF(N1IMCROEGCD) JTINCHz®
IF(wleEdal,) +l=i,
IF(NJnlJ.Uo ) wumle
IF‘STD'ENO"Q’ ST')'dil
IF(ARPL.EQe ) AMPxsl,
IF(BMFY) gb49donb5.260
HMFY=B(1)/1.8

U0 83 Usleng

HiJ)mB (J)roMEY

CONTINUE

PRINT LUIVAMPawI WJeSTD,START
PRINT luileNn

PRINT 10leo(alJd)ogmlova)

PRINT 1uley(b(d)sdeleNg

PRINT LSZUvINDX'NAlNB'IERROR.ISQNTI!‘T!GMTINCRQINDN.IPRNT»GHFV.

#5TDZSTARTE

CaLCULaTInG [rE YMARIMUM vALUE OF THE DENNMINATOR FILTER

Pl=3.19159262304d9
MPTmlpt

ﬂJsT‘U.

wilme ,#P1

1081

CALL FxEuZi (U PTywJigT o aJL yWJMAKyrivaX)
BRINT 1eadsnrAA .

10=0

WJLB2,9P]

dJST'O.

caLl FREuZ] (IVemPT o ST oL g WJIMANIGMAR)
PRINT 1480:0MAX

HMAXEHMAX #HMAR

GMAAZGMAARGMAK

SET UP InPuTs TO THE DHE=DIMENSLONAL DIGTTAL FILTER.
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1E5TRPE=|
IDINDA=InuA
NiNDABR
IF(IDT sUARLTeNINX) GO TO 5ls
I Xs=3
916 PRINT Leou .
PRINT 1DLUs (PLINE (1) eIlalsla0)sINDR
IF(INDK) z2092cls22])
22V IF(INDr*2) 37103724373
373 0V le JslanN
16 X{J)=ANWPBCUS (ad®y)
IvwWPKT=s3
6J T ¢
372 wimseW o l,%4]
I VuPRT=1
375 LY Tl Ju=ienN
71 x(J)ma=PecuS(niey)
Y To ¢
371 IF(ILI 1WRLGE. HiiNuX) wladl/Z{lnu.*Wleeg)
IF(IDISUALTeNINGX) winwd/(1a,%w]])
I WPKrT=2
g To 37s
¢21 call NUISE(NNISTULSTASRT)
IF{InDX=1) 25he25khe257
€Re 1)) 231 J=lehwn
€3l X{JImA-RPRAY)
INUPKT=e
IF(INDXeEU,0) 6O TO 2
VI 25K J3Lenn
e3g X {JIsx(J)RCOS(wgyey)
IVPKT=3
69 T0 ¢
¢57 1F(INDA=3) gdYegn(sds
¢RY PO 263 J=leNN
£63 K{JIzAMPHCUS(AJR ok ()
INUPRT2b
60 TO 2
260 DO 5264 J®]lnNN
Sche X(J)mAMPECOS(R{Y) *J)
INUPRTST
6d TU «¢
¢ae IF(INDA=S) ¢g¥3:29392
€93 00 T9 UslaanN
79 YNT(J)mX(J)
sTumsTu2
IF(STD.LE.U.) STU'STD.0.51‘3
STARTaSTaAnT2
IF(STARTLEevs) STARTEgTART®g.793
INDPRT=8
cabl NOISE (NNeSTDeSTaART)
IFLINURSEWSSD) W0 TU &Ts
FLe 1 N
477 DY 73 JSpaNN
73 X(J)mamPR (X (I PCUSLuK® ) e YNT (J)RCOS (w 0y
60 Ty ¢
276 wNKEW]
IF (WK Edswl) LY RN LN
INDPKRTa9
GQ To =77
2 CONTINUE
G) TU (SulsDverouIebue 5Uss59695079308e519) 9 INDPRT
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wri PRINT 1371
o TO =»ib
wng PRINT 120¢
gy TO oi»n
wn3 PRAINT t1d5uas
go To »i»
soe PRINT 15ue
wu TO Lilo
wob PRINT (545
30 TO wl»o
wp6 PRINT 15390
a0 10 21
507 BRINT 1907
63 T >l»
sy PRINT 1590
ey T¢ sl»
nry PLINT (5u%

81% PRINT liiug(PLlNE(l)oI:loISO)'IND‘

[NDUaxsInug
Ny 1u 1=nTlenTEenTINCR
EOm2.Dutn (=)
Eolse,ule®]
EOH=REQ®),>00
EOVEwRLsl, LUeeD)
EOVERZz==EUVERL
IF(ISeMEll) RUVEW]®=y
IF(IQG‘ «nTh) ItSTRP.l
catl UFdl(XESr“P.EHMST,EHHSTﬂ'HY.EO'EO.HD.dlQHXvuMul,HMAK'
*eRMSTsoENMSTuD)
PRINT xoxxyxo((enmsrtxx).auusro(xl))axxaw.zw
PRINT 1604.((EHMST(II).ERMSTn(II))qllnd.ﬂ)
1F (1 EveniT i) PrINT lig79MY
PRINT Lbal;((ENMsTd(II)-ERMSTBO(II))vIIl1.5)
IVOXL'-F-
1F (INDI=e) 111411201412
111 INDQRLSeF .
INUQCL® P &
INVUILSeF o
IF(INDuAX) leUelelsled
162 INDOKLSTe
[FUINDuAA=2) 17191724173
171 ASSIOGN 493 Ty ISwWITCH
GO TO 14
172 13¥0UCL=eTe
ASSIGN 404 Tu ISwITCH
60 TO les
173 1W0GCLET.
INDQILS T,
ASSIGN %u> TU ISwITCH
GU TU Léé
1ol INUUCL=e T ,
ASSIGN @0}t Tu iS~1TCR
@0 TG les
160 INDQILZeTe
ASSIGN @02 TU ISaITCH
Le4 CAaLL DF20KR (ERMA K ERMS JERMSROHY)
INDIL'.T.
60 T¢ ISwITCnv(bvlohvé,h031§04gh05)
“nl RTImER%STu (2) /ERMSRO
PRINT 1aﬂx,EuMS.ERHSKD.ERnAx.INUQRL.XM)QCL'INDQILa»TI

i

e R
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“re

“03

40e

403

187

ifbo

165

943
10

) TO 189

RT1SER3TUL3) /ER~SRO

PRINT L402eERMDeERMSH (ERMAK o INDGRL s INDQAL s Inv0IL T
G0 TO 16>

RTYJMERAMSTU (1) 7ERMSRO

PRINT §6739ERMSyrRASRO EHMAX o INVORL s INODRAL e INDQLIL e T
60 TO 169

RTIRMER »3TU (&) /ER:SRO

PRINT 14us1ERSeERMSRO (ERMAX s INUGRL INDQAL 2 INDQIL T
GU TO 165

WT1BERMSTU(S) /ERMSKO

PRINT 1% 199 ERMS ERMSRO JERMAX , INDURL INIOAL o INDQLL =TI
G0 TU ibn

IF(INDuUegven) W0 TU 1lb7

1aUXl=sy

1$Tope’

GJ TO 168

1aUK]1==]

ISTOP=3

1F(laval,vE,s5TuP) GU TG 16

IFCINUIL) JAURLS[AUK] ey

INVWAX=lauAl

GJ Te 111

IF(INDWGT 3} U TU lbu

IFINFRINTGLESU) 40 TO S63

PRINT Lée0u

BRINT Jesge (tNT (U)aIm] NONPQINT)

PRINT 1 Tte

CONTINUE

IFUILIwIselTeNINDX) STOP
IFULINDR Bty (nINGA=E)) STUP
INuUXsI-Oxel

1ESTRP=0

Go Tu vle

[ 1]
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SuBRuUT lnt orelu (IESTRP-EﬂmsT,tRMSIRn.HV.gusqaioav.qr,nx-ﬁnx.NWx.
#EIMSTHERSToU)

PURPLSE §

TO CALCULATE (1) THg (EAN SWUARED E4RIR ESTIMATIONS AND (2) THE
NURM BrtRun HuJNUs FOR aLL S0URCES OF Emnr I ONED IMENSTUNAL ITGTTAL
FILTERS E-PLUYING FLUATING=PAINT ARITHUETIC.

suBROU [neS wERDED 3
FLTURe unTZUs

IvPUT amoueMeNTS (INCLuL NG THOSE Iv COMuON STATEMENTS)
IESTRP»HY.EUS“Rﬁyﬂﬂ.Hlonx.GMAvHNA'loB.l.VA.NBvNNoNPRIHT.

0JTPLT ARGIEMENTS {INCLUDING THOSE N COuMDN STATE-ENTS)
ERMSTvtRMbTRUoENHSTgviRMSTﬂO’ﬂY9HH011.chY.

DESCHIFTIUNS UF [NPUT aND QUTPUT ARGUEMEITS §

[ESTEP=) 4 wd CalCULATIUNS FUR HedgmyAND MY,
1ESTRP=U ¥ nd CaLCULATIONS FOR mH aND) ™,
1ESTRP==1 § CALCULAT]IONS FOn mH,HyAND Hx,
ERMST (L) ¥ TJ STORE THE ESTIMATED QUT2UT wEAN SWU.RED ERRUR,
HY 3 TAE JUTPUT SWUARE 3UMe
ERMSTRU(L) & ERAST (I sHY,
EOSURE § EOQWEUs WHERE EO 1S THE “UaNTIZaTION sTeP SIZEs
HA 3§ THE [MPULSE RESPONSE SAUAKE SuMm FOR THE DEND-InNATOR F1LTER,
Wl ¢ TrE [MPULSe RESPONSE SQUAKE SuM FO2 Tre Jnul. FILTER,
Ak § THE InNPJT SQUARE SliMe
Gk THE SWwURKED vaLpE OF THE mAXlwyM aMaLITUDE rREQUENCY RESPANSH
#0W Tre WwhOoLE FIy TER.
MMA § THE SWJARED VALUE OF THE MARIMUM AM2LITUDE FREQIENCY RESPANSF
Fuk THe UENOMINATOR FILTER.
EaMSTw (1) 3 TV STORE THE ESTIMATED JO3M ERR0F BuU-U.
EWMSTHo (1) 8 ERuSTH(I) /MYy
AlLYeB () enngNE § STORIMG THE LUGEFFICIETS OF TrE viGiTaL FILTER.
THAT ISe (8(1)08(2)02¢0(-1)o vee *R(ND)®Ia® (e
eI/ tall)ente) BZusttolre ve,y en{ AYRZ®e (=NAS )
NN 3 JmoER OF POINTS OF THE FILTERING ABERATIONS.
NPRINT 20 3§ PR1 ;T GUTRUTS FOR UnE uJT urF EVERY (NPRINT) POINTS nf
1HE INPUTS an0 OuTPUTS OF THe FILTER,
OTREKWISE § Mo PRLAT OUTPJTS FIR T4t INPUTS aND OQJTPUTS.
ALI)elBloasasNN § THE InPUTS OF THE DIGITaL FILIER.
Y(I)elzloeesr NN ThE uUTPUTS UF THE 313ITAL FILT-R,

CUNHON/DFCII/A(B),d(&t.Y(be).x(ESb)
cUMMON/DFaxa/vA.wagNN.upuxNT

Cumnow/urdxﬂlYNT(be)

DIMENSIOH YMA(b)qYMB(ﬂ\.ALPHA(B).5515(9).0[&(&)
"ERMST(S)vERMSTHu(a)OJEBu(a)-ERMST&(&):EQMSTBO(b)

LOGICAL [AaUXLLe INDAL

DOUBLE PRECInlun A’va.xoYMA-YNBonHYoHﬂ.ALPHA;BLTAnuﬁénﬂO'HBo
OSTOREvnvEUSdNE!ﬂquoAU(E.FREEvHXvHBva-HR.YMT.HIoQEBO-HBNw

IF(IESTRP) 19191919192

191 U126 J=) i




90

120
]
e

lzé

00

067

iov

OTs
A
Yo

044

o7y

veY

676
(1]

6l

7ol

Y{J)m0, U

DI 81 JBlean
INT(JY=R ()
VD 26 U=sleNa
YMA(J)=U0,LO
V0l2e uzisNp
YMB(J)=U,00

PREPaRE TO FLVU OUTPUT ¥ WwiTy REGULAR INPUT X,

HAX=Q, 00
Ha0,4,00
INDUT=e~
INUXL=.T,
IvUs)
IAUXIL=WF .

UJ 62 =) enN
Y(N)mUL. DU
GO TO (Se4sTuu) ¢ INUGT

DUY6e UZ] B

LoBNe ol

lF(LJ.LT.X) w) Tu9be
veX(LJ) *ov(J)

YI{N)=Y (N)*y

WD TU (beenTs) s INDUT
Yub{gl=Yro(Jlevey
CONTINUE

CUNTINUE

ol TO oef

IF(lAavualL) GV TO 6eb
IFLIND) £79908%sn7Y
yin)=la.00u

60 TO &39

IFINSGTotvise s}l 40 TU 459
X(N)sQ, D

IF(N,Euel) A(NIm]l U0

60 TO 700

IaUXlL=eTe

DO 66 JE2eWA
LiaNeJo)

IFILJelTod) LI TOBO
vEY (LJ)*a(y)

YinN)mY (N)=y

GU TO (669670} s INDOT
YMA(J)EYMA{J)¢VRy
CONTINUE

HEBHOY (1) #Y (Iv)
IF(INDAL) HXBrHACK {IN) #X (N)
CONTINUE

IF(IND) 7UloenbbeT02
s

I‘UXIL=QFI

IND=O

INVGT =)

S s e
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a4 D0
PRINT L775emn
[F{NERINT) Buletinledbe
uey PRINT 123LeY { 1) gx (NN)
39 TU »67
uhe PRINT 16300 (Y (J) s 3L e unNanNPHINT)

G0 BaCK TO FiNu THE IMpULSE QESPUNSE FOR THE W#HULE FILTER.

Y TU 487

0O OO0

Inz HYan
[FLIESTRE) TyasT9ar795

PREPAKE Tu Gu BACK TO FIsD THE IMPULSE RESIUNSE FOR THE
HENOMINATOR FILTER.

OO0 [

13 [vWsel
[wolsl
LEL Y YY
1vuXL=.F,
I“leL.!F .
DY 29 JElnN

29 x(J)=Y L)
NASTHE=NH L
DY 31 J3LenXDTHE

q) nEA(JI=AJ)

G TO 6e7

SET LP VLRiOUS vaLUES FOx ERROR ESTIMATIANS.

(e ReR2ltl

byb HIanM

Qo.QQn#!io’»OQ000'06!0QQQ'..QQ"Q..QCQ.Q'QQ009006000OQO.Q.QQQQoohhncciol
THE FULLUZING STLTEMENTS SnOuLD dE PRABEALY ADJUSTED WwHEN UNE UR
_ wURE UF TRE rILTER CUEFFICIENTS IS JERV IR ONE .
00.9Qu!001*#.Q.QQQQDQ’QQ;OO@QQ’QQ.QOQQQO.QQQOQQ.'0.non'..|0.00000.b'060¢
{94 0026 J3low®
1F (JeEWe 1) BETA (J) = (NB)
IF{JeNEe L) B:YA(JQ=(Nu-J~1)
876 CONTINUE
N3 26 JELNA "
1F (JeEued) ALPHA (J) =NA
[F (Je¥Eed) ALPRA(J) = (MaeJ*B)
IF(JeEuel) ALPHA (J)IBU,
26 COWTINUE
C‘..Oi"‘.'iﬂi.Q’QQl..iQ’QQQ.Q.Q'QQQQGG’.Q...‘..Q"0.9...0.0....0..0’..0
LF(IESTQP-@E.J) 60 Tu 79Y
DO 35 JElanXSTRE
3% A (JIEQEA ()
799 wLZ22e JU3LNB
g2 UESO(J)=YMd(J)/3.DO’327A(J)
0 220 JmlaNA
g26 QEA(J)=YMA(J)/3.U0’ALPHA(J)
192 HR®U,
0o 228JE1anNA
44 -] HREHRSEA L)
HBRNME: oIl
ud 230 JmlsNhD
230 HdRNP'ndPNMOGEhU(J)

HOOO0O0
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00 e NeXe]

s ReNel

OO0

71

Tre
7%
865
B&H
be?

WY

|6

547
bsYy

239

HJ20,

HENME L LU

Ny T71 J=inNg

AURLEB (J)

CaLL FLThR(AUK&,FREE;KQUAI!-Tno.T-'AJKZ)
AJALIm ( (AUAL=RJAR) JAUX] 402
ADNMEHE N ¢ Yro (J) #AUX]

DY 772 Jdelenm

AUKl=A (J)

CALL FLTuK(AullyFREEvKAle'oTov.ToyAJ!Z)
AJAlz=( (AUAL=nUrE) JAUX]L) wog
HOBKGeYMA () #AUX]

IF(IESTRF) 5461547955y

PRINT 177aeH

IFINPHLINT) B0D)8059866

PRINT ldSUoY(l)'Y(NN)

GO Te ~b?

PRINT 16480 (Y (J)ed=]oMnsNPRINT)
PRINT 164ul

PRINT Jéenu

VU 39 JUZ]enn

Yi{Ji=x ()

UV 86 JE)enin

K{(J)myYeT ()

IF(NFRINT) 539:539,869

PRINT 15ﬂ70(Y(J)'J'IvﬂwowPRINT)
HRINT 14HY

PRINT 1638 ¢ (ALJ) 9 By NnetPRINT)
CQ«“TIN' £

RUUNLQUFF ERRURS E£STIMALO-
EXMST (1) E (AR *HhRNM) ®HHaEQSWURE

ERMSTHG (L) SERMST (1) /ny
EXMST (1) meRMaT () /NN

esTIrtalloi OF COEFFICIENT QUANTIZAYIJN E3RDRS

E=MST (2) 3 DercM ) Spp
ESMSTRU () BENMST (2) /My
EXMST (£} 2ERMIT (g) /N

ESTIMATLI W OF INPUT WUANTIZATION ERRORS

ERMST (3) =NX®]*EQSWURE/3.00
EXIMSTRO(3) SENMST (3) /HY
ERMST (5) mERMDT (3) /NN

ERMST (o) mERMST (1) sERMST (2)
EAMSTRU(4) mERMSTRO (1) ¢ gRMSTRN (2)
ERMST (D) mERMOT (&) oERMST (3)
ERMSTRd(b)IEK*STNO(b)OERNSTRO(J)

ESTIFMATIUN Ur NORM ERRpR BOUNDS

EXIMSTB (1) ® (HReNBRNM) *HyX*EQSHRE
ERMSTH(C) B (RuTthBrM) ®pHAy

ERMSTE (3)arX#GMX@EUSWHE/ 1,0
ERMSTHBU (1) SERMSTa (1) /My
EMMSTBU(Z) SEnMSTa (2) /ry




c

EAMSTR(3)ErMDTr () /Hy

EAMSTH (L) SERMSTR L) /v
E£4MSTR(2)3ERMS I (2) /N
ERMSTo (3) SERMSTH(3) /Ny
EQMSTBU(“)lEn“STHO(l)‘ERASTBO(Z)
ERMSTH (D) sERMSTd (4) «ERMSTE ()
ERMSTo (#) IERMSTH (1) +ER4STEI(2)
EKMSTBU(a)zENWSTvO(“)oERMSTBd(3)

lo3e FORMAT(AAsllulled)

1773 FURMAT (LAR//Z1A0RTHE IMPULSE REWPONSE SQRE SUMS OF TnE#,
#e DEMOALMATOR FILTER 3 #sUl7410)

1eau FORMAT (1xeeTHE FIRST and THE LAST VALUES oF THE RESPONSES ARE ®»
#20L6,.9e® HESPFECTIVELY %)

1774 FURMAT(L1R//71As*TnE IMPULSE RESPONSE S$S9RE S M OF IHE®y
w4 WHOLE FLLTER 3 ®yl2XeiiTelv¥)

100 FURMAT (LR o/)

1547 FORMAT (L49®Tnt REGULAN OO TPUTS AND [v@JTe 97/7(iXy11D01143})

RETUHN
ENU
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OO0 OO0 O0MND

[eNeKs]

3é

30

26

SUBROUTL L UF 2UKy (ERMaX ¢ERMSERMSROsmY)

PJRPOSE 3
TC SIubLaTE TrnE OPERATIUNS OF ONe=DIMenNsIONAL DIGITAL
FILTER EMPLOYLING FLOATING POINT ARITAEvATIC.

SUBROUTINES nEERUED §
FLTGAFLTORIELTOMe aNTZD

19PUT ARGUEMENTS (INCLUDING THOSE 1IN COMON STATEMENTS)
MY 3i0obmeY s A9LOGEOMPEQT EUVFRI(DLZIISeENVERZ s INUQKL « INDWIL ¢ INOQAL S

QuTPUT AKGUEMENTS (INCLUDING THUSE IV CO4MON STATEMENTS) 4
ERMaXsL MO IERSKOsYNT,

DESCHIFTIUNS JF INPUT aNu QUTPUT ARGUEMENTS §

HYgAgtseYoAsimgints NN §  PLEASE SEE SUdSROUTIVE DFeLO.
EJrEOHSEULsEUVERLZEUVERZ29DL2+1S § PLEASFE SEE SUoRUUTINE FLTER,
INUGRLEeTe 3 SIWLATIONS INCLUDING ROJUNNOFFS,

INUGCLEST. §  SI4ULATIONS INCLUUDING COEFFICIENT WUANTIZATIUNS,
IVDWIL=eTe ¥ SIMULATIONS INCLUDING IN2UT JUANTILATIONS.

ERMAX 3 [RE MAax[(MUM acTyAL ERROUR,

E’MS §  TrE aCTual MBan SQUARED ERRun,

ERMSKD ¥ ERMS/MY,

YNT (D) oIsleanedNy §  THE ALTJAL OUTPUTS 1 THE VIGITAL FILTER.

COMMON/ 3. TZUL/7EULEOHIEQ] ¢EUVER] 9L OVERZ
COMMON/FLTERLZULEYIS

COMMON/ZUF L1/ 18) b (8) Y (296) X (256)
COMMON/JF 1B/ YNT (256)

COMMCINZDF 2 L2/ NRenBINN g yPHINT
CUOMMON/FLTGML/INCQGRLZDFPORLI/ZINDUCL INDITL

COMMON/DF ¢URW/VEYNT (258) g VINX (250 ) 1 KAYNT (285) 1 KAK (206)
ULMENSION aA(B)enB(B) yxkA(B)exB(8)

LISICAaL [rbORLY TDWCLY INDGIL o KAUXLL

DUUBLE PRECISIUN Avd!Y.l.YNTvAA'SBOEUvEOuoOL?oHYtFREE.VYV\T0v%19
@S TORE suJRs sAURC s aUAYSEQI W EUVER]LVEDVERR

ta"s.uo
ERMAX S,

KAUXILEINOWCL

00 32 Jsleha

AVAl=A ()

CALL FLTGR (AUALsAA(J) Ka(J) «KAUKLLyFo9PREE)
DI 30 JBLenB

AJRI=D (J)

CALL FLTGR (AUAL,BB(J) KH{J) (KAUXLILpoF,oFREE)

00 24 U] NN
VNYNT (J) vl
KAYNT (J) =Y

KavaiLsinn Ik

i
1




-

ne

4o
Yhb
«00

enl
@nc

(Y4
Yec

95

pd et 1Z:leul

AuURl=ACLY

cakb FLTH“(“le'~U529&Aul¢oKAUXILO.F..Fﬁfi\
TS S E LY

KAA(I):(AUAZ

VU 62 wWEBLINN
AUAY=U .U
KaJXysu

-T2 8L

1F(N.L1.mb) -1 100

Ho 66 J31lenBo

L sSN=Jel

adXlsvak(d)

KaUkisnaalLd)

cakb FLTG# (ﬂdAZ.KAUlé.BH(J).KB(J)’AUKI;(A)Xl)
call FLTOM (AJAY’KAUKY.AHX£0KKUX2!Of-!
CUNTINqE

Jase

NOUENA

LF(N.LI.MA)NuB*N

IF (NbB.LTeJA) v TO9LS

) 66 JsJheNSB

LJEN=J+ L

AUALzvNYRT (L)

KnuxlznAfwT(LJ)

caLt FLTo™ (AJKZ'KAUAe.An(J)-KA(J)vAU!XQxAJxl)
calbL FLT R (AJAY,KAUAY.AHL‘0K“UXZQan)
cunTInuE

CunTINUE

1F (AUAY) 9J01601;h00
VMT(N}=AUAVO¢.uuoanAuxv
go Tu evZz

YNTIN)EULUO
VNYNT (v) mAURY
KAYNT () mKAUAY
AJxxtY(V)-YNT(N)
ERMS=E~*S0AUA1'AUXI
IF(Uuus(Aux1>-6E.EﬂMAx) ERMAX=AUK]
CONTINVE

CONTINVE

EQMSFU’ERMSInY
ERMS:E«%S/NN

WETUKRN

ENU




96

AONOODOOND D000 DOND

L VI

SYBROUTT & ruISE(NsSTD,,START)

PIRPUSEL ¥
Tu GEUEWATE A NUISE SioNal wiTd YJHAW TINE RANF.

INPUT wRGUEMENTS 3
NeSTIeSTanle

DJTPUT AwoUEmENT (IN CuMaOn STATEMENT)
X )

%

DESCRIPTIUNS OF INPUT aNu OUTPUT ARLJUEWE TS ¥

LU ] WMo R UF PUINTS DES‘RED.

STD §  STwwarRY DEVIATIO e

START »  STarTINo VALUF FOR SIGNAL GENERaTION,
A(I)eI=loaeary b OENERATEU SIGHALe.

+ g R R R S

CUMMON/DFaXIIA(B).B(B).Y(2:6).x(ZSb)
DUUBLE PRECISIUN AsBex,Y

A st b

Pla3.lelbye?

IF(START) lecel

VJMBER S NF (5Ta<T)

DEEFS FRR
All)Im(=@, *aL UG (IRANF (0,)) )%, 5
X({1)2S1304(1)#C0S (2, 9P1#aNF (1))
RETURN

END

32

b R d
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e NeNel

163

1e

182
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SUBROUT [ FREWEZ) (ID;qPTQHJST’WJL’IJiﬂl.AwAX)

PIRPOSE ¥
TO CALLULATE THE FRgQuEnCy KESPONSE (amaLITuDE) OF A
ONE=DI tENSTIONAL N16ITaL FILTER.

NuTE 3 .
THIS SusRUUTINE CAN BE MODIFIED TO D0 T=E SAM- 403 FOR
TwO=i 1 EndIONAL ul6lTaL FILTERe

§ JBPROGBRA™ WEEUVEUS
Chve

[ NPUT aRouEMe TS (INCLUDING THOSE IN COMmON STATEMENTS) §
IUvﬂ’T!mJST'ﬂJLQAid.NAoNE.

UJTPUT ARGUEMENTS (InCLU» ING THOSE 1N £0uMON STATEMENTS)
NJST’NJL|WJMAX"‘\HAK.Y.

DESCKRIPTLUNS OF INPUT aNu QUTPUT ARQJEMENTS ¥

sl 3§ CALCULATIONS OF FREWUENCY RESPINSE ARE FUR Trg wHOLE FILTER.
1u=0 3 CALCULATTIONS ARE FUR THE DENJMINATAR FILTE,
wJL (AS Ineuf) ¥ LENGTH OF FREGUENCY RAGE.
WP Ty wiST (a3 INPUT) 3 THE CALCULATIONS wILL RE 0 THE FOLLOWINA
FRE JJENCY PUINTD uJST’WJSTOﬂJINC?oI)STOZOUJLNLR'...O
WJS |+ (mpT=l) s JINCR, JHERF WJINCRSWJL/(¥PTel)e
asmehAsNe ¢ FILTER CUEFFICIENTS. (PLEASE SEE suarOUTINE LF2LO),
amAKewWaMmak 3 THE MARTuUM vALUE OF THE avPLITUDE FEWIENCY RESPO.SE
1S AMAX, 1T NCCUKS AT THE F2EWUENLY POINT MJMAX,
vii)ololaseerMPT § Tmg aMpLITUUE FREQJE Gy RESPUASES.
wJdST (A5 udTrJT) 3 wyAX=w JINCR.
wJdl (AS uuTPull) 3 NIINCH®E .

CUMPLEA CPV'LdJ¢HZ(6!.AZ(b).alv.AZV
cunMON/Ochxlkta)'d(u).Y(enblox(zib)
CJHMON/OFEIZI‘QQNB’NN¢NPMINT

LOUBLE PRECISIVN AIBIY o X

LvBICalL IUwHL

INITIAL SET uUPe

dJICREWJL/ (MPT=1)
AMAXE0

IF (1D Ludsledele?
DO 12 Jslend
auXxlzg )
HZ(J)SCﬂPLX(AUKIvOO’
IDNNLsQTQ

Gy TU L%«

HZVECMPLA (LesUel
uNML=,F .

DO 11 J=isNA
aAdklzald)
AZ(J)ccﬂPLXtAUXI.O-)
ERAMG:lO,“O(-b)
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OO0

129

123

STARTI G Tu PIND THE FREWUENCY RESPUNSEZ,

Ny 1 Mzl ymPT
AJBIWNYST*+wJICH* (Ma])
ZndeCMAPLA(COD (WD) oSIN{LJ))

IFLIUN L) SZVEGPV (ZWJeaZ oNBydaNG)
ALVSCPY {ZadsnlsNasQoNA)

AGECAnS (RLV)

IF (ArG=ERANG) 12091204123
AMGEl0, #eD

G0 TC 1ébd
av3mCA S (32V) /RT3
Y{r)=A 10

IFlaraxesEeambl)l 30 TU 4
AMAX=A 13

wJHAXE v J

CINTINUE

AJSTawy= VICK
wil.sw Jj[Crite,
wETURN

END

e

s

e




O OO0

FUNCTIuN PV (ZeaZ tNUDR ] oNSTARTNTUTAL)

PJIRPOSE &
AN AJX1LIARY PRUGRam FOR SUBKROUTIVE FIFZl,

COMPLEA CPVvedoaZ(INTOTAL)

CPV=LMPLALU.sLS)

DY 24 1z1an0ORDHY
C“V:CPV¢10AZ(VURORL-onoaSTART)
WETURN

[ 1Y)

99
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