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INTRODUCTION:

The algorithms for the solution of many mathematical programming problems re-
quire solving a sequence of linear systems in which the successive matrices differ
by just one row or colum. Perhaps best known of’these is the simplex algorithm
for linear programs. Typically, this algorithm is described concurrently with its
numerical implementation (instead of as a purely linear algebraic process), and
this implementation involves the updating of a sequence of matrix inverses (see
[8], for example). This inverse matrix updating, although efficient, has poor nu-
merical properties. A detailed discussion of this may be found in [1]) or [4].
Briefly, the difficulty lies in the fact that if, due to ill-conditioning, one
matrix inverse is poorly determined, all succeeding inverses are poorly determined,
be they ill-conditioned or not.

As is shown in [1], [2], and [4], the simplex algorithm can be separated from
updated inverses, and these replaced by a special matrix factorization which is
both numerically stable and efficient. This algorithm, suggested by Golub and
Stoer and exploited by Bartels in [1], employs a factorization of the form
U = LA where A is the square, nonsingular matrix being factored, U is upper tri-
angular and L is square. From the factorization of A, a second matrix A' differ-
ing from A in only one columm, can be similarly factored in a number of additions
and multiplications proportional to nz. Details of this updating process can be
found in [1], [3] or [4], and an analogous process for matrices differing in one
row is described in [6]. The row updating algorithm employs an L = AU factoriza~-
tion, where L is lower triangular and U is square.

Sequehces of linear systems with matrices differing in only one row or column
occur in problems other than linear programs. Algorithms for the Ll and L_ solu-
tions to over-determined linear systems by ascent and descent methods contain such

sequences (see [5], [6] and [8]). Even the solution to a nonlinear system of
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equations could involve such a sequence if a Newton-like method were employed in
which, at each iteration, only one or several rows or columns of the Jacobian
matrix were re-evaluated. There are real time computing problems in which, at
each step, a nonlinear equation differing slightly from the previous equation
needs to be solved. If a new Jacobian cannot be totally evaluated in any time
step, then perhaps one or several rows or columns could be evaluated, and the

factorization method could be employed to solve for the Newton iterates.



DESCRIPTION:

There are two packages for the factorization updating: one for columns (COLUP)
and one for rows (ROWUP). Each package contains five subroutines written in very
portable FPRTRAN. Reference [4] contains an ALGOL procedure for column updating,
and although the present codes employ the same general method, they are not trans-
lations of the ALGOL and they have additional capabilities. Whereas the ALGOL pro-
cedure begins with a factorization of the identity matrix and then allows this te
be updated, the present packages have subroutines which perform initial U = LA
(or L = AU) factorizationé of arbitrary matrices A. A special capability for the
initial matrix being the identity is also included here because many applications
are characterized by that situation (or one in which the initial matrix differs
from the identity in only one or several rows or columms).

Specifically, the column oriented package, COLUP contains

UELAD which performs the initial factorization of U = LA,

I

UELAID which performs the initial factorization of U = LI (i.e. a more

efficient version of UELAD for A = 1),
UELASO which solves linear systems Ax = b using the U = LA factorization,

UELAST which solves linear systems ATx = b using the U = LA factorizationm,
(where A” denotes A transposed),

UELAUP which updates the U and L factors of U = LA, for a new matrix Al
which differs from A in only one column. It is assumed that the
one column to be omitted from A is removed, all colummns to the
right are shifted left one colummn, and the new colummn is appended
as the rightmost one.

The analogous row oriented package, ROWUP contains

LEAUD which performs the initial factorization of L = AU

?

LEAUID which performs the initial factorization of L IU (i.e. a more

efficient version of LEAUD for A = I),
LEAUSO which solves linear systems Ax = b using the L = AU factorization,

LEAUST which solves linear systems ATx = b using the U = LA factorization,
(where A~ denotes A transposed),

LEAUUP which updates the L and U factors of L = AU, for a new matrix A',



'which differs from A in only onme row. It is assumed that the one
row to be omitted is removed, all rows below it are moved up one
row, and the new row is appended as the last one.

The packagé COLUP uses a row-wise packed form for the upper triangular factor to

save storage. Similarly ROWUP uses a column-wise packed form for the lower tri-

angular factor.

TESTING:

The packages have received extemsive testing in applications programs for

ascent and descent algorithms for the L_ solution to over-determined systems and

for a linear complementary algorithm.

In order to display the stability properties, we have measured the performance

of the packages in the following test situation:

1.

For i = 1,...,n

Construct a 10x10 original matrix A with elements uniformly ran-
domly distributed on [0,1]. Factor A with UELAD (LEAUD) and
compute the "relative residual norm" as [1u - zal|/] |l ]]1al]
(v - Aul |/ 1Al ]-1IL]]) using L_ matrix norms.

Generate a right-hand side vector b with similarly distributed

random elements. Solve Ax = b with UELASO (LEAUSO) and compute

the "relative residual norm" as ||Ax - b||/||A]|-]]x]|. Also

solve ATx = b with UELAST (LEAUST) and compute ''relative residual

||

norn” as | |aTx - b||/|]aT| ]

Replace column (row) ¢ of A by a new column (row) of similarly
distributed random elements. Call the new matrix A and obtain
its factorization from the previous one using UELAUP (LEAUUP).
Determine "relative residual norms" as before.

Generate right-hand side vectors b as in 2 and solve Ax = b

with UELASO (LEAUSO) and solve ATx = b with UELAST (LEAUST).



Compute "relative residual norms" for both.
These tests were performed on the CDC 6400 at the University of Texas at Austin:

a machine with a relative precision of approximately 3.6'10_15. The matrix decom- -

. . -1
position relative residual norms were uniformly less than 2.9-10 3 and showed no
sign of deterioration. The relative residual norms for the solution of the linear

systems were bounded by 6.1-10_15.
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COLUP ROWUP
column/row relative residual relative residual

replaced norm norm
(original) 1.7-10° % 1.4-107%

1 2.1 1.7

2 2.9 2.0

3 2.8 2.0

4 2.6 1.7

5 2.3 1.9

6 2.7 1.6

7 2.6‘ 1.7

8 2.6 1.8

9 2.7 1.7

10 2.5 1.6

TABLE 1: RELATIVE RESIDUAL NORMS FOR ORIGINAL AND UPDATED MATRIX FACTORIZATIONS

(MACHINE PRECISION = 3.6-10‘15)
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SURROUTINE UELAD (Ne Ae NAs Us Le NLo IERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENMCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGER No NAs NLs IERR
REAL A(NAWN)e Ull)e L(NLWN)

THIS SURROUTINE PERFORMS A FACTORIZATION OF THE N # N
MATRIX A SO THAT U = LU # A, WHERE U IS UPPER TRIANGULAR
AND L 1S PERMUTED LOWER TRIANGULAR. WITH THIS FACTORIZA-
TION IT IS POSSIBLE TO SOLVE LINFAR SYSTEMS OF THE FORM

A % X = R (USING UELASO) OR A®2T % X = B (USING UELAST)
WHERE aA##T DENOTES THE TRANSPOSE OF A, ALSO BY USING
UELAUP. IT IS POSSIBLE TO OBTAIN A SIMILAR FACTORIZATION
OF & MATRIX WHICH DIFFERS FROM a IN ONLY ONE COLUMN, THUS
A SEQUFENCE OF LINEAR SYSTFMS IN WHICH THE MATRICES CHANGE
BY ONE COLUMN AT A TIME CAN BE EFFICIENTLY SOLVED. THE
METHOD USED FOR THE FACTORIZATION IS SIMILAR TO GAUSSIAN
ELTMINATION BY COLUMNS,

ON INPHT==~
N  CONTAINS THF ORDFR OF THE MATRIXe (N LGE. 1)
A CONTAINS THF MATRIX T0O BE FACTORED,

NA  CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
OF A IN THE CALLING SUBPROGRAM (NA .GE. N)o

J IS AN ARPRPAY OF LENGTH (N # (N+1))/2 LOCATIONS TO HOLD
A PACKED FORM OF THE UPPER TRIANGULAR FACTORS

L Is AN ARRAY TO HOLD THE N RY N PERMUTED LOWER TRI-
ANGULAR FACTOR (THE ACTUAL PARAMETERS FOR A AND L
MAY COINCIDE IN WHICH CASE A WILL BE DESTROYED)

AMD)

N CONTAINS THE ROw DIMENSION SPECIFIED FORxTHE STORAGE
OF L IN THE CALLING SUBPROGRAM (NL .GE. N).

ON DUTPUT -
U CONTAINS THE UPPER TRIANGULAR FACTOR.
L CONTAINS THE N BY N PFRMUTED LOWER TRIANGULAR FACTOR.

IERR  CONTAINS O IF A IS NONSINGULAR.
1 IF A IS SINGULAR.
2 IF N +JLF. 0 OR NA ,LTe N OR NL +LTs No

AND Ne As NAs AND NL ARE UNALTERED (EXCEPT A IS DESTROYED
IF THE ACTUAL PARAMETERS FOR A AND L COINCIDEs AS MENTION-
ED ABRNOVE) .

NN = N
IF (NN LLEe 0 «0Rs NA LTe NN L0R, NL ,LT. NN)

] 6N TO 13
IFPR = 0



(: .
C COPY A INTO L

)
s J) = A(TeJ)

IF (NN LFQe 1) GO TO ©

C DECOMPOSF RY COLUMNS
C
NN B K=1.NM]
AMAXK = 0O,
N0 2 I=¥eNN
IF (ABS(L(T+K)) LF, AMAXK) GO TO 2
AMAXK = ABS(L(I4K))
IMAX = 1
2 ~ONT INUE
IF (AMAXK LEQ. 0,) GO TO 12
IF (IMAX LEQ. X) GO T0O 4
nD 3 J=1«NN
SAV = L{K+J)
L{KeJ) = LIIMAXYJ)
3 LIIMAXeJ) = SAV
4 NTAGIN = le/7L(KeK)
IND = IND+]
HETIND)Y = L{KK)
L(K!K) 10
L{lek) FLOAT (IMAX)
KM1 = K-1
KPl = K+l
nO 7 I=KP1asNN
FAC = =L (I.K)#*DNIAGIN

o

7EG0 OUT ELEMENTS K+ls.eesN OF COLUMN K OF L

DOD

IF (K.FQe 1) GO TO 6
NO 5 J=1sKM1
= L(Ted) = L(IsJ)+FACHL (Ko
1. (I«X) = FAC
n) 7 J=KP1eNN
7 L(Ted) = L(1sJ)+FACHL(KeJ)
nO & J=KP1eNN
IMD = IND+1
HUINDY = L(KeJ)
L{KeJ) = 0.
IF (1 (NNeNN) oFQ. 0.) GO TO 12
H{INN+1) = L (NNsNN)
L(NN.NN) = 1,
IF (NN .FQ. 1) RFTURN

I

O L0

PERMUTF THE COLUMNS OF FINAL L

SDSOD

IMAX = TFIX(L(1e1)+,5)
NO 11 JRK = 1eNM1
J = NN - JUBK
K = TFIX(L(1eJ)+,5)
IF (K FQ. J)Y GO 70 11
N0 10 T=2¢NN
AV = L{TeJ)
tL({Ted) = L{TeX)



D00

OO0

10 L(TeK) = SAV

11 L(1eJ) = 0,
L{laIMAX)Y = 1,
RFTURN

SINGUL AR MATRIX

12 1FR2 = )
RFEFTURN

IMPROPER INPUT OF Ny
13 IERR = 2

RFTURN
ENn

NAas

OR NL
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SURROUTINE UELAID (Ns Us Lo NL)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGFR Ny NL
REAL UJll)e LINLeN)

THIS SUBROUTINE STORES THF U = | * A FACTORIZATION

FOR A = IDENTITY MATRIX. THIS PROVIDES A MORE EFFICIENT
INITIALI7ATION SUBROUTINE (THAN UELAD) IN THIS SPECIAL
CASE.,

ON INPUT=--
N CONTAINS THE ORDER OF THE MATRIXs (N .GEo. 1)

U IS AN ARRAY OF LENGTH (N#(N+1))/2 LOCATIONS TO
HOLD A PACKED FORM OF THE UPPER TRIANGULAR FACTOR,

L IS AN ARRAY TO HOLD THE N BY N FACTOR,
AND

NL CONTAINS THE ROW DIMENSION SPECIFIED FOR THF
STORAGE OF L IN THE CALLING SUBPROGRAM (NL
+GE. N),

ON DUTPUT ==
U CONTAINS THE UPPER TRTANGUL AR IDENTITY FACTOR,
. CONTAINS THE IDENTITY MATRIX,

AND N AND NL ARE UNALTFRED.

INn = 0
DO 3 I=1aN
IF (I «FQe 1) 6O TO 2
IM] = 1-1
NO 1 U=1s.1IM1
1 L{Ts+ ) = 0,
2 L{TIsI) = 1,
IND = IND+1
eTMDY = 1.,
IF (1 .FQs N) RETURN
IPY = I+1
N0 3 JU=1P1 4N
L(T«J) = 0,
TND = INDe}
3 DOINDY = 0,
RFETURN
ErMN
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SURRAUTINE UELASO (Ns Us Ls NLs Xs Bs IERR)
ALAN KAYLOR CLINE
NEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGER N+ NLe IFRR
REAL B{1Ye LINLeN)s X(N)e BI(N)

THIS SURBROUTINE USES THE 1) = L # A FACTORIZATION PRODUCED
BY SURPOUTINES UELAD OR UFLAUP TO SOLVE LINEAR SYSTEMS
OF THE FORM »a % X = B,
ON INPUT ==
N CONTAINS THE ORNDER OF THE SYSTEM,
U CONTAINS THE PACKED UPPER TRIANGULAR FACTOR AS
PRONUCED BY EITHER UELAD OR UELAUP. IT HAS LENGTH
(M # (N+1))/72 LOCATIONS,

| CONTAINS THE N RY N MATRIX FACTOR AS PRODUCED BY
EITHER UELAD OR UELAUPS

NI CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
OF L IN THE CALLING SUBPROGRAMs (NL +GEe. N)o

X 1< AN ARRAY OF LENGTH N TC HOLD THE SOLUTTONe
AND

B ¢ AN ARRAY OF LENGTH N CONTAINING THE RIGHT HAND
SINDF OF THE SYSTE™,

ON NUTPUT ==
X CONTAINS THE SOLUTION TO THE LINEAR SYSTEM.
IEPR  CONTAINS 0 IF U IS NONSINGULARS
1 IF U IS SINGULAR,
2 IF N .LF. 0 .ORQ NL .LT. Ne

AND N» Us Ls NLs AND B ARE UNALTERED.

NN = N
IF (NN oLFe 0 +ORe NL JLTo NN) GO TO 6
IFpR = 0

NP1 = NN+
LET Y = L * B

NN 2 T=1eNN

Uy = 0,

"D 1 =1eNN
1 SUM = SUM+L (ToJ)#R (D)
’ X(T) = SU™

SOLVE 1 = X =Y

IND = (NN#NP1) /2
IF (1{IND) +EQe 0e) GO TO 5
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XANMY = X(NN)/UCIND)
IF (NN LEQ. 1) RETURNM
DO 4 J=2«NN
IND = IND=J
JRK = NP1=-J
JBK]1 = JBKel}
SUM = G,
NO 3 1=JUBK1sNN
IND = IND-el
3 SUM = SUM+U(CIND)Y®X(])
TNR = IND=-J+]
IF (UCIND) JEQ. 0.) GO TO &
4 X(JBRK)Y = (X(JBK)=SUM) /UCIND)
RFETURN

SINGUL AR MATRIX

5 IFRE = 1
RFETURY

IMPROPFR INPUY OF N OR ML
6 IFpPL =

RPETURN
E’ (B4
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SURROUTINE UELAST (Ns Us Le NLe Xe Bs We IERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVFRSITY OF TEXAS AT AUSTIN

INTEGER Ns NLs IFRR :
REAL U(1)e LINLsN)e X(N}y B(N)9s WI(N)

THIS SURROUTINE USES THE U = L # A FACTORIZATION PRODUCED
BY SUBROUTINFES UELAD OR UFLAUPs TO SOLVE LINEAR SYSTEMS
OF THE FORM aA#eT # X = Re WHERF A##T DENOTES THE TRANS-
POSE OF A
ON INPUT ==
N CONTAINS THE ORDER OF THE SYSTEM,
U CONTAINS THF PACKED UPPER TRIANGULAR FACTOR AS
PRODUCFED BY ETTHER UFLAD OR UELAUP. IT HAS LENGTH
(N # (N+1))/2 LOCATIONS,

! CONTAINS THE N BY N MATRIX FACTOR AS PRODUCED BY
FITHER UELAD OR UELAUP,

NL  CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
OF L IN THE CALLING SUBPROGRAMs (NL +GEe. N}
X 1S AN ARRAY OF LENGTH N TO HOLD THE SOLUTION»

B I< AN ARRAY OF LENGTH N CONTAINING THE RIGHT HAND
SIDE OF THE SYSTEM.

AND

W IS A WORKSPACE NF LENGTH N (THE ACTUAL PARAMETERS FOR
B AND W MAY COINCIDE IN WHICH CASE B WILL BE DESTROY-
EN) .

ON QUTPUT ==
X CONTAINS THE SOLUTION TO THE LINEAR SYSTEM,
IFRR  CONTAINS 0 IF U IS NONSINGULARS
1 IF U IS SINGULARS
2 IF N «LF. 0 oORc NL oLTo No
AND Ns Us Ls NLe AND B ARF UNALTERED (EXCEPT B IS DESTROY~-

ED IF THFE ACTUAL PARAMFTERS FOR B AND W COINCIDE. AS MEN-
TICHED AROVE).

NN = N
IF (NN JLFe N o0Re NL oLTe NN) GO TO 7
IFRw = 0

SOLVE LOWER TRIANGUL AR SYSTEM WITH U TRANSPOSED

NO 1 Jx=1eNN
1 wi{y) = B(J)
iNn = 0
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DO 2 J=1eNN
IND = IND+1
IF (ULIND) +JEQ. 04.)
FAC = WIJ)Y/UCIND)
W) = FAC

GO TO 6

TF (J «FQe NN) GO TO 3

JP1 = e+l
nO 2 TI=JP1laNN
TND = INDe+]

2 WlI) = W(I)=-FAC*U{IND)

MULTIPLY BY L TRANSPOSED

3 N0 5 J=1eNN
St = 0,
NN 4 YT=1eNN

4 QUM = SUM+L (T« ) #W(T)

5 X{J) = SUM
RETURMN

SINGUIL AR MATRTX

6 IFR: = 1
RF TURN

IMPROPFR INPUT OF N OR NL
7 1FRR = 2

RFETUR®M
Ern
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SURRNUTINE UELAUP (Ne tJe Le NLs Re Ks TERR)

ALAN KAYLOR CLINE
DEPAQRTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGER N NLe Ky IERR
REAL (1) s LINLeN)s R(N)

THIS SUBROUTINE PERFORMS AN UPDATING OF THE U = | * A
FACTORIZATION (PRODUCED BY SUBROUTINE UELAD OR BY A PRE-
VIOUS USE OF UELAUP) CORRFSPONDING TO A CHANGE OF ONE
COLUMN IN THE MATRIX A, THF NEW MATRIX A DIFFERS FROM THE
PREVIOUS MATRIX A IN THAT COLUMN K HAS BEEN DELETED»
COLUMNS we+1 THROUGH N SHIFTED UP TO COLUMNS K THROUGH
N-1le AND A NEW N=-TH COLUMN ADDED, THE NEW FACTORIZATION
IS OF THF SAME U = I. % A FORM AND THUS CAN BE USED TO
SOLVE LINEAR SYSTEMS OF THF FORM A # X = B (USING UELASO)
OR A#=T # X = B (USING UELAST)s WHERE A®¥#T DENOTES THE
TRANSPOSF OF A,

ON INP{YT—-
N  CONTAINS THE ORDER OF THE “ATRIX As (N GE. 1)
U CONTAINS THE PACKED UPPER TRIANGULAR FACTOR AS
PRODUCED BY EITHER UELAD OR UELAUP. IT HAS
LENGTH (N # (N+1))/2 LOCATIONS,

f CONTAINS THE N RY N MATRIX FACTOR AS PRODUCED BY
EITHER UELAD OR UELAUP,

Nt CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
OF L IN THE CALLING SURPROGRAMs (NL LGE. N)o

2 CONTAINS THE NEW COLUMN TO BE INSERTED AS THE LAST
COLIUIMN OF A,

anMD

K CONTAINS THE INDEX OF THE COLUMN OF A TO BE DELETED
(1 JLEs K oLE. N}

0N QUTPYT -~ =
U CONTAINS THE UPDATED TRIANGULAR FACTOR,
L CONTAINS THE UPDATED MATRIX FACTORs

IERR  CONTAINS 0 IF THE NEW MATRIX A IS NONSINGULARS
1 IF THE NEW MATRIX A IS SINGULAR.
2 IF N oLFe 0 OR NL «LTs N OR K o.LE. 0
OQ K .GT. N’

AND Ne NLs+ Rs AND K ARE UNALTERED. NOTICE THAT THIS
SURROUTINE DESTROYS THE INPUT PARAMETERS U AND L. IF THEY
ARE TO BE SAVEDs THEY MUST BE COPIED IN THE CALLING SUB-
PROGRAM,

NN = N
IF (K oLTe 1 o0Re ¥ oGTe NN ,0Re NN LT, O



1 .NR. NL oLTe NN) 60O TO l&

IFRE = 0

K} = K

NM] = NN=~1
Ki1pl = Kl+l
K1p2 = Kl+¢2
NMIMK = NM1=-Kl
Inn = 0

SHIFT 20WS UP IN COLUMNS lsees9Xk1l AND INTRODUCE NEW
ELEMENTS IN LAST COLUMN

DTOOD

DO 4 KK=1,.K1
IND1 = IND+K1P2=-KK
IND = IND1+NMIMK
IF (K1 +FQe. NN) GO 7O 2
PO 1 J=IND1sIND

1 Hig=1) = U
2 sy = 0.
nO 3 I=1eNN
2 SUM = SUM+L (KK«I)#R(I)
4 UOTND)Y = SUM

-
C CONTINUF DECOMPOSITION WITH ROW Kl+1s SHIFTs AND ADD
C NFW ELFMENTS IN LAST COLUMN
P
IF (K1 .FQe NN) GO TO 12
INPM] = IND-1
NO 11 KK=K1P1«NN
KM] = KK-~1
NPT = IND+1
IND = INDM1l= (N=-KK)
JDFELT = INDPI~IND
LS § LY n,
NO 5 T=1eNN
s SUM = SUM+L (KK.T)#R(I)
1F (ABS(UCIND)) oGE. ABS(U(CINDP1))) GO Tn 8
C
C PEPMUTE COLUMNS KK=-1 AND KK OF U AND L
C
NO 6 J=INDeINDMI
JPUDEL = J+JDELT
AV = U(JPJIDEL)
H{JPJDEL) = (D)
S u1) = SAV
AV = U(INDM1+1)
UCINDMY+1) = SUM
SUM = SAV
nO 7 J=1eNN
SAV = L (KKeJ) ,
LIKKeJ) = L(KMIeJ)

7 L(KM1sJ) = SAV
8 IF (UCIND) LFER. 0.) GO TO 13
FAC = =UCINDP1)/7UCIND)

TND = INDM1+JDELT

INOM] = IND=-}

IF (KK .FQ. NN) GO T0 10

NO 9 J=INDP1l.INDMI1

JMUDEL = J=-JDFLT

9 SR UtJ+1) +FAC*U(JIMUIDEL+1)
10 INDMUD IND=-JUNELT

ETND) SUM+FAC®U (INDMJUD+1)

[N I
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aReRe]

NO 11 J=1NN

11 L{KKeJ) = LI(KKeJ)+FACHL (KM1eJ)

12 IF (HCIND) LEQ.
RETURN

SINGULAR MATRIX

13 1FRr = 1
RFETLIRN

IMPROPER INPUT OF K
14 [FRL = 2

RFETURN
£n

0.)

N

GO TO 13

0r NL
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SURRNOUTINE LEAUD (Ne Aes NAs Le Us NUs ITERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGER Na NAs Nijo TERR
REAL A(NACNY o L (1)e U(NUSN)

THIS SUBROUTINE PERFORMS A FACTORIZATION OF THE N = N
MATRIX A SO THAT L = A # U, WHERE L IS LOWER TRIANGULAR
AND U 1S PERMUTED UPPER TRIANGULAR., WITH THIS FACTORIZA-
TION IT IS POSSIBLE TO SOLVE LINEAR SYSTEMS OF THE FORM

A ® X = R (USING LEAUSO) OR A##T % X = B (USING LEAUST).,
WHERF aA%*#T DENOTES THE TRANSPOSE OF A, ALSO BY USING
LLEAUUP. IT IS POSSIBLE TO OBTAIN A SIMILAR FACTORIZATION
OF A MATRIX WHICH DIFFERS FROM A IN ONLY ONE ROWs THUS

A SEQUENCE OF LINEAR SYSTFMS IN WHICH THE MATRICES CHANGE
BY ONE ROW AT A TIME CAN RE EFFICIENTLY SOLVED. THE METHOD
USED FOR THE FACTORIZATION IS SIMILAR TO GAUSSIAN ELIM-
INATION RY COLUMNS,

AN INPIT =~
N CONTRAINS THE ORDER OF THE MATRIXse (N GEe 1)
A CONTAINS THE MATRIX TO BE FACTORED.

NA CONTAINS THE R0OW DIMENSION SPECIFIED FOR THE STORAGE
NF A IN THE CALLING SUBPROGRAM (NA .GEe N)o

L IS AN ARRAY OF LENGTH (N # (N+1))/2 LOCATIONS TO HOLD
A PACKED FORM OF THE LOWER TRIANGULAR FACTORS

U Is AN ARRAY TO HOLD THE N BRY N PERMUTED UPPER TRI-
ANGULAR FACTOR (THE ACTUAL PARAMETERS FOR A AND U
MAY COINCIDE IN WHICH CASE A WILL BE DESTROYED).

AND

NUU  CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
NF U IN THE CALLING SUBPROGRAM (NU .GE. N).

ON OUTPUYT =~
L CONTAINS THE LOWER TRIANGULAR FACTOR.

U CONTAINS THE N 8Y N PERMUTED UPPER TRIANGULAR FACTOR.,

>

IFRR CONTAINS 0 IF IS NONSINGULAR,
1 IF IS SINGULAR,
2 IF N .LF_. 0 OR Na OLT. N OR NU OL’TO N9

D>

AMD Ne Ay NAe AND NU AFE UNALTERFED (EXCEPT A IS DESTROYED
IF THE AcTuAL PARAMETERS FOR A AND U COINCIDEs AS MENTION=-
£D ABOVE) .

NN = N

IF (NN JLE. 0 +ORs NA LTs NN JOR, NU LT. NN)
1 <0 TN 13

TFR» = N



-
C COPY a4 INTO U
C

NO 1T T = 14NN

NO 1 J = 1eNN
1 U(Ted) = A(Ted)

NM1 NN=- 1

M0 0

IF (NM FQ., 1) GO TOH 9

(1

Z

DECOMPOSF BY ROWS

S NeRe]

DO /R K=]1.NM1
AMAXK - O.
n0 2 J=KeNN
1F (ABS(U(Ke.J)) JLE. AMAXK) GO TO ?
AMAXK = ABS(U(KseJ))
JMAX = |}
2 ~ONT INUE
IF (AMAXK LEQ. 0,) GO TO 12
IF (UMAX JEQ. K) GO 70 4
NO 3 I=1eMN
SAV = U(leK)
H{TeK) = U(T¢JIMAX)
3 H{Te JMAX) = SAV
4 NTAGIN = 14/U(KaK)
TND = IND+1
LOTND) U(KeK)
H(KeK) 1.
{Ke 1) FLOAT (JUMAX)
KM1 = 1
KP1 = K+
N0 7 J=KP)eNN
FAC = ~U(K+JY®DIAGIN

+ 1 BN

x X

C
C ZEwO OUT ELEMENTS Kelo,.se9N OF ROW K OF U
~

IF (K.FEQ. 1) GO TO 6

N0 5 I=1.KM]

5 U(Ted) = Ul(IeJ)+FACH*U(TeK)
A i1{KeJ) = FAC

NO 7 I=KP1+NN
7 UCTed) = U(IeJ)+FACHU(TeK)

N0 B T=KP1sNN
IND = IND+|
LOIND) = U(leK)
”(IQK) = Oo

9 IF (UINNsNN) FQ. 0,) 60 TO 12
LIIND+1) = 1H{NNeNN)
UINNNN) = 1,
I[F (NN .FQ. 1) RETURN
C
C PERMUTE THE ROWS OF FINAL U
C

JMAX = TFIX(1(1el)+,5)
DO 11 IRK = 1sNMI
T = NN - IRK
K = JFIX(U(Ta1l)+.5)
IF (K 4FQe IV GO TO 11
NO 10 J=2«NN
SAY = U{l-4)
H{Ted) = U{Ked)



10 UlKeJ) = SAV
11 H{Ie1l) = 0

UIMAXs1) = 1,

RETIHIRN
C
C SINGULAR MATRIX
C
12 IFRR = 1}
RETURN
C

C IMPROPFR INPUT OF Ns NAs 0OR NU

13 IFpP2 = 2
RFTURN
EAaim



DOOOND

SOOI 0ND

SURRNUTINE LEAUID (Ne Ls Us NU)

ALAN KAYLOR CLINE

DEPARTMENT OF COMPUTER SCIENCES

UNIVERSITY OF TEXAS AT AUSTIN

INTEGER No NU
REAL L(1)s U{NUSN)

THIS SUBROUTINE STORES THE L = A # U FACTORIZATION
FOR A = IDENTITY MATRIX. THIS PROVIDES A MORE EFFICIENT

INITIALIZATION SUBROUTINE (THAN LFAUD) IN THIS SPECIAL
CArSF,

ON IMPYT--
N CONTAINS THE ORDER OF THE MATRIXs (N .GE. 1)+

L IS AN ARRAY OF LENGTH (N#(N+1))/2 LOCATIONS TO
HOLD A PACKED FORM OF THE LOWER TRIANGULAR FACTOR.,

U I< BN ARRAY TO HOLD THE N BY N FACTOR,
AND

NU  CONTAINS THE RPOW DIMENSION SPECIFIED FOR THE

STORAGE OF U IN THF CALLING SUBPROGRAM (NU
«GF e M), :

ON OQUTEOYT -~
L. CONTAINS THE LOWFR TRIANGULAR IDENTITY FACTOR,
1 CONTAINS THF IDENTITY MATRIX,

AND N AND Ni} ARE UNALTERED,

I = 0
N0 3 T=1en
IF (I FQe 1) GO TO ?
TM] = T~1
N0 1 J=leTM]
1 Ti{lTed) = 0,
4 ”(I'I) = 1.
IND = IND+]
L OTND)Y = 1,
IF (1 .EQ. N) RFETURN
IPT = T+1
PO 3 J=IP1eN
T sJd) = 0.
TND = IND+}
3 1 CIND) = 0,
RFETURN
ENN
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SURROUTINE LEAUSO (Ns Ls Us NUs Xs Bs We IERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGER Ns NUe IFERR
REAL L{l1)e UINUsNYe XIN)s B(N)s W(N)

THIS SUBRPOUTINE USES THE I = A # U FACTORIZATION PRODUCED
BY SUBROUTINES LEAUD OR LEAUUPs TO SOLVE LINEAR SYSTEMS
OF THE FOoRM A # X = B,
ON INPUT==~
N CONTAINS THE ORDERP OF THE SYSTEM,
L CONTAINS THE PACKED LOWER TRIANGULAR FACTOR AS
PRONUCED BY ETITHER LEAUD OR LEAUUP. IT HAS LENGTH
(N (N+1))/2 LOCATIONS,

U CONTAINS THE N BY N MATRIX FACTOR AS PRODUCED BY
EITHER LEAUD OR LEAUUP,

NU CONTATINS THE ROW DIMENSION SPECIFIED FOR THF STORAGE
OF U IN THE CALLING SUBPROGRAMs (NU .GE. N)o
X IS AN ARRAY OF LENGTH N TO HOLD THE SOLUTTONS

B IS AN ARRAY OF LENGTH N CONTAINING THE RIGHT HAND
SINF OF THE SYSTEM,

W IS A WORKSPACE OF LENGTH N (THE ACTUAL PARAMETERS FOR
B AND W MAY COINCIDE IN WHICH CASE B WILL BF DESTROY-
En). ’

ON NDUTPUT~-
X CONTAINS THE SOLUTION TO THF LINEAR SYSTEM,
IERR  CONTAINS 0 IF L IS NONSINGULAR,
1 IF L IS SINGULAR,
2 IF N .LE. 0 QORQ NU oLTo Nv
AND No¢ Ls Us NUs AND B ARE UNALTERED (EXCEPT B IS DESTROY-

ED IF THE ACTUAL PARAMETERS FOR B AND W COINCINDEs AS MEN=-
TIONED AROVE) .

NN = N
IF (MN JLFe 0 J0OR. NU +LTe NN) GO TO 7
IFpPR = 0o

SOLVE L # W = &

DO 1 1I=1eNN

1 WiT) = B(I1)
IND = 0
NO 2 I=1asNN



IND = IND+1
IF (LUIND) o FQ. 04) GO TO 6
FAC = W(I)/L (IND)

W(T) = FAC
IF (1 .EQ. NN) GO TN 3
IP1 = 1+1

N0 2 J=TIP1sNN
IND = INDe+1

2 WwlJd) = W(J)=FAC=L (IND)
C
C LET X = 11 = w
C
3 N0 S I=]1.NN
QUM = 0,
DO 4 J=1eNN
4 SUM = SUM«U(TeJ)#W(J)
5 X{1) = SyU™m
RETURN
C
C SINGUIL_AR MATRIX
C
6 IFRS = 1
RETURN
C
¢ IMPROPFR INPUT OF N NR NU
~
7 IFRe = 2
RETURY

Eain
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SURROUTINE LEAUST (Ns Lo Us NUs Xe Bs IERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

IMTEGER Ns NUe TERR
REAL L(1)s UNUSN)Ys X(N)e B{N)

SURPOUTINE USES THE L = A # U FACTORIZATION PRODUCED
UBROUTINES LEAUD OR LFAUUP TO SOLVE LINEAR SYSTEMS
HE FORM as##T # X = Be WHERE A##T DENOTES THE TRANSPOSE

NPUYT ==
CONTAINS THE ORDER OF THE SYSTEM,
CONTAINS THE PACKED LOWER TRIANGULAR FACTOR AS
PRONUCED BY EITHER LFAUD OR LEAUUP., IT HAS LENGTH
(N (Ne1))Y/2 LLOCATIONS,

CONTAINS THE N BY N MATRIX FACTOR AS PRODUCED BY
ETTHER LEAUD OR LEAUUP,

CONTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
OF U IN THFE CALLING SUBPROGRAMs (NU ,GE. N)o

I< AN ARRAY OF LENGTH N TO HOLD THE SOLUTION.

I= AN ARRAY OF LENGTH N CONTAINING THE RIGHT HAND
SIDE OF THE SYSTEM,

UTPUT ==
CONTAINS THE SOLUTION TO THE LINEAR SYSTEM,
RR CONTAINS 0 IF L IS NONSINGULAR,

1 IF L IS SINGULAR,
2 IF N .LE. 0 .OR. NU .LT. N

Ns Le Us NUe AND B ARF UNALTERED.,

NN = N

IF (NN LILFse 0 «0Re NU LTe NN) GO TO 6
1£00 = g j

NP1 = NN+l
IPLY B RY U TRANSPNSED
DO 2 I=1.NN

SiUM = 0,

"0 1 JU=1eNN

SUM = SUM+U(JeT)®R(J)

X{1) = SUM

£ UOPER TRIANGULAR SYSTEM WITH L TRANSPOSED

INP = (NN#NP1)/2
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IF (L {INDN) +EQ. 0s) GO TO 5
X(NNY = X(NN)/ZL (IND)
IF (NN (EQ. 1) RFETURN
DO 4 I=2«NN
IND = IND-I
18K = NP1-]
18x1 = IBK+]
Sym = 0,
NO 3 J=1RBK1+NN
IND = IND+)
3 SUM SUM+L (IND) #X (J)
IND = IND=-I+}
IF (LUIND) FQe Ns) GO TO S
4 X{TBRK) = (X(IRK)=SUM) /L (IND)
RETURN

H

SINGUI_ AR MATRIX

5 IFRP = 1
RF TURN

IMPROPFR INPUT OF N OR NU
6 IFR® = ?

RE TURN
Er
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SURRQUTINE LEAUUP (Ne Ls Us NUs Re Ks IERR)

ALAN KAYLOR CLINE
DEPARTMENT OF COMPUTER SCIENCES
UNIVERSITY OF TEXAS AT AUSTIN

INTEGFR Ne NUe Ks IFRR
REAL L{I)s UINUsN)Ye RI(N)

THIS SUBROUTINE PERFORMS AN UPDATING OF THE L = A # U
FACTORIZATION (PRODUCED RY SUBROUTINE LEAUD OR BY A PRE-
vIOUS USF OF LEAUUP) CORRESPONDING TO A CHANGE OF ONE ROW
IN THE MATRIX A. THE NFW MATRIX A DIFFERS FROM THE PREV-~
IOHS MATRIX A IN THAT ROW K HAS BEEN DELETEDs ROWS K+1
THROUGH N SHIFTED UP TO ROWS K THROUGH N=-1s AND A NEW
N=TH ROW ADDED. THE NEW FACTORIZATION IS OF THE SAME

L = A # 1) FORM AND THUS CAN BE USED TO SOLVE LINEAR SYS-
TEMS OF THE FORM A # X = B (USING LEAUSO) OR A##T # X = B
(USING ILFAUST)s WHERFE A##T DENOTES THE TRANSPOSE OF A,

AN INPUT ==
N CONTAINGS THE ORDER OF THE MATRIX As (N «GE. 1)

L CONTAINS THE PACKED LOWER TRIANGULAR FACTOR AS
PRONUCED BY EITHER LEAUD OR LEAUUP. IT HAS
LENGTH (N # (N+1))/2 LOCATIONS,

U CONTAINS THF N BY N MATRIX FACTOR AS PRODUCED BY
EITHER LEAUD OR LEAUUPS

NU COMTAINS THE ROW DIMENSION SPECIFIED FOR THE STORAGE
NF U IN THE CALLING SUBPROGRAMs (NU .GEs N)o

o CONTAINS THE NEW ROW TO BE INSERTED AS THE LAST ROW
OF A

¥ CONTAINS THE INDEX OF THE R0W OF A TO BE DELETEDS
(1 JLEs K oLE. N).

ON OQUTPUYT ——
L CONTAINS THE UPDATED TRIANGULAR FACTOR,
U CONTAINS THE UPDATED MATRIX FACTOR»

[EFRR  CONTAINS 0 IF THE NEW MATRIX A IS NONSINGULARS
1 IF THE NEW MATRIX A IS SINGULAR.
2 IF N JLEe 0 NR NU LT. N OR K +LEs 0
OR ¥ +G(Te N

AND Ns NUs Ro¢ AND K ARE UNALTERED. NOTICE THAT THIS
SURROUTINE DESTROYS THF INPUT PARAMETERS L AND U. IF THEY
ARE TO BF SAVEDs THEY MUST BE COPIED IN THE CALLING SUB-
PROGRAM,

NN = N
IF (K oLTe 1 «0Re K 4GTe NN LOR. NN LT, O
1 «eNR, NU LT. NN)Y GO TO 14
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C

SHIFT P0WS UP IN COLUMNS ls...9K1 AND INTRODUCE NEW

IFRR 0

XN

Kl =

NM] = NN=1
K1Pl = K1+l
K1p2 = K142
NMIMK = NM1=-K1]
IND = 0

ELEMENTS IN LAST ROW

2

3
4

CONTINUE DECOMPOSITION WITH COLUMN Kl+ls SHIFT, AND ADD

NEW

NO 4 KK=1K1
INDT = IND+K1PZ2=-KK
IND = INDI1+NMIMK
IF (K1 .FQ. NN) GO TO 2
NO 1 IT=IND1eIND
L(I=-1) = L(I)
Sy = 0.
nO 3 J=1eNN
SUM = SUM+U (JeKK) 2R (J)
LOINDY) = SUM

ELEMFNTS IN LAST ROW

IF (K]l oFN, NN} GO TO 12
INPM] = IND=-1
NO 11 KK=K1P1lsNN

KM] = KK=1

INNPT = IND+]

IND = INDM]={(N~KK)

INFLT = INDPI1~IND

i = N0,

m0 5 1=1eNN

SUM = SUM+U(JsKK)#R ()
1F (ARSI(L{IND)) «GF. ABS(L(INDP1))) GO T0 8

C OERMUTE COLUMNS KK=1 AND KK OF L AND U

C

»

1!"1

N 6 I=INDe«INDMI
IPINEL = T+IDELT
<AV = L(IPIDEL)
LOIPINELY = LD
1 (1) = SAvV
<AV = L (INDM1+1)
LCINDMI+1) = SUM
Sty = SAV
nO 7 TI=1eNN
SAV = U(T+KK)
(T eKK) = U(TeKM])
J(TeKM1) = SAV
1F (L (IND) .FQe 0.) GO 7O 13
FAC = =L (INDP1)/L (IND)
IND = INDM1+IDELT
INDM1 = IND-]
IF (KK oFQe NN) GO T0O 10
NO 9 1=INDP1,sINDMI]
IMIDEL = I-IDELT

L(I) = L(I+1)+FACH*L(IMINEL+])
INDMID = IND-INELT
I (IND) = SUM+FAC#L (INDMID+1)

nO 11 I=1eNN
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11 HITeKK) = U(IeKK)+FAC*U(T9sKM])

12 IF (LUIND) LEQ.
RFETURN

SINGUIL AR MATRIX

13 IfFR2 = ]
RETURN

IMCROPER INPUT OF Ko
14 IFRR = 2

RFETURN
Enn

0.)

N

GO TO 13

OR NU



