A Note on Colored Petri Nets

James L.. Peterson

Department of Computer Scilences
University of Texas at Austin
Austin, Texas 78712

TR~136 February, 1980

Abstract: We consider the problem of allowing
colored tokens in a Petri net. Associating colors
with tokens allows concise models of some typical
systems. As long as the number of distinct colors
is finite, the colored Petri net model is equivalent
to the normal Petri net model. Allowing an infinite
number of colors extends the model to Turing machine
equivalence. ‘
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1.0 INTRODUCTION

Several extensions to the basic Petri net model have been proposed.
Some of these "extensions” (such as self-loops and multiple arcs) do not
actually increase the power of the basic model, while other extensions
{such as inhibitor arcs or priorities) do increase the class of systems
which can be modelled. Recently several reseavrchers have considered

extending the model to allow colored or typed tokens [1,2,3,7]. 1In this

note, we consider this extended Petri net model.

We refer the reader to [5] for an introduction to the Petri net
model. Briefly, a Petri net 1is a four~tuple (P,T,I1,0) where P is a
finite set of places, T is a finite set of transitions, and I and O map

T into bags of places. I(tj) defines the inmputs of a tramsitiom tg;

Gfij) defines the outputs of t A marking consists of a distribution

jn
of tokens to the places. A transition can fire if each of its inputs
has a token (multiple tokens for places which are multiple inputs). The
transition fires by removing the enabling tokens from its inputs and

adding tokeuns to all of its output places (multiple tokens for multiple

ocutputs).

When using a Petri net to model a2 system, tokens often represent
objects or vresocurces in the modelled system. As such, these resources
may have attributes which are nof easily represented by a simple Petri
net token. For example, in Figure 1, we show a Petri net which models
part of an operating system dealing with & disk system. One place
represents the two channels (A and B) while another represents the three
disk drives (1, 2 and 3). Altbough both channels are the same equipment

model, and the three disk drives are similariy identical, the
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Figure 1, Using a Petri net to model &he resources in a simple
computer resource allocation problem.



Page 3

connections between them require that disk drive 1 must use channel A,

while drive 3 must use channel B; drive 2 can use either channel A or B.

2.0 COLORED PETRI NETS

To medel these systems with a standard Petri net may be difficult,
and so we consider extending the model by allowing colored tokens. We
define a set of colors, C. A marking now specifies, for each place, the
bag of colored tokens at that place. (The use of a bag allows several

tokens of the same color to reside in a place.)

The major question now is how to defime the firing of a transition:

how are the colors of the input tokens used to define the colors of the

output tokens? Let qj be the number of input tokens and ry be the

number of output tokens for a transition tj' We suggest that the most
general firing rule defines for each transition tj a function fj of qj
input tokens which produces an ry-tuple of output tokens. This can be
represented by a table such as Figure 2. The qj left columns represent
the input places; the Ty right columns represent the output places.
Each row of the table specifies a combination of dinput colors. If
tokens of these colors are available in the corresponding input places,
then the transition may fire by removing these enabling tokens and
adding a token of the correct color to each output place. A combination

of input colors which is not listed does not enable the transition.

This extended Petri net model can easily model many systems which

are naturally defined in terms of typed quantities or distinct
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Inputs Outputs
P P
F3 3 Fs 1 Py Fs "
red red black blue yellow black blue
red green black blue orange black blue
green green black blue red black blue
Figure 2, An example of the firing rule definition for a colored

Petri net,
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individuals. Figure 3 is a model of a simple disk scheduling algorithm
for the counfiguration defined in TFigure 1. Different dindividual
resources are represented by tokens of differing colors. Notice that
transition t; 1is not enabled for undesired input combinations (channel

A, drive 3 or channel B, drive 1).

The question is whether this is a significant extension to the
Petri net model. We consider two cases: a finite number of coleors and

an infinite number of colors.

3.0 NETS WITH A FINITE NUMBER OF COLORS

If there are only a finite number, k, of distinct colors, we can
convert a net with colored tokens (with the extended firing rule defined
above) into an equivalent net with tokens of only one color (with the
normal firing rule). Each place in the colored net is mapped into a set
of places and each transition is mapped into a set of tranmsitions in the
new net. Hence, there is a homomorphic mapping from the new net, its
state space and transition sequences into the old net, its state space
and transition sequences, and an inverse homomorphic mapping in the

other direction.

The new net is created by duplicating the colored net once for each
color.  Thus, for a place p;, we define a set of k places Pi,1» Pi,2>
ooy ?igk° We then redefine transitions to interpret a token in Pi. ¢ to

7

be a token of color ¢ in place P;. Specifically, we define for each

transition t in the colored mnet a new transition t” in the equivalent
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uncolored mnet. If the row of the table defines the inputs of ¢ to be a

token of color ¢y from place pj, color cy from py, ..., and color Cq

from p then the dinputs of t7 are an {uncolored) token from each of

q’
pl,ci’ p2’c2, esey and pqacq. Similarly for outputs of coler Cg+1 to
place Pq+1, color Cq+2 to Pg+2s cces color Cq+r to Pg+rs then we define

outputs to p eos, and .
q+1,cq+1’ Pq+2,cq+2’ Pq+r,cq+r

Figure 4 is the uncolored Petri net equivalent to the colored net

of Figure 3.

This construction may produce large numbers of disconnected places
which can then be discarded, but in general a colored net with k colors,
nn places and m transitions will produce an equivalent uncolored net with
n*k places and up to me k9T transitions, where q is the maximum number
of input places and r is the maximum number of output places for any

transition.

This construction has also been considered in {3] and [4].

4.0 NETS WITH AN INFINITE NUMBER OF COLORS

In this second case, when the number of colors is allowed to be
infinite, 1t 1is fairly easy to define a net which uses the colors to
represent the positive integers. (Let color C; represent the integer i
i > 0). Now we can use places to simulate registers by representing a
value n in a register by a token of color ¢, in the place. With our

ability to define the action of a transition separately for each color,

we can construct transitions to add one to a place, to subtract one from



Page 8

°¢ 2xn8tg Fo 39u TJil9d poI0OOD
oyl 031 judTeainb® ST YOTYym 38u Ti33d (perofooun) uy

*4 2iIn3dig




Page 9

a place, or to test for zeroc using the color encoding of the integers.
These three functions on as few as three registers (places) have been
shown to be sufficient for encoding Turing machines. Hence most
interesting questions become undecidable. Thus, allowing an infinite
number of colors extends the wmodelling power of the basic Petri net

model.

If the transformation given above (for the case of a finite number
of colors) is applied to a net with an infinite number of colors, an
infinite Petri net is produced. Petri”s thesis [6] showed that infinite

nets can model Turing machines.

5.0 SUMMARY

The use of colored tokens in a Petri net model can allow a much
more concise model of a system. As long as the number of colors is
finite, the model is equivalent to a {much larger) Petri net without
colors. However, allowing an infinite number of colors results in an
extended model equivalent to a Turing machine, for which most general

questions are undecidable.
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