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We give an axiomatization of the modal quantificational logic which

£

captures the notions of logical truth. This modal logic is stronger than
$5. Next we describe a sequent calculus for this modal logic, and show
that it is complete in the traditional sense.
We then show how two semantical systems can be represented in our
modal logic, thus allowing our sequent calculus to prove theorems about

the semantics of intensional logic. We end with a discussion of some

potential applications of this sequent calculus to Artificial Imtelligence.
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existence j'§
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o
m%f‘“

vp({p ~ %}3; <+ FWATRwWu Ydeontic”

uniqueness KT6: fgw Vp{@p + [4p) <> yryvywRwuaRwv - usv

reflexive KT7: ?w vp{{ip =+ p) <> ywRww gt
symetric KT8: ¥ p{p~%£}<§}p} <+ VuVWRuv + Rvu gt
transitive KI9: %’Vp(i}; - €E§§@> < VuVvVwRuvARVW - Ruw AL
KT10: P vp(Dp vii~vTp) > vuywwRuvaRuw - Rvw gyt
kTil: pyp(Dp > Je= [Jp) <> yuywwRuw -+ Rvw "Static”
4,2, Basic Theorems of Static Kripke Semantics
SKTO: vpko -~ b [ip
skri: W (B + @) » (Qp > Wa»)
SKT2: b (([J-valid p) ~ Uip)
SKT3: L ([Ivxex > vx{]¢x)
SKT4: %niﬁxiﬁéx > ax¢x)
SKT5: wvp{p %'%§;} <> HuRu "deontic” , existence
SKT6: %hV?G§§p + [p) <> VuywRwRvy » u=v uniqueness
SKT7: %vaiiép + p) 4+ ywRw p reflexive
i
SKT8: Lyp(p > 0@p) <> @vRv > VuRu 3 symetric
SKT9: %Vp‘ lp ~ L0e) ad | BT transitive
SKT10: g Vp(wpvém ﬁp} e L g
SKT11: a»%@ ﬁp »g Mp vsratic!

1y

Tt is interesting to note that the modal laws of the SKTY9 and S5KT10

theorems become true without any restrictions on

sl
=
ey
o
=
<
o]
R
ot
e
}m..!
n
@]
P 3
-

(a3

ollows that the modal laws of the SKT7 become equivalent to the

conjunction of the modal laws of SKT5 and SKT8

0

g

LYp([e > p) < (Fvele > B
VwRw <+ (IwBwAEwRw -~ VwRw) )
VwRw <> (ZwRwWAYWRW)

vwRw > ywRw

eflexsitivity ++ existencessymetyy



5. B-Semantics

The basic idea of B semantics is to define the propesition that
p is necessary holds in a world w as the proposition that p is entailed
. . ‘o . . e )
by the strongest proposition which is necessary in that world w.
We let {fw) be the propositional function value which represents

v ks

the strongest proposition which is necessary in that world. Thus

W

®

8aY32

DB: %wwﬁp > | (fw)p

11 be possible to define the necessity

s

From this definition it w
symbol for various modal logics by assuming various axioms for the
fw function value.

Static B-Semantics is a degenerate case of B-Semantics that may
be obtained by assuming either the intentional logic axiom:

gy B

vplip ~ - Up

or by assuming the semantic condition

Vﬁw%&zﬁ

Essentially such an assumption makes the propositional function f
a propositional comstant since it must then have the same meaning
for all worlds. For this reason, alternatively the same effect
could be achieved by simply replacing the definition DB by the
definition DSB:

DSB! P wllp ?af@

involving a propositional constant f£. It should be noted that if
a particular concept satisfies the axiom Vu¥wl-fu fu then it will

be easier to prove theorems about 1t using DSB instead o



We 1list in section 5.1 some theovems which

o

the awiom definition DB. We then list in section 5.2

which can be obtained from the axiom definition DSK.

noted that

Ea

tics described in section

U“

be obtained from the Kripgke sem

advantage of our new B-Semantics over

can be derived from

14

some theorems
1t should be

in each case the theorems are similar to those which can

Kripke Semantics is however

that it is usually much easier to obtain proof in this new semantic

section 6

system. Evidence supporting this assertion is given in
where we present a few example proofs that could be obtained by
sequent calculus theorem prover such as the one described in

[2,3,4,5,6,7) Proofs of all these theorems are given in [9].

5.1. Basic Theorems of B-Semantics

We assume the definitions D1-D5 given in section 2.1.

theorems of B semantics are listed below.

BTO: vypip > 0p neptt
BTL: % Op » @) » (Ul » Tl e

872: b (({d-valid p) - Ulp) "atomic’
BT3: %${iﬁ€x x > Vxidx) "complete
BT4: %(EXE x - [ ]dx%x)

BTS: {%ﬁVpiEp %~ﬂ%§} > (Vw{ Ofw) "Deontic”
BT5:* (+vpllp e~€>§} < Ywidu Fufw "Deontic’
BT6: (%’V§§%§ + [Ip) <+ (Vw complete (fw))

BTG:% {%Vp@p + [4p) < VWrvv - ufwa v fw + uEv

BT7: (+vyplp + p) <+ Yw i wiw g

BT8: (F Vpp » [ ) <> Vavbbfa » |- afb VB!

BTY: ip) <> Vavb|["bfa > [~fbfa R
BTY:% ) <> Vav¥bVe -cfbAp-bfal-cfa US4t
BT10: +>Vaybl-bfa -~ ~fafb "85"
RT10:% ?”Vp(%}pvggﬂ{}p} %ﬁ—V&V%VCE“bf&AEMC%& + tcfb  "S5"

The main

99

Yexistence"

Yexistence



i - b 1% < . PR
BTil: %"‘v’p{%ﬁ,p + =Up) <> vuyv -fu fv "sravic”
[ H s . - .
BT1l:* pvp(idp >~ Fi{ip) < vuyvywirw fu > Fw fv Ystatic”

3 ] Fa o 3
as 1 and 1if fw is

C&A

P e o et . N s i -

Tt is interesting to note that if | 1s interprete
interpreted as true then all these theorems will be theoresm of our
original modal logilc.

5.2. Basic Theorems of Static B-Semantics

saT3:  F(Ovzéx + vx Toy)

SBTL: %"(gxiéx > YM&X@X/

SBTS: 3““ vo(lp *(@p) ¢ \‘f "deontic”  existence
SBTG: i;a-‘g?p(@p + f1p) > (complet e ) uniqueness
SBT7: %Vp(?{}p - opy ?“f st reflexive
SBT8: ?* voplp ~ [ ¢ k) TR symmetric
SBT9: kvp({jpr Hg4T fransitive
SBT10: [ Vp ngsY
SRT11: %VD(?‘W "static”

6. FExamples

We now give some example proofs of some theorems of Kripke and

B Semantice that could be obtained by a sequent logic theorem prover
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our modal logic and the axioms of the semantical systems.

6.1, Reflexitivity implies factivit

of the Kripke
relation R in Kripke Semantics (i.e. DK) implies that the intensiomal

symbol ;?;W% is a factive:
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6.2, °The 84 law in Kripke Semantics

Our second example is a proof that transitivity of the Kripke

S,

relation R in Kripke semantics (ie. DK) implies that g'p + Lilip.
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6.3,

The 35 law is true in Static Kripke Semantics.
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6.4. The 84 law in B-Semantics

. . ! e . e s o e

This exemple is a proof that ~bfa - ~~fbfa implies _p > [l .P

in B-Semantics (ie. DB). Note that the entailment symbol (- p q) is
replaced by its definition }'(paq) only if its first arguement p

is not a world variable. Otherwise it is treated as the {(~ %p q)
%D g

symbol in our modal sequent caleculus.
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6.5. The deontic existnece law in Static B-Semantics.

We now show that if the { constant is consistent then necessity

implies possibility .
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7. Applications to Artificial Intelligence

The modal logic and semantical systems described in this paper
can form the basis of a rich intensional logic containing comncepts of
belief, knowledge, obligation, desire, expectation, ability, action,
ané trense. TFor example, the static B-Semantics is especially effective

belief and

Py

in modeling the traditional epistomological concepts o
knowledge.

If we let (beliefs E) represent the beliefs of a robot E expressed
as a conjunction of axioms, then we can say that a robot E believes

something iff it is entailed by his beliefs:

(Believe E x) = df |~ (Beliefs E)x
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Furthermore we can say that a robot E knows something i1
it and it is the case.

(Know E x) = df (Believes E x) Ao X
From these definitions it follows that Believe possesses properties

of a deontic S5 modal logic, [10] and Know posseses the properties of

[o—

an S84 modal logic. [10
Furthermore since these concepts are essentially defipec in our
modal logic using a rewrite rule such as DK, DSK, DB, or DSB and
since our modal logic is essentially a system of rewrite rules
proving theorems about these concepts is straightforward, as we
have demonstrated in the example proofs inm section six.
Our Modal Logic is also potentially useful in any scientific
theory, which one intends to implement as a program, and which

involves both the expressions of a language, and the meanings of

those expressions. The reason for this is that our modal logic

because it captures the notion of logical truth, when supplemented
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by a meaning function is both adequate to represent reasoning
about expressions and their meanings, and is computationally better
than any other known system which is capable of such reasoning.

The reason our modal logic is computationally better than other

systems of metatheoretic reasoning such as model theory, is due to

Py
o}
4

its inherent simplicity and the existence of a sequent calculus
it. Model Theory, which depends on set theory, by comparison 1is
extremely complex.

One particular area in which such metatheoretic reasoning
seems especially important, is in constructing theories of natural
language understanding. It is easy to see that such a theory must
involve both natural language expressions and their meanings. An

initial proposal for the use of metatheoretic reasoning in natural

oy
2

lancuacze understanding is given in [12, 131.
g & g2 & 5
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8. Conclusion

We have described a sequent calculus for the modal logic which
captures the notion of logical truth. We have shown how several
semantical systmes for representing intemsional concepts can be
defined in this modal logic in a direct manner. This then provides
an efficient sequent calculus for proving theorems about these

intensional concepts.
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