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in the paper which follows, we shall prove some generslized
versicns of some fundamental theorems in a form that has special
interest to m-valued logic. Since some of the details will differ from the
most conventional way in which things are expressed in model theory, a
few preliminary explanations are desiresble.

wWe will view what iz normally called satisfiability o5 o relation
between sets of well-formed formulae and members of a set of things we
will call model structures such that if that relation holds we will sey that
model structure is @ model of the set of wffs. In each case, we will regard
the collection of model structures as describable by a8 set {or for the
particular cases we are interested in here, a sequence) of items we will
term components, with the specificetion that for each component, there
exists 8 set of values which that component may take (not necessarily the
same set for all components) end that the identity criterion for model
structures is having the same value for each component, i.e i1 x and y are
model structures {in the same construction), ® =y, if and only if, For
every component K, the velue of K for & is the same as its value for g in
some cases, .. conventional propositional logic, the components mey be
the varisbles of the formal system; in others, they may be the predicates
of the formal systems (and yet other possibilities occurd. Similerly, in
somme cases the values may be truth velues, in others they may be
individuals and in yet others they may be ordered couples of individuals
and truth velues (and again this does not exhaust the poessibilitiss). In all
cases, the crucisl aspects are the identity criterion previously referred
to, snd the fact thet the ststus of & particulsr model structure being &
model of @ particular set of wifs or not is completely determined by the
values of its components.

In addition, & model structure will be called a model of 8 set of
wifs iff it iz a model of every element of the set.

Let us now assume we have s formal language [ with W the

set of wifs, Let X be the set of components of a component-sementing
for L,

We will call & component-semeantics quasi-independent if there
ig a denumerable subset Ki of ¥ such that for each combination nf values
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for elements of ](,1 , there is at least one admissible model structure and

for each K; ¢ X, the sel of values which K, may teke io assure the

admissibility of the model structure depends on the velues of & fized
finite subset of Xj.

we will now prove anumber of theorems.

Theorem | :

in any qussi-independent component-semantics, i1:(1)

W end X are denumerable, (2) every component has @
finite ronge of velues, and (3) for every wff, the
status of & model structure ({ie. whether the
structure is or is not a model), is dependent on &
finite number of components; then: {, is compsct
{relative to ¥).

Proof: Let K = Kf,Kq,Ka,,,. . Let My Ny Mz be the number of walues

in KI*KE*KS’ respectively. For esch component K its
yalues be v(i) {5 ,v{\}nm_ For each i, let f; be a function from

the values into the natural numbers such thet 1wl }} =1 -1

Let 7 be a Tunction from the model structures into the resal unit
interval [0 i} such that if the wvalues of m's components are
'*ami wm) then

{1 {wim);]

3

fimy= %
T e
j=1
It follows that my = m, i and oniy iT flmy) = fim, ) Note that

not every real in the intervel is in the ronge of f.

Let B be a finite set of wifs and let Ry be the set {f{m) misa
model of A} Since Rg 1s bounded, it has g greatest Tower bound.
Let us represent f(m) as fylvim)y]folvimisl - (in analogy to

the decimal expsnsion) and call thiz sequence the mixed

expansion of f(m). Since there is ak such that m > k implies

that K, 15 not relevent to being 8 model of A, x- %z € Ry
frplies  RyxoMzod U, 18 elso, provided it s
admizsibla



propositional logic with the components bieing the variables and the values

Let x = gmlf(#\}}. Then ¢ > 0 implies there is o Y € By such that
Y- < €. Since f(ilvimy] < my for every i, the i digit of x is
between O and ny - 1. Hence for any i, there exisis a y ¢ By
which agrees with % in the first i places. Hence for i
qreater than the index of the greatest such on which model

status depends, we conclude that # cannot be an admissible
non-model Bul since for every component Ki-‘ there also exists

s model which agrees with % in the {*f tor}zpanent and sll the
components on which it depends, % is also admissible. Hence if
fis finite, glb RH 3 RH'

Let B = {wpwz,---} be a set of wifs such that every finite
subset of B hes @ model. Let By = {*.fﬁ,-",%.f-xn}. Then since
B, C Bn+1, glb f{B;) is & monotonically non-decreasing function

of 1. Hence the Tirst place in il mixed expanhsion is
monotonically non-decreasing. But since it cen incresse only @
finite number of times, there exists an n such that the first
place of gib fiij} form>n But 17 nis 8 number such thet m >n
implies the first j pleces of gib By} are constant, the () + ¥t
plsce is monotonicelly non-decreasing for m > n and hence
there is an g such that m» ng implie

s the first §+ 1 positions
are constant. Hence for every k, there is ann such thet m> n
implies the first k places of glb (B j are constant. 1L follows

that there is 8 model structure mg such that Tub (gib By) =
ff_mn}. By the serme argument that we applied to the gib, fimg)

must be admissible. For any i, there is & k such thel only the
first k components are relevent to being @ model of By But then
there is ann > i such thet the first k places of glb(By). egrees
with f(mG) in the first k places. Hence My 1 is a model of Bg i
and only if the m; such that fim i‘ = glb f(Bﬁ} is. Since Bi C Bﬂ,
every model of By is & model of By =0 that my and hence my
must be & model of By. Hence mg is & model of each By, and hence

L

of each Wy, ie. My ig amodel of B,

Since the conditions of theorem | are sstisfied by a

2
2



the truth-values, theorem | gives us compactness for normal two-valuyed
propositional logic and with m=m; for alli, for sny extensional m-vslued

propositional logic. Since dependence on a finite number of components is
3 weasker condition than extensional dependence, in principle a variety of
m-valued context dependent logics ought to satisfy our conditions, though
it is not clear whether any interesting ones do. In addition, it should be
noted thet our ergument does nol require totsl independencecf the
components, so that teking as components the one-place predicates and
there negations closed under conjunclion, our result slso applies to two
and rn - valued monsadic predicate logic. This case illustrates a peculisrity
of our method since it shows that for the same system different sets of
components components can be defined some of which may while others
may not satisfy the conditions of our theorem. This does however rajse
the difficulty of nat not knowing that our theorem fails to apply (short of
being sble to show that compactness fails) Thus for exemple we are not
aware of any component-semantics for classical predicate logic which
saticfy our conditions. Bul we know no proof of non-existence and so,
since compactness does hold (as is well-known), one may nevertheless
exist.

Mow let call a zet of wifs D = {DH: 1 and | are positive
integers) a D-family of wifs. We will call a set of wifs o aD-set (relative
to D) provided for every i there is a unique § such that Dyj et

Theorem It: If D = {D; j} is a D-family satsiying:
1. For everyi,jand k and wif R, j#k =D, ik I-A

2. For every i, every wif A and every set of wifs g, (o0 j - R, for
every jl=> o[- A

3.1 « is a D-set, Inotl |- )] = o v {R} is (syntacticaliy)
inconsistent.

4. For any set of wifs « and any D, J if o |- B; i there exists a
finite set B such that € cand B |- D, i

5. For each i, the number of distinct Bi i is finite.

6. The set of wffs is denumerable.

Then:  Every (syntacticallyl consistent set of wffs is contained in a
maximally consistent set.

Proof:  Let {wy, wo »lbe the set of sll wifs. Let o be & consistent
,_'1



set of wifs Let g = o and o,y =« 0 (w4}, if that is
consistent and o, = o, otherwise Let g = U wli a positive

inteqer).

a. bor every o, o is consistent. o, is consistent since itis « For
every n, if oy, is consistent, either either o, U {w, .} is
consistent snd equel to o,y or else o U {w .} is

inconsistent .,y = o, @&nd hence s consistent.

bFor every i, § conts no more than one B”. Since o is
consistent, for every i, then for every i and n, oy, has no more
than one D; i But since the o, are mononically non-decreasing
with increasing n [‘} ¢ Ly, and m>nl= D}-j € U, Hence v,
containg no more than o ’*}

cFor each i there is a j such that DU € f.For every i and j, there
is & K{i,j) such thet Dij = wi(i j) Lot KIi) = max®{,i0. 1
noi—(Dij ¢ g) for every i, Uiy Y {Dij} is inconsistent, for
every J. Hence gy 15 inconsistent by condition 2, which
contradicts a).

d.p is consistent. Suppose not. Then for some 1, there exists & |

and & k such that j#k, D;;epande F Dy Then by condition

4, there exisis a finite 39? g suchthat g’ cpondg Dy

Hence, there exists an n such that for everym> n, g’ C o,

and hance o, |- Dy,. Since however DH ¢ g, there exists an

n such that by i € . Hence for sufficiently large m

U, = Dij and o, - Dy, snd hence is inconsistent by
condition 1, contrary to a).

2. B is maximal. Suppose not{A ¢ g} But there is an n such that
A = w, Hence (_y U {A} T¢ inconsistent. Hence g U {A} is

glso, since (¢ C g. Hence g is maximally consistent.

Theorem ik Under the conditions of theorem #, for every maximally consistent
sel o, there egists a unique D-set, of which « is its unigue

o=
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maximally consistent extension.

Pyoof: Let o be maximally consistent, then it is its own maximally
consistent  extension. Then bu by and ¢} of theorem II, it
containg a D-set. Let o and g be maximslly consistent and
contain the same D-sef p. auppace A € o and not{A ¢ g). Since g
is maximally consistent, we have notig b A). Since g C g,

_not{p F A). Since pis aD-set, g U{A} is inconsistent, snd by
condition 3, since p < o, o U {A} ig inconsistent, contrary to
assumplion.

Note that a consequence of theoremn [ i thet under the
conditions of theorem 11, there is a one-one correspondence between
consistent D-sels and the maximsily consistent sets which sre their
extensions. Note also that a collection of D-sets under those conditions
provide a component-s mantic:s for the formsl systems. That this
component-semantics is a "natural” one can be seen from the following
theorems.

Theorem I% Under the conditions of theorem [, a formal system is sound
relative to the component-semantics generated by its D-sets.

Pyroof:  Assume o - A 1T o is inconsistent, every one of its extensions
ig also, Hence trivially ey m_; complete consistent extension of
o containg A0 1T o is consistent, then every consistent
gxtension of o is c::ms:és;tent with A, o thet every complete
consistent extension of o containg A If g is & complete
consistent extension of o and g its D- qet A e g Hence p U {A}
is conzistent also. Hence, by condition 3, = A Hence = A

Theorem U, Let [ be a formal language such that the conditions of theorem il
are satisfied and for every wif A, there is a finite set of
components {in the component-semantics generated by its D-sets) g
such that for every D-set p there is a set ¥ such that ¥ € p and
B;; j€ v implies K, € §, and not(v |- A) implies p U {A} is inconsistent.

Then [ is complete relative to the component-semantics generated
by its D-sets.

wWiT. Then there is a finite set of components such
tus of 8 model structure being & model of A depends
anly on the velue of these components. Hence by theorem | [ is
compact. Hence o |= A implies there ig a finite set g < o such
B

Pyoof Let A be A
that the =ia



that g I= 4. Hence there is sk such that m >k implies the value
of K, has no effect on a model structure being @ model Hence

for eny sequence Dyuiqyp ™ Dkw(k) s ‘we have
£D w1y Drwie = A since either Oiwity = Drwik)y 18 a0
initial sequence of the D-set p and hence [31\‘{\',(1),---,024.,{\{.&;, - A,
or else g U {D\W(ﬂ’m«'Dk"ﬁf{k}} is inconsistent Consequently by k
applications of condition 2, g |- A and hence o |- A,

Theorem Ul If L is a formal language such that the conditions of theorem il are

Proof

satisfied and for every wif A, there exists a finite set of wifs
{ﬂza'":“n} such that for every set o of wifs and every wff B [for

every ifu, A |- B)] = « I-Bandli# j={A, A j} is inconsistent],

then [ is complete relative to the component-semantics generated
by its D-sets.

Suppose not (¢ |- Aq). Then there exist an A and a set of n-1
wifs {&2,---,&!.!} such that [for every i,{cAy b A 3 o F Ay
Hence there exists an i (1 < <n) such that not (t{, Ay F "é‘i}-
Hence there exists an i (1 £ 1< n) such that o v {A} is
consistent. Then by thearem 1, there is a cmsis{ent complete
sel g such that o v {A;} < g Since g is consistent and contains
A for some 1 {2 < 1< n), g does not contain Ay Hence, by

theorem 111, there is & D-set p of which g is its unigue
complets consistent extension Hence y |- C for every C e o and
W= Ay Hence, not{p - &) Therefore, not (o= Ay



