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Abstract

Closed queueing networks have been advocated by several authors to be a more desirable medizl than
open queueing networks (Kleinrock’s model) for network design. We compare open and closed metwork
models and demonstrate the accuracy of a particular closed network model with experimental results.
The proportional approximation method (PAM) is presented for evaluating performance measures of
closed queueing networks. PAM algorithms have computational time and space requirements of O(KM),
where M denotes the number of queues and K denotes the number @f virtual channels in the network.
Thus, PAM is the first (and only) method that can be used for solving industrial-strength network design
problems using a closed network model.

We formulate the following optimal routing problem: Find a route for a new virtual channel to be added
to a network with existing flow-controlled virtual channels. A fast heuristic algorithm is presented. The
algorithm uses PAM and exploits the following empirical observation: The route that maximizes the
individual throughput of a virtual channel coincides in most cases with the route that maximizes the total
network throughput (this is not true in general). We present statistical results from studies of 100 ran-
domly generated networks to demonstrate the accuracy of PAM algorithms and the effectiveness of the
optimal routing algorithm. (Exact solutions obtained by the tree convolution algorithm were wsed as
benchmarks in our statistical studies.)

1york supported by National Science Foundation under grant no. EC§-8304734 and grant no. NCR-8613338,

2Current address: ATT Bell Laborstories, Naperville, [llinois 60566,






1. Introduction

Consider a store-and-forward communication network which accepts data packets from host com-
puters and terminals for delivery to other host computers and terminals. (See Figure 1.) As each packet is
routed through the network, from its source 10 its destination, it joins queues inside network switching

nodes for transmission over communication links. A queueing network modcl is most appropriate for the
analysis and design of such communication networks.
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Figure 1. A store-and-forward communication network.

Analytic tools for the design of packet networks have been based primarily on the model of Klein-
rock [6, 7], which is an open network of M/M/1 queues. Kleinrock’s model will be referred to as the
open network model. It is open because sources are assumed to generate new packets according 1o
Poisson processes at constant rates and all such Poisson arrivals are assumed to be accepted by the
communication network without any input control. In practice, most packet networks implement window
protocols for flow control across logical connections between pairs of communicating sources and des-
tinations [1, 2, 18]. In this paper, we shall refer to such logical connections as virtual channels® A
window protocol limits the number of packets, belonging to a virtual channel, that can be traversing the
network at the same time. Such a limit is called the window size of the flow-controlled virtual channel.

Flow-controlled packet networks can be more accurately modeled by a closed queueing network
model than by an open queueing network model. Consider the implementation of a window protocol with
window size N, by placing N, permits initially at the source of virtual channel &. Whenever the number
of permits at the source is nonzero, each packet generated is given a permit and accepted into the network.
When the packet reaches its destination, its permit is then carried back to the source by an ack message
from the destination to the source. Thus, the N, permits circulate in the network, carried altemately by
data packets and by acks, just like the circulating customers of a closed routing chain in a queueing
network [13]. Whenever there is no permit at the source, it is assumed that the source is blocked from

3n practice, such flow-controlled logical connections can also be identified in the so-called datagram networks.



generating new packets. (Equivalently, new packets are generated by Poisson processes at constant rates
but any new packet that finds no permit at the source is dropped.)

Use of a closed network model for the analysis and design of flow-controlled packet networks has
been advocated by Reiser [15], Kobayashi and Gerla [8], Schwartz [18], Lam and Lien [10, 14], and Lam
and Hsieh [9], and others. The open network model is accurate for networks that are lightly utilized (when
flow control mechanisms have little or no effect on network performance). As a network’s offered load
increases, the open network model cannot be used to predict the throughputs of virtual channels since it
does not model flow control; it also significantly overestimates network delays. In Section 2, we present
experimental results to illustrate these observations about the open network model and to demonstrate the
accuracy of some closed network models.

A serious drawback of closed network models has been the large computational time and space
needed for calculating network performance measures, i.e., throughputs and mean delays of virtual chan-
nels. Consider a model of a network with M queues and K virtual channels. Let N, be the window size of
virtual channel &. Both the convolution and MVA computational algorithms have a time requirement of
1\/IKI_I£_1 (N, +1) [16, 17]. Thus the time complexity grows exponentially with K, the number of virtual
channels.# (The space complexity also grows exponentially with K.) For example, if the window size is 8
for all virtual channels, these algorithms are not applicable to the analysis of networks with more 6 or 7
virtual channels. The tree convolution algorithm was designed to exploit routing information and the
sparseness of routes in a communication network and it has been used to solve numerically many network
examples with 32 to 50 virtual channels [12]. (The number of virtual channels that can be handled for a
specific network depends upon window sizes and the sparseness of routes in the network.) However, itis
still not applicable to the analysis of many real-life wide area networks which can be quite large. Even
for those networks that can be analyzed, the algorithm is too slow for use in network design and optimiza-
tion procedures.

We present in Section 3 the proportional approximation method (PAM) for analyzing closed mul-
tichain queueing networks [5]. PAM is based upon the MVA algorithm and the idea used in the deriva-
tion of proportional bounds [4]. Two PAM algorithms are presented. They have time requirements of
(3M+1)K and (SM+2)K multiplications (we count multiplications and divisions only and refer to them
both as multiplications.) Given these time requirements, networks with thousands of queues and
thousands of virtual channels can be analyzed. The accuracy of the PAM algorithms was investigated by
randomly generating 100 networks which were solved exactly by the tree convolution algorithm. We
found the PAM algorithms to be very accurate (see Section 3). Additional experimental studies of the
accuracy of PAM as well as a comparison of PAM algorithms with other approximate solution methods
can be found in [5]. We note that all other approximate solution methods of closed queueing networks
perform an iterative solution of some modified MVA equations. Many iterations may be needed for a
solution to converge. PAM algorithms are noniterative.

In Section 4, the following optimal routing problem is formulated. Consider a network with a fixed
topology, known channel capacities, and a set of existing virtual channels; the routes and flow-control
window sizes of the virtual channels are also known. Find a route for a new virtual channel to be added
to the network between a given pair of source and destination. The objective is 10 maximize the total
throughput of the network including the new virtual channel. We present a fast heuristic algorithm for the

4Time requirements are counted in number of multiplications and divisions only.



above optimal routing problem. The network throughput and virtual channel throughputs are evaluated
using a PAM algorithm. The key idea used in the design of the heuristic is the following: The route that
maximizes the individual throughput of a virtual channel coincides in most cases with the route that
maximizes the total network throughput (even though this is not true in general for all cases). The effec-
tiveness of the heuristic algorithm was examined using the 100 randomly generated networks and exact
solutions provided by the tree convolution algorithm. Statistics from our experimental study show that
the heuristic algorithm either found an optimal route or a route with a throughput close to the maximum
almost all the time.

2. Comparison of Open and Closed Network Models

In a queueing network model of packet networks, communication channels and nodal processors are
modeled as FIFO servers with exponentially distributed service times.> We assume that the packet net-
work has adequate buffers so that buffer overflow at a node has negligible probability. The independence
assumption of Kleinrock [6] is needed for both open and closed network models.

Let M denote the number of servers and K the number of virtual channels. For simplicity, we
assume that each virtual channel has a loop-free fixed route from its source 1o its destination. (Actually,
the routing behavior of a class of customers in queueing networks is specified by a Markov chain, which
can be used to specify probabilistic bifurcated routing, i.e., the actual route of a packet is chosen
probabilistically from a set of routes {131.)

In the open network model, new packets arrive to the source node of virtual channel k according 10 a
Poisson process at a constant rate of v, packets per second. It is assumed that all arrivals to a virtual
channel are accepted into the network without any input control.

Consider the closed network model in Figure 2. The route of each virtual channel is closed by the
addition of two servers outside the communication network boundary. The generation of external arrivals
10 a virtual channel is modeled with a FIFO server with exponentially distributed service times, called the
source server of the virtual channel. The service rate of the source server for virtual chanmel k is 7.
Imagine that the N, permits for flow control to be N, customers circulating in the closed queueing net-
work. The source generates new packets at the rate of y, only when the source has permits (i.e., the source
server works only when its queue is nonempty). When there is no permit at the source, generation of new
packets is blocked (i.e., the source server does not work when its queue is empty).

We model the delay of a permit’s return from the sink to the source by a delay server (also called an
infinite-server service center in the queueing networks literature). The mean service times of a delay
server can be different for different virtual channels. The delay server is an abstraction of end-to-end acks
that are sent in a real packet network. It is not important to model the storing and forwarding of end-to-
end acks explicitly because these acks are either encoded in data packets or, if they are sent separately, are
very short. Thus they consume relatively small amounts of channel capacities, which can be neglected or
accounted for separately.

5in our examples, nodal processors are not modeled because processor delays are typically very much smaller than the
communication charmel delays in these examples.
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Figure 2. A closed queueing network model of a store-and-forward communication network.

The mean delays of end-to-end acks are not known and can only be estimated. In the experimental
study to be presented next, we modeled the end-to-end ack delay of a virtual channel by

{(number of channels in routeyt

where 1T is the average packet transmission time. We found that performance measures of this network
gxample are rather insensitive to the mean end-to-end ack delays. Increasing them all by 50%, or
decreasing them all by 50%, varies the performance measures by a maximum of 10%.

We next compare performance predictions of the open network model and the closed network
model (described above) with predictions given by a network simulator. The simulator implements most
of the important elements of a real network [11]. (See Table 1.) In particular, it implements a data link
protocol (similar to Arpanet’s). The storing and forwarding of end-to-end acks, both standalone and
piggybacked, are explicitly simulated. Virtual channels have a window mechanism for flow control. The
length of a packet is sampled from a general probability distribution and remains constant for the entire
journey of the packet through the network, i.e., no independence assumption. Key differences between
the models are summarized in Table 1. Note that the closed network model, like the open network model,
requires the independence assumption and the assumption of exponentially distributed service times. As
was observed by Kleinrock many years ago for the open network model [6], we found that the accuracy

of throughputs and mean delays of virtual channels predicted by the closed network model does not
depend strongly on these two assumptions.



Simulator Closed Model | Open Model
Link-level acks yes no no
End-to-end acks yes abstraction no
Window flow control | ves yes ne
Indcpenc:.lence no ] ves yes
assumption

acket len Exponential . .

lc;istributioﬁm or I()EOenera:l Exponenual Exponential

Table 1. Comparison of model features.

The network used for the comparison of models has 8 switching nodes and 20 full-duplex links. It
has 18 virtual channels, in 9 symmetric pairs, randomly chosen between node pairs. The window size of
each virtual channel is equal to the number of links in its route. The capacity of each communication link
is 10,000 bits/second and the average packet length is 1,000 bits.

The performance predictions of seven models are compared in Figures 3-6. The open network
model is labeled OPEN. The closed network model described above is labeled FIXED. The closed
network model 1abeled ITERATIVE employs an iterative solution method; it is described in [9]. The four
sets of simulation results correspond to four packet length distributions used by the simulator. EXP
denotes the exponential distribution. The other three distributions are specified below:

HYPER  a hyperexponential distribution with coefficient of variation equal to 1.40

BURST1 a distribution with 0.3 probability at 100 bits, 0.3 probability at 1900 bits, and 0.4 probability
uniformly distributed between 100 bits and 1900 bits; the coefficient of variation is equal to
0.77

BURST? a distribution with 0.4 probability at 50 bits, 0.4 probability at 1950 bits, and 0.2 probability
uniformly distributed between 50 bits and 1905 bits; the coefficient of variation is equal to
0.88

Note that the exponential distribution has a coefficient of variation equal to 1. Each virtual channel in the
network example has the same packet arrival rate of v at the source. Thus each source server in closed
network models has a mean service time of 1/y. The exponential distribution was used in the simulator to
generate interarrival times of packets to sources, the same as what is assumed in the queueing network
models (i.e., Poisson arrivals).

Figure 3 shows the network throughput as a function of y. The closed network models and the four
simulation models give predictions that are very close to each other. The open network model assumes
that the throughput of each virtual channel is y. At y=4, one of the servers in the network saturates, ie.,
its packet arrival rate exceeds its service rate. In plotting the throughput curve labeled OPEN, we have
assumed that 7 can still be increased for those virtual channels that do not visit a saturated server.

6The reader is referred to Chapter 3 of [3] for a full description of the network, for numerical values of performance measures
shown in Figures 3-6, as well as for a study of confidence intervals of the simulator’s predictions.



60
50
40
=
=
0.
==
o
3
o301
e of
[,
© CLOSED~ITERATIVE
20+ A CLOSED-FIXED -
+ OPEN
X SIMULATION-EXP
© SIMULATION-HYPER
10~ 4 SIMULATION-BURSTY 7|
X SIMULATION-BURST2
o i i i !

1 : 2 3 4
EXTERNAL ARRIVAL RATE OF VC

Figure 3. Network throughput versus ¥ for different models.

Figure 4 shows the average network delay as a function of y. Again, the predictions of the closed
network models and simulation models are very close to each other. The open network model gives
predictions that are substantially higher than those of other models as ¥ increases. At y=4, it predicts
infinite average delay since one of the servers is saturated. Have we treated the open network model
unfairly since its average delay is calculated using virtual channel throughputs that are t00 high as shown
in Figure 3 7 To be fair, we have plotted an additional delay curve in Figure 4 labeled OPEN-IDEAL.
The delay values of this curve are calculated by the open network model using virtual channel through-
puts obtained by the best available closed network model (FIXED). In practice, these virtual channel
throughputs may be measured in a real network. Figure 4 shows that the IDEAL open network model
gives delay predictions that are still higher than all of the simulation predictions for y=3. The model is
said to be ideal because it requires another model to supply it with virtual channel throughputs.

Figures 5 and 6 show the throughputs and average delays of individual virtual channels predicied by
the seven models for y=3 packets/second.
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Figure 6. Mean delays of virtual channels given by different models at y=3 packets/second.

The simulation results indicate that throughput and average delay predictions of the closed network
model are quite accurate despite the independence assumption and the delay-server abstraction of end-to-
end acks. Examining the numerical values of throughputs and average delays given by the four simulation
models, we found that these performance measures do depend to some extent on the coefficient of varia-
tion of the packet length distribution. Not surprisingly, network performance is generally better (i.e.,
larger throughputs and smaller average delays) for packet lengths with a small coefficient of variation
than for packet lengths with a large coefficient of variation. For the range of coefficients considered, 0.77
to 1.40, we conclude that the closed network model (FIXED) is quite robust. Its predictions for
individual virtual channels differ from simulation results (for all four packet length distributions) by less
than 10 percent in most cases and by less than 15 percent with only a few exceptions.

Using the EXP curves obtained from simulations as benchmarks, we found that, between the two
closed network models, the FIXED model is more accurate than the ITERATIVE model, in addition
being computationally faster.
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3. Algorithms for Analyzing Closed Queueing Networks

Consider a closed queueing network with k customer classes (or chains). We refer 1o
N=(N|N,, ... ,Ny) as the population vector of the queueing network, where N, denotes the population of
the k* chain. If N, in N is greater than or equal to 1, then N—1, refers to the population vector N with a
chain k customer removed. Let t,, denote the mean service time of chain k customers at server m, for
k=1,...,Kand m=1,... M. There are two kinds of servers: delay servers with no queueing and fixed-
rate servers with queueing. We use D, (n) to denote the approximate mean delay of chain k customers at
server m, ¢’,,(n) to denote the approximate mean queue length of chain & customers at server m, and 7,(n)
to denote the approximate throughput of chain k customers, in a network whose population vector is 7.

PAM algorithms are based upon MVA formulas [17]. However, the iterations from population
vector 0 to population vector N—1, in the MVA algorithm are skipped. Instead, mean queue length
approximations ¢,,(N—1,) at population vector N— ], are obtained by distributing the population N, of
chain h, over the servers on its route, proportional to 1,,. This approach was the basis of proportional
upper bounds for single-chain networks in [4]. In multichain networks, this approach leads to approxima-
tions rather than upper bounds. We refer to it as the proportional approximation method.

We present below two algorithms based upon the proportional approximation method [5]. The first
algorithm, PAM_BASIC, calculates throughputs of individual chains. The second algorithm,
PAM_IMPROVED, calculates throughputs of all chains and the utilizations of all servers. The algorithm
then checks server utilizations to see if any utilization exceeds 1. (This is possible because the chain
throughputs are approximations.) The throughputs of those chains that visit a server whose utilization
exceeds 1 are then scaled down.

Algorithm PAM_BASIC

Step 1: Calculate proportional approximations of mean queue lengths from

TV

M

ifh=sk

4 ¥ =1)= <

TN, — 1)
M

N Z"Cih

=1

if h =k

form=12,... Mk=12,... K,andh=12,... K

Step 2: Calculate approximate mean delay of chain % at server m and approximate throughput of
chain & from the following MV A formulas:

X
Tl + Y ¢, (N-1))  if m is a fixed-rate server
=1

D, )=

K'tmk if m is 2 delay server
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form= 1,2,.. . Mandk=1,2,... K and

7

T W) =5 fork=12...K
> Dy
m=1

Total throughput of the network, if needed, is equal to the summation of the chain throughputs.
(Note that Step 1 can be implemented with MK multiplications and MK divisions.)

Algorithm PAM_IMPROVED

The first two steps of this algorithm are the same as those of Algorithm PAM_BASIC.

Step 3:

Step 4:

Step 5:

Step 6:

Calculate server utilizations from the following formula:
K

Um® = 1ka k@
k=

1

form = 12,...,M, where U, (N) is the utilization of server m at population vector N.

Find the largest utilization S, among the fixed-rate servers visited by chain k,
S, = max U, ()
min
chain k and
m is a fixed-rate server

fork=12,....K.

(Scale down throughputs of individual chains if necessary.)
Ifs, > Lthen T,(W) := T,(W)/ S,

Calculate total throughput, and recalculate server utilizations if the throughput of any chain
has been scaled down,

K
T = Y, T
k=1
and

K
UM =3 1,700, form=12,... M
=

Because of the additional steps, the approximate throughputs calculated by PAM_IMPROVED are,
in general, more accurate than those calculated by PAM_BASIC. Another algorithm, PAM_TWO, is
presented in [5]. It is more accurate than PAM_IMPROVED but it has a computational time requirement
of O(MK?) instead of O(MK) for the two algorithms presented above; the space requirement is OMK) for
all three PAM algorithms.
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In the above algorithms, we have assumed that the virtual channels in a communication network
have loop-free fixed routes. If the routing behavior of a closed chain is specified by a first-order Markov
chain, then 7, in the above algorithms should be interpreted as the load, or traffic intensity, of chain & at
server m rather than as the mean service time [17].

We have conducted two sets of experiments to examine the accuracy of PAM algorithms [5]. In the
first, 100 networks with characteristics of models of communication networks were generaied randomly;
these networks have fixed-rate servers only.” The accuracy of PAM_BASIC and PAM_IMPROVED was
studied by comparing their approximate results with exact results given by the tree convolution algorithm
(TCA). In the second set of experiments, 500 networks with characteristics of models of computer
systems were generated and the accuracy of PAM_IMPROVED and PAM_TWQO was studied by com-
parisons with exact results given by the MVA algorithm and approximate results given by three iterative
approximate solution methods. These networks have delay servers and fixed-rate servers.

We shall present some statistical data from the 100-network experiment. Before doing so, we
consider a network example with 30 fixed-rate servers and 20 chains and compare the approximate
throughputs computed by PAM_BASIC and PAM_IMPROVED with the exact throughputs computed by
TCA. (The network example is completely specified in [5].) The network is fairly heavily utilized. The
maximum server utilization, computed by TCA, is 0.990. The average server utilization, among those
with nonzero traffic, is 0.398. The accuracy of PAM_BASIC is illustrated in Figure 7. The accuracy of
PAM_IMPROVED is illustrated in Figure 8. Chain throughputs computed by PAM_IMPROVED are
very accurate for this example. The maximum percentage error is 6% for chain 10. Throughputs com-
puted by PAM_BASIC and PAM_IMPROVED are the same for those chains that do not visit a highly
utilized server. For those chains that visit a highly utilized server (chains 3, 7, 14, 18), throughputs
computed by PAM_BASIC have much larger percentage errors than PAM_IMPROVED. The propor-
tional approximation tends to underestimate mean queue lengths at bottleneck servers.  Thus
PAM_BASIC overestimates the throughputs of chains that visit such bottlenecks. While
PAM_IMPROVED checks server utilizations and compensates for these errors, PAM_BASIC does not.

- TCA ©- PAM_BASIC
3.5 I
38=0 6 A\
Throughput 2
1.5 ¥ °(? :
1
0.5
0 : : ;
1 3 5 7 9 11 13 15 17 19
Index of chain

Figure 7. Throughputs of chains calculated by TCA and PAM_BASIC.

71n other words, mean end-to-end ack delays are assumed to be zero.
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Figure 8. Throughputs of chains calculated by TCA and PAM_IMPROVED.

We next present some results of the 100-network experiment. The 100 networks were generated
randomly (see [3, 5] for details). Statistics on the parameters of the 100 networks are shown in Table 2.
In Table 2, #packets denotes the summation of all chain populations. In Figures 9-11, we show distribu-
tions of percentage errors of total network throughput, chain throughputs, server utilizations calculated by
PAM_IMPROVED compared to exact solutions of TCA. A summary of the error statistics is shown in
Table 3. Note that the maximum percentage error of total network throughput calculated by
PAM_IMPROVED is 3.55% for the 100 networks. The average percentage error of chain throughput is
2.67%. Given its modest computational time requirement, we consider PAM_IMPROVED to be highly
accurate.

Maximum | Minimum | Average
1. #nodes 25 7 15
2. #links 37 9 20
3. # queues 74 18 40
4. # chains 43 8 23
5. # packets 107 19 57
6. Ave. queue utl. 0.546 0.291 0419

Table 2. Statistics of 100 test networks.
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Statistics of percentage errors
#samples | Minimum | Maximum | Mean | Variance
;‘;O‘B;Ehpu t 100 0.009 3554 | 0824 | 0002
g‘;g‘a’ignhp“‘ 2255 0.000 20503 | 2667 | 7.167
gfﬁ;;z:f:“ 3104 0.000 14769 | 2064 | 4263

Table 3. Statistics of approximation errors of total throughput, chain throughputs,
and server utilizations calculated by PAM_IMPROVED for the 100 networks.

80 r
70 ¢

€60 ¢ Number of networks = 100

Frequency

1 2 3 4
Approximation error (%)

Figure 9. Distribution of approximation errors of total throughputs calculated by
PAM_IMPROVED for the 100 networks.
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Figure 10. Distribution of approximation errors of throughputs of individual chains
calculated by PAM_IMPROVED for the 100 networks.
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Figure 11. Distribution of approximation errors of server utilizations calculated by
PAM_IMPROVED for the 100 networks.

We also studied the correlation between the percentage error of the throughput of a chain calculated
by PAM_BASIC and the maximum utilization among servers visited by the chain. We selected one chain
from each of the 100 networks in the above experiment and calculated its throughput with PAM_BASIC.
The percentage error in throughput and the corresponding maximum server utilization are plotted in
Figure 12. Note that throughput errors of PAM_BASIC and maximum server utilizations are highly
correlated. Percentage errors are large only for chains that visit servers with utilizations very close to 1.
This is a very useful observation! It suggests that PAM_BASIC, being the fastest of the three PAM
algorithms, can be used in many network design procedures. The general objective of optimal routing,
for example, is to route traffic in such a way that no bottleneck exists in the network., While
PAM_BASIC has relatively large errors for those chains that visit bottlenecks during an intermediate step
of an optimal routing procedure, it can still be effectively used to select good routes which generally do
not include bottlenecks. And after botilenecks have been eliminated from a network, PAM_BASIC
provides accurate throughputs.
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Figure 12. Correlation between percentage error of chain throughput calculated by
PAM_BASIC and the maximum utilization of the servers visited by the chain.

4. Optimal Routing

Optimal routing plays a central role in network design problems. In the process of designing a
network, numerous modifications are usually made before a satisfactory network is obtained. After each
modification, optimal routing has to be performed to adapt to any change in network topology or traffic.
An optimal routing algorithm to be used in network design should be as fast as possible. Also the
algorithm that is used for evaluating network performance within the optimal routing algorithm has to be
very fast.

We present an algorithm to solve the following problem for the closed network model: Given a
network with a set of flow-controlled virtual channels, find the optimal route for a virtual channel to be
added to the network to maximize the total throughput of the network including the new virtual channel.
This algorithm can be used to add virtual channels to a network one at a time until all vintual channels
have been included in the network. If further improvement in the network throughput is desired, then
some virtual channels can be selected for rerouting.

Most optimal routing algorithms are based upon finding the shortest path between a pair of source
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and destination; they differ primarily in their link metrics. When a closed network model is used for
network design, however, a link metric is not easily defined. The two basic sieps of our optimal routing
algorithm are the following:

(1) Find a set of routes with the smallest end-to-end mean delays for the virtual channel being
added to the network.

(2) Use PAM_BASIC to find a route, from the set in step (1), that gives the highest network
throughput.

The mean delays in step (1) are calculated using the proportional approximation. However, the mean
queue lengths of the virtual channel for which a route is to be found, say virtual channel &, are not
included since virtual channel k does not yet have a route. This is equivalent to treating virtual channel &
as having a window size of one so that ¢’,,,(N—1,)=0 for all m. This is the key assumption that makes
possible the use of mean delay as a link metric and transforms step (1) into a shortest path problem that
can be solved very efficiently.

A route selected in step (1) with the smallest end-to-end mean delay for the new virtual channel
does not necessarily maximize the total throughput of the network in a closed queueing network. Thus in
step (1) we employ one metric to select a set of good candidates and in step (2) employ a better metric to
pick the best route from the set of candidates. Note that the metric in step (2) cannot be evaluated
efficiently because each possible route has to be evaluated separately by solving a closed network model.
By using different performance metrics at different stages of our search heuristic we reduce computa-
tional time very substantially.

The effectiveness of our algorithm to find an optimal or suboptimal route depends upon the ac-
curacy of the proportional approximation as well as the following empirical observation: The route that
maximizes the individual throughput of the new virtual channel coincides frequently with the route that
maximizes the total network throughput (this is not true in general). Note that the route that maximizes
the throughput of a closed chain in a queueing network also minimizes its mean delay according to
Little’s formula. In fact, only an approximation of the new virtual channel’s mean delay is evaluated in
step (1). Nevertheless, statistics from our 100-network experiment show the following heuristic optimal
routing algorithm to be very effective.

Algorithm HRA1 (To find an optimal route for chain k)

Step 1t Calculate approximate mean queue length g,,, (V%) by the following formula:

th@k) =

Tk
M
z Tin
i=1

where N* is the population vector of the network with chain & removed.

N, form=12,... .M, h=12,... K and h#k

Step 2: Compute the approximate delay using the MV A formula,

K

D, M=1,0+ > q,0& form=12,....M
h=1
hek

Step 3: Create a routing tree for chain k. The root node of the tree is the source and the leaf nodes
are the destination of chain k. Select a set R of shortest delay routes from the routing tree
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using the approximate delays calculated in Step 2 as metric.

Step 4: Use algorithm PAM_BASIC to calculate the total network throughput for each route in
R. Select the route in R that vields the largest network throughput.

With a slight modification, Algorithm HRA1 can be used to find a route 1o maximize the individual
throughput of chain k. The algorithm, to be called HRAZ, is given bclow.

Algorithm HRA2Z

The first three steps of the algorithm are the same as those of Algorithm HRAT.

Step 4: Use algorithm PAM_BASIC to calculate the throughput of chain £ for each route in R. Select
a route from R that yields the largest throughput of chain k.

The key to a successful application of these algorithms is 1o find a small set R which includes the
optimal route or a near-optimal route. The following three choices of R were used in our experimental
study.

1. Only the shortest delay route among all possible routes is selected.

1I. Up to three shortest delay routes are chosen.

II1. Up to ten shortest delay routes are chosen.
The Branch-and-Bound paradigm was used to find the IRI shortest routes for a chain.

Experimental results

The algorithms were tested on the 100 randomly generated networks used for testing the accuracy of
PAM. For each network, the source node and destination node of a new chain, for which an optimal route
is to be found, were randomly generated. (If the source node and the destination node are adjacent 1o
each other then another node pair is generated.) The parameter values of the new chain were selecied in
the same way as those of existing chains in the network by the network generator as described in [3, 5]
To be practical, we introduce the following maximum-hop constraint: Each chain can visit up to 9 nodes,
or 80 percent of the nodes in the network (including the source and destination nodes), whichever is
smaller. Each heuristic routing algorithm was applied to the test networks to find the best routes for the
new chains. Exact throughputs for all feasible routes satisfying the maximum-hop constraint were also
computed by the tree convolution algorithm as benchmarks. Statistics of results from our experiment
using Algorithm HRAT1 with different choices of R are given in Table 4. In this table, A = T? — TH,
where T is the largest exact total throughput that can be achieved among all feasible routes satisfying the
maximum-hop constraint and T” is the exact total throughput achieved by the route chosen by Algorithm
HRA1. Both T° and T” were calculated using TCA.

Statistics of deviations from optimal total throughput

RI 1 3 10
A Ax100% A Ax100% A Ax100%
T T° T°
Minimum | 0.0 0.0 0.0 0.0 0.0 0.0

Maximum | 0.839 1.072 0.838 1.071 0.412 0.547
Average 0.056 0.062 0.026 0.032 0.018 0.022
Std. dev. 0.161 0.185 0.106 0.134 0.068 0.084

Table 4. Statistics of deviations from optimal total throughput for Algorithm HRAT.
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A distribution of the percentage differences (with respect {0 T between T and T" for the routes
selected by Algorithm HRAT1 is shown in Figure 13. In this experiment, Algorithm HRA1 examined only
the shortest delay route for the new chain (RI=1). Table 4 and Figure 13 show that the heuristic algo-
rithm HRAT1 found the optimal route most of the time! Even when it failed to find the optimal route, the
exact total throughput of the network for the route chosen by HRAT1 is very close 1o the optimal total
throughput. Table 4 also shows that increasing the number of routes examined by HRA1 does improve
its performance, though not by very much.
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Difference in total throughput between
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Figure 13. Distribution of percentage difference between the optimal total throughput
and the total throughput achieved by the heuristic algorithm.

We also applied Algorithm HRA?2 to the 100 networks used to test Algorithm HRA1. Again, the
value of IRl was one. In Table 5, A is 1T = T}l, where T} is the largest throughput of chain & (calculated

by TCA) among all feasible routes satisfying the maximum-hop constraint, and T: is the exact through-
put of chain k (calculated by TCA) whose route was chosen by Algorithm HRAZ2.

Maximum | Minimum | Average | Std. dev.
A 0.202 0.0 0.003 0.022
é—xlT%Q—of‘i 13.732 0.0 0214 | 1442
k

Table 5. Statistics of results from the heuristic routing algorithm HRAZ.

Of the 100 networks tested, Algorithm HRA2 actually found a route maximizing the throughput of
chain k in 95 networks. Among these 95 networks, 80 of them also have the largest total throughputs that
can be achieved among all feasible routes of chain & (subject to the maximum-hop consteaint).

The network used in the next example has 21 nodes, 30 links (60 queues), and 30 virtual channels.
(See Tables 6 and 7.) The optimal route for a new viriual channel from node 20 to node 3 is 1o be
selected. We found that both heuristic algorithms gave the same tcn shortest delay routes for the new
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chain (because the first three steps of the algorithms are the same). Exact throughputs and approximate
throughputs of the new chain for these ten routes, calculated by TCA and PAM_BASIC respectively, are
shown in Figure 14. In this figure, the order of the best seven routes is the same whether the routes are
ordered by exact chain throughput or approximate chain throughput. The exact total throughput and
approximate total throughput of the network resulting from assigning each of the ten routes to the new
chain are shown in Figure 15. In this figure, the two curves have the same trend for all ten routes.

Link Capacity (bits/second)
(1,19 2400
(14,6) 2400
(17.12) 9600
(20,12) 2400
(1,5 4800
(7,10) 2400
(14,9 9600
(17,20} 9600
(18,15) 4800
(1,11 9600
2.21) 2400
(3,18) 2400
4,13 2400
(5,16) 2400
(7,13) 4800
(8,9) 2400
(10,4) 2400
(14,8) 2400
(17,1D 4800
(19,5) 4800
(20,6) 9600
(1,16) 9600
2,10 9600
(3,14) 2400
(7,18) 9600
(12,19 2400
(152D 4300
(17.8) 2400
(20,19) 2400
(21,16) 2400

Table 6. Links and their capacities in network example.
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Mean service time

Route

Chain  Population at source server (in node sequence)
1 2 0.1 11116
2 3 0.3 17206 14
3 3 0.3 1720195
4 2 0.2 3148
5 2 0.2 1462019
6 2 0.3 i61
7 2 0.3 5143
8 2 0.3 8171219
9 2 0.3 4107
10 3 0.2 710
11 3 0.3 137102
12 2 0.2 9146201712
13 2 0.3 183148
14 3 0.3 171115
15 2 0.3 1712195
16 2 02 318710
17 3 0.2 211518713
18 3 0.1 3187134
19 2 0.1 201711116
20 2 02 134
21 3 0.3 22115
22 2 0.3 410221
23 2 0.2 134
24 4 0.3 1789
25 2 0.2 181521
26 4 0.1 15212104
27 2 0.1 41371815
28 2 0.1 183
29 2 0.3 981712
30 2 0.3 1815212

Table 7. Chain populations, mean service times at source servers,

and routes of chains in network example.
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Figure 14. Exact and approximate throughputs of a chain using different routes.
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Figure 15. Exact and approximate total network throughputs for different routes of a particular chain.

What we have demonstrated using the above example is that approximate throughputs calculated by
PAM_BASIC are adequate as a metric for comparing routes. This is because bottleneck gqueues are
usually not visited by an optimal route (or a near-optimal route). We have shown in Section 3 that the
approximate throughputs of individual chains calculated by PAM_BASIC are very accurate if they do not
visit bottleneck queues. Note also, from Figures 14 and 15, that the first seven routes that yield the
largest throughputs for the new chain also yield the largest total throughputs for the network. This gives
further evidence that it is effective to search for a route maximizing total throughput from among a set of
routes that maximize the throughput of the new chain.



5. Conclusions

We have described a closed queueing network model for the analysis and design of flow-controlled
communication networks and demonstrated its accuracy and robustness with experimental results. It
gives a network designer more information about the performance of a flow-controlled communication

network than an open queueing network model which cannot be used to predict throughputs of flow-
controlled virtual channels.

In applying the closed network model to network analysis and design, some engineering judgment is
needed to determine the "effective window sizes" of virtual channels. There are two sources of uncer-
tainty. First, the implementations of some sliding window protocols are more complicated than the one
described in Section 2, e.g., SNA pacing [1, 18]. Second, the mean delays of acks travelling from
destinations to sources need to be estimated. Suppose we let the end-to-end ack delay of each virtual
channel be zero in the closed network model. In order for a virtual channel in the communication network
being modeled to achieve the throughput predicted by the closed network model, its window size should
be larger than the chain population N, in the model by o, T, where T, is the chain throughput predicted by
the model and o, is virtual channel’s average end-to-end delay of acks. By Litle’s formula [7], o, T, is
the average number of permits that are en route from the destination to the source. Altematively, one
might estimate this number directly instead of estimating o, first and then rounding off o, T to an integer.

We have presented two algorithms based upon the proportional approximation method (PAM) for
evaluating performance measures of closed queueing networks. These PAM algorithms have computa-
tional time and space requirements of O(KM), where K denotes the number of virtual channels and M the
number of queues; they can be used to solve models of large communication networks. Statistical studies
comparing the predictions of PAM algorithms with exact solutions calculated by the tree convolution
algorithms show that the PAM algorithms are very accurate.

We have also illustrated the use of the closed queueing network model and the PAM algorithms for
network design by solving the following optimal routing problem: Find a route for a new virtual channel
to be added to a network with existing flow-controlled virtual channels. The total network throughput is
to be maximized. (Note that this problem cannot be solved using an open queueing network model) A
fast heuristic solution algorithm based upon PAM is presented. Routes obtained by the heuristic algo-
rithm were compared with optimal routes obtained by an exhaustive search using exact results calculated
by the tree convolution algorithm. The heuristic algorithm was very effective in finding an optimal route
or a near-optimal route almost all the time.
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