A COLLECTION OF 120 COMPUTER
SOLVED GEOMETRY PROBLEMS IN
MECHANICAL FORMULA DERIVATION*

Shang-Ching Chou and Xiao-Shan Gao'

Department of Computer Sciences
The University of Texas at Austin
Austin, Texas 78712-1188

TR-89-22 August 1989

ABSTRACT

This is a collection of 120 geometric problems mechanically solved by a program based on the
methods introduced by us. Researchers can use this collection to experiment with their
methods/programs similar to ours. It consists of two parts: the exact specification of the input to
our program and a collection of 120 examples. A typical example consists of an informal
description of the geometric problem, the input to the program which is the exact specification of
the problem, the result of the problem, and a diagram.

Keywords: Elementary geometry, formula derivation, Grébner bases, Ritt—-Wu’s method,
Heron’s formula, Brahmagupta’s Formula, locus equations, Peaucellier’s linkage.

*The work reporied here was supported in part by the NSF Grant CCR-8702108.

T0n leave from Institute of Systems Science, Academia Sinica, Beijing.



1. Introduction

We have implemented a program to derive geometric formulas mechanically based on the
methods described in the paper [1]. This is a collection of the geometric problems mechanically
solved by our program. It is a supplement to that paper [1]. Researchers can use this collection
to experiment with their methods/programs similar to ours. It consists of two parts: the exact
specification of the input to our program and a collection of 120 examples. A typical example
consists of an informal description of the geometric problem, the input to the program which
is the exact specification of the problem, the result of the problem, and a diagram. Most parts
of the collection of 120 examples are produced by computers, including the text file in the TEX
form and insertion of diagrams in the PostScript form.

The Specificaiton of Inputs

An input to our program is an algebraic specification of a given geometric problem. It is in
LISP forms. Eventually, the program transforms it to a set of polynomial equations and a set
of polynomial inequations. A typical example of the input can be as follows (see Example 9):

((% T3 Tgq Uy U*z) (Us Zg Ty Te Ty Ty Lo 3710)
(D (00) B (2,0)C (22 0) A (25 z4) E (25 26) F (27 25) P (2o T10))
(collinear D P A)

(collinear B F A)

(collinear C E A)

(collinear C P F)
(collinear B P E)
(x-ratio uy A F' F' B)
(x-ratio uy A E E C)

(x-ratio us A P P D)

non-deg us (pp— 2 *3))-

The first element is a list of parameters; the second is a list of dependent variables in their
increasing order. The order of dependent variables is important for the methods based on Ritt-
Wu's method and the Grobner basis method. The program tries to find the relation set among
the parameters and the first variable of the list of dependent variables (for the definition of
the relation set see [1]). In this particular example, it is the relation set among %1, Ts, T4, U1,
u, and us. The third element of the input list is the assignment of coordinates to the points
involved in the problem. The elements after the third and before the element “non-deg” (if
it occurs) are geometric conditions or polynomials in the parameters and dependent variables.
They are eventually transformed to the set of polynomial equations of the problem. Similarly,
the elements after “non-deg” represent inequations. In this example, the inequation set of the
problem is {us # 0, 22 — %3 # 0}. Now we explain each other element in the input list and its
corresponding polynomials.

Let P be points with the coordiantes (zi, yi). Other elements in the input are one of the
following forms:

S1. (collinear P P, P3). Points P, Ps, and P, are collinear. Its corresponding polynomial
equation is:

(ys — y1 (22 — z1) — (Y2 — 41 )(7s — z)=0.
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S2. (parallel P, P» P; P,). Line P, P, is parallel to line P3P,. Its corresponding polynomial
equation is:

(ya — y3) (@2 — 21) — (2 — Y1 )(Ta — 3) = 0.

S3. (perpendicular P, P, Ps Py)). Line P,P,is perpendicular toline Ps Py. Its corresponding
polynomial equation is:

(ya — y3) (Y2 — 1) + (24 — 23)(z2 — 21) = 0.

S4. (cocyclic Py Py Ps Py). Four points P,,P,,P3, and P, are on the same circle. Its
corresponding polynomial equation is:

|z} +y7 T % 1
|22 + 95 25 92 1| =0
le2 + 92 s ys 1
|22 + 9% za ya 1]

S5. (mid-x P P, P3). 2y —xy —23=0.

S6. (mld—y Py Py Pg) 2y1—~y2——y3:0,

S7. (distance Py P, d). The distance between points P; and P is equal to d. Its corresponding
polynomial equation is d> — (1 — 29)* — (y1 —92)? = 0.

S8 (sq-distance Py Py) is the quantity of the square of the distance between P, and P,. Iis
corresponding polynomial is (23 — 23)* + (y1 — ¥2 ).

S9. (eqdistant P; P, Ps Pu). The segments P, P, and P; P, are congruent. Its corresponding
polynomial equation is:
(92 — ¥3)? + (24 - 23)" = (2 — 91)? — (22 — z1)? = 0.

$10. (point-line-dis P, P, P3 d). The distance from the point P, to the line P, Ps is d. Its
corresponding polynomial equation is equivalent to the following equation:

(collinear P, Ps Pi)”

d? —
(sq-distance Py Ps)

S11. (eqangle P, P» Ps Pu). tan(PaPiPs ) — tan(Ps Py Py) = 0 or:

(collinear P, P Ps)(perpendicular P, P3 P Py)
—(collinear P; Ps P,)(perpendicular P, P, P Py =0.

Si2. (eqtangeﬁt P1 PQ Pg P4 P5 Pg) taa(PngPg) = tan(P4P5P6) or:

(collinear P» P Ps)(perpendicular P5 Py Ps P)
—{collinear P Py Pg)(perpendicular P, Py P, Py) = 0.

S13. (x-ratio r P P P P,). Its corresponding polynomial equation is equivalent to the
equation 7 = (21 — z2)/(2s Ty).



S14. (y-ratio r Py P, P3 Py). Its corresponding polynomial equation is equivalent to the
equation 7 = (y1 — Y2)/(ys — Ya)-

S15. (c-ratior Py Py P P,). risthe cross ratio (P, Py, P3Py). Tts corresponding polynomial
equation is equivalent to the equation

_ (25 —z1)(®2 — T4)
(24 — 1 )(22 — x3)

Ps

P3

Py

Py Py

P1 P,
Ps

Fig. 1.1 Fig. 1.2
516, (area k P; .. P,). k is the sum of the signed areas of oriented triangles P; Py Ps,
P1P3P4, ceey P]_Pn_lpn or:
2k = 312, area(PLPiPiyy),

where area( P, P Py ) = (& —:)ys +(—9; + yi)Zx + 2iy; — yi ;. The polygon P P; .- F, is not
necessarily convex. Our definition of the area for a polygon is more general (see Example 5.2
in [1]: Brahmagupta’s Formula).

S17. (pp+ pi pz) means the sum of polynomials p; and pa.
S18. (pp- p1 po) means the difference of polynomials p; and ps.
$19. (pp#* p1 p2) means the product of polynomials p; and ps.
$20. (ppA pi n) means the n-th power of polynomial p;.

References
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2. Examples Mechanically Solved

Example 1. If O is any point in the plane of triangle ABC, find the relation among the areas
of triangles ABC, OBC, OCA, and OAB.

((z1 m2 w1 us Us) (Ug T3 T4 zs)

(O (00) A (21 0) B (22 23) C (24 5))
(area u, O B C)

(area us O C A)

(area us O A B)

(area us A B C))

The result is: U4 — Us — U — Uy = 0.

Fig. 1 Fig. 2

Example 2. If P is any point in the plane of the parallelogram ABCD, find the relation
among the areas of triangles PAB, PCD, and ABC.

((z1 22 25 wy ug) (U3 T3 4 Zg)

(A (00) B (z; 0) C (23 x3) D (24 z3) P (5 %))
(parallel A D B C)

(area uy P A B)

(area up P C D)

(area uz A B C)

non-deg z3)

The result is: ug — Uy — Uy = 0.

Example 3. (Menelaus’ Theorem) If the sides AB, BC, and CA of a triangle ABC are cut
by a transversal in the points D, E, and F respectively, find the relation among AD, DB, BE,
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2. Examples Mechanically Solved

and EC, CF,and FA. *

((z; w3 @4 uy Uz) (Us T2 T5 Te T7 Ts)

(A (0 0) B (21?1 0) C (xg 374) D ($2 0) F (335 376) F (IE’{ 338))
(collinear A F C)

(collinear D E F)

(collinear B E C)

(x-ratio uy A D D B)

(x-ratio up B E E C)

(x-ratio us C F' F A))

The result is: uqusuz +1 = 0.

Ci

jes]

Fig. 3 Fig. 4

Example 4. (Menelaus’ Theorem for a Quadrilateral) If the sides AB, BC, CD, and DA of
a quadrilateral ABC D are cut by a transversal in the points 4;, By, Cy and D, respectively,
Find the relation among the ratios AA, /A4, B, BB,/B,C, CC,/C, D, and DD,/D,A.

((uy us us Ua 71 T2 T3) (ry Ty T3 Ta Ts Te T7 Ts To)

(A (00) B (uy 0) C (ug us) D (ug 25) Ay (3 0) By (24 25) C1 (26 27) D1 (23 Tg))
(collinear A Dy D)
(collinear B B; C)
(collinear C' D Ch)
(collinear Ay By C1)
(collinear A; By D)
(x-ratior; A A 4 B)
(x-ratior; B By By C)
(x-ratio r3 C C; C1 D)

(x-ratio 74 D Dy Dy A))

The result is: 71797374 — 1 = 0.

* Here, we shall find the relation among the ratios: AD/DB, BE/EC, and CF/FA instead
of the relation among AD,DB,BE,EC,CF, and FA.
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2. Examples Mechanically Solved

Example 5. (Menelaus’ Theorem for a Pentagon) If the sides Py Pa, Py Ps, P3P, P, Ps,
and PP, of a polygon P, P;P3P4Ps are cut by a transversal in the points @y, @2, @3, C4,
and Qs respectively, find the relation among the ratios PLQ1/Q1Pa, P2Q2/Q2Ps, P3Q3/Qs Py,
PyQ4/QaPFs, and PsQs/Qs Py

((zp 23 Yz Ta T5 U1 Uy Us ug) (Us Ya Ys 21 22 Wy Z3 W3 24 Wy 25 ws)

(P, (00) Py (z2 0) Ps (23 ys) Pa (74 ys) Ps (25 y5) Q1 (21 0) Q2 (22 w2) Qs (25 ws)
Qa (24 wa) Qs (75 ws))

(collinear Q@ P, Ps)

(collinear Q3 Ps Py)

(collinear Q4 P. Ps)

(collinear Qs Ps P1)

(collinear Q1 Q2 @3)

(collinear @, Q2 Q1)

(collinear Q1 Q2 Qs)

(x-ratio us Py @1 Q1 P2)

(x-ratio uy P» Q2 Q2 P3)

(x-ratio us Ps Q3 Qs Pa)

(x-ratio ug Py Qs Q4 Ps)

(x-ratio us Ps @5 Qs P1))

The result is: v usuzusts + 1 = 0.

Ps

Fig. 6

Example 6. (Ceva’s Theorem) Let D, E, and F be points on BC, AC, AB of atriangle ABC.
If AD, BE,CF are concurrent in P find the relation among the ratios BD/DC,CE[EA, and
AF[FB.

({551 T3 Ta Ug UQ) (Us Ty Ty Tg Ty Tg Lo 3310)

(.D (0 0) B (371 0) C (332 O) A (3’33 @4) F ((1'55 CE@) F (SC’? $8) P {279 11710))
(collinear D P A)

(collinear B F' A)

(collinear C' E A)

(collinear C' P F)

=3



2. Examples Mechanically SBolved

(collinear B P E)

(x-ratio u; B D D C)
(x-ratious C E E A)
(x-ratio us A F' F' B))

The result is: uiusts — 1 = 0.

Example 7. In example 6, find the relations among PD/AD, PE/BE, and PF/CF.

((551 T4 T3 U Uz) (Us Tg Tg Te T7 Tg Tg %0)

(D (O O) B (xl 0) C (CL’Q 0) A (115’3 374) FE (CI35 536) F (1237 .’Eg) P ((179 xio))
(collinear D P A)

(collinear B F' A)

(collinear C' E A)

(collinear C' P F)

(collinear B P F)

(x-ratiou; P D A D)

(x-ratiou; P E B E)

(x-ratio uz P F C F))

The result is: us + g + g — 1 = 0.

Fig. 7

Example 8. In example 6, find the relations among AP/AD, BP/BE, and CP[CF.

(<$1 Tz Ta Uy Uz) (Us To Ty Te T7 Ty Lo 3310)

(D(00)B (2, 0)C (29 0) A (23 24) E (35 zg) F (z7 ) P (29 210))
(collinear D P A)

(collinear B F' A)

(collinear C £ A)

(collinear C P F')

(collinear B P E)

(x-ratiou; A P A D)

(x-ratious B P B E)



2. Examples Mechanically Sclved

(x-ratio ug C P C F))

The result is: us + uy +u; —2 = 0.

Example 9. In example 6, the the relations among AF|/FB, AE/EC, and AP/PD.

((CL’l T3 T4 Uy u2) (Us To Ty Te X7 Ty Lo 3710)
(D (00) B (z; 0) C (2, 0) A (z3 z4) E (25 26) F (27 z3) P (29 Z10))
(collinear D P A)

(collinear B F' A)
(collinear C' E A)
(collinear C P F)
(collinear B P E)
(x-ratiou; A F F' B)
(x-ratious A E E C)
(x-ratio u3 A P P D)
non-deg us (pp— 22 z3))

The result is: ug — Uz — ¥ = 0.

F Py

Q2

P P2
LV !
C Qs

Fig. 9 Fig. 10

FExample 10. (Ceva’s Theorem for a Pentagon) As Figure 10. Find the relation among the

ratios: P1Q1/Q1Ps, P2Q2/Q2Ps, PsQs/Qs P, PaQu/Q4PFs, and PsQs/QsP.

({931 To Yz Tz Tz Uy Uz Us U:;) (Us Ys Ya Ts Ys 21 Wi Zp Wo 3 Z4 Wy Zp ws)
(O (0 0) A (z1 0) P (z2 y2) Ps (23 ys) Pa (25 y4) Bs (zs ys) G (71 w1) Q2 (7 w3)
s (33 0) Q4 (24 w4) s (25 ’wa))

(collinear Py Q1 P)

(collinear Py Qs Ps)

(collinear Ps Q3 Pa)

(collinear Py Q4 FPy)

(collinear Ps Qs P

(collinear O P, Qa)

(collinear O F3 Qs)



2. Examples Mechanically Solved

(collinear O Py Q1)
(collinear O Ps Q2)
(x-ratio uy P Q1 Q1 P)
(x-ratio uz P» Q2 Q2 Ps)
(x-ratio us P5 @3 Qs Py)
(x-ratio us Py Qs Qa Fs)
(x-tatio us Ps @5 Qs Py)
non-deg (pp— s z4))

The result is: uiususustts — 1 = 0.

Example 11. If AD, BE, and CF are any three concurrent ceva lines of a triangle ABC, and
if D, denotes the point of intersection of BC and F'E, find the relation among BD, DC, BD,
and D, C.

((331 Zo T3 Ts ul) (Uz Tqa Ty Ty Ty Tg T1o 5011)

(P (0 z1) B (220)C (23 0) D (24 0) D; (25 0) A (zs 7) F (25 @) E (210 z11))
(collinear A B F)

(collinear A E C)

(collinear A P D)

(collinear B P E)

(collinear C P F)

(collinear E F D)

(x-ratiows B D D C)

(x-ratio uz B D1 Dy C))

The result is: us + u; = 0.

Fig. 11 Fig. 12

Example 12. Find the relation among the six distances of the four points A, B, C, and D in
a plane. ‘

((Ul Ug U3 Ug us) (He Ty Tg T3 554}

(A (00) B (u1 0) C (21 22) D (23 24))
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2. BExamples Mechanically Solved

(distance A C uy)
(distance D A us)
(distance B C u4)
(distance B D us)
(distance C' D us))

The zesultzis:2u§u§ +2((u§ - uzg - uz)ué —2{~ (2—u§ - u;)izﬁ + (zjg —uP)ud — viul + ui)ud + udug +
((—uj — ud)ul + (—u3 + u?)uj + uf — wiud)ud + ujud + (u5 + (—uf —ui)uj +ufui)ui = 0.

Example 13. Determine the area of a planar pentagon AgA; A; A3A4 in terms of the area of
five triangles with vertices taken from Ao, A1, Ay, As, and As.

((z1 23 ©1 ug Uz Us us) (ue Ta Ty Te T7 Ts)

(Ay (00) A; (z1 0) Ay (25 24) Az (75 T6) As (z7 z3))
(area u; Ag Ay As)

(a:rea Ug Al Ag Ag)

(area uz Ay As Ay)

(area U Ag A4 A(})

(area Us A4 A@ Al)

(aIea Ug AQ A1 Az Ag Aé))

The result is: u2 + (—us — g — Uz — U2 — uq Jug + (ua + u1)us + ustg + Utz + Uty = 0.

Az

Aa

Ag Ay
Fig. 13 Fig. 14

Example 14. Point D is outside the circle and point C is the intersection of the chord of
contact of the tangents from D to the circle of inversion and the diametrical line OD. Find the
relation among OC, OD, and the radius of the circle.

((uy uo) (us &1 Ty T3 Ta)

(O (00) B (z1 0) P (22 z3) D (24 0) C (22 0))
(eqdistant P O B O)

(perpendicular O P P D)

(pp— w Z3)

(pp- uz Z4)

i1



2. Examples Mechanically Solved

(pp— us z1))

The result is: uf — u1uy = 0.

Example 15. The same as example 14. Find the cross ratio (AB,CD).

((z1 @2) (uy 23 T4 @s5)
(eqdistant P O B O)
(perpendicular O P P D)

(pp+ @5 @1)
(c-ratio uy A B C D))

The result is: wy +1 = 0.

D
A D B C
Fig. 15 Fig. 16
Example 16. A, B, C, and D are four collinear points. If (AB,CD) = —1, find the relation

among AB, AC, and AD.
((z1 uy ug) (us T2 T3 z4)
(A (2, 0) B (22 0) C (25 0) D (24 0))
(c-ratio -1 A B C D)
(pp— w1 (pp— 22 1))
(pp— uz (pp- s 1))
(pp— us (PP~ %4 21)))

The result is: (2us — uq)us — viuz = 0.
Example 17. (The Inverse of Example 16) A, B, C, and D are four collinear points. If
2/AB = 1/AC + 1/AD, find cross ratio (AB,CD).

((z1 w1 ug) (r us 22 23 Z4)
(A (2, 0) B (2, 0) C (23 0) D (24 0))
(pp— w1 (PP~ %2 1))

12



2. BExamples Mechanically Solved

(PP* Us (PP“ T3 »”v"z))
(pp— us (pp— 24 1))
(pp— (pp* (PP~ (PP* 2 up) 1) us) (PP* U1 2))
(c-ratio r A B C D))

The result is: 7+ 1 = 0.

D A c O B
A D B C
Fig. 17 Fig. 18
Example 18. 4, B, C,and D are four collinear points. If (AB,CD) = —1, find the relation

among OB, OC, and OD where O is the midpoint of AB.

((z1 u1 uz) (us T2 T3 24 zs )

(A (z10) B (22 0)C (23 0) D (24 0) 0 (z5 0))
(c-ratio -1 A B C D)

(mid-x O A B)

(pp- u1 (PP~ T2 @s5))

(pp— 2 (pp- z3 zs5))

(pp— us (pp~ 24 z5)))

The result is: upuz — ui = 0.

Example 19. As figure 19. Find the cross ratio (115, UV).

((xa Ty Y2 T3 213) (U1 Tg Ya Ts T Ys L7 y7)

(A (00) B (z1 0) C (22 ¥2) D (23 ys) Ty (s y2) S (25 0) U (26 ys) V (27 y7))
(collinear Ty D A)

(collinear Ty C' B)

(collinear C D §)

(collinear U A C)

(collinear U T3 5)

(collinear V' D B)

(collinear V' 11 S)

(c-ratiow; UV Ty §)

non-deg (pp— @5 1) (pp— s z4) (pp— z7 Tq) u1)

i3



2. Examples Mechanically Solved

The result is: uy + 1 =0.

Fig. 20

Example 20. If (AB,CD) = —1, find the relation among OB, 0,C, and OO; where O and
O, are the midpoints of AB and C D respectively.

((zq uy u2) (us 22 T3 Tq Ts Zs)

(A (z1 0) B (2 0) C (25 0) D (24 0) O (25 0) O1 (25 0))
(c-ratio -1 A B C D)

(mid-x O A B)

(mid-x O; C D)

(pp— w1 (PP- 22 T5))

(pp— uz (PP 73 T5))

(pp— us (PP~ @6 75)))

The result is: v — v — u? = 0.

Example 21. Find the cross-ratic of the lines joining any point on a circle to the vertices of
an inscribed square.

((@'51 1133) (Ul To Ty Ty Z’G)

(pp+ 22 71)

(eqdistant P O A O)

(collinear P B B;)

(collinear P D D)

(c-ratio u; A C By Dy))

The result 1s: u; +1 = 0.

Example 22. Triangle ABC is inscribed in a circle of which DE is the diameter perpendicular
to side AB. If lines DC and EC intersect AB in P and @, find the cross ratio (AB, PQ).

((LE'(} Iy 134) (’li}_ Zo Xz Ty Tg L7 $8)

14



2. Examples Mechanically Solved

D
b D
o
A o B: c Dy ©
A Q B P
E
Fig. 21 Fig. 22

(O (0 ) A (z1 0) B (22 0) C (73 24) D (0 zs) E (0 z6) P (27 0) @ (25 0))
(pp+ 22 21)

(eqdistant C O A O)

(eqdistant D O A O)

(mid-y O D E)

(collinear P D C)

(collinear @ E C)

(c-ratio uy A B P Q))

The result is: w4y +1 = 0.

Example 23. If L, M, and N are the midpoints of the sides BC, CA, and AB of a triangle
ABC respectively. Find the cross ratio L{(MN,AB).

{(561 Ta ms) (Ul T4 Ty Te T7 T3 To L10 xn)
(A (00) B (2, 0)C (22 23) L (22 25) M (26 z5) N (z7 0) P (25 25) @ (210 711))
(mid-x L B C)

(mid-y L B C)

(mid-x M A C)

(mid-x N A B)
(collinear P L A)
(collinear P M B)
(collinear @ L N)
(collinear @ M B)
(c-ratio uy M Q P B))

The result is: g +1 = 0.
Example 24. If P, @, and R are the feet of the altitudes on sides BC, CA, and AB of a
triangle ABC, find the cross ratio P(PR, AB).

((561 Tg 553) (uz Ty Ty Te T7 fb’s)

15



2. Examples Mechanically Solved

C

Fig. 23 Fig. 24

(collinear P B C)
(collinear @ C' A)
(perpendicular A P B C')
(perpendicular B @ C A)
(collinear O P @)
(c-ratio u; O R A B))

The result is: uy +1 =0.

Example 25. Find the relation between the cross ratios of four lines passing through the same
point cut by two different transversals.

((01 Ty Ta T3 Tp Te ﬂl} (U2 Ty Ys Ys T7 Y7 T 3’8)
(O (0o1) A(z10)B (22 0)C (zs 0) D (24 0) A1 (25 ys) B1 (e ys) Ca (z7 y7)
D1 (zs ¥s))

(collinear O A Ay)

(collinear O B B)

(collinear O C Ci)

(collinear O D Dy)

(collinear A; By C1)

(collinear A; By Dy)

(c-ratio uy A B C D)

(c-ratio ug A1 B: Cy D1))

The result is: 4y — u; = 0.

Example 26. If (AB,CD) = —1 and O is the midpoint of CD, find the relation among AC,
AD, AB, and AO.

((z1 72 u1) (U2 T3 24 Ts)

(A (2, 0) B (22 0) C (3 0) D (24 0) O (z5 0))
(c-ratio -1 A B C' D)

(mid-x O C D)

16



2. Examples Mechanically Solved

D1 D O A C B

A
! B: Cy

D/A B \©

Fig. 25 Fig. 26

(x-ratiou; AC A B)
(x-ratio uz A D A O))

The tesult is: uitus — 1 = 0.

Example 27. If (AB,CD) = —1 and O is the midpoint of AB, find the relation among AC,
AD,OC and OD.

(21 5 u1) (U2 T3 T4 zs)

(A (z, 0) B (2, 0) C (23 0) D (24 0) O (25 0))
(c-ratio —1 A B C D)

(mid-x O A B)

(x-ratiou; O D O C)

(x-ratio us A D A C))

The result is: u3 —u; = 0.

Fig. 27 Fig. 28

o
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2. Examples Mechanically Solved

Example 28. A secant from an external point A cuts a circle in C and D and cuts the chord
of contact of the tangents to the circle from A in B. Find the cross ratio (AB,CD).

((zy @3 z4) (u1 5 T6 T7 Ts)

(O (00) A (z1 0) P (x5 0) B (23 ©4) C (25 z6) D (27 23))
(pp— (pp* 73 21) (sq-distance O C))

(eqdistant C O D 0)

(collinear A C' D)

(collinear A B C)

(c-ratio uy A B C D)

non-deg (pp-— =7 @s))

The result is: uy +1 = 0.

Example 29. If (AB,CD) = —1 and O is collinear with A, B,C, D, find the relation among
OBJAB, OC/AC, and OD]AD.

((z1 22 1 u2) (us Tz Za zs)
(c-ratio —1 A B C D)
(x-ratio uy O B A B)
(x-ratio us O C A C)
(x-ratio us O D A D))

The result is: ug + s — 2u; = 0.

Fig. 29 Fig. 30

Example 30. From the tangent point T of two circles Oy and O, two lines are drawn which
cut the two circle in A, B, C, and D respectively. Find the relation among 714, Ty B, T, C,
and 11 D.

((531 T3 T7 uz} (Uz Ty Ty Ts Te Tg T fz@} _
(T, (00) 01 (x1 0) O3 (22 0) A (z3 z4) D (w5 z6) B (27 z3) C (29 Z10))
(eqdistant A Oy Ty Oq)
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(eqdistant B Oy Ty O1)
(eqdistant C O; Ty Oy)
(eqdistant D O, T1 O3)
(collinear A Ty D)
(collinear B Ty C)
(x-ratio wy ATy Ty D)
(x-ratio ug C' Ty Tx B)
non-deg Zo)

The result is: ujts — 1 = 0.

Example 31. Determine the area of a trapezoid in terms of its two parallel sides and its
altitude.

((uy uy us us 21) (k 22)

(A (00) B (uy 0) D (21 ug) C (22 Us))
(pp— us (Pp- 72 71))

(area k A B C D))

The result is: 2k — usus — U us = 0.

Fig. 31 Fig. 32

Example 32. Determine the area of a trapezoid in terms of its four sides.

((uy up us ug) (k 21 25 23)
(distance A D ug)
(distance B C ug)

(pp— us (PP- 22 1))

(area k A B C D))

The result is: (16u2 — 32uy us + 16u?)k? + (ud + 2wy up + v} Juf + ((—2u3 — dus us — 203 ))us — 2u; +
Au?u? — 20 Yud + (v 2uius +ud Jud+(—2ud +4ufud —2uf Jud +uf —2u 13 —u?uf+audud —uiud—

5..5 Flug—ugtus— — g gt tig—qg g+ us—2o
2ubuy + ul = 0; or k2 = —(Latu) (osmuotuaes)lus afe(szzfigu”&ﬁw ta)usFuamvatua)
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Example 33. (The Secant Theorem) Two secants AB and C D intersect in P, find the relation
among PA, PB, PC, and PD.

((11}1 Uy Un ’Ulg) (’U,q Iy I3 134)

(P (00) A (u; 0) B (up 0) C (21 z2) D (@5 z4))
(cocyclic A B C D)

(collinear C D P)

(distance P C ug)

(distance P D uy4)

non-deg (pp— =4 2) (Pp— 3 1))

The result is: usty + U1 = 0 and uzus — uyus = 0.

Fig. 33 Fig. 34

FExample 34. (The Tangent Theorem) A tangent CP and a secant of a circle intersect in P.
Find the relation among PC, PA, and PB.

((z1 w1 ua) (us 25 x5 T4)
(mid-x O A B)
(eqdistant O A O C)
(perpendicular O C P C)
(distance P C u3))

The result is: u2 — uyus = 0.

Example 35. If a quadrilateral with sides a, b, ¢, and z is inscribed in a semicircle of diameter
z, find the relation among e, b, ¢, and z.

((ur us us) (us Z1 T2 T3 Ta Ts Te)

(pp+ @1 22)

(eqdistant C O A O)

(eqdistant D O A O)
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(pp— s (PP— %2 1))
(distance B C us)
(distance C' D ug)
(distance D A uy))

The result is: ud + (—u2 — ul —u?)us + 2usupus = 0 and uf + (—ul —u} —uf)ug —2usugus = 0.

C

Fig. 35

Example 36. Let ABCD be a complete quadrangle inscribed in a circle; R = BD n AC,
Q =BCnNAD,and P = ABNCD. Find the cross ratio (BC,NQ@).

((z1 22 23 T4) (”Lh Ts Te T7 T3 To T1o T11)

(B (0 0) C ($1 0) D (1’2 153) A (934 375} Q (936 0) P (IL’? 378) R 3(121‘9 $10) N (3311 O))

(cocyclic B C D A)

(collinear @ A D)

(collinear P C D)

(collinear P B A)

(collinear R A C)

(collinear R B D)

(collinear R N P)

(c-ratiouy B C N Q)

non-deg (pp— @2 1) (pp— &5 23) (sq-distance D B) (pp— =4 1) (pp— 26 1)
(pp— zs z1) (pp— 211 zy) (pp— 74 T3))

The result is: uy +1 = 0.

Example 37. The same as example 36. Find the cross ratio (AD, MQ).

((331 Ty T3 1‘4) (@51 Ty Tg L7 T3 T9 Ty T11 9712)

(B (0 0) o ($1 0) D (Zt?z 1‘3) A (CL’q 335) Q (-776 O} P (337 55.8) R (Z‘g .’1‘310) M <$11 (E12))
(cocyclic B C D A)

(collinear @ A D)

(collinear P C D)

(collinear P B A)
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(collinear R A C)

(collinear R B D)

(collinear R P M)

(collinear A D M)

(c-ratio u; A D M Q)

non-deg (pp— z4 @2) (PP~ Z11 22) (PP— Z6 z3) (pp— 22 1) (PP T5 T3)
(pp- 211 @1) (PP~ T4 1))

The result is: u; + 1 = 0.

R
Ay

D

M A
P
B C Q
. B1 ) C1

Fig. 37 Fig. 38

Example 38. Determine the area of a triangle in terms of its three sides.

((abc)(kzy22)

(Bl (0 0) Ci ((Z G) A1 (Zl’?l $2>)
(distance A; C; b)

(distance A; By ¢)

(area k Ay By C1))

The result is: 16k% + ¢* + (=20% — 2a%)c® + b* — 20202 +a* =0;0or k2 = (—c+b+a)(c—b+
a)(c+b—a)c+ b+ a)/l6.

Example 39. Determine the altitudes of a triangle in terms of its three sides.

((abe)(hy z1 23)

(B; (00) Cy (a0) Ay (21 22))
(distance 4; Cy b)

(distance A; By c)

(pp— ha 22))

The result is: 4a%h? + ¢* — (20 + 2a?)c® +b* — 2¢?6* + * = 0; or

_ (c«i—b+a)(c+b~a)(c—b+a)(—-c—%—é-i—a),

2
a 4g2
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Al
Ay

B1 H Ch c
Fig. 39 B Fig. 40 '

Example 40. Determine the medians of a triangle in terms of its three sides.

((abc)(mg 1 22 23 T4)

(B; (00)Cy (a0) Ay (21 z2) M (25 24))
(distance A; C; b)

(distance A4; By ¢)

(m}d-x M Cl Al)

(mid-y M C; A;)

(distance By M m,))

The result is: 4m2 — 2¢* + 6% — 24* = 0.

Example 41. Determine the radius of the circumcircle of a triangle in terms of its three sides.

((abc)(er 1 2y 23 24)

(B, (00) C; (a0) Ay (21 z2) D (23 24))
(distance A; C; b)

(distance A; By ¢)

(distance By D e, )

(distance C; D e,)

(distance A; D e, ))

The result is: (¢* — (207 + 2a?)c® + b* — 2a%b? + a*)e? + a’b’c® = 0; or

2h%a?

T le—bra)ctbra)-c+bta)ctb—a)

b

€

Example 42. Determine the radius of the inscribed circle of a triangle in terms of its three
sides.

((abec) (i, ¢1 zy &4 %5 Te T7 Ty To) ‘ v
(A; (00) By (a 0)Cy (21 22) E (24 0) N (a5 z6) D (c 0) M (27 25) I (29 %))
(distance 4; C; b)
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A

B Cy

Fig. 41 Fig. 42

(distance By C ¢)
(pp- b (pp—a 24))
(mid-x N C; E)
(mid-y N C; E)
(mid-x M C; D)
(mid-y M C, D)
(collinear A; I M)
(collinear By I N))

The result is: (4¢c + 4b + 4a)i2 + c® + (=b — a)c® + (=b? + 2ab — a®)c + b® — ab® — a®b + a® = 0;
_ (etb—a)(—ctbta)(c—bta)
- 4(c+b+a) :

2
or i

Example 43. Determine the bisectors of a triangle in terms of its three sides.

((abe) (i, 21 23 T3 T4)

(B, (00) Cy (a0) Ay (21 22) D (23 24))
(distance 4; C; b)

(distance A; By ¢)

(collinear B; A; D)

(eqtangent By C; D D C; Ay)

(distance C; D i,))

The result is: (6% + 2ab + a?)i? + abc® — ab® — 2ab? — a®b = 0 and (b — 2ab + a®)i2 — abc® +

ab® — 2a%b* + a®b = 0; or 42 = ("c+b4£f+{:;b+a)ba and 72 = L= b+(ab)£ca'§f"a be

Example 44. Determine the radius of the nine point circle of a triangle in terms of its three
sides.

((a b C) (’I‘ZT Ty Tg Tz Tg4 &g g T7 Ty $9>

(B, (00)Cy (a0) A; (=) 29) D (23 0) E (24 z5) F (26 27) G (75 70))
(distance A; Cy b)

(distance A; B ¢)

(mid-x D B, Cy)
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Ay

Ax

B1 D €1

B 1
Fig. 43 Fig. 44

(mid-x E A; C1)
(mid-y E A; Cy)
(mid-x F By Ap)
(mid-y F B; Ay)
(distance G D n,)
(distance G E n,)
(distance G F' n,))

The result is: (4c* — (862 + 8a?)e? + 4b* — 8a”b? + 4a*)n} + a®b*c? = 0; or

232 2
9 cha

r e A(—c+b+a)c—bt+a)ct+b—a)ct+bta)

7

Example 45. Determine the length of the Euler segment from the orthocenter to the circum-
center of a triangle in terms of its three sides.

((abc)(ew 1 22 T3 T4 Ts)

(B1 (00) C, (a0) 4; (21 @) D (25 24) E (21 25))
(distance A; C; b)

(distance A; By ¢)

(mid-x D B; Cy)

(eqdistant D By D A;)

(perpendicular E B; A; C1)

(distance £ D ey))

The result is: (c* + (=20 — 2a2)c® + b* — 2a%b% + a*)el + ¢ + (=* — a®)c* + (=b* +3a°b* —
5 s 9 412 6 _ n. 9 _ (54 b2 —a?)et B T L L
at)e? + 8% —a?b* — a*b? +a° =0;0r €] = (c_Ma)(_c+b+a)(c+bja}(c+ba_a> A

Example 46. Find the relation between the distances from the orthocenter to the centroid
and from the circumecenter to the centroid of a triangle.

((xo 51 U}) (Uz Ty T3z Za Ty Te T7 T3 $9)

(B (0 ﬂ) C (ZZJ(} O) A (QE 332} O (333 $4) H (’El 935) ﬁ/ll (33’3 Q) ‘MQ (Eg (L“;?) & (ZES $9})
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Al Al

V("@

D
B
) \/ ) Bl UCI
Fig. 45 Fig. 46

(mid-x M; B C)

(mid-x M, B A)

(mid-y M. B A)
(eqdistant O B O A)
(perpendicular H B A C)
(collinear G A M)
(collinear G C M)
(distance H G uy)
(distance G O u3))

The result is: 2us + w1 = 0 and 2us — uq = 0.

Example 47. Find the relation between the distance from the centroid of a triangle to the
orthocenter and the distance from the centroid to the center of the nine-point circle.

((370 T Hl) (uz Ty Tz Ty Ty Te T7 Ty Ty T1o 3311)

(B (0 O) C (ﬁg 0) A (3]1 372) O (533 33'4) H (ml 315) Afl {(.%3 G) ﬁ/j—g (ﬁ@ fL"z) G (%8 xg)
F (.7)1 0) N (1’10 xn))

(mid-x M; B C)

(mid-x M; B A)

(mid-y M, B A)

(eqdistant O B O A)

(perpendicular H B A C)

(collinear G A M,)

(collinear G C M)

(eqdistant N F N M)

(eqdistant N F N M)

(distance H G uy)

(distance G N uz))

The result is: 4uy — ¢y = 0 and 4uy + 4y = 0.

Example 48. The orthocenter H, the centroid &, the circumcenter O, and the center of the
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Mp

/)

Fig. 47 Fig. 48

nine point circle N of a triangle are collinear. Find the cross ratio (HG,NO).

((3?1 T2 xs) (Ul Tir Tg Ty Tg T7 Ty Ty T1o Ti1 L12 5613)

(A (00) B (2, 0) C (22 z3) M, (24 0) My (x5 z6) M. (z7 z6) N (23 29) O (24 Z10)
G (3311 2712) H (332 3713))

(mid-x M, A B)

(mid—x Mb B C)

(mid-y M, B C)

(mid-x M, A C)

(distance N M, n,)

(distance N M; n,)

(distance N M. 7 )

(eqdistant O A O C)

(collinear A G M,)

(collinear C G M,)

(perpendicular A H B C)

(c-ratio uy H G N O))

The result is: #y +1 = 0.

Example 49. Find the distance from the incenter of a triangle to the circumcenter.

((abc)(rz T T4 Ty Te Ty Tz To Tio T11 T13)
(A; (00) By (a 0) Cy (21 22) E (24 0) N (x5 26) D (¢ 0) M (27 z5) I (2o %10)
O (z11 T12))

(distance A; C1 b)

(distance By C ¢)

(pp- b (pp— @ 24))

(mid-x N C, E)

(mid-y N C1 E)

(mid-x M C; D)

(mid-y M C; D)

(collinear A; I M)
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(collinear By I )
(eqdistant A; O By O)
(eqdistant 4; O C; O)
(distance O I 1))

The result is: (¢®+(b+a)c* — (262 +2a°)c® —(2b° + 2ab® +2a2b+243)¢* + (b* —2a?b? +a* e+ b° +
ab? — 2020 — 263b% + a*b+ a®)r? + ac® — (ab+a?)c® — (ab® —3a’b+a®)c + (2ab® — a?b* —2a°b +
a4)03-(ab4+a2b3-3a3b2—§—a45)62~(ab5—3a2b4+2&353+a452——asb)c—{—abG—agb5—asb4+a4b3 = 0.

Ci

Ci

Ay E

Fig. 49 Fig. 50

Example 50. Find the distance from the incenter of a triangle to its orthocenter.

((abec)(r e @3 s T Te 7 Ts Ty Tio T11)
(A; (00) By (a0) Cy (21 25) E (24 0) N (25 z6) D (c 0) M (27 zs) I (%9 %10)
H (z1 z11))

(distance A, Cy b)

(distance By Cy ¢)

(pp- b (pp— @ 24))

(mid-x N C; E)

(mid-y N C; E)

(mid-x M C; D)

(mid-y M C, D)

(collinear A; I M)

(collinear By I N)

(perpendicular H A; By Cy)

(distance H I 7))

B:

The result is: (¢®+(b+a)e* —(2b% +2a?)c® — (2b° 4 2ab° +2a?b4+20a%)? + (b* — 24?6 +a*)e+ b7 +
ab* — 20263 —2a3b? +atb+a%)r +(b+a)e® +(b? —ab—a?)c® —(26° +ab® —a’b)c? —(2b* -2ab®+2a*b—
a*)cB+(b° —ab* +4a3b* —2a°)c? +(b° —abP+a?bt =203 b3 +aPb)etab® —a?b® +ab® —2a°b7 +a” = 0.

Example 51. Find the distance from the incenter of a triangle to its centroid.

((ab ¢) (r @ Ty Tq Ts Te Ty Ts Ty Tio T11 Ti2 T13 T14 Zis)
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(A; (00) By (a0)Cy (21 22) E (24 0) N (z5 x6) D (c 0) M (27 z5) I (29 T10)
F (xn D) H ($12 1713) G (9514 1615))
(distance A4; C; b)

(distance By C; ¢)

(pp— b (pp— @ 24))

(mid-x N C; E)

(mid-y N C; E)

(mid-x M C; D)

(mid-y M C: D)

(collinear Ay I M)

(collinear By I V)

(mid-x F' A, B;)

(mid-x H A; Cy)

(mid-y H A; Cy)

(collinear G Cy F)

(collinear G By H)

(distance G I 7))

The result is: (9¢? + (185 + 18a)c+ 9% + 18ab+ 9a® )r? —2¢* — (b— 5a)c® + (207 — ab — 4a”)c? —
(6% + ab® — 5ab + a®)c — 2b* + 5ab® — 40282 — a®b + a* = 0.

Fig. 51 Fig. 52

Example 52. Find the distance from the incenter of a triangle to the center of the nine-point
circle.

((CL b C) (T X1 Tg Fs Ty Te Ty Ta To Lio T11 L1z Tz T4 3515)

(Al (0 0) Bl (G, 0) C1 <$1 @2) E (@4 0) N (LE&; LEs) D (C 9) M (337 588) I (xg xig)
F (2, 0)J (z1: 0) H (212 213) P (214 T15))

(distance A; C b)

(distance By C) c)

(pp- b (pp— @ =4))

(mid-x N C, E)

(mid-y N C; E)
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(mid-x M C; D)
(collinear Ay I M)
(collinear By I N)
(mid-x J A4 By)
(mid-x H A; C1)
(mid—y H Al C})
(eqdistant P F P J)
(eqdistant P F P H)
(distance I P r))

The result is: (4¢® + (4b+4a)c* +(—8b% —8a®)c® + (—8D% — 8ab® — 8a2b — 8a®)c? + (4b* — 8a”H? +
4a*)c+4b° +4ab*—8a"b° —8a®b? F4a*b 4403 )r? —cT+(b+3a)c® +(3b* —4ab—3a® ) +(—3b° —3ab’ +
9a2b— a®)ct + (—3b* +8ab® — 5020 —8a®b+5a*)c’ + (3b° —3ab* —5a°0% +11a%b* —a*b—3a®)c® +
(05 —4ab® +9a%b* —8a3b® —a*h? +4a°b—a® Ye—b"+3ab® —3a2B% —albt 1500 —3a%b? —afb+a” = 0.

Example 53. Find the relation of the distance from the circumcenter O of a triangle ABC to
the side AB and the distance from the orthocenter H to the vertex C.

((331 Tz u1) (U2 T3 T4 $5)

(A(00)B (2, 0)C (23 23) O (24 uy) H (22 zs))
(eqdistant O A O B)

(eqdistant O A O C)

(perpendicular A H B C)

(pp— u2 (pp— 23 z5)))

The result is: 1y — 2u; = 0.

H
C
E G
A
0
D
. F
B iR c
A 5 B %
L g s M
Fig. 53 Fig. 54

Example 54. Let ABC be any triangle and ABDE, ACFG any parallelograms described on
AB and AC. Let DE and FG meet in H and draw BL and CM equal and parallel to HA.
Find the relation among area(BCML), area( ABDE), and area( ACFG).

((331 Ty Tg T4 Ty U ”uiz) {ﬂs Ty Tg Ty Tg T1ig T11 T2 T13 Tis Lav xis)
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(B(00)C(z,0)A (29 3) D (24 75) E (76 27) F (28 29) G (210 211) H (212 Z13)
L (3317 3716) M (3718 $16))
(parallel A E B D)
(parallel A B D E)
(parallel A G C F)
(parallel A C G F)
(collinear H G F)
(collinear H E D)
(parallel B L H A)
(parallel B L C M)
(x-ratio1 H A B L)
(area uy B L C)
(area uz A C F)
(area uz A D B)

non-deg (pp— Zs z4) (PP~ Z12 T3) Us)

The result is: usz + g — %y = 0.

Example 55. In a triangle ABC, let p and g be the radii of two circles through A, touching
side BC at B and C, respectively. Find the relation among p, ¢, and 7.

((ZL’} Uy ’UQ) (7‘ Lo Tz L4 335)

(B(00)C (z;, 0) A (22 23) Q (0 u1) P (2 u9) O (24 25))
(eqdistant A @ Q B)

(eqdistant A P P C)

(distance O A 7)

(distance O B r)

(distance O C 1))

The result is: 7% —uyu, = 0.

7

L

\
3

Fig. 55 Fig. 56

Example 56. Find the relation between the area of a quadrangle and the area of the figure
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formed by joining the midpoints of the sides of the quadrangle.

((931 Ty X3 Tg ’ul) (uz Ty Tg Ty Tg Tg Tio L1 51312)
(A (0 0) B (3131 O) C (Qfg 35'3) D (504 335) P (.’EG O) Q (3)7 ZL’g) R ($9 $10) S (3711 (Elg))
(mid-x P A B)

(mid-x Q@ B C)
(mid-y Q@ B C)
(mid-x R C D)
(mid-y R C D)
(mid-x § A D)
(mid-y S A D)
(area u; A B C D)
(area us P Q R 5))

The result is: 2us — 4y = 0.

Example 57. If a quadrangle ABCD has its opposite sides AD and BC (extended) meeting
at W, while X and Y are the midpoints of the diagonals AC and BD, find the relation between
area(WXY) and area(ABCD).

((931 Io T3 T4 Ul) (uy T5 g T7 Ty To xio)

(B(00)C (21 0) D (23 3) A (24 z5) W (26 0) X (27 25) Y (29 %10))
(collinear A D W)

(mid-x X A C)

(mid-y X A C)

(mid-x Y B D)

(mid-y Y B D)

(area uy A B C D)

(area us X ¥ W))

The result is: 4us — uy = 0.

Fig. 57 Fig. 58

Example 58. Let M, NV, and P be points on the sides AB, BC and AC of a triangle ABC. If
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M,, N; and P, are points on sides AC, BA, and BC of a triangle ABC such that MM, || BC,
NN, ||CA and PP, || AB, find the relation between the area( M N P) and area(My NP1 ).

((51?1 Ty T3 T4 Ts uz) (uz Te Ty Ty To T1o T11 3712)
(A(00) B (2, 0)C (22 m3) M (z4 0) Ny (z5 0) N (26 w7) Py (¥s o) P (210 29)
My (211 Z12))

(collinear A C P)

(collinear A C M)

(collinear B C N)

(collinear B C Py)

(parallel M M; B C)

(parallel N N; A C)

(area uy M N P)

(area uy; My Ny P1))

The result is: uy — uy = 0.

Example 59. Let [ be a line passing through the vertex of M of a parallelogram M N P¢) and
intersecting the lines NP, PQ, N@Q in points R, S, Ti. Find the relation among MR, MS,
and MTl .

((uy uy us 71) (ry T, Ty T3 T4 T5 Te)

(M (00) N (u 0) P (us u3) @ (21 us) S (24 ug) R (23 z4) Ty (25 zg))
(parallel M Q@ N P)

(collinear T; Q@ N)

(collinear R N P)

(collinear M T S)

(collinear M R S)

(x-ratior; M Ty M R)

(x-ratio 72 M T3 M S)

non-deg )

The result is: 7o + 71 — 1 = 0.

Fig. 59 Fig. 60
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Example 60. Let A, By, C, and D; be points on the sides CD, DA, AB, and BC of a
parallelogram ABCD such that CA4,/CD = DB, /DA = AC,/AB = BD,/BC = 1/3. Find
the relation between the area of the quadrilateral formed by the lines AA, BB,, CCy, and
DD, the area of parallelogram ABCD.

((% T2 Ul) (UQ Tz T4 s Te T Tg To Tio T11 Ti2 T13 Tig Tis Tis T17 5318)

(A(00) B (z,0) C (25 33) D (24 zs5) C; (w5 0) Dy (w6 z7) Ay (s @3) Bi (% Z10)
Ay (3311 1‘12) B, (2313 3714) Cy (1‘15 z16) Do (217 3318)}

(parallel B C A D)

(x-tatio 3 A B A Cy)

(x-ratio 3 B C B Dy)

(y-ratio 3 B C B D)

(x-ratio3 C D C Ay)

(x-ratio 3 D A D B;)

(y-ratio 3 D A D B1)

(collinear Ay A A1)

(collinear A; B By)

(collinear By B By)

(collinear B, C C1)

(collinear C; C Cy)

(collinear Cy D Dy)

(collinear Dy D Dy)

(collinear Dy A Ay)

(area vy A B C)

(area uy Az By C2))

The result is: 13uq — u; = 0.

Example 61. Let A;, B;, and C; be points on the sides BC, CA, and AB of a triangle ABC
such that BA;/BC = CB;/CA = AC,/AB = r. Find the relation between the area of the
triangle determined by lines AA;, BB, and CC; and the area of triangle ABC.

((931 a2 T Uz) (Uz Ty Ty Ty Ts T7 Ty Ty Lip Ti1 L1z T13 5614)
(A (G 0) B (581 0) C ($2 333) Cj_ (374 G) Al (3’)5 336) Bl (337 378) Cg (zg 33'10} AQ (52711 @12)
B, (5313 1’14))

(collinear B C A;)

(collinear A C By)

(x-ratior A C; A B)

(x-ratior B Ay B C)

(x-ratior C' B; C A)

(collinear A A; C3)

(collinear A A; A;)

(collinear B By As)

(collinear B B; Bs)

(collinear C' C; Ba)

(collinear C' C; Cy)

(area uy A B C)

(area uy Ay B Cy))
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The result is: (7?2 —r 4+ Duy + (—4r? + 47 — Lju; = 0.

C

Ay

Az

Cz

Fig. 61 Fig. 62

Example 62. Let ABC be a triangle with AC = AB. Disa point on BC. Line AD meets
the circumcircle of ABC at E. Find the relation among AB, AD, and AE.

(%1 uy u2) (us T2 T3 T4 Ts Ts z7)
(pp+ 21 22)

(eqdistant A O B O)

(eqdistant £ O O B)

(collinear A E D)

(distance A B u1)

(distance A D uy)

(distance A E ug)

non-deg zs)

The result is: uouz + u? = 0 and usuz — uf = 0.

Example 63. Let R be a point on the circle with diameter AB. At a point P of AB a
perpendicular is drawn meeting BR at N, AR at M, and meeting the circle at Q. Find the
relation among PQ, PM, and PN.

((z1 w1 ug) (us 22 T3 T4 zs)

(O (O 0) A (CC; 0) B (:EQ D) P (373 0) R (%4 $5> M ($3 ’U;;) Q (563 ?,Zg) N {$3 ’{1,3))
(pp+ 22 1)

(eqdistant R O A O)

(collinear N R B)

(collinear A M R)

(eqdistant @ O A O)

non-deg s3)

The result is: u;us — 43 = 0.
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N A

Fig. 63 Fig. 64

Example 64. Let ABC be a triangle. Through A a line is drawn tangent to the circle with
diameter BC at D. Let E be a point on AB such that AD = AE. The perpendicular to B at
E meets AC at F. Find the relation among AE, AB, AC, and AF.

((3»‘1 T3 Ul) (UQ Tg Tg Ty Tp T7 Ty Tg 1710)

(0(00)B(z,0)C (25 0) A (23 z4) D (25 76) E (27 zg) F (29 ¢10))
(pp+ 1 72)
(eqdistant D O B O)
(perpendicular O D A D)
(eqdistant A E A D)
(collinear B A E)
(perpendicular F E A B)
(collinear A C F)
(x-ratio us A B A E)

(x-ratio us A F A C))

The result is: us — uy = 0.

Example 65. Through point F on the circle with diameter AB a tangent to the circle is drawn
meeting the two lines, perpendicular to AB at A and B, at D and E. Find the relation among
OA, DF, EF.

((7" /U,l) (UQ Ty To 3'33)

(O (00) A(r0) B (21 0) F (x5 23) D (r 1) E (31 Us))
(pp+ 21 7)

(eqdistant F O A O)

(collinear D F' E)

(perpendicular O F' D E))

The result is: uyus — 2 = 0.

Example 66. Find the relation among the three lines joining the vertices of an equilateral
triangle to a point on its circumcircle.
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o

Fig. 65

((ug ug) (us To T1 Ty Tz Ty Ts Te)

(O (0 2y) B (25 0) C (23 0) A (0 z4) D (25 z6))
(pp— (pPPA 20 2) 3)

(pp— 2 (PP* o 1))

(pp+ 22 z3)

(pp— 24 (PP* 3 21))

(eqdistant D O B O)

(distance D A uy)

(distance D B us)

(distance D C u3))

The result is: us + g +uy = 0, ug — uy — 4y = 0, tg + 19 — uy = 0, and ug — us +uy = 0.

Example 67. Three parallel lines drawn through the vertices of a triangle ABC meet the
respectively opposite sides in the points X, Y, and Z. Find the relation between area(XY Z)
and area(ABC).

(21 my x4 u1) (Uz T3 Ts Ts T7 zs)

(B (00) C (21 0) A (zy 23) X (24 0)Y (25 26) Z (27 z3))
(collinear Z A B)

(collinear Y A C)

(parallel A X Z C)

(parallel A X BY)

(area uy A B C)

(area us X ZY))

The result is: us — 2u; = 0.

Example 68. The parallel to the side AC through the vertex B of the triangle ABC meets
the tangent to the circumcircle (O) of ABC at C in By, and the parallel through C to AB
meets the tangent to (O) at B in C;. Find the relation among BC, BC; , and B C.

((ZI}; To Uy Ug) (ﬂg X3 Ty Ts g T7 Ty @9)
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Y
B

Fig. 67 Fig. 68

(B(00)C(u 0) A (24 23) O (24 25) By (%6 z7) C1 (25 o))
(mid-x O B C)

(eqdistant O B O A)

(parallel B; B A C)

(perpendicular B; C C O)

(parallel C; C A B)

(perpendicular C; B B O)

(distance B Cy us)

(distance By C uz))

The result is: usus + u? = 0 and uus — uf = 0.

Example 69. CF is the internal bisector of LC; AJ and BK are perpendicular to AF
respectively. Find the cross-ratio (CF, KJ).

((z1 zs ©3) (U1 Ta Ts Te T7 Ts Tg)

(C(00)B(z,0) A (zg z3) F (24 25) K (26 z7) J (zs z9))
(point-line-dis F A C z5)

(collinear F' A B)

(collinear F' C K)

(collinear J F C)

(perpendicular B K F C)

(perpendicular A J I C)

(c-ratiou; C F K J))

The result is: uy +1 = 0.
Example 70. Find the relation among two sides of a triangle, the altitude to the third and
the circumdiameter.

((T Uy ug) (?,ig Ty Tg T3 534)

(A(00) B (2, 0) C (23 wy) O (z3 z4))
(distance A O 7)
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Fig. 69 Fig. 70

(distance B O r)
(distance C O r)
(distance A C uy)
(distance B C us)
non-deg 1)

The result is: usus + 2rus = 0 and usus — 2ru; = 0.

Example 71. A line is drawn through the centroid of a triangle. Find the relation among the
distances of the line from the three midpoints of the triangle.

((z1 22 w1 u2) (Us T3 Ta &5 Te T7 Ts Zg)

(G (00) Dy (21 0) Ey (72 0) Fy (23 0) D (=1 u) E (zg us) F (25 us) A (24 25)
B (z¢ z7) C (28 9))

(mid-x D B C)

(mid-y D B C)

(mid-x F A B)

(mid-y F A B)

(mid-x E A C)

(mid-y E A C)

(collinear A D G)

(collinear B E G))

The result is: us + us + uy = 0.

Example 72. Y is the tangent point of the incircle of a right triangle. Determine the area of
the triangle in terms of AY and CY.

((’LL1 ?1:2) (ug T1 To9 T3 @4)

(B(00)C (z1 0) A (22 z3) T (w1 24))
(point-line-dis I A B z4)
(point-line-dis I A C z4)
(perpendicular B A C A)
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C

Fig. 71

(pp— usz (PP~ 21 1))
(area us A B C)

non-deg z3)

The result is: uz + 11y = 0 and uz — uyup = 0.

Example 73. If p, ¢, and 7 are the distances of a point inside a triangle ABC from the sides
of the triangle, find the relation among p/ha, q/hs, and 7/he.

((371 Ty T3z Uy Uy ) {Us T4 Ts Te T7 Ty To Tio T11 Ti2 Ty3)
(A(00) B (z: 0) C (z2 23) D (24 z5) E (s 7) O (s z9) By (210 211) D1 (%12 213))
(collinear D B C)

(perpendicular A D B C)
(collinear Dy B C)
(perpendicular O Dy B C)
(collinear E A C)
(perpendicular B E A )
(collinear E; A C)
(perpendicular O E; A C)
(pp— (Pp* w1 T3) o)
(x-ratio up, O Dy A D)
(x-ratio us O Ey B E))

The result is: us + us +u; — 1 =0.

Example 74. Find the relation among the two segments into which a side of a triangle is
divided by The corresponding vertex of the orthic triangle and the sides of the orthic triangle
passing through the vertex considered.

((ug uz us) (g T1 T2 T3 T4 7y
(collinear A B F)
(perpendicular C' F' A B)
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A B F B B

Fig. 73 Fig. 74

(collinear A E C)
(perpendicular B £ A C)
(distance F' D us)
(distance E D u4))

The result is: usta + Uity = 0 and ugty — U3 uz = 0.

Example 75. Find the relation among the tangent from a vertex of a triangle to the nine-
point circle; the altitude issued from that vertex, and the distance of the opposite side from
the circumcenter.

((5171 Uy UQ) (’Lig To Ta T4 Ty g T7 T3 .’L‘g)
(B (00) C (21 0) A (z2 uy) Ay (z3 0) By (24 25) Cs (z6 z7) N (25 29) O (23 u2))
(mid-x 41 B C)

(mid-x By A C)

(mid-y B; 4 C)

(mid-x C; A B)

(mid-y Cy A B)

(eqdistant N A; N By)

(eqdistant N A; N Cy)

(eqdistant O B O A)

(pp— (pp* us us) (eqdistant A N N A;)))

The result is: u3 — u1us = 0.

Example 76. The parallels through the vertices A, B, and C of the triangle ABC to the
medians of this triangle issued from the vertices B, C, and A, respectively, form a triangle
A, B,C;. Find the relation between the areas of the two triangles.

((«’El T Ul) (’&’a Yo T3 Ta Ty Te Ty Ti1 Tiz T13 Tig Las 3316}

(B (00) C (2, 0) A (22 ys) Ay (3 0) By (24 25) C1 (%6 27) As (211 312) By (213 T14)
Cy ($15 3116))

(mid-x A, BC)
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(mid-x By A C)
(mid-y B; AC)
(mid-x Cy A B)
(mid-y C1 A B)
(collinear A By Cs)
(parallel A B, B By)
(collinear B Cp Aj)
(parallel B A, C C4)
(collinear C' Ay By)
(parallel C Ay A Ay)
(area uy A B C)
(area uy Ay By Cy))

The result is: us — 3u; = 0.

Example 77. F and F are the middle points of the diagonal of a quadrilateral ABCD. Find
the relation among the six sides of the quadrilateral and EF.

((zo =1 w1 uz us) (Us T2 Tz T4 T5 Ts L7 Ts)

(A (0 O) B (fl?@ 0) C (xl 372) D (333 $4) B (335 ZL‘@) F (337 iﬁg)}

(mid-x E A C)

(mid-y E A C)

(mid-x F D B)

(mid-y ¥ D B)

(pp— uy (sq-distance 4 B) (sq-distance B C) (sq-distance C' D) (sq-distance D A))
(distance D B uz)

(distance C' A us)

(distance £ F uy))

The result is: 4u? + ul +uj — u; = 0.

Example 78. Find the relation among the diagonals of a quadrilateral and the two lines
joining the midpoints of the two pairs of opposite sides of the quadrilateral.
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Fig. 77 Fig. 78

((% Ty Uy Ug Us) (U4 To T3 T4 Ty Tg T7 Tg To T10 %1)
(B (00)C (z0 0) D (1 22) A (23 24) @ (25 0) R (z6 z7) S (ms z9) P (210 #11))
(mid-x @ B C)

(mid-x R D C)
(mid-y R D C)
(mid-x S A D)
(mid-y S A D)
(mid-x P A B)
(mid-y P A B)
(distance B D u;)
(distance A C us)
(distance P R us)
(distance S Q u4))

The result is: 2u? + 2ul — u? —ui = 0.

Example 79. A line through the centroid G of the triangle ABC meets AB in M and AC in
N: find the relation among AN, M B, AM, and NC.

((391 Ty 23 U1) (uz T4 Ty Te Ty Ty To Tyo T11 $12)
(B (00)C (2, 0) A (22 z3) D (z4 0) F (25 w6) G (27 zs) M (z5 z10) N (211 212))
(mid-x D B C)

(mid-x F B A)

(mid-y F B A)
(collinear A G D)
(collinear C' G F)
(collinear A B M)
(collinear A C' V)
(collinear M N G)
(x-ratiou; M B A M)
(x-ratio us N C A N))

The result is: 4o + 2y — 1 = 0.
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D
Fig. 79 Fig. 80

Example 80. Two equal segments AL and AF are taken on the sides AB and AC of the
triangle ABC. The median issued from A intersects EF at D. Find the relation among ED,
FD, AB, and AC.

((333 Uy Uz Us) (g 1 T2 T4 Ty T T7 Ty To 3310)
(F (2, 0) E (22 0) A (0 23) C (24 z5) B (25 z7) A1 (25 29) D (210 0))
(mid-x A F' E)

(collinear F' A C)

(collinear A E B)

(mid-x A; C B)

(mid-y A; C B)

(collinear A A; D)

(pp— w1 (PP~ @10 T2))

(pp— u2 (PP~ %10 21))

(distance A B us)

(distance A C ug))

The result is: usts + u1us = 0 and usug — uruz = 0.

Example 81. The parallels to the sides of a triangle ABC through the same point, M, meet
the respective medians in the points P, ¢, and R. Find the relation among GP/GA, GQ/GE,
and GR/GC.

((% Tg Tz Uy uz) (@’«3 Ty Ty Tg Ty Ty To Tio T11 T12 Tiz P14 Tis Tie xn)

(A(00) B (2, 0)C (x5 z3) F (24 0) D (25 z6) E (27 25) G (x5 z10) M (211 T12)
R (%3 3312) P (%4 %5} Q (56’16 50”17))

(mid-x F' A B)

(mid-x D B C)

(mid-y D B C)

(mid-x £ A C)

(mid-y E A C)

(collinear C' G F)

(collinear A G D)
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(collinear R C F)
(collinear P A D)
(parallel M P B C)
(collinear @ B E)
(parallel M Q A C)
(x-ratio uy G P G A)
(x-ratio uz G Q@ G B)
(x-ratio us G R G C))

The result is: ug -+ s + ug = 0.

A F B

Fig. 81 Fig. 82

Example 82. Given the parallelogram M DO M;, the vertex O is joined to the midpoint C of
MM, . If the internal and external bisectors of the angle C OD meet MD in A and B, find the
relation among M D, M A, and M B.

((331 Ty Ul) (Uz T3 Tq Ty Tg Ty Tz To 1o 5611)
(O (0 0) B (0 361) A (CC'Q O} D (IEg x4) M (@5 336) ]‘/{1 (CE? fL‘g) D1 (ZL’S $9> C ($10 f}l))
(pp+ s 4)

(collinear B A D)

(collinear B A M)

(parallel M M; O D)

(parallel B A O M)

(mid-x C M M)

(mid-y C M M)

(collinear O Dy C)

(x-ratiows M D M A)

(x-ratio up M D M B)

non-deg (pp— s ©3) (PP~ T5 22) ¥s)

The result is: 2 1y — 1 = 0.

Example 83. In the parallelogram ABCD, AL is drawn parallel to BD; find the cross ratio
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A(EC,BD).

((z1 z2 23) (v1 T4 Ts Te T7 T3 Tg)

(A (O 0) B (3’51 O) C (iUg .’;5'3) D (fL‘4 $3) F (3’35 £3) F (1116 .’87) G (.’ES .’Bg))
(parallel A D B C)

(parallel A E D B)

(collinear F' A D)

(collinear F' E B)

(collinear G A C)

(collinear G E B)

(c-ratio u; £ G F B))

The result is: uy + 1 = 0.

A
E D C
C1 By
G
A B
C

. B
Fig. 83 Fig. 84 =

Example 84. If A;, By, and C; are the midpoints of the sides of the triangle ABC, find the
cross ratio A4;(Ci B, AC).

((931 Za 393) (ul T4 Ty Te L7 Ty To T1o P11 5612)
(B (00) C (2, 0) A (23 23) A (24 0) By (25 76) C1 (z7 25) D (39 Zi0) G (211 Z12))
(mid-x A; B C)

(mid-x By A C)

(mid-y B; A C)

(mid-x Cy A B)

(mid-y C; A B)
(collinear G A A;)
(collinear G C; C)
(collinear D A; By)
(collinear D C Cy)
(c-ratious €1 D G CY)

The result is: uqy +1 = 0.

Example 85. With the usual notations for the triangle ABC, if DF meets BE in K, find the
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cross ratio (BH,KE).

((xl Za 933) (Ul T4 Ty Tg T7 g Tg w;o)

(44 (O 0) B (Z’l 0) C (.’l?g .’173) F (3’)2 0) D (.734 335) H (5232 1236) E ($7 Es) K (589 xm))
(collinear D B C)

(perpendicular A D B C)

(collinear H A D)

(collinear K D F)

(collinear K H B)

(collinear £ A C)

(collinear E B H)

(c—ratio u; E K H B))

The result is: 4y +1 = 0.

C C
E E
H D H b
K K
A F B " = B
M M
Fig. 85 Fig. 86

Example 86. The same as example 85. If EF meets BC in M, find (BC,DM).

((931 Ty T3 Te L9 xm) (Ui Tq Ty Ty Ty Ty 51712)

(A (0 0) B (3)1 0) C (.?32 SCs) F (%3 0) D (x4 $5) H ($2 LL"G) E (557 xs) K (Eg @19)
M (xll 3712))

(collinear D B C)

(perpendicular A D B C)

(collinear E A C)

(perpendicular B E A C)

(collinear M E F')

(collinear M B C)

(c-ratio uy C B D M))

The result ist uy +1 = 0.

Example 87. The tangent to a circle at the point { meets the diameter AB, produced, in 17;
find the cross ratio (DT, AB) where Ty D is the other tangent from T} to the circle.
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((% zs) (?’51 Ty Ty Ty Te Ty Ty Ty Z10)
(A (z, 0) B (22 0)0 (00) C (23 24) D (25 z5) T1 (ws 0) A4 (27 z3) By (%9 Z10))
(eqdistant C O A O)

(mid-y O C D)

(mid-x O A B)
(perpendicular T} C' C O)
(collinear A; T1 D)
(collinear A; A C)
(collinear By Th D)
(collinear By C B)
(c-ratio uy By A1 T3 DY)

The result is: ©1 +1 = 0.

A
B
C
D I E
% NES - > BM
Ay
D
F I G
Fig. 87 Fig. 88

Example 88. The sides AB, AC intercept the segments DE, FG on the parallels to the side
BC through the tritangent centers I and . Find the relation among BC, DE, and FG.

((xl T2 ul) (ﬂ2 T3 T4 Ts Te Ty Tg 1o Ti1 xzz)
(B(00)C (z; 0) A (22 23) 1 (x4 25) I (26 z7) D (25 z5) E (z10 z5) F (211 27)
G (3312 $7))

(point-line-dis I A B zs)

(point-line-dis I A C zs)

(perpendicular I B B 1)

(collinear A I Iy)

(collinear A B D)

(collinear A B F)

(collinear A C' E)

(collinear A C' G)

(x-ratio u; B C D E)

(x-ratious B C F G)

non-deg z3)

The result is: uy +1uy — 2 = 0.
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Example 89. A secant through the vertex A of the parallelogram ABCD meets the diagonal
BD and the sides BC, CD in the points E, F and G. Find the relation among AFE, AF, and

AG.

((xl Ty T3 U1) (Uz Ty Ty Te T7 Lo éb’m)

(A (00) B (21 0) C (22 w3) D (24 235) E (25 x6) F (27 z3) G (29 Z10))
(parallel A D B C)

(collinear E B D)

(collinear G C' B)

(collinear A E F)

(collinear A F' G)

(x-ratiou; A E A F)

(x-ratious A E AG)

non-deg zs &7 o)

The result is: wy + 4y — 1 = 0.

C
G
D
F C
/\A2
A B
Ci

P \
B \
A B A1

Fig. 89 Fig. 90

Example 90. In figure 90, find (BC, A1 4,).

((z1 x2 23 T4 5) (U1 Zs T7 Ty To Tio T11)

(B (00) C (z; 0) A(zy 23) P (z4 25) A; (26 0) By (27 25) C1 (To T10) A2 (211 0))
(collinear A P A;)

(collinear By A C)

(collinear B; P B)

(collinear C; A B)

(collinear C; P C)

(collinear By C; Aj)

(c-tatio uy C B Ay Ay))

The result is: uy +1 = 0.

Example 91. From a point P on the line joining the two common points A and B of two
circles (O) and (0,) two secants PCE and PFD are drawn to the circles respectively. Find
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the relation among PC, PE, PF,and PD.

((371 T3 L7 Uy Uz Us) (U4 Ty Tq Ty Te Ty Lo xm)

(A (O O) B (.’El O) P (@’2 0) FE (5133 CZ?4) C (335 336) F {337 Zg) D ((L‘g 51310))

(cocyclic A B C E)

(cocyclic A B F' D)

(collinear P C E)

(collinear P F' D)

(distance P C uy)

(distance P E uy)

(distance P F us)

(distance P D uy)

non-deg us4 1 T2 T4 Te Tz T10 (pp- 5 x3) (PP~ %o z7) (pp— us us3) (pp+ uz ua)
(pp— @3 @2) (PP~ s T2) (PP~ 27 z3) (PP~ Ty T2))

The result is: usus + vy = 0 and ugus — w1tz = 0.

Fig. 91 Fig. 92

Example 92. Let D and E be two points on two sides AC and BC of triangle ABC such that
AD = BE. F = DEN AB. Find the relation among F'D, AC, EF, and BC.

(22 4 w1 u2) (Us T3 T5 Te T7 zs)

(A (00)C (uq 0) B (22 z3) D (24 0) F (25 z¢) E (27 23))
(collinear A F' B)

(collinear C' B E)

(collinear D F E)

(eqdistant A D B F)

(x-ratiou; F' D E F)

(distance B C up)

non-deg (pp- s 21) (PP- &7 T5) 3)

The result is: uytus — us = 0 and uyus + ug = 0.

Example 93. [ and I, are the two tritangent centers. Find the cross ratio (AD,I1).
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((z1 z2 z3) (7 24 @5 Te 27 zg)

(B (00) C (21 0) A (22 z3) I (34 25) D (256 0) I (z7 zs))
(point-line-dis I A B z5)

(point-line-dis I A C z5)

(collinear A I D)

(collinear A I Iy)

(perpendicular B I B I1)

(c-ratior A D I I1))

The result is: r+ 1 = 0.

A

I1 E

Fig. 93 Fig. 94

Example 94. Let D be the intersection of one of the bisectors of LA of triangle ABC with
side BC, E be the intersection of AD with the circumcircle of ABC'. Find the relation among
AB, AC, AD, and AE.

((uy uz us) (ug T1 T3 T3 T4 zs)

(A (00) C (1 z2) C1 (21 w3) B (24 25) D (w 0) F (us 0))
(pp+ 23 22)

(collinear A Cy B)

(collinear B C D)

(cocyclic A B E C)

(distance A B us)

(distance A C uq)

non-deg z; Z3)

The result is: usts + uius = 0 and ugus — s = 0.

Example 95. In a cyclic orthodiagonal quadrilateral, find the relation between the distance
of a side from the circumcenter of the quadrilateral and the opposite side.

{(ﬁi T2 Ul) (Uz T3 T4 Ty Ts L7 zs)
(A(00)C (2, 0) B (22 z3) D (23 24) O (z5 x5) P (27 z3))
(eqdistant O A O C')
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(eqdistant O A O B)
(eqdistant O A O D)
(mid-x P A B)
(mid-y P A B)
(distance P O uy)
(distance C' D uy)
non-deg (pp— 24 T3))

The result is: ug — 2u; = 0 and uy + 2u; = 0.

D

Fig. 95 Fig. 96

Example 96. If a quadrilateral is both cyclic and orthodiagonal, find the relation among the
two opposite sides and the circumdiameter of the quadrilateral.

((xl Uy UQ) (U3 Ty T3 Tg Is 336)

(A(00)C (2, 0) B (22 23) D (22 z4) O (25 26))
(eqdistant O A O C)

(eqdistant O A O B)

(eqdistant O A O D)

(distance A B uy)

(distance C' D u3)

(distance O A uy)

non-deg (PP* T4 T3))

The result is: u2 + u2 — 4uf = 0.

Example 97. The lines AP, BQ, CR through the vertices of a triangle ABC parallel, respec-
tively, to the lines OA;, OB; and OC joining any point O to the points A;, By and C4 marked
in any manner whatever, on the sides of BC, CA and AB meet these sides in the points P, ¢,
R. Find the relation among OA, /AP, OB;/BQ and OC,/CR.

((% Ty &3 Tg Ty Tig U Uz) (us Ty Ty To T11 T12 13 Tig Lis $16>
(A (0 O) B (331 0} C (332 $3) O ($4 .’Eg) Cl (@5 G) A; (xg xg} Bl ($19 3511> R (xw O)
P (3?13 $14) ¢ (9335 $16)>

Wt
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(collinear P B C)
(collinear A; B C)
(collinear @ A C')
(collinear By A C)
(parallel A P O Ay)
(parallel B @ O By)
(parallel C' R O C)
(x-ratio u; O A; A P)
(x-ratio ug O B B Q)
(x-ratio uz O C; C R)
non-deg 13 (pp— s =4) (PP~ Zs z4) (PP~ T10 Ta))

The tesult is: ug + 2 +u; — 1 = 0.

Q
C
P
P
B1 Al
M
A B
O
A C1 B R R
Fig. 97 Fig. 98

Example 98. The circumdiameters AP, BQ and CR of a triangle ABC meet the sides BC,
CA and AB in the points K, L amd M. Find the relation among KPJ/AK, LQ/BL, and

MRJAM.

((931 Uy ’Mz) (U3 Ty X3 Ty Ty Te T7 Tg Tg Tio 11 Tiz 13 Tig 51715)

(O (00) A (z; 0) P (2, 0) B (23 z4) Q (25 z6) C (27 zs) R (zg T10) K (211 0)
M (3712 5513) L (3?14 $15>)

(mid-x O A P)

(eqdistant B O A O)

(mid-x O B Q)

(mid-y O B Q)

(eqdistant C O A O)

(mid-x O C R)

(mid-y O C R)

(collinear X' B C)

(collinear M A B)

(collinear M O C)

(collinear L A C)
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(collinear L O B)

(x-ratio uy K P A K)

(x-ratio us L Q B L)

(x-ratio us M R C M)

non-deg (pp— %11 z3) (PP~ %11 z1) (PP~ %14 zs5) (PP~ 14 z3) (PP~ Z12 o)
(pp— 212 27) (PP- 27 z1) (PP~ %3 T1) T4 Ts (pp~ 27 23))

The result is; us + us +u; — 1 =0.

Example 99. Find the relation between the cross ratios (AB,CD) and (AB,DC).

(%1 22 23 uq) (ug Z4)

(A (1 0) B (22 0)C (z3 0) D (24 0))
(c-ratiou; A B C D)

(c-tatio ug A B D C))

The result is: uiug — 1 = 0.

Fig. 99 Fig. 100

Example 100. Find the relation between the cross ratios (AB,CD) and (AC,BD).

((931 Ty T3 ul) (Uz 534)

(A (z1 0) B (22 0) C (23 0) D (24 0))
(c-ratio uy A B C D)

(c-ratio us A C B D))

The result is: uwy +u; — 1 =0.

Example 101. Find the relation between the cross ratios (AB,CD) and (AC, DB).

((z1 @2 23 w1) (U2 Ta)

(A (z, 0) B (22 0) C (23 0) D (4 0))
(c-ratio us A B C D)

(c—ratio us A C D B))
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The result is: (u; — Ljus +1 = 0.

Fig. 101 Fig. 102

Example 102. Find the relation between the cross ratios (AB,CD) and (AD, BC).
((z1 @2 23 uy) (U2 Z4)
(c-ratio u; A B C D)
(c-ratio us A D B C))

The result is: w14 — u; +1 =0.

Example 103. Find the relation between the cross ratios (AB,CD) and (AD,CB).
((951 Ty T3 ?11) (% $4)
(A (z; 0) B (25 0) C (23 0) D (24 0))
(c-ratiou; A B C D)
(c-ratio u3 A D C B))

The result is: {(#; — 1)us —uy = 0.

Example 104. Find the relation between the cross ratios (AB,CD) and (BA, DC).
((z1 22 3 uy) (us 2y
(A (z, 0) B (25 0) C (23 0) D (24 0))
(c-ratio u; A B C D)
(c-ratio us B A D C))

The result is: 4y — uy = 0.

FExample 105. Determine the radius of a circle by the four sides of an inscribed quadrilateral.

((uy ug us g) (7 71 T2 T3 Ta 5 Zg )

(A (0 G) B (\?!/g G) C (Qf} 332) D {.,’L‘g Z’4) O {335 33'6))
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Fig. 103 Fig. 104

(distance B C uy)
(distance C D wug)
(distance D A u4)
(mid-x O A B)
(distance A O r)
(distance C O 7)
(cocyclic A B C D)
non-deg 3 s)

The result is: (uf — (2u2 + 202 + 2ud)ul — Busususua + u3 — (23 + 2u)ul + vy — 2uiul +
ud)r? + uyusuaud + ((uf +uf)ui + w2u)u? + (uyugud + (uud + udusJus)us + viuiui = 0 and
(ul — (202 + 2ud + 20} Juj + Buy usUugUs + U3 — (202 4 202 )ud + uf — 2ufud 4+ ui)r® — uyugusul +
((u2 + u2)ud + vud)ui — (ugugud + (urud + ufvsJus)us + uw?uiu} = 0; or

22— (usua + w1t )(Usta + Uy uz)(t1 s + UsUs)
(ug + ug — Uz + Uy )(—ua + us + vy + uy )(ug — uz + Uz + g (g + us + vz — uy)

and

2= (U:«z%; - Uiuz)(uz%q - ulu3)(ulu4 - Uzus)
(s + s — ty — 1y )(us — s — g + 1 (s — ug + g — w1 )(Ua + Uz + Uz + uy)

Example 106. Determine the diagonal of a quadrilateral inscribed in a circle by its four sides.

((uy us us us) (Us T1 Ty 23 Ty)

(A (00) B (u1 0) C (1 z3) D (25 24))
(distance B C uy)

(distance C' D us)

(distance D A uy)

(distance A C us)

(cocyclic A B C D)

non-deg us Tz T4)
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D
C
c D
o
A B A B
Fig. 105 Fig. 106
The result is: (usty + uius)ui — urusul + ((—ul — wi)us)uy — uruoui = 0 and (usus —

2
—_ (usustusus{uiustusua)

(vaugtuiuz) and

wun)ul + wusul + ((—uj — ui)us)ua + upugul = 0; or ui =

9 _ (ujus—uzus)(ugus—uits}
Uz = .
5 (u1u2—-uau4)

Example 107. Determine the area of a quadrilateral inscribed in a circle by its four sides.

((u1 ug us ua) (k 21 T3 T3 Ta)
(distance B C uy)

(distance C' D us)

(distance D A ug)

(cocyclic A B C D)

(area us A B C D)

non-deg us T3 T4)

The result is: 16k% +ud +(—2u? — 2ud —2u? )ud — Suy ususus +uf +(-2u3 —2u? Yul +ud —2uiuj+
ut = 0and 16k% +ui+(—2u3 —2u3 —2u} Jui +8us usUsls +u§—§-(—2u§~—2u§)@z§+u§—2u§u§+u§: =
0: or 16k? = (ta + uz — ug + Uy )(—Ua + uz +uz + )ty — us + us + g ) (e + us + Uy — uy ) and
16k? = (ug — uz + U2 — Uy )(—ua + us + us — uy )(us + us +us + wy (s + us — Uz — Uy ).

Locus Problems

Example 108. Two vertices of a triangle ABC move on two fixed lines LM and LN and the
three sides pass through three fixed points O, P, ¢ which lie on a right line. Find the locus of
the third vertex.

((uy g us ug Us Us Uy z) (y 1 y1 T2 Y2)

(0 (00) P (us 0) Q (uz 0) M (us 0) V (us 0) L (us us) A (z y) B (z1 v1)
C (25 92))

(collinear O B C)

(collinear L B M)

(collinear L C' )

Lt
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Fig. 107 Fig. 108

(collinear A P B)
(collinear A Q C)
non-deg (pp— %1 us))

The result is: ((ugus — uotuz)us + ((uz — g YUz — Uy Ug )Ug + Uy Ut )y + (=1 vy + ugts)us )T +
(((~us + Uy YUz + Uy Uz )Usg — g Usug )ug = 0.

Example 109. The locus of a point P from which two orthogonal tangent lines to an ellipse
can be drawn is a circle.

((ad z) (Y 1 Y1 T2 Y2)

(P (zy) Ti (z1 91) T2 (22 32))

(pp- (pp+ (Pp* @ @ =1 21) (PP* b b Y1 v1)) 1)
(pp- (pp+ (pp* @ a z 21) (ppx bbby 11)) 1)
(pp- (pp+ (PP* @ a 27 z5) (ppx b b Yo y2)) 1)
(pp- (pp+ (PP* @ @ T z5) (PP* b by ¥2)) 1)
(perpendicular P T, PT5)

non-deg (pp— 2 1) (PP~ ¥2 Y1)

The result is: a?b?y? + a?b?2? —b* —a®> = 0.

Example 110. The locus of the middle points of chords, parallel to a given line of a conic is
a straight line.

(kabz) (yz 21 41 T2 Y2)

(I (z1 91) Lo (22 92) M (2 y))

(pp— (pp+ (pp* @ a @1 1) (pp* b b 41 91)) 1)
(pp- (pp+ (Pp* @ @ @3 z3) (PP* b b 12 12)) 1)
(pp+ y1 (pp* k 21) 2)

(pp+ y2 (pp* K z3) Z)

(mid-x M I I,)

(mid-y M I, L)

non-deg (pp— 2 z1) (PP~ 92 1))
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T2

T1 M

Fig. 109 Fig. 110
The result is: kb*y — a’z = 0.

Example 111. The locus of the center of rectangular hyperbolas passing through points Ay,
Bi, C1 is the nine point circle of triangle A; B1Ch.

((mo &1 y1 @) (y a bc)

(A; (00) By (%0 0) Cy (21 1) P (= y))

(pp+ (pp* u1 91) (Pp* —1 21 @1) (pp* @ z1 31) (PP* b 1) (PP* € 91))
(pp+ (pp* —1 @0 o) (PP* b o))

(pp+ (pp* —2 z) (pp* a y) (pp* b))

(pp+ (pp* 2 ¥) (pp* @ ) (pp* ¢)))

The result is: 2y15% + (=92 + 22 — 2o21)y + 2y12% + ((—221 — To)p1 )T + ToT1tn = 0.

Ci1 F

Fig. 111 Fig. 112

Example 112. Let ABC be a triangle and D be a moving point. From D three perpendicular
lines are drawn to the three sides of the triangle ABC. Let the feet be E, F, and G. If the
area of the directed triangle EFG keeps constant, what is the locus of point Dz
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((ug uy u2 us z) (y 21 T2 T3 T4)

(A (00) B (uy 0)C (uy ug) D (zy) G (z0) F (21 22) E (25 34))
(collinear F' A C)

(perpendicular D F' A )

(collinear E B C)

(perpendicular D E B )

(area uo E F G))

The result is: wiudy? + (—uiuf + (—uud + ufu)ui)y + wudz? — wiude + 2uouj + (duoui —
2
Auguyug + 2uoud)ud + 2ugud — duguyul + 2uouiug = 0.

Example 113. Three similar isoceles triangles, 4, BC, AB,C, and ABC, are erected on
the three respective sides, BC, CA, AB, of a triangle ABC, then AA,, BB, and CC, are
concurrent. Find the locus of the points of concurrency as the areas of the three similar triangles
are varied between 0 and infinity.

((ug up uz ) (Y T2 &1 24 z3)

(A(00) B (u10)C (us us) O (2 y) C1 (22 1) B1 (24 73))
(collinear C; O C)

(eqdistant C; A C; B)

(collinear By O B)

(eqdistant By A B, C)

(eqtangent B A C; A C By))

The result is: ((2ug — u1)ua)y? + (=223 + 243 — 2uyuy + 2u )z + wud — uiud — uiug)y +
((—2us + up Yug )z® + ((2urus —~ u?ug)z = 0.

B1

C1
Fig. 113 Fig. 114

Example 114. Links CD, AC, AB and BD have equal length, as do links PB and PC. The
length of OD equals the distance from P to O. The locations of joints P and O are fixed points
on the plane, but the linkage is allowed to rotate about these points. As it does, what is the
traces of the joint A?

((rmny) (22 41 T2 Y2)
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(0 (00) P (r0)C (22 9:) D (z13) A(zY))

(distance O D 1)

(pp- (sg-distance C' D) (pp* n n) (ppx m m))

(pp— (sq-distance C A) (pp* n n) (ppx m m))

(pp- (sq-distance P C) (ppA (pp+ n 7 7) 2) (pp* m ™))
(collinear P D A)

non-deg (pp— 21 2))
The result is: z + 2n + 7 = 0.

Example 115. A bar AB slips on a wall OB. Find the locus of a point € on AB.

((ur uz @) (y 21 91)
(4 (z: 0) B (& 4) C (03)
(distance A B u,)
(distance C' B u1)
(collinear A C' B))

: cn 22002 2.2 202
The result is: ufy® + usz” — uju; = 0.

D1

A ' B1

Fig. 115 Fig. 116

Example 116. (The Four Bar Linkage) As in Figure 116. The link A; B; is fixed. Link A1 D,
can rotate around the joint A;. As it does, what is the locus of joint M7

((p rsa bed SC) (y Cosa Sina Cosh Siny T1 Y1 T2 3}2)

(A; (00) By (p0) Cy (21 y1) Di (22 yo) M (z y))

(distance Cy Ay 1)

(distance Dy Bi s)

(distance Cy D ¢)

(distance C1 M b)

(distance Dy M a)

(PP“ T3 (Pp' Z (PP* b Cosa}))

(pp~ 11 (PP~ ¥ (PP* b Sina)))

(pp— 2 (Pp— @ (PP @ (PP~ (PD* Cosa Cost) (PP* Sina Sins)))))
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(pp- 2 (PP~ ¥ (PP* @ (DP+ (PP* Cosa Sins) (PP* Sina Coss)))))
(pp— (Pp+ (PPA Sina 2) (PPA Cosa 2)) 1)
(pp— (pp+ (PPA Sins 2) (PPA Coss 2)) 1))

The result is: the locus is described by a polynomial equation of degree 6.

Example 117. (Cayley) In the four bar linkage, if two bars BD and C'D have an equal length.
Find the locus of the middle point of the coupler.

((ug uy ) (y 21 T2 23 T4)

(A (00) B (u 0) C (21 22) D (23 34) P (z y))
(distance A C uy)

(distance C' D uz)

(distance D B uz)

(mid-x P C D)

(mid-y P C D)

non-deg (pp— 21 u1))

The result is: 16y* + (3222 — 16usz — 4uj — 12u])y® + 162% — 16uz® + (—4ud — 12ui)e® +
(—duyud + gud)z — uiul + 4u?} = 0.

[

Fig. 117 Fig. 118

Example 118. Find the locus equation of the centroid G of a triangle ABC when the side
ADB is fixed and the point C is moving on a circle passing through A and B.

((uy up @) (¥ 1 T2 T3 24 Ts)
(pp+ 21 u2)

(eqdistant C' O A O)
(mid-x D A C)

(mid-y D A C)

(collinear G C E)

(collinear G D B))
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The result is: y = 0 and 9y — 6uyy + 92° — u2 = 0.

Example 119. Find the locus equation of the orthocenter H of a triangle ABC when the side
AR is fixed and the point C is moving on a circle passing through A and B.

((u1 up @) (Y 21 @2)
(E(00)0 (0u) A (u 0) B (21 0)C (z a2) H (2 y))

(pp+ =1 us)
(eqdistant C' O A 0)
(perpendicular A H B C))

The result is: ¥ + 2wy + 2% —u5 = 0.

Fig. 118 Fig. 120

Example 120. Find the locus equation of the center of the nine point circle N of a triangle
ABC when the side AB is fixed and the point C is moving on a circle passing through A and
B.

((uy us ) (y &1 22 T3 T4 Ts)

(E(00)0 (0w) A(u2 0) B (2, 0) C (22 23) F (22 0) H (z4 z5) N (z y))
(pp+ @1 u2)

(eqdistant C O A O)

(mid-x H A C)

(mid-y H A C)

(eqdistant N E N F)

(eqdistant N E N H)

non-deg 2 )

The result is: 4y? + 42? — uf —uf = 0.
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