Notes on Wait-Free Spans

John Havlicek University of Texas at Austin havlicek@cs.utexas.edu

September 22, 1998

0. Introduction A number of key results in the theory of asynchronous, fault-tolerant computation of generalized consensus problems (known as decision tasks) are, at heart, topological. There is a developing body of research in this area that exploits the language and tools of combinatorial and algebraic topology.

The seminal papers [FLP, BMZ] assume an asynchronous message-passing model and require that protocols tolerate a single crash failure. In this context, the geometry of the tasks and protocols is essentially one-dimensional and can be adequately expressed by graphs, such as the “adjacency graphs” in [BMZ]. The important topological property for understanding computability in this setting is connectedness.

More recent work [B, BG1-3, GK, HR1-3, HS1-3, SZ] assumes an asynchronous read-write shared-memory model, with some form of atomic snapshot reads, and expects tolerance of more than just a single crash failure. A protocol that solves a decision task regardless of any pattern of crash failures by up to f processes is called f-resilient, and a protocol that is n-resilient in a system of n + 1 processes is called wait-free.^1 By using Borowsky-Gafni simulation [BG2, B], the question of f-resilient solvability of a decision task can in many cases be reduced to the question of wait-free solvability of essentially the same task in a smaller system. Thus, the theory of wait-free computation is of considerable significance.

Herlihy and Shavit [HS1, HS2] introduced a framework for describing and reasoning about solvability of decision tasks that uses simplicial complexes from combinatorial and algebraic topology. A decision task is specified by a triple (I, O, Δ), where I and O are the complexes of inputs and outputs, respectively, and Δ is the relation that associates to each input configuration the collection of output configurations that are satisfactory under the task. Strictly speaking, I and O are combinatorial objects, but they are naturally associated with topological spaces |I| and |O| of dimension one less than the number of processes in the system. The complexes are “dual” to the adjacency graphs in [BMZ] and provide the flexibility

1Due to asynchrony, a crash is indistinguishable from a severe delay, so a protocol tolerating failure by up to all but one process is “wait-free” in the sense that a non-faulty process can and will finish without waiting or blocking due to the delay or failure of other processes.

to represent configurations of any positive number of processes.

The Asynchronous Computability Theorem (ACT) of Herlihy and Shavit [HS2] shows that simplicial complexes also provide the “right” topology for studying waitfree solvability of decision tasks. Loosely, the theorem says that (I, O, Δ) admits wait-free solution if and only if there is a suitable continuous map f : |I| → |O| that respects the relation Δ. In slightly more precise terms, the necessary and sufficient condition is that there exist a subdivision χ(I) that respects process identifiers and a simplicial map μ: χ(I) → O that respects both process identifiers and the relation Δ. The map f can be taken as |μ| when |χ(I)| is identified with |I|.^2 While connectedness is still important in understanding computability, the existence of f also depends on higher-dimensional topological properties.

In order to prove the ACT, Herlihy and Shavit introduce an auxiliary complex, the protocol complex , whose topology captures the capabilities of the protocol. The protocol complex P(I) is the simplicial complex of configurations of final views of finishing processes in all possible executions of the protocol with input configurations from I. If the protocol solves the task, then there is a simplicial map δ : P(I) → O that respects process identifiers and the task relation. The map δ simply maps finishing processes to their output values. The proof of the necessary condition of the ACT assumes, without loss of generality, that the protocol records full information. It is shown that, for a fine enough subdivision χ(I), there exists a simplicial map φ: χ(I) → P(I) that respects both process identifiers and, in an appropriate fashion, carriers of the subdivision. Herlihy and Shavit call such a map φ a span. The map μ can then be obtained as the composition δ ∘ φ. Thus, the necessary condition of the ACT is a corollary of the existence of spans.

The proof of sufficiency relies essentially on Borowsky and Gafni’s clever Participating Set Protocol [BG1] for solving the simplex agreement task. This protocol serves as a “universal” protocol for wait-free decision tasks, and the existence of the map μ allows specialization of the universal protocol to the task at hand.

The necessary condition of the ACT can be used to prove impossibility results for solution of Chaudhuri’s set consensus task [Ch] and Attiya et al.’s renaming task [At+]. Such proofs can be found in [HS1, HS3], although it should be noted that independent proofs of impossibility results for solution of the set consensus task appear in [BG2, SZ].

These notes prove the existence of spans for wait-free full-information protocols and apply spans to obtain impossibility results for solution of the set consensus task. They are intended to make the theory accessible to the motivated reader having no prior experience with combinatorial or algebraic topology. The proofs are based on the exposition in [HS1, HS2, HS3] and are the result of my effort to understand these papers. I have modified much of the notation and made great efforts to improve the clarity of the arguments. In order to estimate my success, the reader should make an earnest effort to understand [HS1, HS2, HS3] before studying the notes!

Section 1 is a leisurely introduction to some topology that should give the reader enough context to understand the simplicial complexes used to reason about computability. Homotopy is introduced because the proof of the existence of a span uses homotopy criteria to show that the span can be built up inductively. The details

2A simplicial map φ : K → L is associated naturally to a continuous, piecewise-linear map |φ| : |K| → |L|.

of polyhedra and subdivisions can be skipped over as long as the reader gains an intuitive grasp of the concepts, including the notion of carrier.

Section 2 sets down the details of the computation model and the decision tasks. The simplicial complexes associated to tasks and protocols are introduced and some of their elementary properties are proved. This section is probably much too long, but I have tried to leave no gaps in the presentation.

Section 3 covers the heart of the matter: the proof of the existence of spans and application to the set consensus task. Subsections 3.1 through 3.5 tell most of the story. The presentation is simplified by ignoring the chromatic requirement that spans respect process identifiers, and it turns out that non-chromatic spans are enough for the applications to set consensus. Subsections 3.6 through 3.9 cover details to arrange that the spans respect process identifiers. This latter material can safely be omitted on first reading. It would not be unreasonable to claim that Theorem 3.8.2 is original. Subsection 3.8 clarifies and proves a claim whose treatment in [HS1] is confusing, with only brief justification, and that has, to my knowledge, been addressed nowhere else.^3

1. Some Topology These notes are intended to be accessible to a motivated reader with little or no experience in topology. This section introduces in a leisurely way some of the topological material that will be used. There are many examples and exercises to help the reader build familiarity and intuition. We do not deal with issues of general topology. Rather, we regard all topological spaces as subsets of R^d , for various d, topologized with the Euclidean metric. Most of the facts imported from topology are cited without proof. The reader wishing to move on quickly can skip all the proofs and read Subsections 1.3, 1.5, and 1.7 lightly.

1.1 Continuity and homeomorphism; disks and spheres. All topological spaces will be understood to be subsets of R^d , for various d, with topologies induced by the Euclidean metric (i.e., distance function). We write ||x|| for the norm of a point x ∈ R^d . If x = (x_1, . . . , x_d), then

||x|| = (_d ∑ i=1 x^2_i )_{1/2} . The Euclidean metric is the distance function dist(x, y) = ||x − y|| , which should be familiar from multi-variable calculus.

Let X ⊆ R^m and Y ⊆ R^n . Continuity of a function f : X → Y is defined as in calculus: f is continuous if and only if

lim_{x→a} f(x) = f(a) (∗)

3See Section 4 of [HS1], in particular Definition 4.1 and the wait-free case of Theorem 4.8.

for every a ∈ X. Explicitly, (∗) means that for any real number ε > 0, there exists a real number δ > 0 such that x ∈ X and ||x − a|| ≤ δ imply ||f(x) − f(a)|| ≤ ε . The first norm is in R^m , while the second is in R^n . Continuity is usually the minimum requirement for a function to be of topological interest. Continuous functions are often referred to as continuous maps, or simply maps. Compositions of maps are maps, and the identity function from a space X to itself is a map.

A map f : X → Y is called a homeomorphism if (1) f is bijective, and (2) the inverse f^{−1} : Y → X is also a map. In this case X and Y are said to be homeomorphic. It is easy to see that homeomorphism defines an equivalence relation. Homeomorphism is the standard notion of “topological equivalence.”

Example 1.1.1: For a ∈ R^d and r > 0, let B^o_r (a, R^d ) = {x ∈ R^d : ||x − a|| < r} . B^o_r (a, R^d ) is called the open disk in R^d with center a and radius r. (If R^d is understood, it may be dropped from the notation.) Assume also that a^′ ∈ R^d and r^′ > 0. Consider the function f : B^o_r (a, R^d ) → B^o_r′ (a^′, R^d )

defined by f(x) = (r^′/r)(x − a) + a^′ . (†) The reader can easily check that f is a homeomorphism. This shows that any two open disks in R^d are homeomorphic. It is a much more subtle fact, sometimes referred to as the topological invariance of dimension, that for d ≠ d^′, an open disk in R^d is not homeomorphic to any open disk in R^{d′} .

Example 1.1.2: One may also consider closed disks in R^d : for a ∈ R^d and r > 0, let B_r(a, R^d ) = {x ∈ R^d : ||x − a|| ≤ r} . Using formula (†), one sees that any two closed disks in R^d are homeomorphic. It is also true that if d ≠ d^′, then B_r(a, R^d ) is not homeomorphic to B_r′ (a^′, R^{d′} ). Let S_r(a, R^d ) = {x ∈ R^d : ||x − a|| = r} . S_r(a, R^d ) is the sphere of radius r centered at a. Formula (†) shows that two such spheres in R^d are homeomorphic. The “dimension” of S_r(a, R^d ) is d − 1, which should be intuitively reasonable from geometric examples when d = 2 or 3. Notice that S_r(a, R^d ) = B_r(a, R^d ) − B^o_r (a, R^d ) ,

and it is natural to think of S_r(a, R^d ) as the boundary sphere for the closed disk B_r(a, R^d ). (For the reader who knows some point-set topology, the sphere with center a and radius r is the point-set boundary in R^d of both the open and the closed disks in R^d with the same center and same radius. For the reader acquainted with manifolds, the sphere is the boundary manifold of the closed disk.)

Figure 1: Several 1-spheres.

It turns out that closed disks are more convenient than open disks for the applications in these notes. We say that a space B is a d-disk if B is homeomorphic to B_r(a, R^d ) for some (and hence any) choice of a ∈ R^d and r > 0. We write ∂B for the subset of B that corresponds, under the homeomorphism, to the boundary sphere S_r(a, R^d ) and call ∂B the boundary (d − 1)-sphere of B. It can be shown that this definition of the subset ∂B is independent of the particular choice of homeomorphism. When we say that a space is a (d − 1)-sphere, we mean that it is homeomorphic to the boundary sphere of some d-disk.

Figure 2: Radial projection of Example 1.1.3.

Example 1.1.3: Let X be the surface of a cube in R^3 . Let a be the centroid of X. Then the vertices (i.e., corners) of X are all the same distance r > 0 from a, and thus X is inscribed in the disk B_r(a, R^3 ). Using some geometry, it follows that the ray from a to a given point x ∈ X can be extended to intersect a unique point y ∈ S_r(a, R^3 ). The reader can check that the association x → y defines a homeomorphism from X to S_r(a, R^3 ), and thus X is a 2-sphere. It is easy to see that the same technique can be applied when X is the surface of other, sufficiently regular, bounded, convex solids, such as pyramids, cones, and convex polyhedra.

Example 1.1.4: Consider the special case d = 1. A closed disk in R^1 is just a closed interval in the sense of calculus. Its boundary sphere consists of the two endpoints. More generally, any bounded simple curve in R^m is a 1-disk, with its two endpoints composing a 0-sphere.

Exercises.

Exercise 1.1.5: Show that a triangle in R^2 is a 1-sphere. Show that a triangular region in R^2 is a 2-disk.

Exercise 1.1.6: Adapt the idea of Example 1.1.3 to show that a solid cube is a 3-disk.

Exercise 1.1.7: Let X be the surface of a (bounded) right pyramid in R^3 . Sketch the adaptation of Example 1.1.3 to show that X is a 2-sphere. Sketch the adaptation of the preceding exercise to show that the solid pyramid is a 3-disk.

Exercise 1.1.8: Let X ⊆ R^m , and let f : X → R^n be a continuous map. Define the graph of f to be the subset G ⊆ R^{m+n} consisting of all tuples (x, f(x)) such that x ∈ X. (Of course, identify R^m × R^n with R^{m+n} in the usual way.) Show that G is homeomorphic to X.

Exercise 1.1.9: A map f : X → Y is called an embedding if f gives a homeomorphism of X with the image f(X). (By definition, f(X) = {f(x) ∈ Y : x ∈ X}.) Show that if f is an embedding and A ⊆ X, then the restriction of f to A is an embedding. Show that the composition of two embeddings is an embedding.

Exercise 1.1.10: Show that a linear function f : R^m → R^n is an embedding if and only if f is injective. Give an example of a continuous injective map g : R^1 → R^2 that is not an embedding. [Hint: Build g so that the image of R^1 includes an interval of the y-axis through the origin and also includes part of the graph of sin(1/x) that gets “close” to this interval.]

Exercise 1.1.11: A translation of R^n is a function R^n → R^n that has the form x → x+x_0, where x_0 is fixed. Show that any translation of R^n is a homeomorphism of R^n to itself. A map R^m → R^n is called affine if it is formed by following a linear map R^m → R^n by a translation of R^n . Show that an affine map f : R^m → R^n is an embedding if and only if f is injective.

1.2 Cylinders and cones.

Let X ⊆ R^d . The standard cylinder on X is the space

X × [0, 1] ⊆ R^{d+1}

consisting of all tuples (x, t) such that x ∈ X and t ∈ [0, 1]. Here, [0, 1] denotes the closed interval of the real line from 0 to 1, and we are identifying R^{d+1} with R^d × R in the usual way. For a point (x, t) in the cylinder, t is often referred to as the cylinder coordinate or the cylinder parameter. Given 0 ≤ t ≤ 1, the subset X × {t} of all points sharing cylinder coordinate t is called the cross-section (of the cylinder) at cylinder coordinate t. It is easy to check that X × {t} is homeomorphic to X. Although this language is not standard, we shall refer to the cross sections X × {0} and X × {1} as the ends of the cylinder X × [0, 1].

More generally, any space homeomorphic to X × [0, 1] is referred to as a cylinder on X. The cross sections of such a cylinder can be determined through the homeomorphism from the cross sections of X × [0, 1]. Changing the homeomorphism will typically change such an interpretation of the cross sections.

Example 1.2.1: The usual solid cylinder from geometry is a cylinder on a 2-disk B. The cylinder on ∂B forms the “curved” part of the surface of the original solid cylinder. Similarly, a prism is a cylinder on a polygonal region, such as a triangular region.

Given a cylinder X × [0, 1], one can transform it to a cone by throwing a rope about the cross section X × {1} and pulling very tightly, until X × {1} is squashed to the single point that is the vertex of the cone. The precise rendering of this idea, via quotient spaces, is a standard topological definition of a cone, which we do not give here.

Figure 3: A cylinder (top) and a cone (bottom) on X.

Rather, let X ⊆ R^d and pick a point v = (a, 1) ∈ R^{d+1} . Here we understand that a ∈ R^d . The choice of a is arbitrary, although it may be possible to choose a to have a nice relationship to X (e.g., a could be the centroid of X, if it exists, or some other preferred point). Then each point x ∈ X determines a line segment from x to v, which we shall write as [x, v]. The union of the line segments c(X, v) = ⋃ x∈X [x, v]

forms the cone on X with vertex (or cone point) v. Notice that by projecting on the (d + 1)st coordinate, [x, v] maps homeomorphically to [0, 1]. This gives a way to associate a cone coordinate or cone parameter to the points of c(X, v), simply by projecting on the last coordinate. The vertex v is the unique point of c(X, v) with cone coordinate 1, while, for 0 ≤ t < 1, the points of c(X, v) sharing cone coordinate t form a cross section that is homeomorphic to X. The cross section with cone coordinate 0 is called the base of the cone. The reader should be able to show that there is a map X × [0, 1] → c(X, v) (1.2.2) such that X × {1} is mapped to v and such that, for 0 ≤ t < 1, X × {t} is mapped homeomorphically to the cross section of c(X, v) with cone coordinate t. (This map accomplishes the “squashing” suggested by the rope description.)

More generally, any space homeomorphic to c(X, v) is called a cone on X, and the homeomorphism can be used, as in the case of cylinders, to interpret the cross sections and cone coordinate. This interpretation may change if the homeomorphism is changed.

Example 1.2.3: The usual solid cones and pyramids of finite height from geometry are cones on their base regions. An (ideal) ice cream cone is obtained as a cone on a circle.

Example 1.2.4: Consider the disk B_r(a) with boundary sphere S_r(a). (R^d has been suppressed from the notation.) Let y ∈ B_r(a) − {a}. Then the ray from a

Figure 4: Illustration for Example 1.2.4.

through y intersects a unique point x ∈ S_r(a). In fact, we have

x = a + r ||y − a|| (y − a) . The quantity ρ = ||y −a||/r lies in (0, 1] and expresses the length of the line segment [a, y] as a fraction of the radius of the disk. It is not difficult to see that x and ρ determine y. By interpreting 1 − ρ as the cone coordinate, it is not difficult to show that B_r(a) is homeomorphic to a cone on S_r(a), with the center of B_r(a) corresponding to the cone point. Details are left as an exercise. More generally, if B is an m-disk, then B is a cone on ∂B.

Figure 5: Illustration for Example 1.2.5.

Example 1.2.5: Consider a 2-sphere that is the surface of a globe. The equator forms a 1-sphere. The southern hemisphere is a cone on the equator with cone point the south pole and cone coordinate given by (appropriately scaled) latitude. Similar remarks apply to the northern hemisphere. According to the preceding example, each of these hemispheres is a 2-disk. Thus, we see that the 2-sphere can be constructed from two 2-disks, “glued” together along their boundary 1- spheres. This example can be generalized to higher dimensional spheres. (See Exercise 1.2.8.)

Exercises.

Exercise 1.2.6: Let X be a 1-disk. Show that the cylinder X × [0, 1] is a 2-disk. Show that ∂(X × [0, 1]) = (∂X × [0, 1]) ∪ (X × ∂[0, 1]) .

(The analogy with the usual product rule for derivatives in calculus should help to motivate the use of ∂ to denote boundaries.) Do the same with X a 2-disk. Conjecture a generalization. (There is more than one way to think of generalizing!)

Exercise 1.2.7: Supply the details for the claim in Example 1.2.3 that B_r(a) is homeomorphic to a cone on S_r(a). [Hint: In the construction of the cone c(S_r(a), v), take v to be (a, 1). Assuming S_r(a) ⊆ R^d , the homeomorphism c(S_r(a), v) → B_r(a) can then just be taken as projection on the first d coordinates.]

Exercise 1.2.8: Generalize example 1.2.5 to spheres of any dimension greater than 0. [Hint: Consider the (d − 1)-sphere S_r(a, R^d ), where d > 1. Intersect S_r(a, R^d ) with a hyperplane H of R^d passing through a. The intersection is a (d − 2)-sphere that plays the role of the equator. This (d−2)-sphere is the boundary of a (d−1)-disk that is the intersection of H with B_r(a, R^d ). The “hemispheres” are homeomorphic to this disk by orthogonal projection on H.]

Exercise 1.2.9: Let f : X ×[0, 1] → Y be a continuous map, and let p: X ×[0, 1] → c(X, v) be the map in (1.2.2). Show that f is constant on the end X × {1} if and only if there is a continuous map f̄ : c(X, v) → Y such that f = f̄ ∘ p.

1.3 Homotopy.

A homotopy is a continuous deformation of maps, parameterized over the interval [0, 1]. This notion is made precise by using cylinders. Let X and Y be spaces, and let f, g : X → Y be continuous maps. A homotopy from f to g is a continuous map F : X × [0, 1] → Y that satisfies F (−, 0) = f and F (−, 1) = g .

In other words, when suitably identifying the ends of the cylinder with X, the restriction of F to one end gives the map f, and the restriction of F to the other end gives g. Furthermore, the restriction of F to the cross section X × {t} gives a continuous map F (−, t): X → Y . Continuity of F on the cylinder ensures that, as t moves from 0 to 1, F (−, t) “deforms continuously” from f to g. In this context it is customary to refer to t as the homotopy coordinate or the homotopy parameter.

If f, g : X → Y are maps such that there is a homotopy from f to g, then we say that f and g are homotopic and write f ≃ g. The reader can check easily that ≃ is an equivalence relation on the collection of maps X → Y .

Example 1.3.1: Let B = B_r(a, R^d ), let f : B → B be the identity map, and let g : B → B be the constant map defined by g(x) = a. Define F : B × [0, 1] → B by F (x, t) = (1 − t)x + ta . To see that F maps into B, note that, for t ∈ [0, 1], (1 − t)x + ta parameterizes the line segment [x, a] from x to a. Plainly, F is continuous, and so F defines a homotopy from f to g.

Figure 6: A convex set (left) and a non-convex set (right).

Example 1.3.1 can be generalized considerably. There is no real need to make g take the center a of the disk as its constant value. Any point b of the disk would do. This is because for each x ∈ B, the line segment [x, b] lies entirely within B. In general, we say that a space Y is convex if for any points a, b ∈ Y , the line segment [a, b] is contained in Y .

Proposition 1.3.2: Let X and Y be non-empty spaces with Y convex. Then any two maps f, g : X → Y are homotopic. Proof: Define F : X × [0, 1] → Y by F (x, t) = (1 − t)f(x) + tg(x) . F is into Y because (1 − t)f(x) + tg(x) parameterizes the line segment [f(x), g(x)], which lies in Y by convexity. The continuity of f and g ensures that F is continuous.

The homotopy in the proof of Proposition 1.3.2 is often referred to as the straightline homotopy between f and g.

A map f : X → Y is called null-homotopic if f is homotopic to a constant map. Example 1.3.1 shows that the identity map of a disk is null-homotopic, and Proposition 1.3.2 shows that any map into a non-empty convex space is null-homotopic. On the other hand, it is a fundamental topological fact that the identity map of a sphere is not null-homotopic. (See Subsection 3.5.) The proofs of the following proposition and corollary are left as an exercise for the reader.

Proposition 1.3.3: A map f : X → Y is null-homotopic if and only if f can be extended to a map c(X, v) → Y , where we identify X with the base of the cone c(X, v). Corollary 1.3.4: Let B be a disk. A map f : ∂B → Y can be extended to a map B → Y if and only if f is null-homotopic.

Let f, g : X → Y . It may be possible to show that f ≃ g using a straight-line homotopy even if Y is not convex. All that is required is that for every x ∈ X, the line segment [f(x), g(x)] is contained in Y .

Example 1.3.5: Let X = R^d − {0} , let f : X → X by f(x) = x/||x||, and let g be the identity map of X. Then f ≃ g via the straight-line homotopy F (x, t) = (1 − t) x ||x|| + tx .

If f : X → Y and g : Y → X are maps such that f ∘ g is homotopic to the identity map of Y , then g is called a right homotopy inverse for f, and if g ∘ f is homotopic to the identity map of X, then g is called a left homotopy inverse for f. If g is both a left and right homotopy inverse for f, then the same is true of f for g. In this case, f and g are called homotopy inverses of one another; each of f and g is said to be a homotopy equivalence; and the spaces X and Y are said to be homotopy equivalent, which is written X ≃ Y . Notice that if f : X → Y is a homeomorphism, then f and f^{−1} are homotopy inverses. Thus, homotopy equivalence is a weaker notion of equivalence than homeomorphism.

Example 1.3.6: Let X = R^d − {0} and let Y = S_1(0, R^d ), the unit sphere with center the origin. Define f : X → Y by f(x) = x/||x||, and define g : Y → X by g(y) = y. Then the homotopy of Example 1.3.5 shows that g ∘ f is homotopic to the identity map of X, and the composition f ∘ g is the identity map of Y . Thus, f and g are homotopy inverses, and X ≃ Y .

Figure 7: Illustration of Example 1.3.7.

Example 1.3.7: A solid torus (i.e., “donut”) is obtained as B × S, where B is a 2-disk and S is a 1-sphere. Let a be the center of B. From Example 1.3.1, the identity map of B is homotopic to the constant map with value a, essentially by “contracting” radially inward to the center of the disk. Applying this homotopy uniformly around the circle S, it follows that the identity map of B ×S is homotopic to the map (x, s) → (a, s) for x ∈ B and s ∈ S. Thus, B × S ≃ {a} × S, and the second space is homeomorphic to S.

From the point of view of homotopy, the simplest (non-empty) space is one that is homotopy equivalent to a one-point space. Such a space is said to be contractible. Since any two one-point spaces are homotopy equivalent (homeomorphic, in fact), it follows that any two contractible spaces are homotopy equivalent. In other words, the contractible spaces form a homotopy equivalence class. Contractible spaces have a number of simple properties, a few of which are given next.

Proposition 1.3.8: A space X is contractible if and only if the identity map of X is null-homotopic.

Proof: Let ι denote the identity map of X.

Suppose X is contractible. Then X is homotopy equivalent to a one-point space {a}. Thus, there are maps f : X → {a} and g : {a} → X such that g∘f is homotopic to ι. Notice that g ∘ f is a constant map, and so ι is null-homotopic.

Now suppose that ι is null-homotopic. Then ι is homotopic to a constant map β : X → X. Let b ∈ X be the constant value assumed by β. Consider the maps f : X → {b} and g : {b} → X defined by f(x) = b and g(b) = b. Then f ∘ g is equal to the identity map of {b}, and g ∘ f = β, which is homotopic to ι. This proves that X is homotopy equivalent to {b}, and thus X is contractible.

We have observed that the identity map of a disk is null-homotopic, and so it follows that any disk is contractible. The same is true for any non-empty convex space. As an exercise, the reader is asked to prove that any non-empty cone is contractible. On the other hand, we have claimed that the identity map of a sphere is not null-homotopic, and so it follows that no sphere is contractible. From Examples 1.3.6 and 1.3.7, we see that R^d − {0} and the solid torus are both homotopy equivalent to a one-sphere, and thus neither of these spaces is contractible.

The proof of the next proposition is left as an exercise.

Proposition 1.3.9: If Y is a contractible space, then any map f : X → Y is null-homotopic.

Corollary 1.3.10: Let Y be contractible, and let B be a disk. Then any map f : ∂B → Y can be extended to a map B → Y . Proof: Apply Proposition 1.3.9 and Corollary 1.3.4.

Corollary 1.3.10 says that a map from the boundary of a disk to a contractible space can always be extended to a map of the whole disk to the contractible space. This extension property will be crucial in the inductive proof of the existence of spans.

Exercises.

Exercise 1.3.11: Show that ≃ defines an equivalence relation on the collection of maps X → Y .

Exercise 1.3.12: Prove Proposition 1.3.3 and Corollary 1.3.4. [Hint: Exercise 1.2.9.]

Exercise 1.3.13: Prove that any non-empty cone is contractible.

Exercise 1.3.14: Let f, g : X → Y and let φ, ψ : Y → Z be maps. Show that f ≃ g implies φ ∘ f ≃ φ ∘ g. Show that φ ≃ ψ implies φ ∘ f ≃ ψ ∘ f. [Hint: If Φ: Y × [0, 1] → Z is a homotopy from φ to ψ, let F : X × [0, 1] → Z be defined by F (x, t) = Φ(f(x), t).] Exercise 1.3.15: Prove Proposition 1.3.9. [Hint: Use Exercise 1.3.14. Let Z = Y , take φ to be the identity map of Y , and let ψ be a constant map.]

1.4 Abstract simplicial complexes and maps.

The topological spaces that arise in the study of fault-tolerant computation in asynchronous distributed systems are given by discrete data, such as configurations of input values for the processes. These spaces can be described using simplicial complexes. In this subsection we give a host of definitions.

Abstractly, a simplicial complex is a family K of non-empty finite sets that satisfies the following hereditary property: if X ∈ K and X^′ is a non-empty subset of X, then X^′ ∈ K. A subset L ⊆ K is a subcomplex if L is a simplicial complex, which simply means that L itself satisfies the hereditary property.

Given any set K of non-empty finite sets, one may form a simplicial complex K by adding any missing sets required by the hereditary property:

K = {X^′ : ∅ ≠ X^′ ⊆ X for some X ∈ K} .

The complex K formed in this fashion is said to be generated by the set K.

An element X ∈ K is called a simplex , and the elements of X are its vertices. If X has k + 1 vertices, then we say that X is a k-simplex and that the dimension of X is k. A complex is said to be finite dimensional if there is an upper bound on the dimensions of its constituent simplices. In this case, the maximum dimension of any constituent simplex is the dimension of the complex. All complexes in these notes will be finite dimensional. The vertex set of a complex is the collection of all vertices of its constituent simplices. In terms of sets, the vertex set of the complex is the union of the simplices of the complex. A complex is finite if it has finitely many simplices or, equivalently, if its vertex set is finite. Most complexes in these notes will be finite. Notice that if X is a 0-simplex, then X = {v}, where v is the single vertex of X. It is customary, if a bit abusive, to identify the 0-simplex {v} with the vertex v.

Consider a simplex X of K. A simplex X^′ ⊆ X is called a face of X. The faces of X form a subcomplex of K, which is just the complex generated by {X}. It is also customary, and perhaps more abusive, to blur the distinction between X and the associated complex of faces. Context should make clear what is meant. A nonempty proper subset X^′ ⊂ X is called a proper face of X. The collection of proper faces of X is written ∂X. ∂X is empty if and only if X is a 0-simplex. Plainly, ∂X forms a subcomplex of the complex of faces of X. If X is the k-simplex {v_0, . . . , v_k}, then ∂X is generated by the various (k − 1)-simplices obtained by omitting a single vertex from X. There are k + 1 such (k − 1)-simplices, and some authors refer to these simplices as the “faces” of X.

Let K and L be simplicial complexes with vertex sets V and W , respectively. A function f : V → W is a simplicial map K → L if, for every simplex X ∈ K, f(X) is a simplex of L. More explicitly, this condition means that whenever {v_0, . . . , v_k} is a simplex of K, {f(v_0), . . . , f(v_k)} is a simplex of L. It is not required that f(v_0), . . . , f(v_k) be distinct, however. Thus, f(X) is a simplex of dimension at most the dimension of X. We write f : K → L to mean that f : V → W is a simplicial map K → L.^4 It is not difficult to show that the identity function (on the vertex set of a complex) is a simplicial map, and the composition of two simplicial maps is simplicial. Furthermore, if f : K → L is a simplicial map that is bijective (as a function on vertex sets), then f^{−1} : L → K is also a simplicial map. In this case we say that f is a simplicial isomorphism and that the complexes K and L are simplicially isomorphic.

We close this subsection by mentioning a useful collection of subcomplexes of a given simplicial complex K. The k-skeleton of K is the subcomplex K^{(k)} that is generated by the k-simplices of K. In other words, K^{(k)} consists of all simplices of

4Of course, the function f : V → W induces a function K → L via X → f(X), but not all functions K → L arise in this way. Whenever we write f : K → L, we mean that f is a simplicial map K → L as we have defined it.

K of dimension at most k. It is customary to identify K^{(0)} with the vertex set of K. It is often convenient to structure proofs involving simplicial complexes inductively over the skeleta.

Exercises.

Exercise 1.4.1: Let K and L be simplicial complexes. Show that K ∪ L and K ∩ L are simplicial complexes.

Exercise 1.4.2: Show that the composition of two simplicial maps is simplicial. Show that if f : K → L is a simplicial map that is bijective as a map of vertex sets, then f^{−1} : L → K is simplicial.

Exercise 1.4.3: Let f : K → L be a simplicial map. Show that the image f(K) is a subcomplex of L. Let K_1 be a subcomplex of K. Show that the restriction of f to (the vertex set of) K_1 is a simplicial map K_1 → L.

Exercise 1.4.4: Let f : K → L be a simplicial map. Show that f restricts to give a simplicial map K^{(k)} → L^{(k)} of the k-skeleta.

Exercise 1.4.5: Let X = {x_0, x_1, x_2} be a 2-simplex. Find all simplicial maps f : ∂X → ∂X that satisfy f(x_0) = x_0. Describe all possible simplicial maps ∂X → ∂X. Describe all the possible simplicial maps from the complex of (all) faces of X to ∂X. 1.5 Polyhedra.

As we have described them abstractly, simplicial complexes are “combinatorial” objects. In order to consider a complex K as a topological space, it must, according to our provisions, be associated with a subset of R^d for some d. In order to avoid topological subtleties, we will only show how to make such associations in case K is a finite complex. For a more general account, which handles the case of infinite complexes, the reader may consult Sections 2 and 3 of [Mu].^5 To motivate the association, we draw an analogy with undirected graphs. Any undirected graph can be considered a simplicial complex of dimension 1. The process of drawing (finite) graphs in the plane or in R^3 should be familiar. While it is convenient, especially on paper, to allow such drawings to have curved edges and edges that may intersect at non-vertex points, it is generally understood that the exercise of such license is “improper” and can be avoided by rendering the graph in R^d for d large enough. In a properly drawn graph, all edges are rendered as line segments between vertices in such a way that distinct edges meet only at a common vertex.

A finite simplicial complex can be rendered similarly in R^d for sufficiently large d. Before describing how this is done, we introduce the notions of convex combination and affine independence. These concepts are analogous to those of linear combination and linear independence. Let x_0, . . . , x_k be points in R^d . A convex combination of x_0, . . . , x_k is a linear combination of the form

t_0x_0 + · · · + t_kx_k ,

where 0 ≤ t_i ≤ 1 and t_0 + · · · + t_k = 1 .

5If K is infinite, there may be no appropriate subset of R^d for any (finite) d. Thus, one requires a more general definition of topological space than we have given.

The collection of all convex combinations of x_0, . . . , x_k is called the convex hull of x_0, . . . , x_k, and we shall denote it by [x_0, . . . , x_k]. It is left as an exercise for the reader to check that [x_0, . . . , x_k] is indeed a convex set.

Figure 8: Illustration of Example 1.5.1.

Example 1.5.1: The only convex combination of a single point x is 1x. Thus, [x] = {x}. Suppose x and y are distinct points. Then their convex hull is the line segment [x, y], which motivates our notation. The reader will note that the points in the parameterization (1 − t)x + ty, 0 ≤ t ≤ 1, are the various convex combinations of x and y.

Suppose that x, y, z are three non-collinear points. By taking the coefficient of z to be zero, we see that [x, y, z] contains all the convex combinations of x and y, to wit the line segment [x, y]. Similarly, [x, y, z] contains [x, z] and [y, z]. These three segments form the edges of a triangle, whose 2-dimensional region is precisely [x, y, z]. The points x, y, and z form the vertices of the triangular region.

Suppose that w, x, y, z are points that do not lie in a 2-plane. Then the convex hull [w, x, y, z] is a solid tetrahedron. [w, x, y, z] has w, x, y, and z as vertices; has [w, x], [w, y], [w, z], [x, y], [x, z], and [y, z] as edges; and has [w, x, y], [w, x, z], [x, y, z], and [w, y, z] as triangular faces.

The reader can generalize further.

Example 1.5.1 suggests a hereditary property for convex hulls. Indeed, if X is a finite set of points of R^d and if X^′ ⊆ X, then

[X^′] ⊆ [X] .

Here, we understand [∅] = ∅.

We say that the points x_0, . . . , x_k are affinely independent if every point of [x_0, . . . , x_k ] can be written uniquely as a convex combination of x_0, . . . , x_k . In other words, x_0, . . . , x_k are affinely independent provided that, whenever

t_0x_0 + · · · + t_kx_k = t^′_0x_0 + · · · + t^′_kx_k ,

0 ≤ t_i, t^′_i ≤ 1, and t_0 + · · · + t_k = 1 = t^′_0 + · · · + t^′_k ,

it follows that t_i = t^′_i for i = 0, . . . , k.

If x_0, . . . , x_k are affinely independent, then the uniqueness of the coefficients t_0, . . . , t_k in a convex combination implies that these coefficients may be considered a system of coordinates on [x_0, . . . , x_k]. If x ∈ [x_0, . . . , x_k], then the unique

Figure 9: Four or more points in the plane must be affinely dependent. The darkest region shows points in [a, b, c] ∩ [b, c, d].

tuple (t_0, . . . , t_k) satisfying 0 ≤ t_i ≤ 1, t_0 + · · · + t_k = 1, and x = t_0x_0 + · · · + t_kx_k is the barycentric coordinate vector for x, and the t_i are the barycentric coordinates of x. The barycenter of [x_0, . . . , x_k ] is the “central” point 1 k + 1

(x_0 + · · · + x_k ) ,

all of whose barycentric coordinates are equal.

Figure 10: The barycenters of [x], [y], and [z] are the points x, y, and z, respectively; a, b, and c are the barycenters of [x, y], [y, z], and [x, z], respectively; A is the barycenter of [x, y, z].

Proposition 1.5.2: Let x_0, . . . , x_k be affinely independent points in R^d . Then [x_0, . . . , x_k ] is a k-disk. The boundary (k − 1)-sphere of [x_0, . . . , x_k] is the union as i ranges from 0 to k of the convex hulls [x_0, . . . , x_{i−1}, x_{i+1}, . . . , x_k ].

Proof Sketch: By using translation and a linear isomorphism of R^d , we can arrange that x_0 = 0 and x_i is the ith standard unit vector in R^d . (cf. Exercise 1.1.11) Thus, we can view [x_0, . . . , x_k ] as a subset of R^k . Let a be the barycenter of [x_0, . . . , x_k ]. Notice that [x_0, . . . , x_k] is contained in B_r(a, R^k ) for r sufficiently large. The radial projection technique of Example 1.1.3, and a bit of geometry, can be used to complete the proof.

We now return to the problem of associating a topological space to a finite abstract simplicial complex K. Hopefully the analogies between the hereditary properties of complexes and convex hulls and between Proposition 1.5.2 and the relationship of a simplex X to its boundary ∂X have already suggested how the association should work.

Let | · | be a function that sends each vertex v of K to a point |v| in R^d . We extend | · | to simplices of K using convex hulls. Precisely, if X = {v_0, . . . , v_k} is a simplex of K, then we let |X| = [ |v_0|, . . . , |v_k| ] . The key requirement is that these convex hulls satisfy the following polyhedral condition: for any simplices A, B of K, |A| ∩ |B| = |A ∩ B| . The polyhedral condition is the higher-dimensional analog of the condition that, in properly drawing a graph, edges must intersect only at shared vertices. If the polyhedral condition is satisfied, then we write |K| for the union of the convex hulls |X| as X ranges through the simplices of K, and we say that |K| is a polyhedron for K.

Figure 11: Illustration of Example 1.5.3.

Example 1.5.3: Consider the abstract complex K generated by {{a, b, c}, {c, d, e}}. Figure 11 shows two renderings of K in the plane. The rendering on the left violates the polyhedral condition since, for example, |{a, c}| ∩ |{c, e}| = [ |c|, |e| ] , while |{a, c} ∩ {c, e}| = |{c}| = |c| . The rendering on the right satisfies the polyhedral condition and therefore shows an example of |K|.

Several remarks are in order. Suppose |K| is a polyhedron for K and L is a subcomplex of K. Then a polyhedron for L is obtained as |L| = ⋃ X∈L |X| , and plainly |L| ⊆ |K|. As a special case, notice that if L is the complex of faces of a single simplex X, then |L| = |X|, which helps to justify blurring the distinction between a simplex and the complex of its faces.^6

Proposition 1.5.4: Let |K| be a polyhedron of the complex K. If X = {v_0, . . . , v_k} is a simplex of K, then |v_0|, . . . , |v_k| are affinely independent. In particular, |X| is a k-disk satisfying ∂|X| = |∂X|.

Proof: Suppose |v_0|, . . . , |v_k| are not affinely independent. Then we can find 0 ≤ t_i, t^′_i ≤ 1 such that ∑ t_i|v_i| = ∑ t^′_i|v_i| , (1) ∑ t_i = 1 = ∑ t^′_i , (2)

and t_i ≠ t^′_i for at least one index i. Let A = {i: t_i > t^′_i}, let B = {i: t_i ≤ t^′_i}, and write τ_i = |t_i − t^′_i|. Note that 0 ≤ τ_i ≤ 1. From (1) we have ∑ i∈A τ_i|v_i| = ∑ i∈B τ_i|v_i| , and from (2) ∑ i∈A τ_i = τ = ∑ i∈B τ_i . Since t_i ≠ t^′_i for at least one i, τ > 0. Thus, ∑ i∈A (τ_i/τ)|v_i| = ∑ i∈B (τ_i/τ)|v_i| , which exhibits a point in |{v_i : i ∈ A}| ∩ |{v_i : i ∈ B}| . On the other hand, |{v_i : i ∈ A} ∩ {v_i : i ∈ B}| = |∅| = ∅ , and so the polyhedral condition is violated, a contradiction.

Since |v_0|, . . . , |v_k| are affinely independent, Proposition 1.5.2 shows that |X| is a k-disk and that ∂|X| = |∂X|.

Example 1.5.5: Define a complex K as follows. A vertex of K is any pair (process, value) such that process is an element of {p, q, r} and value is an element of {0, 1}. A set of such pairs is a simplex of K if and only if its elements have distinct process components. The maximum number of pairs with distinct process components is three, and so K is two-dimensional. Figure 12 shows a rendering of |K|. Notice that |K| is a two-sphere.

Two questions arise from our definition of polyhedron, one of existence and one of uniqueness. Of course, we cannot expect to obtain a polyhedron |K| in R^d if d is

6A special case of the special case is the situation of a vertex v, the associated 0-simplex {v}, and the complex {{v}} of faces of {v}. Of course, |v| = |{v}| = |{{v}}|!

Figure 12: Illustration of Example 1.5.5.

too small. For example, d must be at least as large as the dimension of K. But, as the existence of non-planar graphs attests, d may need to be larger than twice the dimension of K. Given a finite complex K, the question of the minimal d for which a polyhedron |K| can be arranged in R^d is non-trivial. Fortunately, it is not especially difficult to see that a polyhedron can be obtained if d is greater than or equal to the number of vertices of K. We may simply arrange the points |v| to be linearly independent, and the polyhedral condition follows using some linear algebra. The reader is asked to supply the details in an exercise.

Before addressing the issue of uniqueness of polyhedra associated to a complex, we explain how to use a simplicial map between complexes to define a continuous map between corresponding polyhedra. Let K, L be finite simplicial complexes with polyhedra |K|, |L|, and let f : K → L be a simplicial map. We define a function |f|: |K| → |L| as follows. First, let |f|(|v|) = |f(v)| for each vertex v of K. Now suppose that X = {v_0, . . . , v_k} is a simplex of K. Any point x ∈ |X| is written uniquely as a convex combination x = t_0|v_0| + · · · + t_k|v_k| , and we define |f|(x) = t_0|f(v_0)| + · · · + t_k|f(v_k)| . Written using summations, the definition is |f| (_k ∑ i=0 t_i|v_i| ) = k∑ i=0 t_i|f|(|v_i|) = k∑ i=0 t_i|f(v_i)| . (1.5.6) Of course, (1.5.6) is applied with respect to a “parent” simplex X such that x ∈ |X|, and so there is still an issue of well-definedness of |f|. Using the polyhedral condition, one can check that the definition is sound. Formula (1.5.6) expresses the “linearity” of |f| on convex combinations. Strictly speaking, |f| is not a linear map (in the sense of linear algebra), even when restricted to |X|, but, rather, agrees with an affine map on |X| (see Exercise 1.1.11). Details are left to the reader. It is, nonetheless, customary to say that |f| is piecewise-linear.

Proposition 1.5.7: |f| is a continuous map |K| → |L|.

Proof Sketch: From (1.5.6) and calculus, it follows that, for any simplex X ∈ K, the restriction of |f| to |X| is continuous. Let a ∈ |K| and let ε > 0. We can partition the simplices of K into two collections, the simplices X such that a ∈ |X| and the simplices Y such that a ∉ |Y |. Since K is finite, there are finitely many simplices in each group. Let X_1, . . . , X_r be a list of all the simplices in the first group, and let Y_1, . . . , Y_s be a list of all the simplices in the second group. Since |f| is continuous on |X_i|, there exists δ_i > 0 such that x ∈ |X_i| and ||x − a|| < δ_i imply || |f|(x) − |f|(a)|| < ε . It follows that if x ∈ |X_1| ∪ · · · ∪ |X_r| and ||x − a|| < min{δ_i}, then || |f|(x) − |f|(a)|| < ε . This is not quite enough to establish continuity of |f| on |K|, however, since there may be points of |Y_1|∪· · ·∪|Y_s| very close to a. Intuitively, a must be bounded away from |Y_j | in the sense that there is a number η_j > 0 so that the distance from a to any point of |Y_j | is at least η_j . This fact can be proved rigorously using compactness of |Y_j |. Let η = min{η_j }. If x ∈ |K| satisfies ||x − a|| < η, then x cannot be in any of the |Y_j |, and therefore x ∈ |X_1| ∪ · · · ∪ |X_r|. Finally, let δ be the minimum of η and all the δ_i. Then x ∈ |K| and ||x − a|| < δ implies || |f|(x) − |f|(a)|| < ε as required.

Figure 13: Illustration of Example 1.5.8.

Example 1.5.8: Let K be the complex generated by the set {{p, q}, {q, r}, {r, P }, {P, Q}, {Q, R}, {R, p}} of 1-simplices, and let L be the complex generated by the set {{p^′, q^′}, {q^′, r^′}, {r^′, p^′}} . It is not difficult to see that K has a polyhedron that is a hexagon, while L has a triangle as polyhedron. Let f : K → L be the map that sends each letter (i.e., vertex) of K to the corresponding letter (lower case) primed in L. In other words, f(p) = f(P ) = p^′, and so forth. Plainly, f is simplicial. The piecewise-linear map |f| “wraps” the hexagon twice around the triangle, as suggested by Figure 13.

Proposition 1.5.9: Let K, L be finite complexes with polyhedra |K|, |L|. If f : K → L is a simplicial isomorphism, then |f|: |K| → |L| is a homeomorphism. Proof: Let g : L → K be the inverse of f. There are continuous, piecewise-linear maps |f|: |K| → |L| and |g|: |L| → |K| , defined using (1.5.6) as above. Let X = {v_0, . . . , v_k} be a simplex of K and let x ∈ |X| have barycentric coordinates (t_0, . . . , t_k). According to (1.5.6), |g| ∘ |f|(x) = |g| (_k ∑ i=0 t_i|f(v_i)| ) = k∑ i=0 t_i|g ∘ f(v_i)| = x , since g ∘f is the identity simplicial map of K. This shows that |g|∘|f| is the identity map of |K|. Arguing similarly, we see that |f| ∘ |g| is the identity map of |L|. This shows that |f| and |g| are inverses of one another, hence homeomorphisms.

Corollary 1.5.10: Let K be a finite complex and let |K|_1 and |K|_2 be two polyhedra for K. Then |K|_1 and |K|_2 are homeomorphic.

Proof: Apply Proposition 1.5.9 with L = K, |K| = |K|_1, |L| = |K|_2, and f the identity simplicial map of K.

Corollary 1.5.9 shows that the polyhedron associated to a finite complex is “unique” up to (piecewise-linear) homeomorphism. It is customary to refer to |K| as though it were unique, but it should be understood that |K| stands for some particular choice of polyhedron. We may also abuse language by referring to a topological property of K, when what is meant is a topological property of any of the homeomorphic choices for |K|. If f : K → L is a simplicial map, then we write |f| with the understanding that this map is defined using some choice of polyhedra for K and L.

Arguing as in Proposition 1.5.9, one can show

Proposition 1.5.11: Let f, g be simplicial maps of finite complexes such that the composition f ∘ g is defined. Then |f ∘ g| = |f| ∘ |g|.

Exercises.

Exercise 1.5.12: Show that [x_0, . . . , x_k] is a convex set.

Exercise 1.5.13^∗: Let x_0, . . . , x_k be points of R^d . Show that x_0, . . . , x_k are affinely independent if and only if, for any choice of i, the vectors x_0 − x_i, . . . , x_{i−1} − x_i, x_{i+1} − x_i, . . . , x_k − x_i are linearly independent.

Exercise 1.5.14: Let K be a finite complex and suppose that the points |v| in R^d associated to the vertices of K are arranged to be linearly independent. Show that the polyhedral condition is satisfied.

Exercise 1.5.15^∗: Use the polyhedral condition to show that |f| is well-defined from (1.5.6). [Hint: Let A, B be simplices of K. First check that if A is a face of B and x ∈ |X|, then (1.5.6) gives the same definition of |f|(x) regardless of whether

A or B is used as the parent simplex. Example 1.5.1 may help clarify which convex combinations in |B| are actually in |A|. Then consider the case that A, B are any simplices of K and x ∈ |A| ∩ |B|. Use the polyhedral condition and the preceding argument to show that (1.5.6) applied with either A or B as parent simplex gives the same definition of |f|(x) as (1.5.6) applied with A ∩ B as parent simplex.]

Exercise 1.5.16^∗: Let x_0, . . . , x_k be affinely independent points of R^m and let y_0, . . . , y_k be any points of R^n . Define f : [x_0, . . . , x_k] → R^n by f(t_0x_0 +· · ·+t_kx_k) = t_0y_0 + · · · + t_ky_k, where t_0x_0 + · · · + t_kx_k is a convex combination. Show that f is the restriction to [x_0, . . . , x_k ] of an affine map R^m → R^n (cf. Exercise 1.1.11).

Exercise 1.5.17: Let X be a k-simplex, k > 0, and let v be a vertex of X. Show that |X| is a cone on |X − {v}| with cone point |v|.

Exercise 1.5.18: Prove Proposition 1.5.11.

Exercise 1.5.19: Let f : K → L be a simplicial map that is injective on the vertex sets. Show that |f|: |K| → |L| is an embedding. (See Exercise 1.1.9.)

Exercise 1.5.20: Let A ⊆ R^d , and let K be a (finite) complex with polyhedron |K|. Assume that f, g : A → |K| are continuous maps such that for every point a ∈ A there is a simplex X ∈ K such that f(a) and g(a) both lie in |X|. Show that f ≃ g. [Hint: Use a straight-line homotopy.]

Exercise 1.5.21^∗: Let K be a (finite) complex with polyhedron |K|, and let A ⊆ R^d . Assume that there is a continuous map f : |K^{(k)}| → A. (Recall that K^{(k)} is the k-skeleton of K.) Assume that for each (k + 1)-simplex X of K the restriction of f to |∂X| is null-homotopic (as a map |∂X| → A). Show that f can be extended to a map |K^{(k)}| → A.

1.6 Chromatic complexes and maps.

The simplicial complexes used to study fault-tolerant distributed systems have additional data associated to the vertices. The vertices give pairings of processes with associated values of an appropriate type, such as input values or output values. Thus, each vertex can be thought of as having a color, which is the identifier of the associated process. The vertex is also labelled by a value, but we reserve the term “color” to mean the process identifier. A simplex in such a complex represents a consistent and mutually compatible arrangement of values among processes. The assignment of distinct values to a single process is not consistent, and so for these complexes it is required that distinct vertices in a simplex have distinct colors. A complex satisfying these properties is called chromatic. An example of a chromatic complex appears in Example 1.5.5, where the coloring can be taken as process identifier. Let K and L be chromatic complexes colored using the same set of process identifiers. A simplicial map f : K → L is chromatic if for every vertex v of K, the color of f(v) is the same as the color of v. Thus, a chromatic simplicial map respects process identity.

1.7 Subdivisions.

A simplicial map f : K → L gives rise to a continuous, piecewise-linear map |f|: |K| → |L|, but a continuous map g : |K| → |L| need not be of the form |f| for any simplicial f. In fact, g need not even be homotopic to any |f|. The reason is that for any simplex X ∈ K, the restriction of |f| to |X| must be affine.

Example 1.7.1: We identify R^2 with the complex numbers C . The unit circle S = S_1(0, R^2 ) is then identified with {z ∈ C : |z| = 1} . For any integer n, there is an n-fold “wrapping” map ϑ_n : S → S defined by

ϑ_n(z) = z^n .

Continuity (in fact, smoothness) of ϑ_n follows from calculus. Of course, ϑ_0 is the constant map with value 1, ϑ_1 is the identity map of S, and ϑ_{−1} is the map that reflects S through the real axis. The reader should verify that, for n ≠ 0, ϑ_n is an |n|-to-one map.

Let X = {x_0, x_1, x_2} be a 2-simplex, so that |∂X| is a 1-sphere and is therefore homeomorphic to S. We can let |x_r | = e^{2πir/3} for r = 0, 1, 2, so that |∂X| is a triangle inscribe in S, and a homeomorphism ρ: |∂X| → S can be taken as radial projection from the origin. Using the homeomorphism ρ, we import the wrapping maps to |∂X|:

g_n = ρ^{−1} ∘ ϑ_n ∘ ρ .

When n = 0, 1, or −1, g_n is of the form |f| for an appropriate simplicial map f : ∂X → ∂X. It is true, although not entirely trivial to show, that for other values of n, there is no simplicial map f : ∂X → ∂X such that |f| ≃ g_n. The basic reason is that the “degree of wrapping” of a map S → S determines its equivalence class under homotopy, and the maps |f| can achieve only the “wrapping degrees” 0, 1, and −1.

In somewhat imprecise terms, Example 1.7.1 asserts that no simplicial map of the triangle ∂X is homotopic to a two-fold wrapping map. However, Example 1.5.8 shows that a hexagon can be mapped simplicially to a triangle to achieve a two-fold wrapping. The hexagon can be viewed as a triangle with “subdivided” sides.

Figure 14: Hexagon as subdivided triangle.

In general, in order to obtain a simplicial map f such that |f| is homotopic to a given a continuous map g : |K| → |L|, we need to subdivide K to obtain a finer triangulation of |K|. To be precise, a subdivision of K is a simplicial complex σ(K) for which there is a polyhedron |σ(K)| that is equal to |K| and that satisfies the following properties.

(1) For every simplex S of σ(K) there is a simplex X of K such that |S| ⊆ |X|.

The minimal such X is called the carrier of S, written carrier(S).

(2) For every simplex X of K, there is a finite collection S_1, . . . , S_r of simplices of σ(K) such that |X| = |S_1| ∪ · · · ∪ |S_r|. The convex hulls |S_1|, . . . , |S_r| of condition (2) give the refined triangulation, or subdivision, of |X|.

Figure 15: Clockwise, from the upper left, are (polyhedra of) the original complex, an irregular subdivision, barycentric subdivision, and second barycentric subdivision.

Barycentric subdivision provides a regular way of subdividing any given complex K. The vertices of the subdivided complex σ(K) are the barycenters of (the polyhedra of) the simplices of K. Thus, we may identify the vertex set of σ(K) with K. Notice, in particular, that a vertex (i.e., 0-simplex) of K is its own barycenter. A non-empty collection of barycenters forms a simplex of σ(K) if and only if the associated simplices of K form a strict ascending chain. More precisely, if X_0, . . . , X_k are simplices of K with associated barycenters b_0, . . . , b_k, then {b_0, . . . , b_k} forms a simplex of σ(K) if and only if, after reordering indices, X_0 ⊂ · · · ⊂ X_k . Here we are writing ⊂ to mean proper subset. Figure 15 shows an example of barycentric subdivision.

Barycentric subdivision is regular in the sense that every simplex of dimension at least one in the original complex is subdivided and simplices of the same dimension are subdivided in a like manner. Irregular subdivisions are, of course, also possible. By iterating a regular subdivision scheme, for example, one can obtain subdivisions that achieve arbitrary refinement of the triangulation of the original complex. Once sufficient refinement is achieved, the continuous map g : |K| → |L| can be approximated by a simplicial map f : σ(K) → L in the sense of the following

Simplicial Approximation Theorem 1.7.2: Let K and L be simplicial complexes and let g : |K| → |L| be a continuous map. Then there are a subdivision σ(K) and a simplicial map f : σ(K) → L satisfying the following condition: for each simplex X of σ(K), g(|X|) ⊆ ⋃ Y : Y ∈L ∧ f (X)⊆Y |Y | . (∗)

For a proof, see [Mu], Sections 14–16. The condition (∗) of the theorem says that |f| and g are “close” as measured by the simplices of σ(K) and L. In particular, we have the following proposition and its corollary, whose proofs are left as exercises.

Proposition 1.7.3: Let the notations be as in the Simplicial Approximation Theorem. For any point x ∈ |K|, there is a simplex Y ∈ L such that |f|(x) and g(x) both lie in |Y |.

Corollary 1.7.4: Let the notations be as in the Simplicial Approximation Theorem. Then |f| ≃ g. Let σ(K) be a subdivision of K and identify the polyhedra |σ(K)| = |K|. The identity map |σ(K)| → |K| is continuous and therefore can be approximated simplicially. In this situation, no further subdivision is necessary to obtain a simplicial approximation.

Proposition 1.7.5: Let K be a simplicial complex, and let σ(K) be a subdivision. There exists a simplicial map f : σ(K) → K such that f(S) ⊆ carrier(S) for every simplex S in σ(K). For any such f, the map |f|: |σ(K)| → |K| is homotopic to the identity map |σ(K)| → |K|.

Let K be a chromatic complex. A chromatic subdivision of K is a subdivision χ(K) of K that is itself a chromatic complex and for which the colors of the vertices of any simplex S of χ(K) form a subset of the colors of the vertices of carrier(S). Notice that for each simplex S in χ(K), there is a unique face of carrier(S) whose vertices have the same colors as S, and there is a unique color-preserving vertex map from S to that face. It follows that there is a unique chromatic simplicial map f_χ : χ(K) → K satisfying f_χ(S) ⊆ carrier(S) for every simplex S in χ(K). From Proposition 1.7.5, it follows that |f_χ| is homotopic to the identity map |χ(K)| → |K|.

Exercises.

Exercise 1.7.6: Prove Proposition 1.7.3. [Hint: Let X be a simplex of K such that x ∈ |X| and use condition (∗) to select Y .]

Exercise 1.7.7: Prove Corollary 1.7.4. [Hint: Use a straight-line homotopy.]

Exercise 1.7.8: Prove Proposition 1.7.5. [Hint: For each vertex v of σ(K), choose a vertex f(v) ∈ carrier(v). Check that f is simplicial and satisfies f(S) ⊆ carrier(S) for each simplex S ∈ σ(K).]

Exercise 1.7.9^{∗∗}: Let K be a chromatic complex. Show that K admits arbitrarily fine chromatic subdivisions. [Hint: Mimic barycentric subdivision. In order to arrange the chromatic conditions, the barycenter of a simplex X ∈ K of dimension is replaced by a cluster of vertices colored with the colors of X.]

2. Atomic Snapshot Model

In our model, the processes of a system communicate through single-writer (SW), multi-reader (MR) shared-memory registers. Each process is assigned a collection of shared registers to which it alone may write, while any process can read any shared register. It is convenient to assume that processes can read the entire shared memory (or the part of the shared memory that has been written since the beginning of the execution) in a single atomic operation, or atomic snapshot. It is known [Af+] that atomic snapshots (AS) can be implemented using read-write registers. The model we consider is that of asynchronous processes communicating through SWMR atomic snapshot shared memory, with the possibility of crash failures. We will refer to this model as the “atomic snapshot” or AS model.

The present, somewhat lengthy, section gives many more details and foundational material about the AS model and its protocols. It also introduces the distributed decision tasks to which the computability questions considered in these notes are limited. Decision tasks are input/output tasks that generalize the well-known consensus task, and it is helpful to bear in mind the goal of reasoning about their asynchronous computability as we set forth the assumptions of the model. The model should be contrasted with ones that are intended for reasoning about reactive systems, for example.

2.1 Basic model of computation.

We assume a system of n + 1 processes running asynchronously. The processes have no way to compare local clocks and may experience “arbitrary finite delays” relative to one another. Each process is assumed to have an unbounded private memory that can be used for internal computations and in which a private input value appears at the outset of a distributed computation. The processes communicate through shared memory. The shared memory is organized as an array of n + 1 unbounded components, and one component is assigned to each process. Process p alone may write to the component assigned to p. All processes may read the entire shared memory.

The processes interact with shared memory via atomic updates and atomic snapshot scans. A single update operation may write any finite amount of data to the component of the updating process. A single scan operation returns to the private memory of the scanning process a copy of the contents of the entire shared memory.

The processes execute deterministic protocols. A protocol is a collection of programs running on the processes that direct all shared-memory update and scan operations. A deterministic protocol is one such that the local state of process p at any point of the computation determines (recursively) a unique ensuing finite sequence of local state changes and shared-memory operations of p up to and including halting or issue of p’s next scan operation. The snapshot returned by the next scan is not determined and depends on the intervening updates by other processes.

Processes are susceptible to failure, but only by crashing. A process crashes when it stops execution before having been directed to halt by the protocol. A crashed process behaves according to the protocol up to the point of crashing. A process that has not yet halted may crash at any time except in a way that disintegrates an atomic operation. Due to asynchrony, a crashed process cannot be distinguished by the other processes from one that is running but severely delayed. A protocol is f-resilient if it tolerates failures by up to f of the processes. A protocol that is n-resilient is called wait-free.

2.2 States, events, and protocol assumptions.

We assume that each process accumulates in private memory its view of the distributed computation. The view is a list, beginning with the private input value of the process, continuing with the ordered sequence of snapshots returned to the process by scans of shared memory, and, if the process finishes, ending with the output value of the process. We also assume that updates to shared memory append rather than overwriting. Since the private and shared memories are unbounded, any protocol can easily be adjusted to satisfy these assumptions.

The current view of a process determines the finite sequence of local state changes and updates (including values to be written to shared memory) that the process will execute up to halting or issue of its next scan. As we have defined it, the view does not determine how much of this sequence has been executed, since, for example, updates do not change the view. Thus, we understand each process to have a location counter that keeps track of its next local state change or shared-memory operation.

To simplify matters, we suppress unnecessary details. For example, internal state changes that are not part of shared-memory operations are not important for our model. We assume that, as a part of atomic execution of a scan operation, the snapshot of shared memory is appended to the view of the executing process. Thus, the location counter need only keep track of the updates that a process has executed since its last scan operation. Similarly, the private memory that is not used to hold the view may be considered “working space” whose values are not important for our model. With these assumptions, it follows that the view of a process together with its location counter determine its component of shared memory, and the view of a process together with its component of shared memory determine its location counter. We henceforth identify the local state of a process with its current view and location counter.

By event we mean a shared-memory operation, either an update or a scan. A protocol is assumed to direct each process to begin/end each computation with updates in which the process writes its input/output value to shared memory.^7 We say that a process starts execution of a protocol when it completes its first update, and the process finishes execution of the protocol when it completes the update that writes its output value to shared memory. It is assumed that a protocol directs each process to make at least one scan of shared memory after starting.

If after a scan the protocol determines that no future scan is necessary, then the scan just completed is the commit scan of the process in the execution. The view of the process after the commit scan determines its output value and its final view in the execution.

The state of the system consists of the local states of the n + 1 processes and the values stored in the shared-memory array. A process is said to have started/finished in state s if the process’ input/output value appears in the shared memory of s. A state is initial if the shared memory is empty. A state is terminal if every process has finished.

7Herlihy and Shavit assume that processes halt with private output values. The distinction is not important for full-information protocols.

Herlihy and Shavit [HS1, HS3] make the additional assumption that protocols be structured to record full information. A protocol records full information, or is a full-information protocol, if it satisfies the following property: after any scan event, the next event to be executed by the scanning process is an update whose value includes an echo copy of the snapshot returned by the scan. Let s be a state in which p has started a full-information protocol. Then p’s component of shared memory in s determines the prefix of p’s view in s up to the value of p’s latest event, inclusive if the latest event was an update and (most likely) exclusive if the latest event was a scan.

As with the other assumptions about protocols, it is not difficult, given unbounded private and shared memories, to arrange that a protocol record full information. The various assumptions ensuring no loss and maximum sharing of information are intended to make the protocols as powerful as possible in the given model. It should be noted that a protocol is not required actually to “use” any of this extra information, and so making these assumptions does not “lose” computational power.

The assumption of full information seems to play an important role in the proof of the Theorem on Spans, and hence the ACT. In order to highlight its use we will not assume that all protocols record full information, thereby forcing explicit mention of this assumption.

begin
   update(input);
   view := input;
   for round := 1 to r do
   { v := scan; /* view := view,v */
      if round < r
         update(v);
      else
      { output := decide(view);
         view := view,output; /* final view */
         update(v,output);
      }
   }
end.

Figure 16: r-round full-information protocol.

Example 2.2.1: Figure 16 shows an example of pseudocode to be executed by each process in an r-round full-information protocol. The variables input, view, round, v, and output are local. The procedure update appends the value of its argument to the component of shared memory writable by the calling process. The function scan returns a snapshot of the entire shared memory and appends this value to the view of the calling process. The function decide takes a view as argument and returns a decision value. For a given task, a suitable function decide exists if and only if the task is solvable by an r-round protocol.

2.3 Events and partial executions. For this subsection, fix a protocol.

An event is represented by a pair ε = (p, x) such that p is a process identifier and x ∈ {scan, update}. We write id(ε) = p and op(ε) = x. Let s be a state. We say that a process is pending in s if it is not finished in s. If p is pending in s, then the protocol directs a unique next event for p, which is called the pending event for p in s. By E(s) we mean the set of all pending events in s, and ids(E(s)) denotes the set {id(ε): ε ∈ E(s)}. We let

Υ (s) = {ε ∈ E(s): op(ε) = update} and Σ(s) = {ε ∈ E(s): op(ε) = scan} ,

the sets of pending update and scan events in s, respectively. E(s) is the disjoint union of Υ (s) and Σ(s).

From the uniqueness of pending events, it follows that if ε, ε^′ ∈ E(s) and id(ε) = id(ε^′), then ε = ε^′. If ε ∈ E(s), then sε denotes the state that arises from s by applying event ε.

A basic property of pending events is that they persist until being applied. Precisely, if ε, ε^′ are distinct events in E(s), then ε^′ ∈ E(sε). Furthermore, the value to be written by an update event does not change while the update is pending.

Let E = {ε_1, . . . , ε_r} be a subset of E(s). The events of E are said to commute on state s if for any permutation α of {1, . . . , r}, sε_{α(1)} · · · ε_{α(r)} = sε_1 · · · ε_r , in which case sE denotes this common state.^8 From our assumptions about the way events transform shared memory and the views of the processes, it is not difficult to prove the

Proposition 2.3.1: Let s be a state, and let E ⊆ E(s). The events of E commute on s if and only if E ⊆ Υ (s) or E ⊆ Σ(s).

We say that state s^′ is an immediate successor of s if there is an event ε ∈ E(s) such that s^′ = sε. In our model, such ε is uniquely determined by s, s^′.

A partial execution is a non-empty sequence ⟨s_j ⟩^r_{j=0} of states such that s_{j+1} is an immediate successor of s_j for 0 ≤ j < r. We allow r = 0, in which case the partial execution is the singleton sequence ⟨s_0⟩. The partial execution is said to be finite or infinite according as r is finite or infinite. We say that s_0 is the start state of the partial execution and that the partial execution generates each of the states s_j in the sequence. If r is finite, then s_r is the end state of the partial execution. For 0 ≤ j < r, the successive states s_j , s_{j+1} determine uniquely the event ε_{j+1} ∈ E(s_j ) such that s_{j+1} = s_j ε_{j+1}. The partial execution thus determines the sequence of events ⟨ε_j ⟩^r_{j=1} such that s_j = s_0ε_1 · · · ε_j .

This sequence is called the event schedule of the partial execution. We say that a sequence of events is an event schedule on a state s provided it is the event schedule of some partial execution with start state s.

As an exercise in the definitions, we establish the

8Note, however, that even if the events of E commute on s, sε_{α(1)} · · · ε_{α(j)} does not typically equal sε1 · · · εj for 1 ≤ j < r.

Proposition 2.3.2: Let π be a partial execution whose start state is s_0 and whose event schedule is ⟨ε_j ⟩^r_{j=1}. Let P be the set of processes that have started in s_0 or that have start events in π. Let s^′_0 be a state in which the same processes have started as in s_0 and that associates to any given process in P the same local state as s_0. Then ⟨ε_j ⟩^r_{j=1} is an event schedule on s_0 corresponding to a partial execution in which any given process in P achieves the same local state as in π.

Proof: By induction. Let 0 ≤ j < r, assume that ⟨ε_1, . . . , ε_j ⟩ is an event schedule on s^′_0. Write s_j = s_0ε_1 · · · ε_j , s^′_j = s^′_0ε_1 · · · ε_j , and assume that any given process in P is has the same local state in s_j and s^′_j . Since the local states of the started processes determine shared memory, it follows that s_j and s^′_j have the same shared memory. Let p = id(ε_{j+1}). Then p ∈ P , so the inductive hypothesis implies that p has the same local state in s_j and s^′_j . This means that the protocol directs the same pending event for p in s_j and s^′_j , hence ε_{j+1} ∈ E(s^′_j ). This proves that ⟨ε_0, . . . , ε_{j+1}⟩ is an event schedule on s^′_0. Furthermore, whether ε_{j+1} is a scan or an update, p achieves the same local state in s_j ε_{j+1} and s^′_j ε_{j+1}. The local states of the other processes remain unchanged when ε_{j+1} is applied, so this completes the inductive step.

Let π be a finite partial execution and let π^′ be a partial execution whose start state is the same as the end state of π. We can form a new state sequence by concatenating the state sequence of π with the tail of the state sequence of π^′. The tail is taken to avoid duplicating the shared state of the two partial executions. This new state sequence is again a partial execution and is denoted ππ^′. The event schedule of ππ^′ is the concatenation of the event schedule of π with that of π^′. If π^′ is finite with event schedule ⟨ε_j ⟩^r_{j=1}, then we write πε_1 · · · ε_r as an alternative notation for ππ^′.

A finite partial execution π whose end state s is not terminal can always be extended: if ε ∈ E(s) then the sequence ⟨ε⟩ is an event schedule on s, and so the composition πε is a partial execution extending π.

A prefix of the partial execution π is a partial execution whose state sequence is a prefix of the state sequence of π. Suffixes of partial executions are defined similarly. Notice that if π generates the state s, then there is a unique decomposition π = π^′π^{′′} such that π^′ is a finite prefix of π with end state s and π^{′′} is a suffix of π with start state s. If ρ is another partial execution that generates s, then ρ = ρ^′ρ^{′′} similarly. In this case, there are partial executions ρ^′π^{′′} and π^′ρ^{′′} formed from π and ρ by “splicing” at state s.

If s, s^′ are states, we define s ≤ s^′ if there exists a finite partial execution with s as start state and s^′ as end state. The single-state partial execution ⟨s⟩ verifies that s ≤ s, and transitivity follows using composition of partial executions. Using the fact that views and shared-memory values accumulate rather than overwriting, it is not difficult to see that if s ≤ s^′ and s ≠ s^′, then s^′ ≰ s. As usual, we write s < s^′ to mean “s ≤ s^′ and s ≠ s^′.” Note that

s ≤ s^′ implies ids(E(s)) ⊇ ids(E(s^′)) .

It will often be convenient to restrict attention to the behavior of the protocol when started from initial states that belong to a given non-empty set I. We define the I-domain of the protocol to be the set of states that can be generated by partial executions whose start states are elements of I. The I-domain has the following closure property: if s is in the I-domain and s ≤ s^′, then s^′ is in the I-domain.

We can define a DAG (i.e., directed acyclic graph) whose nodes are the states of the I-domain and that has an edge from s to s^′ if and only if s^′ is an immediate successor of s. This DAG is denoted G(I). More generally, if J is any non-empty set of states of the protocol, then G(J) denotes the DAG such that a state s is a node if and only if s ≥ t for some t ∈ J and such that there is an edge from a node to each of its immediate successors. If s is a node of G(J), then s < s^′ if and only if (1) s^′ is a node of G(J), and (2) there is a path from s to s^′ in G(J). If J, J^′ are both non-empty sets of states, then G(J) is a closed subgraph of G(J^′) if and only if J is contained in the set of nodes of G(J^′).^9 If s is a state, we write G(s) to mean G({s}). 2.4 Failures and executions. For this subsection, fix a protocol.

If π is a partial execution whose start state is an initial state, we define a partition of the processes into the sets F_π and NF_π of those that are faulty and non-faulty in π, respectively. NF_π consists of all processes that have finishing events in π or that have infinitely many events in π. F_π is the set of all processes not in NF_π.^{10} Note that π is finite if and only if all non-faulty processes finish in π, in which case F_π is the set of processes pending in the end state of π. Also note that a process with infinitely many events in π must have infinitely many scan events in π.

Definition 2.4.1: An execution of the protocol is a partial execution whose start state is an initial state and in which there is at least one non-faulty process.

Thus, an infinite partial execution whose start state is initial is an execution.

Let e be an execution. Process p participates effectively in e if p’s start event appears in e before a scan event by some process in NF_e. From the definitions and our assumptions about the structure of the protocol, it follows that every process that finishes in e is in NF_e, and every process in NF_e participates effectively in e. If e is infinite, then some process in NF_e has infinitely many scan events, and so every process with an event in e participates effectively in e.

Proposition 2.4.2: Let π be a finite partial execution whose start state is an initial state. If R is a non-empty set of processes that includes all processes that finish in π, then π can be extended to an execution e satisfying NF_e = R. Proof: Continue π by applying pending events of processes in R according to a round-robin (or other suitably fair) schedule, skipping over the turns of processes that have already finished.

By taking π to have no event, Proposition 2.4.2 guarantees that for any initial state s and any non-empty set of processes R, there is an execution e with start state s, NF_e = R, and in which only processes of R have events.

9If A is a directed graph, then a subgraph B of A is said to be closed in A if every edge of A with initial node in B has terminal node in B and is an edge of B.

10It may help to note that in our model there is no distinction between a process that is starved by a scheduler and one that is crashed. Put another way, the notion that asynchrony allows “arbitrary but finite delays” embodies a fairness constraint: a pending event of a non-faulty process must be applied after an arbitrary but finite number of events by other processes.

Proposition 2.4.3: Let e be a finite execution and let ε be the latest commit scan in e by any non-faulty process. Let π be the prefix obtained by truncating e after ε, and let ⟨ε_1, . . . , ε_r⟩ be the subsequence of events of e that are executed by processes in NF_e and that follow ε. Then e^′ = πε_1 · · · ε_r is an execution satisfying

(1) NF_e = NF_e′ .

(2) A process in NF_e accumulates the same view in e and in e^′.

(3) e and e^′ have the same set of effectively participating processes, and a process has an event in e^′ if and only if it participates effectively in e^′.

Proof: The events ε_1, . . . , ε_r must all be updates whose values are determined from the end state of π. This proves that e^′ is an execution. (1), (2) and the second clause of (3) follow directly from the construction of e^′. The first clause of (3) follows because a process participates effectively in e if and only if it starts in π.

We shall refer to the latest commit scan ε in Proposition 2.4.3 as the commit event of e and to the end state of π as the commit state of e.

Definition 2.4.4: Let I be a non-empty set of initial states. We say the protocol is wait-free on I if every execution e of the protocol with start state in I is finite.

Proposition 2.4.5: Let I be a non-empty set of initial states on which the protocol is wait-free. If s is a node of G(I), then G(s) is finite. If J is a finite set of nodes of G(I), then G(J) is finite. In particular, if I is finite, then G(I) is finite. Proof: Suppose G(s) is infinite. Every node of G(s) has outdegree at most n + 1. (Finite outdegree is actually enough.) By König’s lemma, G(s) has an infinite path. Thus, there is an infinite execution e with start state in I that generates s, which contradicts wait-freedom.

To see that J is finite, note that G(J) = ⋃ s∈J G(s) , a finite union of finite graphs.

2.5 Configurations and complexes.

Informally, a configuration is a consistent and mutually compatible assignment of values of like type (e.g., input) to one or more processes. To give a formal definition, let V be a value type (i.e., a non-empty set of “values”). A V -pair is an ordered pair x = (p, v) such that p is a process identifier and v is a value of type V (i.e., v ∈ V ). The pair represents the association of value v to process p. We write id(x) = p and val(x) = v. A V -configuration is a non-empty set X of V -pairs that is consistent in the sense that if x, x^′ ∈ X and id(x) = id(x^′), then x = x^′. We write ids(X) = {id(x): x ∈ X} and vals(X) = {val(x): x ∈ X}. Configurations may have additional compatibility constraints on the pairs that appear in a single configuration. These constraints may vary from one situation to another. Let X = {x_0, . . . , x_r} be a configuration (i.e., a V -configuration for some V ).^{11} X

11Whenever using the notation {x0, . . . , xr} for a configuration, we mean that x0, . . . , xr are associated to distinct processes.

can be thought of as a chromatic r-simplex with x_0, . . . , x_r as vertices and coloring x → id(x). In case r = n, we say that X is a full configuration. If X and X^′ are configurations such that X ⊆ X^′, then we say that X is extensible to X^′ and that X^′ is an extension of X.

A collection K of configurations, perhaps satisfying a compatibility constraint, is a complex if it satisfies the following hereditary property: if X is a configuration that is extensible to a configuration in K, then X ∈ K. Such a complex is a chromatic simplicial complex in the usual sense, with coloring x → id(x). We say that a complex K is homogeneous of dimension n if each simplex of K can be extended to a n-simplex of K.

Figure 17: Illustration of Example 2.5.1.

Example 2.5.1: The complex K of Example 1.5.5 consists of all configurations in which processes from the set {p, q, r} can be assigned values from the set V = {0, 1}. This complex is homogeneous of dimension two, and |K| is illustrated in Figure 12. Consider now the subcomplex L of K consisting of all simplices that satisfy the additional compatibility constraint that two vertices in a simplex have the same value. L is again homogeneous of dimension two, with two two-simplices. Figure 17 shows |L|.

Fix a protocol. An initial state has empty shared memory and assigns an input value to each process, and so it can be identified unambiguously with a full configuration of input values. Compatibility in this situation is certified by the initial state. The complex generated by all such configurations of input values is called the domain complex of the protocol. A simplex of the domain complex is called an input configuration for the protocol. We say that K is a complex of inputs for the protocol if K is a subcomplex of the domain complex.

If s is a non-initial state, then we let X_s denote the configuration of inputs of processes that have started in s. Compatibility of X_s is certified by s. If s_0 is an initial state, X is the associated full input configuration, and s_0 < s, then X_s ⊆ X. If s ≤ t with both s, t non-initial, then X_s ⊆ X_t. If e is an execution, then X_e denotes the effective input configuration for e. A pair (p, v) is in X_e if and only if p participates effectively in e with input value v. Compatibility of X_e is certified by e. If e is finite with commit state s, then X_e = X_s. If e is infinite, then X_e is the union of all X_s such that s is a non-initial state generated by e.

Definition 2.5.2: Let X be an input configuration. The protocol is wait-free on

X if every execution e satisfying X_e ⊆ X is finite. Let K be a complex of inputs. The protocol is wait-free on K if it is wait-free on every simplex of K.

Note that by letting K be the complex generated by the non-empty set I of initial states, we recover Definition 2.4.4.

We now turn to complexes of outputs. If s is a state in which at least one process has finished, then Y_s denotes the configuration of outputs of the processes that have finished in s. Compatibility of Y_s is certified by s. Plainly, if s ≤ t then Y_s ⊆ Y_t. If e is an execution, then Y_e denotes the configuration of outputs of the processes that finish in e. Compatibility of Y_e is certified by e. Y_e is the union of all Y_s such that s is a state generated by e in which at least one process has finished. If K is a complex of inputs, then O(K) denotes the complex generated by the set

{Y_e : e is a finite execution with X_e ∈ K}.

O(K) is the complex of executable outputs of the protocol applied to K.

Proposition 2.5.3: Let K be a finite complex of inputs on which the protocol is wait-free. Then O(K) is a finite complex. If, in addition, K is homogeneous of dimension n, then so is O(K).

Proof: Let X ∈ K and pick an initial state s whose associated full input configuration is an extension of X. Let Y be a configuration of O(K) such that Y = Y_e for a finite execution e satisfying X_e ⊆ X. Using Proposition 2.4.3, we can choose e so that no process starts in e after the commit event of e. Then, using Proposition 2.3.2, we can arrange that e has start state s. Let t be the end state of e. Then t is a node of G(s) and Y = Y_t. By Proposition 2.4.5, G(s) is finite and therefore yields finitely many such Y_t. Since X is an arbitrary simplex of K and K is finite, it follows that O(K) is finite.

If K is homogeneous of dimension n, then s can be chosen above to be a full configuration of K. By Proposition 2.4.2, the execution e can be extended to an execution e^′ in which all the processes are non-faulty. By the wait-free assumption, e^′ is still finite, and Y_e′ is then a full output configuration that extends Y_e.

Let K be a complex of inputs. By Δ(K) we mean the executable relation of input and output configurations that arise by applying the protocol to K. Formally,

Δ(K) = {(X_e, Y_e): e is a finite execution with X_e ∈ K} .

Exercise.

Exercise 2.5.4: (Participating processes.) Process p participates in execution e provided p has an event in e. Let X̂_e denote the configuration of inputs of all processes that participate in e. Plainly, X_e ⊆ X̂_e. Show that O(K) is unaffected when X̂_e is substituted for X_e in the definition. What about Δ(K)?

For an input configuration X, define the protocol to be weakly wait-free on X if any execution e satisfying X̂_e ⊆ X is finite. Prove that the protocol is weakly wait-free on X if and only if it is wait-free on X.

2.6 Protocol complexes.

Fix a protocol. Let s be a state in which at least one process has finished. Z_s is the configuration of all pairs z = (p, v) such that p has finished in s with final view v. Compatibility of Z_s is certified by s. We may emphasize that v is a final view by writing v = view(z). We also write inval(z) and outval(z) for p’s input and output values in v, respectively. There are chromatic simplicial maps ψ : Z_s → X_s , δ : Z_s → Y_s defined by ψ(z) = (id(z), inval(z)) , δ(z) = (id(z), outval(z)) ,

and δ is a surjection. If s ≤ t and at least one process has finished in s, then Z_s ⊆ Z_t.

Let e be an execution of the protocol. Z_e denotes the configuration of final views of processes that finish in e. Compatibility of Z_e is certified by e. Z_e is the union of the configurations Z_s as s varies through the states generated by e in which at least one process has finished. There are chromatic simplicial maps ψ : Z_e → X_e , δ : Z_e → Y_e defined as above, and δ is a surjection.

If K is a complex of inputs, then the protocol complex P(K) is defined to be the complex generated by

{Z_e : e is a finite execution with X_e ∈ K}.

A simplex Z ∈ P(K) will be called a protocol configuration. If Z ⊆ Z_s, then we say that s certifies Z. Similarly, if Z ⊆ Z_e, then we say that e certifies Z. Notice that there are chromatic simplicial maps ψ : P(K) → K , δ : P(K) → O(K) defined as above, and δ is a surjection.

Example 2.6.1: Consider a system with two processes, p and q, executing a oneround full-information protocol (see Example 2.2.1). Each process executes the following sequence of shared-memory operations: update, scan, update. Therefore, there are 6!/(3!)^2 = 20 possible event schedules in which both processes finish. Two event schedules that are related by commuting events (Subsection 2.3) cannot be distinguished by the processes, and there are seven inequivalent event schedules up to commuting events. It follows that for any one-dimensional input configuration X, P(X) has seven one-dimensional protocol configurations.

Let X = {(p, a), (q, b)}. Figure 18 shows a polyhedron for P(X). Since the input values are understood from X and since the output values depend on the function decide, the view components of the protocol pairs have been abbreviated to encode only the snapshots returned by scan operations. For example, in the protocol pair (p, a), “a” represents that the snapshot returned to p shows that only p’s first update has been applied, with q’s component of shared memory empty. In (q, ab), “ab” represents that the snapshot returned to q shows that the first updates by both p and q have been applied, but p’s second update has not been applied. In

Figure 18: P(X) from Example 2.6.1.

(q, {a}b), “{a}b” represents that the snapshot returned to q shows that p’s second update and q’s first update have been applied; the notation “{a}” means that the echo in p’s second update records that the snapshot returned to p shows the first update of p, but not the first update of q. And in (p, a{ab}), “a{ab}” represents that the snapshot returned to p shows that p’s first update and q’s second update have been applied; the notation “{ab}” means that the echo in q’s second update records that the snapshot returned to q shows the first updates of both p and q.

The simplicial map ψ : P(X) → X folds P(X) onto X in the unique chromatic way: ψ((p, v)) = (p, a) and ψ((q, w)) = (q, b). The map δ depends on the function

decide.

Figure 19 shows polyhedra of K and P(K) when K is a one-sphere consisting of four one-simplices (i.e., |K| is a square). Notice that |ψ|: |P(K)| → |K| is a homotopy equivalence.

Figure 19: K (left) and P(K) (right) from Example 2.6.1.

Much of the work in proving the ACT involves establishing properties of P(K). We mention a few of the simplest here.

Proposition 2.6.2: Let K be a complex of inputs on which the protocol is wait-free. Then ψ : P(K) → K is a surjection.

Proof: Let X ∈ K and let s be an initial state whose associated full input configuration extends X. Use Proposition 2.4.2 to obtain an execution e with start state s, NF_e = ids(X), and in which only the processes in ids(X) have events. By wait-freedom, e is finite, and so ids(X) is precisely the set of processes that finish in e. Thus, X = X_e and ψ maps Z_e onto X.

An easy adaptation of the proof of Proposition 2.5.3 yields

Proposition 2.6.3: Let K be a finite complex of inputs on which the protocol is wait-free. Then P(K) is a finite complex. If, in addition, K is homogeneous of dimension n, then so is P(K).

Let z be a protocol pair. In addition to inval(z) and outval(z), view(z) may record input or output values of processes other than id(z).^{12} Let X(z) denote the input configuration of all processes and corresponding input values that appear in in view(z). Let Y (z) denote the analogous output configuration, including the output value written by process id(z). If Z is a configuration of the protocol, we write X(Z) = ⋃ z∈Z X(z) and Y (Z) = ⋃ z∈Z Y (z) .

According to our assumptions about the protocol, ids(Z) ⊆ ids(Y (Z)) ⊆ ids(X(Z)). If s certifies Z, then X(Z) ⊆ X_s and Y (Z) ⊆ Y_s. Similarly, if e certifies Z then X(Z) ⊆ X_e and Y (Z) ⊆ Y_e.

Notice that if e is a finite execution, then X(Z_e) = X_e and Y (Z_e) = Y_e. In particular, it follows that ids(Z_e) = ids(Y (Z_e)). As a converse, we have the

Proposition 2.6.4: Let Z be a protocol configuration such that ids(Z) = ids(Y (Z)). Then there is a finite execution e such that Z = Z_e.

Proof: Let e^′ be a (finite) execution that certifies Z. Let π be the partial execution obtained by truncating e^′ after the latest scan event by a process in ids(Z). Since ids(Z) = ids(Y (Z)), it follows that any process that finishes in π must belong to ids(Z). Thus, we can use Proposition 2.4.2 to extend π to an execution e in which NF_e = ids(Z). Since any given process of ids(Z) has its commit scan in π and finishes in e^′, it must also finish in e with the same final view as in e^′. It follows that e certifies Z. Then Z ⊆ Z_e and ids(Z) = ids(Z_e), hence Z = Z_e.

Proposition 2.6.5: Let K be a complex of inputs. Then Δ(K) = {(X(Z), Y (Z)) : Z ∈ P(K)} . Proof: The inclusion ⊆ follows because, for any finite execution e, (X_e, Y_e) = (X(Z_e), Y (Z_e)).

Let Z ∈ P(K). Let e^′ be an execution that certifies Z and such that X_e′ ∈ K. As in the proof of Proposition 2.6.4, let π be the partial execution obtained from e^′ by truncating after the latest scan event by a process in ids(Z), and let e be obtained from π by letting the processes in ids(Z) finish. Since ids(Z) need not equal ids(Y (Z)) here, there may be processes of ids(Y (Z)) − ids(Z) that finish in π. Notice that e is finite and certifies Z, NF_e = ids(Y (Z)), and Y (Z) = Y_e. Processes that do not start in π do not start in e, and so X_e = X(Z) ⊆ X_e′ ∈ K. This shows that (X(Z), Y (Z)) ∈ Δ(K).

12view(z) may include snapshots of shared memory that show input values and, perhaps, also output values of other processes.

“Reducing” executions, as in the proofs of Propositions 2.6.4 and 2.6.5, will be useful at several points in the sequel. We state the

Proposition 2.6.6: A protocol configuration Z can be certified by a finite execution e satisfying X(Z) = X_e, Y (Z) = Y_e, and such that processes not in ids(Z) have no event after the commit state of e. The commit event of such an execution is the latest commit scan by a process in ids(Z).

Exercises.

Exercise 2.6.7: Fix a protocol. Let K be a complex of inputs and let Z be a configuration of the protocol. Show that Z ∈ P(K) if and only if X(Z) ∈ K.

Exercise 2.6.8^∗: Verify the claims made in Example 2.6.1. In particular, show that |ψ| is a homotopy equivalence in this example.

Exercise 2.6.9: Carry out the proof of Proposition 2.6.3.

Exercise 2.6.10: Consider whether the definitions of O(K), P(K), and Δ(K) are affected by allowing e to be infinite. Is Proposition 2.6.5 affected?

2.7 Decision tasks.

In a distributed decision task, each of the n + 1 processes is assigned a private input value. The processes must, typically, communicate with one another in order to “decide” upon output values in such a way that the configuration of output values is satisfactory, according to the task, for the given configuration of input values. We can assume that the input values and output values come from sets V_I and V_O prescribed by the task. A V_I -configuration will be referred to as an input configuration (for the task), and similarly a V_O -configuration will be referred to as an output configuration (for the task).^{13} The task specifies both the collection of admissible input configurations and an input-output relation Δ. Δ consists of all pairs (X, Y ) such that X is an admissible input configuration and Y is an output configuration that is satisfactory given input X.

In order to make the notion of a protocol solving a task simple and natural, we take the point of view that the task, while intended for all of the processes, should acknowledge the possibility of failures of processes, perhaps from the outset. Δ should therefore specify all satisfactory output configurations for each (effective) input configuration that is possible given the number of failures to be tolerated. A task is well-posed for wait-free computation if it satisfies

(T1): Any admissible input configuration is extensible to an admissible full input configuration. Any input configuration that is extensible to an admissible input configuration is itself admissible.

(T2): If (X, Y ) ∈ Δ, then ids(Y ) ⊆ ids(X).

(T3): For each admissible input configuration X and for each non-empty subset P of ids(X) there is at least one pair (X, Y ) in Δ such that ids(Y ) = P .

13At this point, input/output configurations for a protocol are conceptually distinct from input/output configurations for a task. Of course, if the protocol is to solve the task, it must be possible to blur this distinction. See Definition 2.7.1.

Loosely speaking, (T1) guarantees that input values are offered to all processes and allows for the existence of processes that do not effectively participate; (T2) ensures that processes that do not effectively participate are not required to reach decision values; and (T3) allows for the failure of effectively participating processes.

In order to avoid forcing a slow process to crash after state s because Y_s cannot be satisfactorily extended, we may require

(T4): If (X, Y ) ∈ Δ and X^′ is an admissible extension of X, then there is an extension Y^′ of Y with ids(Y^′) = ids(X^′) such that (X^′, Y^′) ∈ Δ.

To allow for the assembly of a satisfactory solution from partial solutions, we may require

(T5): If (X, Y ) ∈ Δ and Y_1 is a non-empty subset of Y , then (X, Y_1) ∈ Δ.

A task that satisfies (T4) is called extensible, while a task that satisfies (T5) is called strongly reducible. It seems that most decision tasks considered in previous research have been treated as extensible and strongly reducible.

The input complex for the task is the complex I generated by the admissible input configurations. (T1) implies that I is homogeneous of dimension n. The output complex for the task is the complex O generated by output configurations Y that appear as second elements of pairs in Δ. (T4) implies that O is homogeneous of dimension n. It is customary to denote a decision task by the triple (I, O, Δ).

Definition 2.7.1: Let (I, O, Δ) be a decision task that is well-posed for wait-free computation. A protocol is a wait-free solution of (I, O, Δ) if (1) I is a complex of inputs for the protocol, (2) the protocol is wait-free on I, and (3) Δ(I) ⊆ Δ.

Example 2.7.2: Binary consensus. V_I = V_O = {0, 1}. All input configurations are allowed. The task requires finishing processes to have the same output value, and the common output value must be the input value of some effectively participating process. Thus, Δ consists of pairs (X, Y ) such that ids(Y ) ⊆ ids(X), vals(Y ) ⊆ vals(X), and |vals(Y )| = 1. Figures 12 and 17 show polyhedra of I and O (respectively) when the processes of the system are p, q, and r.

We can view the executable relation Δ(K) of a protocol on K as the input-output relation of a decision task with input complex K and output complex O(K).

Proposition 2.7.3: Let K be a homogeneous n-dimensional complex of inputs on which a given protocol is wait-free. Then (K, O(K), Δ(K)) is a task well-posed for wait-free computation, extensible, and of which the protocol is a wait-free solution. Proof: (T1) and (T2) are immediate from the definitions. (T3) and (T4) are not difficult to establish using the results of Subsections 2.3 and 2.4.

3. Wait-free Spans We prove the Theorem on Spans, namely that spans exist for wait-free fullinformation protocols. In Subsections 3.1 through 3.4, we carry out the proof ignoring the requirement that a span respect process identifiers (i.e., be chromatic). To avoid confusion, we call such weak spans non-chromatic. The key step is showing that the protocol complex reachable from any state has contractible polyhedron.

This fact is established in Subsection 3.3 by a somewhat complicated induction argument. Subsections 3.1 and 3.2 give substantial preparation for the work in Subsection 3.3.

In Subsection 3.5, we use the non-chromatic spans to prove impossibility results for wait-free solution of set consensus.

Subsections 3.6 through 3.9 carry out the technical work to prove that genuine spans, satisfying the chromatic requirement, exist for wait-free protocols. Subsection 3.9 also gives the necessary condition of the ACT as a corollary of the Theorem on Spans.

3.1 Blocked reachable complexes.

Let s be a state. P(s) denotes the complex generated by the set of protocol configurations Z_e such that e is a finite execution generating s. P(s) is the protocol complex reachable from s. Notice that if s is an initial state corresponding to the full input configuration X, then P(s) = P(X). The proof of the Theorem on Spans relies on establishing topological properties of protocol complexes reachable from various states.

In order to establish topological properties of reachable complexes, it seems necessary to consider more general reachable complexes in which certain pending events (equivalently, processes associated to those events) may be “blocked” from execution. Let s be a state and let B ⊆ E(s) such that |B| ≤ n. By P^B (s) we mean the subcomplex of P(s) generated by the set of Z_e such that e is a finite execution that generates s and in which no event of B is applied after s. Note that ids(B) ⊆ F_e, and, in particular, ids(Z) and ids(B) are disjoint. In this situation, we say that the events of B and the processes of ids(B) are blocked in e after s.

Proposition 3.1.1: Let B, B^′ ⊆ E(s) with |B ∪ B^′| ≤ n.

(1) If B ⊆ B^′, then P^B(s) ⊇ P^{B′} (s).

(2) P^{B∪B′} (s) = P^B(s) ∩ P^{B′} (s).

Proof: (1) is immediate from the definitions. The inclusion ⊆ of (2) follows from (1). Suppose Z ∈ P^B (s) ∩ P^{B′} (s). Since Z ∈ P^B (s), Z is certified by a finite execution e that generates s and in which no event of B is applied after s.^{14} Let t ≥ s be the state generated by the latest commit scan in e by a process of ids(Z). As in Proposition 2.6.6, we can arrange that only processes of ids(Z) have events in e after t, and so t is the commit state of e. We can further reduce e by deleting any scan event by a process p ∉ ids(Z) that (a) is applied between s and t, and (b) is not followed by an update event by p. With these reductions, we claim that no event of B^′ is applied in e after s. Suppose not, say ε is an event of B^′ applied in e after s. Since Z ∈ P^{B′} (s), id(ε) ∉ ids(Z). Thus, ε is applied before t. Without loss of generality, we may assume that ε is the latest such event. By our reductions, ε must be an update. But then the value written in ε appears in the final view of some process in ids(Z), and this contradicts Z ∈ P^{B′} (s). It now follows that e certifies Z ∈ P^{B∪B′} (s).

14Hereafter, we may simply write “e certifies Z ∈ P^B (s)” to mean “e is a finite execution that certifies Z, generates s, and applies no event of B after s.” Similar language may be used in similar situations without further comment.

Of course, P^∅(s) = P(s), so blocked reachable complexes are a generalization of reachable complexes. Whenever we write P^B (s) it should be understood that B ⊆ E(s) and |B| ≤ n. 3.2 General structure of reachable complexes.

In this subsection we make no assumption about the resilience of the protocol. While the proofs below are not difficult, they tend to have a lot of cases and, therefore, to be a bit unpleasant. The reader is encouraged to try to write down her own proofs for the propositions before reading those given here. She may well be able to improve the proofs!

If ε ∈ E(s) − B, then we write

P^B_ε (s) = P^B (sε) .

In case E(s) − B is non-empty, then it is easy to see that

P^B (s) = ⋃ ε∈E(s)−B P^B_ε (s) . (3.2.1)

If A ⊆ E(s) − B, then we write

P^B_A (s) = ⋂ ε∈A P^B_ε (s) = ⋂ ε∈A P^B(sε) , with the understanding that P^B_∅ (s) = P^B (s).

Although we do not need them in the sequel, Proposition 3.2.2 and Corollary 3.2.3 express simple relationships between reachable complexes that are intuitively reasonable and that exhibit some of the facility of the notation.

Proposition 3.2.2: Let A ⊆ E(s) − B. Then

P^B_A (s) ⊆ P^B(s) ∩ P_A(s) .

If the protocol records full information, then

P^B_A (s) = P^B(s) ∩ P_A(s) .

Proof: The inclusion ⊆ follows easily from the definitions and Proposition 3.1.1.

Assume that the protocol records full information. We consider first the case that A consists of the single event ε. Let Z ∈ P^B (s) ∩ P(sε). Let e be an execution certifying Z ∈ P^B (s), and let σ_e be the latest commit scan in e by a process in ids(Z). Let f be an execution certifying Z ∈ P(sε), and define σ_f similarly. By splicing, we may assume that e and f share a prefix that generates s.

Suppose σ_e precedes s. Since e and f share a prefix generating s, σ_f = σ_e. Thus, we may delete from f all events by processes not in ids(Z) after sε. The resulting execution certifies Z ∈ P^B (sε).

Assume, therefore, that σ_e follows s, and hence σ_f follows s as well. We will argue that e can be arranged so that ε is applied to s in e, thereby certifying that Z ∈ P^B(sε). We first make reductions of both e and f to eliminate irrelevant events. Let q ∉ ids(Z). Then we can assume, without loss of generality, that

(1) q has no event in e (respectively, f) after σ_e (respectively, σ_f ), and

(2) if q has a scan σ after s in e (respectively, after sε in f), then σ is followed by an update that precedes σ_e (respectively, σ_f ).

We first consider the case that ε is an update. Then the value written in ε appears in the value returned by σ_f and is therefore recorded in the final view of some process in ids(Z). It follows that ε must be applied in e. Suppose that there is a scan σ in e by process q that follows s, but precedes ε. We cannot have q ∈ ids(Z), since this would contradict Z ∈ P(sε). By (2), σ must be followed in e by an update that precedes σ_e, and the first such update υ contains, according to full information, an echo copy of the value returned to q in σ. The value written in υ is seen in σ_e, which contradicts Z ∈ P(sε). Thus, there can be no such intervening scan σ, and we can therefore interchange update events in e to arrange that ε is applied to s.

Assume now that ε is a scan event by process p. If p ∈ ids(Z), then ε must be applied in e after s and before any intervening updates, and we can therefore arrange that ε is applied to s in e. Otherwise, p ∉ ids(Z). If p has no further event in f, then, from our reductions, p cannot have an event in e after s. (Why?) Then we can simply insert the single event ε in e immediately after s, adding no other event for p to e.

Otherwise, p has an update event in f after ε. According to (1), such an update precedes σ_f , and the first such update includes an echo copy of the value returned in ε. It follows that ε must be applied in e after s, but before any intervening updates, and therefore we can arrange that ε is applied to s in e. This completes the proof that P^B_ε (s) = P^B(s) ∩ P_ε(s).

For general A ⊆ E(s) − B, we now have

P^B_A (s) = ⋂ ε∈A P^B (s) ∩ P_ε(s) = P^B (s) ∩ P_A(s) .

Corollary 3.2.3: Assume the protocol records full information. If B, B^′ ⊆ E(s), with |B ∪ B^′| ≤ n, and A, A^′ ⊆ E(s) − (B ∪ B^′), then P^B_A (s) ∩ P^{B′}_A′ (s) = P^{B∪B′}_{A∪A}′ (s) .

Proof: Apply Propositions 3.1.1, 3.2.2, and the definitions.

Proposition 3.2.4: Let A ⊆ Υ (s) − B or A ⊆ Σ(s) − B. Then

P^B_A (s) ⊇ P^B (sA) .

If the protocol records full information, then

P^B_A (s) = P^B (sA) .

Proof: If A is empty, then the result holds trivially. According to Proposition 2.3.1, the events of A commute on s. Let Z ∈ P^B(sA), certified by e, and let ε ∈ A. Then sε ≤ sA, and so, by splicing, e can be arranged to generate sε without applying events of B after s. Such e certifies that Z ∈ P^B (sε). Intersecting over ε ∈ A gives Z ∈ P^B_A (s).

Assume now that the protocol records full information. Let Z ∈ P^B_A (s), and let e be an execution that certifies Z ∈ P^B (s).

We consider first the case that A ⊆ Σ(s) − B. We will argue that e can be arranged so that the scans of A follow s with no intervening updates, and from this it follows that Z ∈ P^B (sA). Let σ ∈ A with p = id(σ). Since Z ∈ P^B_A (s), we have Z ∈ P^B (sσ). Suppose p ∈ ids(Z). Since p finishes in e with final view in Z, and since Z ∈ P^B (sσ), σ must be applied as desired. Now suppose p ∉ ids(Z). We can assume p has no event in e after s or after the latest commit scan by a process in ids(Z), whichever is later. If p then has no update event after s in e, then we can arrange that σ is applied as required and that p has no later event in e. Otherwise, p makes an update in e after σ but before a scan by some process of ids(Z). Without loss of generality, υ is the earliest such update by p, and the value written in υ appears in the final view w of a process in ids(Z). Since the protocol records full information, υ includes an echo copy of the value returned to p in σ. Since Z ∈ P^B(sσ), w ensures that this echo copy shows no update intervenes between s and the application of σ in e.

We now consider the case A ⊆ Υ (s) − B. Again, we will argue that e can be arranged so that the updates of A follow s with no intervening scans, thereby proving that Z ∈ P^B(sA). Suppose that no process in ids(Z) has a scan event after s. Then we can arrange that the only events of e following s are the updates of A, followed by any remaining updates of processes in ids(Z). Otherwise, some process q ∈ ids(Z) has a scan event σ in e after s. Without loss of generality, σ is the earliest such scan event. Let υ ∈ A. Since Z ∈ P^B (sυ), σ must return a value showing that υ was already applied. Thus, all updates of A must be applied in e before σ. It remains to deal with the possibility of a scan σ^′ by a process q^′ ∉ ids(Z) (and ∉ ids(B)) that occurs after s but before the last event of A is applied in e. Consider the earliest such σ^′. If q^′ makes no update after σ^′ and before the latest commit scan by a process in ids(Z), then we can simply delete σ^′ and any subsequent events by process q^′ from e. If not, then q^′ has at least one update event υ^′ following σ^′ and preceding a scan by process q ∈ ids(Z). We may assume that υ^′ is the earliest such update by q^′, and, according to full information, υ^′ includes an echo copy of the value returned to q^′ in σ^′. Since σ^′ precedes an update υ ∈ A, υ^′ records this fact, which is also recorded in the final view of q in e. Any execution certifying Z ∈ P^B (sυ), however, must apply υ before σ^′ and υ^′ before the commit scan of q, and we have a contradiction.

Another useful formula relating reachable complexes is provided by the following proposition.

Proposition 3.2.5: Let R ⊆ Σ(s) − B and W ⊆ Υ (s) − B. Then P^B_{R∪W} (s) ⊇ P^{B∪R}_W (s) . If the protocol records full information and W is non-empty, then P^B_{R∪W} (s) = P^{B∪R}_W (s) .

Proof: From the definitions, we have P^{B∪R}_W (s) ⊆ P^B_W (s) . On the other hand, P^{B∪R}_W (s) ⊆ P^{B∪R}(s) . Suppose Z ∈ P^{B∪R}(s), certified by e. Then we can simply add the events of R to e immediately after s, leaving the processes of ids(R) blocked after sR. The resulting execution certifies Z ∈ P^B_R (s). This proves P^{B∪R}(s) ⊆ P^B_R (s) , and so we have P^{B∪R}_W (s) ⊆ P^B_R (s) ∩ P^B_W (s) = P^B_{R∪W} (s) .

Now assume the protocol records full information and that W is non-empty. Let Z ∈ P^B_{R∪W} (s), let υ_0 ∈ W , and let e certify that Z ∈ P^B(sυ_0). Consider σ ∈ R with p = id(σ). Assume p has an update event υ in e after σ but before some scan by a process in ids(Z). In particular, this means that σ is applied in e after υ_0, and so the value written in υ_0 appears in the value returned to p by σ. We can assume υ is the first update by p following σ and therefore, by full information, includes an echo copy of the value returned in σ. Thus, the value written in υ and recorded in Z testifies that υ_0 preceded σ. This contradicts the fact that Z ∈ P^B (sσ). Thus, no process p ∈ ids(R) can have such an update event υ in e. Therefore, we can block all processes in R after s and still have an execution that certifies Z. This proves that Z ∈ P^{B∪R}_{υ0} (s). Since υ_0 ∈ W is arbitrary, Z ∈ P^{B∪R}_W (s).

Combining Propositions 3.2.4 and 3.2.5 gives the following corollary, which, in particular, implies that if the protocol records full information, then Z ∈ P^B_A (s) can always be certified by a single execution.

Corollary 3.2.6: Assume the protocol records full information. Let A ⊆ E(s) − B and write R = A ∩ Σ(s), W = A ∩ Υ (s). If W is empty, then

P^B_A (s) = P^B (sR) ,

and if W is non-empty, then P^B_A (s) = P^{B∪R}(sW ) .

So far, we have made no assumptions about the number of processes finished in s. Since we also have made no assumption about resilience, it could be that P^B_A (s) is empty! Indeed, we need at least to know that the protocol is 0-resilient to conclude that processes eventually finish in the absence of failures. Suppose, on the other hand, that there is at least one process finished in s. Then we can be sure that P^B (s) at least contains the simplex Z_s. If the protocol records full information and if A ⊆ E(s)−B is non-empty, then, using Corollary 3.2.6, we have P^B_A (s) = P^{B′} (s^′), where B ⊆ B^′ and s < s^′. Thus, s^′ has at least one finished process, so P^{B′} (s^′) is non-empty, and we conclude P^B_A (s) is non-empty.

Proposition 3.2.7: Let s be a state in which at least one process has finished. If A ⊆ E(s) − B, then P^B_A (s) is a non-empty cone.

Proof: Let process p be finished in s with final view v, and write z = (p, v). Then z is a protocol vertex certified by any execution that generates s. Thus, z is a vertex of P^B_A (s). Furthermore, if Z ∈ P^B_A (s), then either z is a vertex of Z or {z} ∪ Z ∈ P^B_A (s). This proves P^B_A (s) is a non-empty cone with cone point z.

Notice that if s is a terminal state, P^B_A (s) is defined only if A and B are empty. In this case P^B_A (s) = P(s), which is the complex of faces of the n-simplex Z_s.

3.3 Topological structure of wait-free reachable complexes. For this subsection, we assume that the protocol is wait-free on the non-empty set I of initial states. In Proposition 3.3.1 we show that reachable complexes are nonempty. Theorem 3.3.3 shows that the associated polyhedra are always contractible, which is a key step in the proof of the Theorem on Spans and leads easily to the existence of “non-chromatic” spans, as discussed in Subsection 3.4.

Proposition 3.3.1: Let s be a state of the I-domain and let A ⊆ E(s) − B. Then P^B_A (s) is non-empty.

Proof: We first prove that any reachable complex of the form P^B(s) is non-empty. If at least one process has finished in s, then, as we have pointed out, Z_s is a simplex of P^B (s). Otherwise, let π be a partial execution whose start state is in I and whose end state is s. Since |B| ≤ n, there is a process p ∉ ids(B). We can extend π to an execution e in which only p has events after s. Since the protocol is wait-free on I, this execution is finite (p finishes), and thus Z_e is a simplex of P^B (s).

Now suppose A is non-empty and write R = A ∩ Σ(s), W = A ∩ Υ (s). If W is empty, then by Proposition 3.2.4 we have P^B_A (s) ⊇ P^B (sR) ≠ ∅ . Otherwise, by Propositions 3.2.5 and 3.2.4 we have P^B_A (s) ⊇ P^{B∪R}_W (s) ⊇ P^{B∪R}(sW ) ≠ ∅ .

We need the following standard fact from algebraic topology, which follows easily, if circuitously, from the van Kampen Theorem for the fundamental group, the integral homology Mayer-Vietoris Sequence, the Hurewicz Theorem, and the Whitehead Theorem. (See [S].)

Contractibility Principle 3.3.2: Let K, L be simplicial complexes such that each of |K|, |L|, and |K ∩ L| is contractible. Then |K ∪ L| is contractible.

Theorem 3.3.3: Assume the protocol records full information, and let s be any state of the I-domain. If B ⊆ E(s), |B| ≤ n, and A ⊆ E(s) − B, then |P^B_A (s)| is contractible.

Proof: By backwards induction on the finite DAG G(I). Since (the polyhedron of) a non-empty cone is contractible, Proposition 3.2.7 proves the result for any state s ∈ G(I) in which at least one process has finished. In particular, this provides the basis for induction.

Now let s be a state of G(I) and assume that the result holds for all states t > s. We assume first that A is non-empty. Write R = A ∩ Σ(s), W = A ∩ Υ (s). If W is empty, hence R is non-empty, then by Corollary 3.2.6 we have

P^B_A (s) = P^B (sR) ,

and, since sR > s, |P^B (sR)| is contractible by the inductive hypothesis. Now assume W is non-empty. Again, by Corollary 3.2.6 we have

P^B_A (s) = P^{B∪R}(sW )

with sW > s, and so |P^{B∪R}(sW )| is contractible.

Suppose, now, that A is empty. If E(s) − B is empty, then P^B (s) is the complex of faces of Z_s, which has contractible polyhedron. Assume, therefore, that E(s) − B is non-empty. According to (3.2.1),

P^B (s) = ⋃ ε∈E(s)−B P^B (sε) , (∗)

and, since sε > s, |P^B (sε)| is contractible. The strategy is to apply the Contractibility Principle to show that the polyhedron of the union in (∗) is contractible. Care must be taken, however, since the Contractibility Principle can be used on only two complexes at a time. The reader will quickly see that this approach leads to many “subproblems” of a similar flavor, and the work can be organized inductively.

Let R_1, . . . , R_r be any non-empty subsets of Σ(s) − B. We claim that the polyhedron of_r ⋃ i=1 P^B_{Ri} (s) is contractible. The basis for induction (r = 1) follows from the arguments above for A non-empty. Assume r > 1 and that the result holds for any union of at least one, but fewer than r, non-empty subsets of Σ(s) − B. Then the polyhedron of A = r−1⋃ i=1 P^B_{Ri} (s)

is contractible, as is |P^B_{Rr} (s)| (by the basis). Furthermore, from the definitions

A ∩ P^B_{Rr} (s) = r−1⋃ i=1 P^B_{Ri∪Rr} (s) , whose polyhedron is contractible by the inductive hypothesis. The Contractibility Principle therefore establishes the inductive step and proves the claim.

A similar induction shows that if W_1, . . . , W_w are any non-empty subsets of Υ (s)− B, then the polyhedron of_w ⋃ j=1 P^B_{Wj} (s) is contractible.

Let R_1, . . . , R_m be any subsets of Σ(s)−B and let W_1, . . . , W_m be any non-empty subsets of Υ (s) − B. We claim that the polyhedron of m⋃ i=1 P^B_{Ri∪Wi} (s) is contractible. First note, from Propositions 3.2.4 and 3.2.5, that P^B_{Ri∪Wi} (s) = P^{B∪Ri}_{Wi} (s) = P^{B∪Ri} (sW_i) , whose polyhedron is contractible since sW_i > s. This observation also provides the basis for induction. Assume m > 1 and that the result holds for any union of at least one, but fewer than m, such reachable complexes. Then C = m−1⋃ i=1 P^B_{Ri∪Wi} (s) has contractible polyhedron, and |P^B_{Rm∪Wm} (s)| is contractible (by the basis). Furthermore, according to the definitions C ∩ P^B_{Rm∪Wm} (s) = m−1⋃ i=1 P^B_{Ri∪Rm∪Wi ∪Wm} (s) , whose polyhedron is contractible by the inductive hypothesis. The Contractibility Principle therefore establishes the inductive step and proves the claim.

Finally, let R_1, . . . , R_r be any non-empty subsets of Σ(s) − B, let W_1, . . . , W_w be any non-empty subsets of Υ (s) − B, and write A = r⋃ i=1 P^B_{Ri} (s) , B = w⋃ j=1 P^B_{Wj} (s) . |A| and |B| are contractible by the first and second induction arguments above. Also, A ∩ B = r⋃ i=1 w⋃ j=1 P^B_{Ri∪Wj} (s) , and so the third induction above shows that |A ∩ B| is contractible. By the Contractibility Principle, |A ∪ B| is contractible.

Notice that the union in (∗) can be written in the form A ∪ B by taking each of the sets R_i to be a singleton with element from Σ(s) − B and each of the sets W_j to be a singleton with element from Υ (s) − B. We therefore conclude that |P^B(s)| is contractible, and this completes the proof.

Remark. Herlihy and Shavit prove Theorem 3.3.3 by using critical states and arguing by contradiction. Notice that the only properties from Subsection 3.2 needed in the proof of Theorem 3.3.3 are (3.2.1); Propositions 3.2.4, 3.2.5, and their Corollary 3.2.6; and Proposition 3.2.7.

Corollary 3.3.4: Assume the protocol records full information, and let X be an input configuration on which the protocol is wait-free. Then |P(X)| is contractible.

Proof: If Z ∈ P(X), then, using Proposition 2.4.3, we can arrange that Z ∈ P(X) is certified by an execution in which only processes of ids(X) have events. Consider a new protocol that runs only on the processes of ids(X) and that behaves just as the old protocol does when all processes not in ids(X) are blocked from the outset. Then X is an initial state on which the new protocol is wait-free, and P(X) is the new protocol complex reachable from X. By Theorem 3.3.3, |P(X)| is contractible.

Notice that if we strengthen the the assumption of the corollary to “X is an input configuration that can be extended to an initial state s on which the protocol is wait-free” then, with B denoting the set of start events of the processes not in ids(X), it follows that P(X) = P^B (s) ,

and so contractibility of |P(X)| is given by Theorem 3.3.3, without changing protocols.

3.4 (Non-chromatic) spans.

Herlihy and Shavit require spans to be chromatic, but arranging this condition involves technical difficulties that will not be dealt with until Subsections 3.6 through 3.9. We make the following more relaxed definition. Let K be a complex of inputs. A span (for the protocol on K) is a simplicial map φ from a subdivision σ(K) of K to P(K) such that, for any simplex S of σ(K), φ(S) ∈ P(carrier(S)). In order to avoid confusion, we may refer to such spans as “(non-chromatic) spans,” and we may refer to spans in the sense of Herlihy and Shavit as “chromatic spans.”

It is worth noting that if φ: σ(K) → P(K) is a span and if L is a subcomplex of K, then the restriction of φ to σ(L) is a span for the protocol on L. A strategy for obtaining a span for the protocol on K is then to build it up inductively from spans on subcomplexes, such as the skeleta. This is the technique used to prove Theorem 3.4.2 below, which is the non-chromatic version of the Wait-free Theorem on Spans.

In order to accomplish the induction, we need to deal with the following situation. Suppose that X is a simplex of K (we also write X for the complex of faces of X), ∂X is the complex of proper faces, there is a simplicial map φ on a subdivision of ∂X, and |φ| can be extended to a continuous map of |X|. We need to be able to extend the subdivision of ∂X to a subdivision of X across which φ can be extended simplicially, all without changing the subdivision and map on ∂X. Typical statements of the Simplicial Approximation Theorem are not sufficient, but, fortunately, using the fact that a subcomplex admits a neighborhood deformation retraction, one can adapt the usual proof of the Simplicial Approximation Theorem to obtain the following lemma. (See section 16 of [Mu] for a related discussion.)

Lemma 3.4.1: Let K, L be simplicial complexes, and f : |K| → |L| be continuous. Assume, further, that there is a subcomplex K_0 of K, a subdivision σ_0(K_0), and a simplicial map φ_0 : σ_0(K_0) → L such that |φ_0| is equal to the restriction of f to |K_0|. Then there exist a subdivision σ(K) and a simplicial map φ: σ(K) → L such that σ(K_0) = σ_0(K_0), φ restricted to σ(K_0) equals φ_0, and |φ| is homotopic to f relative to |K_0|.

Theorem 3.4.2: Assume the protocol records full information, and let K be a complex of inputs on which the protocol is wait-free. Then there exists a (nonchromatic ) span for the protocol on K.

Proof: We construct the subdivision σ(K) and the map φ inductively on the skeleta of K. The 0-skeleton of K admits no subdivision. Let x be a vertex of K, and let p = id(x). Since the protocol is wait-free, there is a finite execution e in which p starts with input value val(x) and only p has events. Let z = (p, v), where v is the final view of p in e. Then P(x) has only the single vertex z. We must, therefore, let φ(x) = z. This defines φ as a span for the protocol on K^{(0)}.

Assume now that k > 0, that the subdivision σ(K^{(k−1)}) has been defined, and that φ has been defined as a span for the protocol on K^{(k−1)}. Let X be a ksimplex of K. The boundary ∂X is contained in K^{(k−1)}, so φ gives a simplicial map σ(∂X) → P(X). |∂X| is a (k − 1)-sphere, and since |P(X)| is contractible by Corollary 3.3.4, the restriction of |φ| to |∂X| can be extended to a continuous map |X| → |P(X)|. Using Lemma 3.4.1, the subdivision σ(∂X) can be extended to a subdivision σ(X) and φ can be extended to a simplicial map σ(X) → P(X). In this way, we define the subdivision σ(K^{(k)}) and the map φ: σ(K^{(k)}) → P(K^{(k)}). Suppose that S is simplex of σ(K^{(k)}). If S lies in σ(K^{(k−1)}), then φ(S) ∈ P(carrier(S)) by the inductive hypothesis. Otherwise, carrier(S) is a k-simplex of K, say X. From our construction, we see that φ maps S into P(X) = P(carrier(S)). This verifies that φ is a span for the protocol on K^{(k)} and completes the inductive step.

The following proposition gives a topological relationship between a (nonchromatic) span φ: σ(K) → P(K) and the simplicial map ψ : P(K) → K.

Proposition 3.4.3: Let φ: σ(K) → P(K) be a (non-chromatic) span for the protocol on K. Then |ψ ∘ φ| is homotopic to the identity map of |K|. Proof: Note that we can identify |K| and |σ(K)|. For any simplex S in σ(K),

ψ ∘ φ(S) ⊆ carrier(S) .

This implies that the condition (∗) of the Simplicial Approximation Theorem 1.7.2 is satisfied when we take L = K, g the identity map of |K|, and f = ψ ∘ φ. As in Corollary 1.7.4, it follows that |ψ ∘ φ| is homotopic to the identity map of |K|.

In other words, |φ| is a right homotopy inverse for |ψ|. This fact has been exploited in [H1] to obtain homology obstructions to wait-free solvability of decision tasks. Actually, |φ| and |ψ| are two-sided homotopy inverses, and so |K| and |P(K)| are homotopy equivalent spaces. These facts are proved in [H2].

Exercises.

Exercise 3.4.4: Let K be a complex of inputs, σ(K) a subdivision, and φ: σ(K) → P(K) a simplicial map. Show that φ is a (non-chromatic) span if and only if X(φ(S)) ⊆ carrier(S) for every simplex S ∈ σ(K).

Exercise 3.4.5^{∗∗}: Assume the protocol is wait-free on the complex K of inputs. Then a subdivision σ(K) and a (non-chromatic) span φ: σ(K) → P(K) can be arranged so that X(φ(S)) = carrier(S) for every simplex S ∈ σ(K).

3.5 Impossibility of wait-free set consensus.

We first describe the (m, k) set consensus task. It is understood that m, k ≥ 1. Each of the processes may begin with any value from a fixed set V of size m.^{15}

15Some authors write “(m, k) set consensus” to mean that m is the number of processes.

The processes are required to decide on output values such that each output value is the input value of some process and the number of distinct output values is at most k. It is not difficult to see that a protocol that solves this task must arrange that the output values in any finite execution come from the set of input values for the effectively participating processes. Details are left as an exercise. Thus, we can specify the task relation Δ as the set of all pairs (X, Y ) of V -configurations such that

(1) ids(Y ) ⊆ ids(X),

(2) vals(Y ) ⊆ vals(X), and

(3) |vals(Y )| ≤ k.

Plainly, the task admits trivial wait-free solution when k ≥ m or k ≥ n + 1 by directing each process to output its own input value. (Remember that n+1 denotes the number of processes.) Thus, we shall assume k < min{m, n + 1}.

Soma Chaudhuri posed the set consensus task in [Ch] as an example that should admit (k − 1)-resilient solution, but not f-resilient solution for f ≥ k. She provided a protocol proving the former and conjectured the latter, based upon progress using Sperner’s Lemma. The trio of abstracts [BG2, HS1, SZ] from the 1993 STOC conference claimed proofs of the correctness of her conjecture in the wait-free case, i.e. that (m, k) set consensus does not admit n-resilient solution when n ≥ k. [BG2, HS1] also claimed proofs of the impossibility of f-resilient solution of (m, k) set consensus when n ≥ f ≥ k. While the details of the three approaches differ, they share the common themes of (1) managing the different interleavings of executions from an input configuration by associating them to a polyhedral or simplicial subdivision of a simplex, and (2) invoking the following basic topological fact:

Topological Fact 3.5.1: The identity map of a sphere is not homotopic to a constant map.

With suitable massaging this fact can be seen to be essentially equivalent to Brouwer’s Fixed Point Theorem and to Sperner’s Lemma, which are the incarnations that actually appeared in [BG2, HS1, SZ]. (See the exercises.) In this subsection, we use Sperner’s Lemma and (non-chromatic) spans to prove the impossibility of n-resilient solution of (m, k) set consensus for n ≥ k.

Sperner’s Lemma 3.5.2: Let X denote the complex of faces of a simplex, and let σ(X) be a subdivision. If f : σ(X) → X is a simplicial map such that f(S) ⊆ carrier(S) for all simplices S ∈ σ(X), then there exists a simplex S ∈ σ(X) such that f(S) = X.

The equation f(S) = X blurs the distinction between a simplex and the complex of faces that it generates. Notice that the condition “f(S) ⊆ carrier(S) for all simplices S ∈ σ(X)” is equivalent to the condition “f(x) ∈ carrier(x) for all vertices x of σ(X).”

Theorem 3.5.3 ([BG2, HS1, SZ]): If n ≥ k and m > k, then the (m, k) set consensus task cannot be solved wait-free in the AS model.

Proof: Let (I, O, Δ) denote the task triple. Assume that a wait-free solution exists. Without loss of generality, there is a full-information protocol that solves the task.

The protocol must be wait-free on I, and so, according to Theorem 3.4.2, there is a (non-chromatic) span for the protocol on I. Thus, we have a subdivision σ(I) and a simplicial map φ: σ(I) → P(I) such that

φ(S) ∈ P(carrier(S)) (∗)

for every simplex S ∈ σ(I).

Let X be any simplex of I whose values are distinct (i.e., such that |vals(X)| = dim X + 1). Let Z ∈ P(X). By Proposition 2.6.5, (X(Z), Y (Z)) ∈ Δ. Condition (2) of the task implies that

vals(Y (Z)) ⊆ vals(X(Z)) .

Since X(Z) ⊆ X (Exercise 2.6.7),

vals(Y (Z)) ⊆ vals(X) .

The values of the vertices of X are distinct, so it follows that there is a unique simplicial map D : P(X) → X satisfying val(D(z)) = val(δ(z))

for each vertex z of P(X).

Now let X_1 be a k-simplex of I with distinct values. X_1 exists because n ≥ k and m > k. Consider the composition

D ∘ φ: σ(X_1) → X_1 .

Suppose S is a simplex of σ(X_1), and let X be the face of X_1 that is the carrier of S. Notice that X has distinct values. From (∗), φ(S) ∈ P(X), and from the uniqueness of D in the preceding paragraph, D ∘ φ(S) ⊆ X. This proves that

D ∘ φ(S) ⊆ carrier(S) .

By Sperner’s Lemma, there is a simplex S_1 ∈ σ(X_1) such that D ∘ φ(S_1) = X_1. Write Z_1 = φ(S_1), so that D(Z_1) = X_1. Then

vals(Y (Z_1)) = vals(D(Z_1)) = vals(X_1) ,

the first equality following from the definition of D, and so |vals(Y (Z_1))| = |vals(X_1)| = k + 1. Since (X(Z_1), Y (Z_1)) ∈ Δ, Condition (3) of the task is violated.

Exercises.

Exercise 3.5.4: Suppose that a protocol is a 0-resilient solution of the (m, k) set consensus task in the AS model. Show that in any finite execution, the output values of the finished processes must form a subset of the input values of the effectively participating processes. [Hint: Reduce the execution appropriately, apply Proposition 2.3.2, and then extend.]

Exercise 3.5.5: Show that Topological Fact 3.5.1 is equivalent to each of the following:

(1) If B is an m-disk, m > 1, then there is no continuous map f : B → ∂B such that the restriction of f to ∂B is the identity map of ∂B.

(2) If B is an m-disk, m > 1, then there is no continuous map f : B → ∂B such that the restriction of f to ∂B is homotopic to the identity map of ∂B.

Exercise 3.5.6: Show that Topological Fact 3.5.1 implies the following form of Brouwer’s Fixed Point Theorem: if B is an m-disk and f : B → B is a continuous map, then f has a fixed point (i.e. f(x) = x for some point x ∈ B). [Hint: Notice that if f : B → B is continuous and has no fixed point, then each x ∈ B determines a ray with initial point f(x) and passing through x. This ray can be extended to determine a unique point of ∂B, and therefore determines a function φ: B → ∂B. Show that the restriction of φ to ∂B is precisely the identity map. Show also that continuity of f ensures continuity of φ. Use the preceding exercise.]

Exercise 3.5.7^∗: Show that Topological Fact 3.5.1 implies Sperner’s Lemma. [Hint: If the conclusion of Sperner’s Lemma fails, then f : σ(X) → ∂X. Apply a straight-line homotopy to the restriction of f to σ(∂X) and use Exercise 3.5.5.]

3.6 Connectivity.

In order to facilitate the construction of chromatic spans, we need to use topological concepts that refine the notion of contractibility. In this brief subsection, we introduce the notion of connectivity, remark on how it relates to contractibility, and state a Connectivity Principle analogous to the Contractibility Principle.

Let k ≥ 0. We say that a non-empty topological space X is k-connected if, given 0 ≤ m ≤ k, an (m + 1)-disk B, and a continuous map f from the boundary msphere ∂B to X, there is a continuous extension of f to a map B → X. According to Corollary 1.3.4, such an extension exists if and only if f is null-homotopic. Thus, a non-empty space X is k-connected if and only if every map of a sphere of dimension at most k to X is null-homotopic. Notice that if X is k-connected, then X is k^′- connected for 0 ≤ k^′ ≤ k. It is not difficult to see that a non-empty space X is 0-connected precisely if it is path-connected. A space that is 1-connected is often called simply-connected.

From Proposition 1.3.9, it follows that any contractible space is k-connected for all k ≥ 0. The converse is not true for general topological spaces, but does follow if X is the polyhedron of a simplicial complex (more generally, any CW-complex) using the Whitehead Theorem [S].

Whenever we say X is k-connected with k ≥ 0, we will always understand this to mean X is non-empty. It will be convenient to make the following conventions. We say that X is (−1)-connected provided X is non-empty, and we say that any space X is k-connected for k ≤ −2. For economy of language, we will say that a complex K is k-connected when what is meant is that the polyhedron |K| is k-connected. We will use similar shorthand with no further comment.

Connectivity Principle 3.6.1: Let K and L be simplicial complexes such that K and L are k-connected and K ∩ L is (k − 1)-connected. Then K ∪ L is k-connected.

Note that the result holds vacuously in case k ≤ −2. If k = −1, the result simply asserts that a union of two non-empty complexes is non-empty. For k = 0, the assertion is that a union of path-connected complexes with non-empty intersection is again path-connected. The result for k = 1 follows from van Kampen’s Theorem on the fundamental group. The result for k > 1 follows using the result for k = 1, the integral Mayer-Vietoris Sequence, and the Hurewicz Theorem. The Contractibility Principle follows from the Connectivity Principle by using the Whitehead Theorem. (See [S].)

As an example, we use the Connectivity Principle to derive the fact that, for k ≥ 0, a k-sphere is (k −1)-connected.^{16} A sphere can be arranged to be a simplicial complex (up to homeomorphism) by taking the complex of proper faces of a simplex of the appropriate dimension. As basis, note that a 0-sphere is non-empty, hence (−1)-connected. For k > 0, a k-sphere is a union of two k-disks (hemispheres) with intersection a (k − 1)-sphere (equator). The k-disks are contractible, while by induction we can assume the (k − 1)-sphere is (k − 2)-connected. It follows from the Connectivity Principle that the k-sphere is (k − 1)-connected.

3.7 Links.

In the language of Herlihy and Shavit, a “span” for the protocol on K is a chromatic simplicial map φ: χ(K) → P(K), where χ(K) is a chromatic subdivision of K, that satisfies φ(S) ∈ P(carrier(S)) for every simplex S ∈ χ(K). Recall that saying that the subdivision χ(K) is chromatic means that (1) χ(K) is a chromatic complex, and (2) for each simplex S ∈ χ(K), the colors of S form a subset of the colors of carrier(S). For clarity, we may refer to a span in this sense as a chromatic span. In order to prove the existence chromatic spans, we will use a few tools from PL (i.e., piecewise-linear) topology, most notably links. Before getting to links, though, let us try to see clearly to the heart of the problem at hand.

Let K be a complex on which the protocol is wait-free and let φ: σ(K) → P(K) be a (non-chromatic) span. Recall from the first paragraph of the proof of Theorem 3.4.2 that φ is determined on the zero skeleton K^{(0)} and is actually chromatic there. Furthermore, it is not difficult to see that the subdivision and map on K^{(1)} can be arranged to be chromatic. Indeed, if X is a 1-simplex of K with vertices x and x^′, then we use 0-connectivity of the 1-dimensional complex P(X) to pick a simple edge-path in P(X) from φ(x) to φ(x^′). This edge-path is a chromatic complex, and it can simply be “lain over” X to determine the chromatic subdivision and span on X. Things become more complicated when extending to simplices in higher dimensions, though, since it is not obvious that appropriate analogs of the simple edgepaths exist in the protocol complex. Suppose that a chromatic subdivision χ(∂X) and chromatic span φ: χ(∂X) → P(X) exist, and let φ: σ(X) → P(X) be a (nonchromatic) extension to X. If for any simplex S ∈ σ(X) the dimension of φ(S) equals the dimension of S, then we can simply induce a coloring on σ(X) by letting id(x) = id(φ(x)) for each vertex x of σ(X). Since ids(P(X)) = ids(X), this coloring makes σ(X) a chromatic subdivision and φ a chromatic map.

We say that a simplicial map f : A → B is non-degenerate if for any simplex S of A, the dimension of f(S) is the same as the dimension of S. By passing to faces, it is easy to see that f is non-degenerate if and only if f(S) is a 1-simplex of B whenever S is a 1-simplex of A. Of course, any chromatic map is non-degenerate. In these

16Of course, it is likely that this fact has already been used in proving the Connectivity Principle.

terms, the observation above is that if B is chromatic and f is non-degenerate, then there is a unique coloring of A, induced from B, so that f is chromatic.

Thus, the crux of the matter is to arrange the extension of a subdivision and span on ∂X to the whole of X in such a way that the extended span is non-degenerate. Unfortunately, there is no “quick fix” of Lemma 3.4.1 to arrange this. Indeed, if the target complex has bottlenecks of dimension too small, then it may be impossible. Thus, we will need to extract some more information about the protocol complex to accomplish the proof.

Now we turn to links and how they can be of help in arranging non-degeneracy. First we need some definitions. If X and Y are disjoint simplices, their join, written X ∗ Y , is the simplex X ∪ Y . Whenever we write X ∗ Y we understand X and Y to be disjoint. Notice that if X is a proper face of X^′, then there is a unique face Y of X^′ such that X^′ = X ∗ Y . More generally, suppose K and L are two complexes that are disjoint. It follows that if X ∈ K and Y ∈ L, then X and Y are disjoint. The join of K and L is then defined to be K ∗ L = K ∪ L ∪ {X ∗ Y : X ∈ K and Y ∈ L} . One checks that K ∗ L is again a complex. By abuse of notation, we write X ∗ L to mean the join of the complex of faces of X and L.

Let K be a complex and let X be a simplex of K. The link of X in K is the set

lk(X, K) = {Y ∈ K : Y is disjoint from X and X ∗ Y ∈ K} .

If X ∉ K, then we understand lk(X, K) to be the empty complex. It is easy to see that lk(X, K) is a subcomplex of K. Notice that if X and Y are disjoint simplices, then lk(X ∗ Y, K) = lk(X, lk(Y, K)) . (3.7.1)

It is also straightforward to check that for a simplex X and complexes K, L, lk(X, K ∪ L) = lk(X, K) ∪ lk(X, L) , lk(X, K ∩ L) = lk(X, K) ∩ lk(X, L) . (3.7.2)

The (closed) star of X in K is st(X, K) = X ∗ lk(X, K) . It is not difficult to see that st(X, K) is the complex generated by the simplices of K that have X as face. It follows easily that if f : K → L is simplicial and X ∈ K, then f(st(X, K)) ⊆ st(f(X), L) . Example 3.7.3: Let K be the complex shown in Figure 20. st({g}, K) is the two-dimensional complex generated by the simplices {a, b, g}, {b, c, g}, {c, h, g}, {h, f, g}, and {f, a, g}. lk({g}, K) is the one-dimensional complex generated by the simplices {a, b}, {b, c}, {c, h}, {h, f}, and {f, a}. st({g, h}, K) is the two-dimensional complex generated by the simplices {c, g, h} and {f, g, h}. And lk({g, h}, K) is the zero-dimensional complex with two vertices c and f.

Figure 20: Illustration of Example 3.7.3.

Intuitively, links are related to non-degeneracy because of the disjointness condition of the joins. Perhaps a more convincing indication of the link between the two is the following proposition. It will not be used (directly) in the sequel, but hopefully it helps to motivate the study of links in relation to non-degeneracy.

Proposition 3.7.4: A simplicial map f : K → L is non-degenerate if and only if for every simplex X ∈ K, f(lk(X, K)) ⊆ lk(f(X), L) .

Proof: Assume that f is non-degenerate. Since lk(X, K) ⊂ st(X, K), we have f(lk(X, K)) ⊆ st(f(X), L) = f(X) ∗ lk(f(X), L) . Thus, it suffices to show that f maps no vertex of lk(X, K) to f(X). Assume, to the contrary, that y is a vertex of lk(X, K) and that f(y) ∈ f(X). Then there is a vertex x ∈ X such that f(x) = f(y), and so x ∗ y is a 1-simplex of K with f(x ∗ y) = f(x). This contradicts the fact that f is non-degenerate.

Now assume that for every simplex X ∈ K, f(lk(X, K)) ⊆ lk(f(X), L). Let x and y be distinct vertices of K such that x ∗ y is a 1-simplex of K. Then y ∈ lk(x, K), and so f(y) ∈ lk(f(x), L). This implies that f(y) is distinct from f(x), and so f(x ∗ y) = f(x) ∗ f(y) is a 1-simplex of L.

We say that a complex K is a PL m-disk if there is a piecewise-linear homeomorphism |K| → |X|, where X is an m-simplex. Similarly, we say that K is a PL m-sphere if there is a piecewise-linear homeomorphism |K| → |∂X|, where X is an (m + 1)-simplex. We say that K is a PL m-manifold if every point of |K| has a closed neighborhood that is a PL m-disk. For example, any PL m-disk or PL m-sphere is a PL m-manifold. A basic result in the theory of PL manifolds is the following lemma. See [Hu], pp. 24–26.

Lemma 3.7.5: Let K be a finite complex. K is a PL m-manifold if and only if for every simplex X ∈ K of dimension less than m, lk(X, K) is either a PL (m − dim X − 1)-sphere or a PL (m − dim X − 1)-disk.

Remarks. Let K be a finite complex that is a PL m-manifold. If x ∈ |K| and X = carrier(x), then it follows that st(X, K) is a PL m-disk. If lk(X, K) is a PL

(m−dim X −1)-disk, then X is said to be a boundary simplex of K, written X ∈ ∂K. ∂K forms a subcomplex of K, and it can be shown that ∂K is a PL (m−1)-manifold satisfying ∂∂K = ∅. For example, if K is a PL m-disk, then ∂K is the boundary PL (m − 1)-sphere in the usual sense. See [Hu], pp. 26–28, for more details.

We say that a complex K is m-link-connected if for any simplex X ∈ K, lk(X, K) is (m − dim X − 2)-connected. Notice that if K is m-link-connected, then K is also m^′-link-connected for m^′ ≤ m. Since a k-sphere is (k − 1)-connected, it follows that if K is a finite complex that is a PL m-manifold, then K is m-link-connected.

Link-Connectivity Principle 3.7.6: Let K and L be simplicial complexes such that K and L are k-link-connected and K ∩ L is (k − 1)-link-connected. Then K ∪ L is k-link-connected.

Proof: We use (3.7.2) throughout. Let X ∈ K ∪ L. If X ∉ L, then lk(X, K ∪ L) = lk(X, K) , which is (k−dim X−2)-connected because K is k-link-connected. We argue similarly if X ∉ K. Suppose, therefore, that X ∈ K ∩ L. Then lk(X, K ∪ L) = lk(X, K) ∪ lk(X, L) , where each of lk(X, K) and lk(X, L) is (k − dim X − 2)-connected by the k-link-connectivity of K and L, and lk(X, K) ∩ lk(X, L) = lk(X, K ∩ L) , which is (k − dim X − 3)-connected by the (k − 1)-link-connectivity of K ∩ L. The Connectivity Principle then shows that lk(X, K ∪ L) is (k − dim X − 2)-connected, as required.

If K is a finite complex of dimension at most m, then, as it turns out, m-link-connectivity of L is enough to guarantee that a continuous map f : |K| → |L| is homotopic to |φ| for a non-degenerate simplicial map φ: σ(K) → τ(L), where σ(K) and τ(L) are subdivisions. A relative version of this result also holds. See [St], Chapter 5, for a thorough discussion. For our application, though, the target complex should not be subdivided. For want of a suitable reference, we follow Herlihy and Shavit and prove Theorem 3.7.8 below, which will suffice for our purposes.

Lemma 3.7.7: If K is m-link-connected and X ∈ K, then lk(X, K) is (m−dim X − 1)-link-connected.

Proof: Let Y ∈ lk(X, K). From (3.7.1), lk(Y, lk(X, K)) = lk(X ∗ Y, K) , and dim(X ∗ Y ) = dim X + dim Y + 1. Since K is m-link-connected, it follows that lk(Y, lk(X, K)) is (m − dim X − dim Y − 3)-connected, as required.

Theorem 3.7.8: Let K be a finite complex that is a PL m-manifold and let L be a complex that is m-link-connected. Assume that σ(∂K) is a subdivision, that f : σ(∂K) → L is a simplicial map, and that |f| can be extended to a continuous map |K| → |L|. Then there exist a subdivision τ(K) and a simplicial map F : τ(K) → L satisfying

(1) τ(∂K) = σ(∂K) and the restriction of F to τ(∂K) equals f.

(2) If X is a 1-simplex of τ(K) − τ(∂K), then F (X) is a 1-simplex of L.

If f is non-degenerate, then it follows that F is non-degenerate. Proof: By induction on m. If m = 0, then K is a finite set of points, ∂K is empty, and the result holds trivially. Let m > 0 and assume that the result holds for all smaller, non-negative values. To simplify notation, we say that (τ, F ) extends (σ, f) if τ(K) is a subdivision, F : τ(K) → L is a simplicial map, and property (1) is satisfied. Lemma 3.4.1 ensures the existence of such extensions. We define the “badness” of (τ, F ) to be the pair (a, b) of non-negative integers such that

a = max{dim X : X ∈ τ(K) − τ(∂K) and dim F (X) = 0} and b = |{X ∈ τ(K) − τ(∂K): dim X = a and dim F (X) = 0}| .

In other words, a is the maximum dimension of a simplex of τ(K) − τ(∂K) that is “collapsed” by F to a point, and b is the number of such simplices of dimension a. Of course, (τ, F ) satisfies property (2) if and only if a = 0.

Assume, by way of contradiction, that no extension (τ, F ) of (σ, f) can be arranged to have badness with a = 0. The badnesses are well-ordered lexicographically, so we may assume that (τ, F ) is an extension of (σ, f) with minimal badness (a, b). Since a > 0, there is an a-simplex X ∈ τ(K) − τ(∂K) such that F (X) is a vertex v of L. The strategy is to refine the subdivision τ and map F within st(X, τ(K)), without changing them on the boundary ∂ st(X, τ(K)), in a way that eliminates collapse of X and reduces the badness.

We can refine τ by starring at the barycenter ξ of |X|. See Figure 21. Precisely, we let τ^′(K) = (τ(K) − st(X, τ(K))) ∪ ξ ∗ ∂X ∗ lk(X, τ(K)) . The convention here is that A ∗ ∅ = A (in case lk(X, τ(K)) = ∅). To see that τ^′(K) is a subdivision of K, note that |st(X, τ(K))| = |ξ ∗ ∂X ∗ lk(X, τ(K))| and ∂ st(X, τ(K)) = ∂X ∗ lk(X, τ(K)) = ∂ (ξ ∗ ∂X ∗ lk(X, τ(K))) . Thus, τ^′ does not refine the boundary of st(X, τ(K)). Furthermore, since X ∉ τ(∂K), st(X, τ(K)) ∩ τ(∂K) ⊆ ∂ st(X, τ(K)) , and it follows that τ^′(∂K) = τ(∂K).

Next we turn to the simplicial map. Suppose first that a = m, and hence lk(X, τ(K)) = ∅. Since L is m-link-connected, lk(v, L) is (m − 2)-connected, with m − 2 ≥ −1, hence non-empty. Pick w a vertex of lk(v, L) and define

F^′(ξ) = w , F^′(∂X) = v .

Notice that any m-simplex of ξ ∗ ∂X has the form ξ ∗ Y , where Y ∈ ∂X is an (m − 1)-simplex. It follows that F^′(ξ ∗ Y ) = v ∗ w, and this shows that F^′ collapses lk(X, τ(K)) lk(X, τ(K))

lk(X, τ(K)) lk(X, τ(K))

ξ X ∂X ∂X ∂X ∂X

Figure 21: Starring at the barycenter ξ of |X|.

no m-simplex of ξ∗∂X to a point. We can define F^′ to agree with F on τ^′(K)−ξ∗∂X, thereby obtaining an extension (τ^′, F^′) of (σ, f) with badness strictly less than the badness of (τ, F ), a contradiction.

Now suppose that a < m. According to Lemma 3.7.5, lk(X, τ(K)) is a PL (m − a − 1)-sphere, which we will denote by S. It follows that B = ξ ∗ S is a PL (m − a)-disk. Note that if Y ∈ S and F (Y ) = v, then F (X ∗ Y ) = v, contradicting the maximality of a. It follows that F (S) ⊆ lk(v, L) . Since L is m-link-connected, lk(v, L) is (m − 2)-connected, and so the restriction of |F | to |S| can be extended to a continuous map |B| → |lk(v, L)| . Furthermore, Lemma 3.7.7 shows that lk(v, L) is (m − 1)-link-connected. Since m − 1 ≥ m − a, we may apply the inductive hypothesis to obtain a subdivision τ^{′′}(B) and a simplicial map F^{′′} : τ^{′′}(B) → lk(v, L) that satisfy the following: τ^{′′}(S) = S, F^{′′} agrees with F on S, and F^{′′} maps 1- simplices of τ^{′′}(B) − S onto 1-simplices of lk(v, L).

We can use the subdivision τ^{′′}(B) to refine τ^′(K). See Figure 22. Precisely, we let τ^{′′}(K) = (τ^′(K) − ∂X ∗ B) ∪ ∂X ∗ τ^{′′}(B) . (In other words, use τ^{′′}(B) to refine the subdivision of ∂X ∗B simply by joining with ∂X. Then, note that no refinement has been made on ∂(∂X ∗ τ^{′′}(B)) = ∂X ∗ S.) We extend F^{′′} to ∂X ∗ τ^{′′}(B) by letting

F^{′′}(Y_1 ∗ Y_2) = v ∗ F^{′′}(Y_2)

for Y_1 ∈ ∂X and Y_2 ∈ τ^{′′}(B). We claim that F^{′′} collapses to a point no simplex Y ∈ ∂X ∗ (τ^{′′}(B) − S)

S

S

S

S

ξ ξ ∂X ∂X ∂X ∂X

Figure 22: Refining τ^′(K) using τ^{′′}(B). Recall that S = lk(X, τ(K)), a PL (m − a − 1)-sphere. |B| is shown in bold on both sides. On the left, |B| has the simplicial structure of B = ξ ∗ S. On the right, B is refined to τ^{′′}(B), and the refinement is starred with ∂X.

of dimension ≥ a. Indeed, if Y meets ∂X, then, since ∂X has dimension a − 1, Y must also meet τ^{′′}(B), and it follows that F^{′′}(Y ) contains both v and a point of lk(v, L). Otherwise, Y lies in τ^{′′}(B) − S, where we know F^{′′} maps 1-simplices onto 1-simplices.

Now, F^{′′} has been arranged to agree with F on ∂ (∂X ∗ τ^{′′}(B)) = ∂X ∗ S , and so we can extend F^{′′} to a simplicial map τ^{′′}(K) → L by letting F^{′′} agree with F on τ^{′′}(K) − ∂X ∗ τ^{′′}(B). The result (τ^{′′}, F^{′′}) extends (σ, f). Since F^{′′} agrees with F on (τ^′(K) − ∂X ∗ B) ∪ ∂X ∗ S and collapses no simplex of dimension ≥ a in ∂X ∗ (τ^{′′}(B) − S), it follows that (τ^{′′}, F^{′′}) has badness strictly less than (τ, F ), a contradiction.

3.8 Acyclic simplicial predicates on reachable complexes. In view of the discussion in Subsection 3.7 and the result of Theorem 3.7.8, the ingredient we need in order to prove the existence of chromatic spans for a waitfree, full-information protocol is an analog of Corollary 3.3.4 that asserts that if X is an input simplex on which the protocol is wait-free, then P(X) is (dim X)- link-connected. This fact would follow immediately if we knew P(X) were a PL (dim X)-manifold, but, while P(X) is of dimension dim X, it is not generally a PL manifold. Thus, one strategy is to adapt the proof of Theorem 3.3.3, using the Link-Connectivity Principle instead of the Contractibility Principle. The reader is probably in a position to carry out the adaptation, the only mildly sticky point being to arrange that the right level of link connectivity be asserted for the various reachable complexes in order to make the induction go through.

Rather than writing down the details of such a proof, we will carry out the argument in an abstract setting. The reader should have noticed the similarity of the properties of contractibility, connectivity, and link-connectivity, especially of the associated “principles” for simplicial complexes. Each of these properties can be considered a concrete example of an (abstract) acyclic predicate, defined on simplicial complexes, for which induction arguments like those in the proof of Theorem 3.3.3 can be carried out. Indeed, in this subsection we clarify the notion of acyclic simplicial predicate and prove a generalization of Theorem 3.3.3 for such predicates.

As a convenience in writing the conditions to be satisfied by acyclic simplicial predicates, we will assume that the predicates yield truth values in {0, 1}, which are ordered in the usual way, with “0” corresponding to “false” and “1” corresponding to “true.”

Definition 3.8.1: An acyclic simplicial predicate is a sequence {Φ_k}_{k∈Z} of predicates on simplicial complexes that satisfy

(0) If K and L are (simplicially) isomorphic complexes, then Φ_k(K) = Φ_k(L) for all k ∈ Z. (1) If K is the complex of faces of a k-simplex (k ≥ 0), then Φ_k (K) = 1.

(2) Φ_k(K) ≥ Φ_{k+1}(K) for all k ∈ Z. In other words, if K satisfies Φ_k , then K also satisfies Φ_k′ for all k^′ ≤ k.

(3) Acyclic Principle: For all k ∈ Z, Φ_k(K ∪ L) ≥ Φ_k(K) Φ_k(L) Φ_{k−1}(K ∩ L) . In other words, if K and L satisfy Φ_k and if K ∩ L satisfies Φ_{k−1}, then K ∪ L satisfies Φ_k.

For example, contractibility can be viewed as an acyclic simplicial predicate by taking all the Φ_k to be the same, interpreting Φ_k(K) to mean “K is contractible.” For connectivity, we understand Φ_k to mean “K is k-connected,” and similarly for link connectivity. As another example, we can take Φ_k(K) to mean “the reduced integral homology groups of K are trivial up through dimension k.” The Acyclic Principle in this case is provided by the Mayer-Vietoris sequence. The reader familiar with algebraic topology will notice that Definition 3.8.1 has been formulated covariantly. It is not difficult to give an analogous definition that is suited to predicates defined using contravariant functors with the usual conventions of indexing.

Theorem 3.8.2: Let {Φ_k} be an acyclic simplicial predicate, and assume the protocol records full information and is wait-free on the non-empty set I of initial states. If s is a state of the I-domain, B ⊆ E(s) with |B| ≤ n, R ⊆ Σ(s) − B, and W ⊆ Υ (s) − B, then P^B_R (s) satisfies Φ_{n−|B|} and P^B_{R∪W} (s) satisfies Φ_{n−|B|−|R|}. In particular, P(s) satisfies Φ_n.

Proof: By backwards induction on the finite DAG G(I). Suppose s is a terminal state of G(I). Then E(s) is empty, and so B, R, W must all be empty. P(s) is the complex of faces of the n-simplex Z_s, and therefore satisfies Φ_n.

Now let s be a state of G(I) and assume that the result holds for all states t > s. Suppose R is non-empty. By Proposition 3.2.4, P^B_R (s) = P^B (sR), and, since sR > s, the inductive hypothesis ensures that P^B(sR) satisfies Φ_{n−|B|}. Suppose now that W is non-empty. By Proposition 3.2.5, P^B_{R∪W} (s) = P^{B∪R}(sW ). Again, sW > s, so the inductive hypothesis ensures that P^{B∪R}(sW ) satisfies Φ_{n−|B|−|R|}.

It remains to establish that P^B (s) satisfies Φ_{n−|B|}. To economize on notation, let us write α = n − |B|. If all processes not in ids(B) have finished in s, then P^B (s) is the complex of faces of the α-simplex Z_s, and so P^B(s) satisfies Φ_α. Otherwise, E(s) − B is non-empty, and we have from (3.2.1) that

P^B (s) = ⋃ ε∈E(s)−B P^B (sε) . (∗)

By the inductive hypothesis, P^B (sε) satisfies Φ_α. The strategy is to mimic the inductive arguments in the proof of Theorem 3.3.3, using the Acyclic Principle, to show that P^B(s) satisfies Φ_α.

Let R_1, . . . , R_r be any non-empty subsets of Σ(s) − B. We claim that r⋃ i=1 P^B_{Ri} (s) satisfies Φ_α. The basis (r = 1) has been established above. Assume r > 1 and that the result holds for any union of at least one, but fewer than r, non-empty subsets of Σ(s) − B. Then A = r−1⋃ i=1 P^B_{Ri} (s) satisfies Φ_α, as does P^B_{Rr} (s). Furthermore, by the definitions A ∩ P^B_{Rr} (s) = r−1⋃ i=1 P^B_{Ri∪Rr} (s) , which satisfies Φ_α by the inductive hypothesis and, hence, also satisfies Φ_{α−1}. The Acyclic Principle therefore establishes the inductive step and proves the claim.

A similar induction shows that if W_1, . . . , W_w are any non-empty subsets of Υ (s)− B, then_w ⋃ j=1 P^B_{Wj} (s) satisfies Φ_α.

The third induction requires a bit more care, since the predicate depends on |R| when both R and W are non-empty. We therefore assume that R_1, . . . , R_m are subsets of Σ(s) − B that have the following special property: there is a positive integer ρ so that |R_i| ≤ ρ and |R_i − R_j | ≤ 1 for any i, j from 1 to m. (Note that we may have R_i = R_j even when i ≠ j.) This property implies that |R_i ∪ R_j | ≤ ρ + 1. Let W_1, . . . , W_m be any non-empty subsets of Υ (s) − B. We claim that m⋃ i=1 P^B_{Ri∪Wi} (s) satisfies Φ_{α−ρ}. From Propositions 3.2.4 and 3.2.5, we have P^B_{Ri∪Wi} (s) = P^{B∪Ri} (sW_i) , and, since sW_i > s, the inductive hypothesis ensures that this complex satisfies Φ_{α−|Ri|}. Since |R_i| ≤ ρ, P^B_{Ri∪Wi} (s) satisfies Φ_{α−ρ}, and this proves the basis. Now assume m > 1 and that the result holds for any union of at least one, but fewer than m, such reachable complexes. Then C = m−1⋃ i=1 P^B_{Ri∪Wi} (s)

satisfies Φ_{α−ρ}, as does P^B_{Rm∪Wm} (s). Furthermore, by the definitions we have

C ∩ P^B_{Rm∪Wm} (s) = m−1⋃ i=1 P^B_{Ri∪Rm∪Wi ∪Wm} (s) . Notice that the sets R_i ∪ R_m, i = 1, . . . , m − 1, satisfy the special property with positive integer ρ + 1, and so, by the inductive hypothesis, C ∩ P^B_{Rm∪Wm} (s) satisfies Φ_{α−ρ−1}. The Acyclic Principle therefore establishes the inductive step and proves the claim.

Finally, let R_1, . . . , R_r be non-empty subsets of Σ(s) − B satisfying the special property with positive integer ρ, let W_1, . . . , W_w be any non-empty subsets of Υ (s)− B, and write A = r⋃ i=1 P^B_{Ri} (s) , B = w⋃ j=1 P^B_{Wj} (s) . A and B satisfy Φ_α by the first and second induction arguments above, and thus they satisfy Φ_{α−ρ+1} as well. Also, A ∩ B = r⋃ i=1 w⋃ j=1 P^B_{Ri∪Wj} (s) ,

which satisfies Φ_{α−ρ} by the third induction. By the Acyclic Principle, A∪B satisfies Φ_{α−ρ+1}. Now we return to the union (∗). If Υ (s) − B or Σ(s) − B is empty, then P^B (s) satisfies Φ_α by the first or second induction. Otherwise, note that the sets {σ}, σ ∈ Σ(s) − B, satisfy the special property with ρ = 1, and so P^B (s) satisfies Φ_α by the preceding paragraph.

Corollary 3.8.3: Let {Φ_k} be an acyclic simplicial predicate, assume the protocol records full information, and let X be an input configuration on which the protocol is wait-free. Then P(X) satisfies Φ_{dim X} .

Proof: Arguing as in Corollary 3.3.4, we see that P(X) is the protocol complex reachable from the initial state X of a new protocol that runs only on the processes of ids(X) and that behaves just as the old protocol does when all processes not in ids(X) are blocked from the outset. By Theorem 3.8.2, P(X) satisfies Φ_{dim X} .

Specializing Corollary 3.8.3 to the case of link connectivity (i.e., Φ_k (K) meaning “K is k-link-connected”) gives us the ingredient we need to prove the existence of chromatic spans.

3.9 Chromatic spans.

In this brief subsection we use the ideas developed in Subsections 3.6 through 3.8 to prove the existence of chromatic spans, thereby generalizing Theorem 3.4.2. As a corollary, we obtain the necessary condition of the Wait-free ACT.

Theorem 3.9.1: Assume the protocol records full information, and let K be a complex of inputs on which the protocol is wait-free. Then there exists a chromatic span for the protocol on K.

Proof: We have all the ingredients in order to adapt the proof of Theorem 3.4.2. There is no choice in the definition of φ on the zero skeleton K^{(0)}, and so we let the span be defined there as in the non-chromatic case.

Assume that k > 0, that the chromatic subdivision χ(K^{(k−1)}) has been defined, and that φ has been defined as a chromatic span for the protocol on K^{(k−1)}. Let X be a k-simplex of K. The boundary ∂X is contained in K^{(k−1)}, so φ gives a chromatic, hence non-degenerate, simplicial map χ(∂X) → P(X). |∂X| is a (k − 1)-sphere, and since |P(X)| is contractible by Corollary 3.3.4, the restriction of |φ| to |∂X| can be extended to a continuous map |X| → |P(X)|. We know X is a PL k-manifold, and, by Corollary 3.8.3, P(X) is k-link-connected. By Theorem 3.7.8, the subdivision χ(∂X) can be extended to a subdivision χ(X) and φ can be extended to a non-degenerate simplicial map χ(X) → P(X). We use φ and the coloring on P(X) to induce a coloring on the vertices of χ(X). This coloring agrees with the coloring on χ(∂X), and φ is then a chromatic simplicial map on χ(X). Since ids(P(X)) = ids(X), it follows that the extended subdivision is chromatic. In this way, we define the subdivision χ(K^{(k)}) and the map φ: χ(K^{(k)}) → P(K^{(k)}). As in the non-chromatic case, suppose that S is a simplex of χ(K^{(k)}). If S lies in χ(K^{(k−1)}), then φ(S) ∈ P(carrier(S)) by the inductive hypothesis. Otherwise, carrier(S) is a k-simplex of K, say X. From our construction, we see that φ maps S into P(X) = P(carrier(S)). This verifies that φ is a span for the protocol on K^{(k)} and completes the inductive step.

Corollary 3.9.2: Let K be a complex of inputs on which the protocol is waitfree. Then there exist a chromatic subdivision χ(K) and a chromatic simplicial map μ: χ(K) → O(K) such that, for each simplex S ∈ χ(K), μ(S) is extensible to an output configuration Y satisfying (carrier(S), Y ) ∈ Δ(K). If S has the same dimension as carrier(S), then (carrier(S), μ(S)) ∈ Δ(K). Proof: Let φ: χ(K) → P(K) be a chromatic span and define μ = δ ∘ φ . Let S ∈ χ(K) and write X = carrier(S), Z = φ(S). Since φ is a span, Z ∈ P(X). Let e be an execution certifying Z ∈ P(X). Then ψ(Z) ⊆ X_e ⊆ X and μ(S) = δ(Z) ⊆ Y_e. We have (X_e, Y_e) ∈ Δ(K), and since Δ(K) is extensible, there is an extension Y of Y_e, hence of μ(S), such that (X, Y ) ∈ Δ(K). If S has the same dimension as X, then ψ(Z) = X_e = X and δ(Z) = Y_e.

Corollary 3.9.3: Let (I, O, Δ) be a well-posed, wait-free task of which the protocol is a wait-free solution. Then there exist a chromatic subdivision χ(I) and a chromatic simplicial map μ: χ(I) → O such that, for each simplex S ∈ χ(I), μ(S) is extensible to an output configuration Y ∈ O satisfying

(carrier(S), Y ) ∈ Δ .

If Δ is strongly reducible or S has the same dimension as carrier(S), then

(carrier(S), μ(S)) ∈ Δ .

References [Af+] Y. Afek, H. Attiya, D. Dolev, E. Gafni, M. Merritt, and N. Shavit, Atomic snapshots of shared memory, Journal of the ACM 40(4), 1993, pp. 873–890.

[At+] H. Attiya, A. Bar-Noy, D. Dolev, D. Peleg, and R. Reischuk, Renaming in an asynchronous environment, Journal of the ACM 37(3), 1990, pp. 524– 548.

[BMZ] O. Biran, S. Moran, and S. Zaks A combinatorial characterization of the distributed 1-solvable tasks, Journal of Algorithms 11, 1990, pp. 420–440.

[B] E. Borowsky, Capturing the power of resiliency and set consensus in distributed systems, Ph.D. Thesis, UCLA, 1995. Available from

http://www.cs.ucla.edu/~eli/eli.html

[BG1] E. Borowsky and E. Gafni, Immediate atomic snapshots and fast renaming, Proceedings of the 12th ACM Symposium on Principles of Distributed Computing, 1993, pp. 41–51.

[BG2] E. Borowsky and E. Gafni, Generalized FLP impossibility result for fresilient asynchronous computations, Proceedings of the 25th ACM Symposium on the Theory of Computing, 1993, pp. 91–100.

[BG3] E. Borowsky and E. Gafni, A simple algorithmically reasoned characterization of wait-free computations, Proceedings of the 16th ACM Symposium on Principles of Distributed Computing, 1997. Available from

http://www.cs.ucla.edu/~eli/eli.html

[Ch] S. Chaudhuri, More choices allow more faults: set consensus problems in totally asynchronous systems, Information and Computation 105, 1993, pp. 132–158.

[FLP] M. Fischer, N. Lynch, and M. Paterson, Impossibility of distributed consensus with one faulty process, Journal of the ACM 32(2), 1985, pp. 374–382.

[GK] E. Gafni and E. Koutsoupias, Three-processor tasks are undecidable, to appear, SIAM Journal on Computing. Available from

http://www.cs.ucla.edu/~eli/eli.html

[H1] J. Havlicek, Computable obstructions to wait-free computability, Proceedings of the 38th IEEE Symposium on Foundations of Computer Science, 1997, pp. 80–89. Full version submitted to JACM. A preliminary draft is Technical Report TR97-08, Department of Computer Sciences, The University of Texas at Austin, April, 1997, available from

ftp://ftp.cs.utexas.edu as /pub/techreports/tr97-08.ps.Z.

[H2] J. Havlicek, A note on the homotopy type of wait-free atomic snapshot protocol complexes, April, 1998. Submitted to SIAM Journal on Computing.

[HR1] M. Herlihy and S. Rajsbaum, Algebraic spans, Proceedings of the 14th ACM Symposium on Principles of Distributed Computing, 1995, pp. 90–99.

[HR2] M. Herlihy and S. Rajsbaum, A primer on algebraic topology and distributed computing, Springer Lecture Notes in Computer Science, vol. 1000, pp. 203– 217.

[HR3] M. Herlihy and S. Rajsbaum, The decidability of distributed decision tasks, Proceedings of the 29th ACM Symposium on the Theory of Computing, 1997, pp. 589–598. Available from

http://www.cs.brown.edu/people/mph/decide.html

[HS1] M. Herlihy and N. Shavit, The asynchronous computability theorem for tresilient tasks, Proceedings of the 25th ACM Symposium on the Theory of Computing, 1993, pp. 111–120. Available from

http://www.cs.brown.edu/people/mph/HS96.html

[HS2] M. Herlihy and N. Shavit, A simple constructive computability theorem for wait-free computation, Proceedings of the 26th ACM Symposium on the Theory of Computing, 1994, pp. 101–110. Available from

http://www.cs.brown.edu/people/mph/HS96.html

[HS3] M. Herlihy and N. Shavit, The topological structure of asynchronous computability, Technical Report TR CS-96-03, Brown University, 1996. Submitted to Journal of the ACM. Available from

http://www.cs.brown.edu/people/mph/HS96.html

[Hu] J.F.P. Hudson, Piecewise Linear Topology, W.A. Benjamin, 1969.

[Mu] J. Munkres, Elements of Algebraic Topology, Addison-Wesley, 1984.

[SZ] M. Saks and F. Zaharoglou, Wait-free k-set agreement is impossible: The topology of public knowledge, Proceedings of the 25th ACM Symposium on the Theory of Computing, 1993, pp. 101–111.

[S] E. Spanier, Algebraic Topology, McGraw-Hill, 1966; Springer 1982.

[St] J.R. Stallings, Lectures on Polyhedral Topology, Tata Institute of Fundamental Research, Bombay, 1968.