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Lechure noles “Predicote ransformers” -CDmQ)

Tnlreduction

“The purpose o? Hhis course 1 mani?o\cl. f wain
\-qrad' is -\-\ﬁg deve\o]o-men¥ o{? & number o{? theorems
aboul predicote %‘r‘oms?ormers, which have Provecl
‘]-hemsjves ‘o e o viahle means ?cr- the de{;‘:m\-ion
o? Frogr‘o.mmin longuage semo«'n}ics. _,D' IS owr Soc.\
Yhat this development e a9 self- contained as T;oss'u\:\e;

Qs G conseguence, we S\'\Gn ho" h?ﬁil’u"e '\‘0 derive resg“s
Por- which ho nevelly is claimed. With the stotement

O»Pour‘ Ih“en\‘icn )ro S'NG Q ”se\?-c:m)minec\ deve\opmen]’-"
we wean ot we intend Yo build on litHe more than

'}~he \PI‘QC{'ICOA‘Q. CQ\ Cu\’u\S .

We hove a secondary rorcer, however. We have
S\’T’OGS indicq\'ions -H'\o.}f ‘n\e Pr‘ec.\iccr\-e c&\cu\us can
serve as much more Yhen just o basis do huild
wpon ond )rhc.\', wken Proper\ usec\, il' con be o
Vev:j u.s‘e?u.\ ')roc\ \endin E}Se\ o intensive usaae,
Hence our se.ccmclm:j ?oracl': showing how e pre-
dicate Ca\ cu\us can bhe used ot Qoo cxdvo.nxra\se.

So we s\m“ wae 3—‘ne ‘oredicc}e cc.\Cu\uS 'm)rens}vel‘j,
In doing So we \wPe Yo discover —and in this resPec\'
our devaopmen} con be viewed as a}\nersnj experience~
how Yo se]oo.m)re Hhe ynany, man g)c?rrnu.\ae ?r‘\:)m the
\Pr'edicc}e c::.\cu\us ‘IY'I\'O \wose O \-::e Lﬂown o\nc] H’)ose.
Yo boe derived when needed. This Cas ge} cbsent)
hod 0? experience 1s needed When we wish Yo learn
. and then -\-o "eoc\ﬂ how Yo use Hre Frec\im\'e_cq\cu\us
St icien N e{%c\"we\b, e, SQVGT‘Q\ orders QF maani‘mc\e'
more eWeaive%) Hhaon s untrained user QFP\]QS 1%

“The 'msFira\licn Qr Hhis \QS} desire is verb sim\:\\e. On
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}\ne_ one »\and - Qs some re@exion Shows— H'!e Fr‘edicc&e
co.\c:u\us S 'H"le Vnosl' Promismﬁ carrier For convinc-
'mg Qr uments cbout SPec‘\?ic. pregroms ond (’or the
derivafion c() programs \mee\-inﬁ iven s?eci?ica‘hon&
On Yhe other hond 4he via\oi\i\-\j o0 the \«:redico}e cal-
cu_\us as —‘ao\ g)or Prosro\mm‘m meH’IOC\O\o hqs \oeen
doubled on account o? the %x\oerience ):ch.\—) in silu-
a\—ions more Qm\v‘n")ous H’)an }-o e.xam)o\es, E%rmu\ae
quich\‘«j Jended to 52\' unwie\c\b.%\fe have reasems %o
believe Hhal Hhis diso\\opo'm)rmﬂ ex berience s less due
Jo Some in¥rinsic inadequacy © the ]Or‘eclicq\'e cal-
culus than Yo lack o? \("‘3“‘2"’\3?* how Yo use the
Eredicq\e, cal calus  wel. Hence our desire Yo learn

ow Yo do the lodter.
As said ohove , we intend Yo build on the precii-.

cote calculus. TThal means thal we cssume ocur reoders
G\o\e )ro Canvingce *}'hemse\vfes OP -an cOrrec\-nes-s o? o.“
s ?ormu\ae we use and thal we leave ibs de ! ni Hon
and ﬁunda\-lon \adb Yo Yhe \ogic‘.ons . who are 4he

prer in \-\10\}‘ 'ae\CL
-.[h CQn}rGS“‘, we 5\10;“ \oe Fo.'\r\e ex‘o\icﬂ q\aou} our

no}ox-ionc.\ ccmverm*\on's_ — Conventions 3‘0 w\mc\ﬁ we ‘m)rend
do s\-lc\< Y‘e\ig'aous —. We hove }o s ho’f cm\:j Because
Yhe world ‘hat agrees what Hie Pr‘edico)re caleulus
is aboul does not chsP\cx o Similor consensus on
whot notational convenbions Yo adept, buk also
hecause — 7 ‘muc.\n \f)esi"a\'ion and <ore u\ CunSi-
derakon — 1 hove adopkc\ o Pe.uo cemvenHons o?m
owon h 4o the bes} of g kpoulelop and fores T,
made m E’ormu\o\e er suited Yo my momi)ox%o\_
}ive wneeds. (ﬁc\op)ﬁon o«? G ho‘n)‘iona\ C(‘J‘Y‘IVthGn OP
cme's own 1S O ve":.j Srcwe skF; 1 g-jownc\ -)-}!e Coumae

}o Yoke it 1 the observation thal ¥ enabled we Yo wma-
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mpu\ok m &)crmu\o\e muc\n more S'IMP\3 Omcl ‘SSS-

rlema.)'ica“j on I c:ou\ci \no«ve. C\ohe o\'\nerwise.T om

r?ec.H‘j wi“ins Yo discuss the \meri\'s o? ™My conven—~
E:ons with Yhose of’ cllernakives; the Preeclcm Yo shed

'“)e ho}'al‘iono.‘ 5% oc\e\es \Nn\'\n Lo\nic\n o%‘hers are \'r 3
o live and Yo work 1 comsider, however, the scieji;?s
inalienable riohk not w'%s\-nndins Yhe —@c)' Yhatr T know
(g)u“ WQ“ '\%Q c\ﬁ?ﬂ‘_u\b o? mo.\<in3 5003 wse o? 1}-)

C@nera\ Concep)rs and ﬂo;'o.hona‘ Conven\'ions
~7 " T

We consider Predicod-ts }o be Iwo-volued dotal ?unckons
deﬁnec\ on +he Carltesian produ& o? the spaces be-
lonaine Yo 2ero or more named coordinaEes,‘\n his
c.orgrex o\so o]@:en re{?erred '\TO as Vqrio.\o\es. “The
spaces \oe\ona'mj do the individuol coordinates aore
hon-empi‘j\ and” well-understood —souy, as well-under
shood QS Yhe '\n}eaers or the na}u:a Y\U\m]':»crs—-.

Note Ihal the Irivial s pace of 2ero dimensions
s deemec\ Yo consis“ o? o :~.in3\e o\nor\bmous o'm\.
Yence , only }wo d‘n%peren'} Predico‘res can he c\eé'nec\
on dthe Frivial Spoce; A-he\,j are denoled \-,D | Yrae

and ero.\se. respe c}‘.ve\:j.

P\ PredicQ\‘e M X oand 3 [ Q\So (>% Pf'edico.)'e n
X, W, ond 2 ; its volue not depending on 2, ¥

D7 . pending
enjoys in Yhis three- dimensional spoace Y he SFeciql
Proper\b o? being constant alono lines in Yhe
2-direction. Tn cvl;aer words | G reA?CO\\'e on & given
SPQCE 15 Q.\SO C. Predicq)re on o\n:j SPOC-Q o? mare
dimensions o? which he 3wen space s o hOOur}‘QSEOm
?ac\‘or h. The '\'T'N'\Q\ spoce Be‘mj o ECLQXQF OP an sSpace,

aVYorementioned Preclicu)res afe dekined on any space.
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QS *K resd* , Awo red’.co}es, each with its own
s?o.ce, can c.\wo.bs \oe e O.r‘c\ecl as ‘f)rediCQ}CS n
‘he same space, viz. "—“?e least camman Cartesion
mu\'\-iP]e" o? E)ﬁeir‘ inclivicluq\ s?o.ces-, w\'\en dwo
T.wrec\i cartes an ossi\alj d‘.%’ercnx- S"OC\CQS ar? Cun-
nected to ?orm A RkwW ]arec\icc}e, Yhe latter is o
PrEdico}e orn that ”\eas} common Carresian mu“sx:}e :'
2.9. i{) P s & Predicc}e. m X ond Y, ond & s o
?rec\ica\-e n Y and 2, c.;,nﬂec);mnﬁ P eand Q@ Die\&s
a T:r'edic.o.}c n X, Y, and 2 .

No*e '}horl F:'Onn O, )oredico.}e n o.'l \eos¥ -‘wo Vo\'ia\'.)‘es
we can Q\WO-SS ?Qrm wﬂ'\'\ou“ \oss 0{7 'm?ormc\‘}io'n <%
)Or‘edica}e N one Vourio.Ue \ess: G;.r 1% }arec\ico}e in
X and D we Ccan ccns}'rua' a ‘Preclicq}e in G hew
variable msread ‘hat ranoes over all ordered Poirs
Cx,b) . We s\no“ on\:j consider r'eclic'_c}es c\ePenc\-
n on & inite nuwmber OF Varia\oqes R and the moral

-}-hg revious \’emar\‘c 18 ‘H’\al' -]-ke.tr recise num):e,r
s Q buf orbi}rarg. CThis need nol éisfur\:. ws Yoo
much: he sbskm o{) Yo equa"ions T ond Q
s alsoc Yhe sushem o? Yhe one equo\}‘no\n YAQ 3
Since o vqr'\o{?a\e macy be of o type with an inYinite

' - b ¥s
To\nae -8.9._ o?,\-\ujre ml'eﬁe; —_— ']- e nNnum ‘er' o? ]po'm
o€ o YJredico}es space need nol Yoe qmi‘re.

Side vemork Variakles ranging over o class o? pre-
dicates will not be excluded. We shall -~in order
}o aveid all sorls o? c\iﬂ:‘:Cu\’ries_ never introduce
a Prec\ic.c:k whose value depends an o varichle
o? which the Frec\ic:o&e itsell” is a Fossi\a\e value.
pxs ar Gs 1 Coan 3ee 'H‘\‘as cons}ro\;n‘} wi“ no\- Frever}
e ﬁmm indreducing aoll the recursive pr‘edica)e

de?ini ions L need. CEnd OP Side "emm‘\‘(-)
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Trem Preclicc}es we s\mn cons\'mcx‘ new ‘Precl'- cates

us‘mg 'H'Ie \.Nre“-\cnown Q’Pe.ro}or‘s —S'NQ-n N orti\e.r' 0?
decveo\s‘ma bindina ‘oowef‘.._

he&q}ion

Con'’ unc}ion
d\s\junchon
im‘a\i Qa}\on

# g <>

equiva\emce
e\ Werencz

Nole . Since i+ does not matter whether we wrike
(?EQ)%? or ?E—(Qi?)
the suaaes‘ec\ srea}er \oindins Power o? = aver i

S ‘-‘:\Oufious- —I_ Cou\c\ \f\ave _3‘|ven ‘H‘\em in +he same
line , or +the orher wa:j round. CEnd c.? Nc}e.)

Ne thn 15 O u.narb OPerax'or omd 1S om\--wise
de?ine . P and P are defired on the same

SPo.c.e_, in each poin*‘ o which the one o? hem s
bhrue ond Yhe otheris f{alse

The o\‘\ﬁers are binarj o ero\‘ors, ond are Fcﬁn\--
wise c\e{?inec\ on r)-he sma“e.sf <oOrnm On CQr)’eSiOw'\ mu\\-

}‘,F\e oF) +he spoces O-F Yheir Qrﬁumenk‘.

. A
CouUunc}ion 1S S mmexﬂc O\nd QSSOC]Q)I‘VQ'. ir s

droe where all s o.raumen\s are Yrue ,ond @:x\se
e\se,w\'ne.fe.

'D‘ns\‘)unc\-ion s s:jmme\'rsc o.nc\ O\SSOC]Q}"\VQE i)- S
Qlse where ol irs Qraum*&n)rs are g)a\se. ,and  frue
elsewhere .

T lica¥ion 1S neither 35mme\'ric_ nor -associo}‘\ve,;
Je distinclion behluween PR and TPV Q s only
Fextual. We shall use wmplicakion cml.:j where it asym-
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'me)‘rj can \oe Exp\oi}eé "‘0 O.C\VC\Y‘-"QSQ..

%.Toje%er w‘nn\ umversa\ u.o.n\-i?ic.q}ton - SeR be\ouo-
‘lm‘:\ico.\-ion can be used {%Jr he de.-?m‘u\'icn OEQ T::qr}b.\
orc‘er‘ Qmon3 Pr‘edic:n\-es m\r\ic.h enq\vp\ea us 1o \Tﬂ\«
%’le ﬂedica\‘e cc\c:u\us '}0 \c«‘\'\-{ce ‘Hﬁe_or:j .‘Th':s %’ac\'
S o? undamen\q\ S‘l\gn'»?icance; its \ac\«. o? samme\r:)
ond o assoc‘.q‘ﬂvib, %oweuer, mo«\(e i!‘ CQm\JerSOme
'\'cs monipulo\}z. Universo.\ c'uqn}\ﬁcal'ion OI€n be-na

\e yrmn \ici}', '1}- has led -\o enci\ess COrn kusions
_vide Yhe rother scholashic ?\ovour o? Yne distinchion
between the ”\caj‘cn\ '\mP\Em\'ion " ond Fhe "\"ﬂoA'e.‘l‘iO\\
Yym \ico.\;‘acn”_. \«Je s‘w\“ ho;‘ \nesi}c}e Yo use \mP\i-
carion in the )rrW‘nc.‘ space in which universc\\ Qquon-

H?icthh — whether hidden or nor— is +he iden}\}:)
?wnc}ion. ( End o? Nokre.)

Eqmva\ence [ Sfjmme\r'nc anc\ Ass o a)-‘we: i)- 1S
Jrue where an even number o? s arguments are
?a\se , and 13 ?a\se elsewhere.

(D'\ erence 1S s:jmme\'ric. O\nd QsSoc"c\'nve-. i)- 19

\SQ m\nere on evyen Y\um\oc-r‘ o? i\s Qr‘sumli'n\ﬁ are
Ywe , and 15  ‘rue elsewhere.

Eqw'.vo.\ence omd clig)?erence. usuq\l.j occur WiH‘\
hvo orﬁumen\'s, omd ron'e\:j wi'“-a yore +Hhan %rfee

(w\mc\n is noY amozan3 N view o? Ve rale OE Yhe

y
chhon ceven

—n’lem 5 one draslic Wi OV c\er‘wins Q’Om [ Predica"e
P on some spoce a )oredicﬁe on the Xr‘w‘uo\\ sPace: uni -
versa\ quomh?icql-‘:on Qver a“ Po?n\'s o ”we sFo.ce or
which “F s de?med.. Since in many o} our Mahi])u\a-
Jions that space will be \e@ anonjmous —we hove O\\I'Eo.dj
Seen -Hno}- ﬂs ac}ua\ dimension s ﬂo} o{-’ overw\ne\mig
relevance — and we need ‘hat universal quan¥}§%cg§-;on
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c\ui\'e ?reO\uenHj deno}ec\, we introduce o sPec':c\\ no-
'\'oA-ion or ﬂ-,v‘\‘z. sur‘rou\_ndinﬁ ’P \o:j C ]acnr- C’:F
Squ.are. \oro.c\(e)-s: E'P] . gxioms, %‘heorems,n{)oc}s,
de{’inﬂions,e\-c. w\“ ?requen} be ex ressec\ in -\erms
o? such Lm'averso.llb quaniitied precr‘:cak:, eq. de?mina
%,— given Q the Prec!ico.\e P \93

P=Q)

means 'H"a') Hne disxlnc"ion hehueen "/P" ond ”CQ" s "
Onlﬂ Jreﬂ‘u.u] _—as S ‘\-he dis}\nc\‘ion bQ\ween ”t’P:_CQB
and “irue”’ . . Thus we can express the E?ouowm
reworite rules, ar:»];.\ica\:\e Yo anJ ¥ , Q, and i
CTor (5 S‘-ar\‘ we 3‘me bo\-"\ the ?u“ Paren')-\wesnecl
{’orm and +the @rm wn which poren%-\'?esis pairs Yhat
our binding conventions have wade redundant
hove locen  omidled.)

LGGPH=7T) A P=P)
LGPAQYS((PIVAQRN] DA =P VvAQ)
P a)=GP)vaAll [P=2Q = " PvQl

Kemarks. 8 comparison o‘? Yhe above Iwo columns
slrrcmgl-(j Su&ges)fs thot the bor'.\-mf) o? Fhe ?u\\j

PCarEn%esiQe& ?orm 15 G Po».‘m i) -H-.e nec\t. S o we
had beler q‘a‘oeq\ 1o }he \:D'mc:\inj conventaons Yo

eliminale o num ber 0(} ‘Paren-}~kes‘as \Oodrs.

In enem\ I CO\‘nﬂO} T‘ecommenc\ }he. 2)(\9\0'-)1‘&}'301'\
0? -)-he Convenhon H‘\CA wes J;he Cor:')(.mc}‘nc)n G
recter b‘mdinj Pc;u.:er \-Qan the dis'unc\‘iun, Since
his convention ‘lnxmduces Yhe sjn Qc\‘ic des}ruc})on
OF #3 Se.man\'ic S\Bmme}s:j‘

- 1In e case c? |on3 @)rmu\ae W} is recommended
Jo surround the conneclive with Yhe | owes} \:in&ins
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Power‘ b:j Iome ch.&i‘riona\ b\an\& SFO.CE.

Comment. This 13 a suagestion vere similar Yo the well-
known “rules o-? '\nciear.\?‘a;'mn “ Yot have established

‘H'\EMSG_\VQS -Q‘YY\OS}‘ \ob ho}urc&\ Se\ec\ion—- ‘g)cr‘ mqnj
*x vi:rosro,mm‘m ‘Qnauqse, ’imPr'essec\ \93 ‘mden‘}a\"mn‘s

"aid 4o readobili} ": some \anauc:ﬁe designers have opne
o s]-@r: q?url-ker ond have 5‘|uen indentalion @ r?ﬂe i

+he de‘em\-ion OP Hhe nes}-‘mg shucture 0‘?5'}'9- Yext. In

my experience Yhe convenlion leads Yo Consequences Frat
are in conﬂic’r with other pur poses o? \G\Pow}, and hence
-.[ CanO’} Tef.ommend W (End 0{7 Commen )

Tn order Jo ovoid Coﬁ‘?uﬁon with the Roman v ond

V and with Yhe Sreek I\,I reCQmmeﬁc\ 5)1"!\!3!13 g)c:.r
Q riSH' ancle when wﬂhrij Vo oar /A .
72

(End a? mar&s.)
\l\l't“\ /P and @ ”o? \-er ’Bm\eon " - j.e. Prec‘ico)ﬁﬁ
an the rivial Space — moany ‘heorems are exPressed in

terms o? P=Q or c? P3G . When this s not

on obvious instance ol a % nown Vorﬁ'au.\o\) we que
'\)l‘ in ;wo or more S"e]:s E\‘j 'H're 'm)'rocluc}ion c? one

ar more '\n)-e.rmed'no}e }or‘edicoks.

So th:j -H'we. cmn]ou§'o\hon 'Hwa\‘ ’P’-:Q hos ')-\'e vc.\ue.

}rue '}Olce -l-hergorm ies\c\olis\wrn '-H‘;o} ()cr Some T:ro—
)oerb chosen , =R  and =Q, both have the

Vo.()-se -\-me.

So h'\a:) -H'\e COmPL\}ohon 'Pno\lr ?5@ has }Be
vqlu_e A"r-u.e. -}olze -Hne f?orrn oFes\n\o\ES\'\?n 'H‘\OJ- ?Qf
some properly chosen R, "P=R and” RDQ
both have t‘he value +rue.

Remark.. Tn view o? Yhe use wmade P=R n the
las} e,xqmple.) i+ would have ':suﬂpicec}” Ccm)-:u')e Yok
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P=2R hos Jhe velue drue . For the sake o{) c\arﬂ-'j,

we shall not use +he ‘n‘np\‘. cation where the equivalence

&Ho\‘;es. (End c;? @emar\a.)

ch' Verj Pundamen}u\ I'@cacenms wWwe ‘n?ed Q. no}o«}iono\
convenbion Jhat allows ws Yo render the shruclure og-)

such a mov n G wa:) Such bhat ¥re ‘m]rerrnec\ae.xe Pre-
dicale 'E needs 4o be written down cmlb once.

’ﬂne GJDQUQ Cmﬁpu}a\-icn }‘no.)r /P'-.?.Q \105 pna vcx\..ue_
frue wiill be rePresenles:\ as %\\ouas:

P

'%.-'ERhm‘\' wh:) ’PE(R \ncs 'Hme ml.Mq %-ug’g

= {}\‘m} wk:) K= Q has the volua )rrue?s
X

“The above cgm\ou}a\\on Yot PDQ has the value
Aru.e, b\n“ be TEPI’?SQFAQC] as %Jo“owS:

/P
= -{iRk‘.n} w‘:'_‘) “P=R has +he value A‘ru\q,g

___.>{h;n} uhj /R%@) hos the value %T‘LAQ’S
€ .

Legenda.. T the cbove "u;)‘h " can e read (Pour }imes )
as “Wow Hhe reader can cq?w'mce \n‘.mse‘\? Yoo}

Whether *he hink sulfices de\oends oF least as much on
e reoder as om the writer: i€ Yhe veader is Yo con-

vingce \r\imse\? -—\A\'\o\feuer Hﬁa\— mav mean‘._ b& S
Yhe one Yo deo thar (End o? LeaenleD

The reasons ‘For Se_\ec-\'mg o wnotation 4\10\* Yaenlions
'Hle 'm}errnediq‘}e )orec\‘-co\)re R em\b once ore +the
?Onowins. _X.n non-}r’wic.\ Proo-rs, Su.c.\'\ oan R is

o@en G, {)or‘hnu.\a o? sSome \eng}]—,_ \/\]rﬁ-inﬁ 'u} ou" )fwice
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Wbb\\d hO'} on\b be a burc\.en on he wri\-er (w\-\‘ac\-‘
would not wmoMer '\{? v he\pec\ }he recder) but also
a burden on the tveader, who would have to per-garm
o s;rinﬁ COmPC\riSOn in order ‘o es)ra\o\'aS\'\ Ihe ?or‘
Ihe qrsumen‘\' essential ) Sameness o‘? Mhe Awo oc-
currences. —n\'\S, o-F) course, could be circumvented

b‘j gVing the Pormu\o. e. name , R say .
Bu‘)‘ we Shou\d ho*‘ \Durcleh O }'ex\rs w‘\}}-. N ames
Sifwe can avoid them. Nc«mins Some.H'\‘mS which is re-

erred -}c bj name onl oance IS obv%ous\.b Pc;'mnes-s;
wo re¥erences 1S %eref;c):re Yhe wost meagre “ushifi-
cov\-ion {Jor -n'nz 'IY\}‘T'OAMC}'IOY\ o?q new name"f‘)\is
\')usHFicw}ion 1s 'mswﬁ%c':en:\‘ w\\e? the du‘:\ico}‘\on
can be avoided b F\c\c'mﬁ the some%ﬂmah in some
sor} o? 'm?‘tx Posaion, Fr‘ovidec\ Yhe noYational

COnve‘n"ion Ahus 'lnxroduced 18 wsed Su%cﬁm*\b
?requen¥b.

V_{g_-\-__e._ S‘mce —}-he ‘sca\in w o? discrexre Teason’ma 13
one 0€+}l€ ce.n‘}ro;\ c\na\ 2noes og) Ccmpu}fmg science
Seern'mﬁl miner derails Yke Fhe size o? Ahe nomen-
c\a-\-u.re %o be ‘m)rr'oc\v\cec‘. nee_d our Q‘H‘E’,n)r'lon.

(End o? Note. )

Sunteckic remark. When Fhus represen\m demon-
sﬁa\icns, we s‘uve +he Separa\'ors uz'{\ﬂrg:‘)" omck
né{\'\“n\'}" —}he \ouoes)r b‘lhc\irlﬁ Power Q—? Q\\ (En&
0? S\jﬁ‘\‘&e}ric remark.)

Occa:s‘aona\lj we shall compu"re Yhal ’?’—EQ has +he
value }rue \93 Qom}:u“in hel both T Q  and
QDT hove +the VG\Me_ rue . Om't%'}‘ino‘ in’:ermeclio.xe
sleps, we can render +he shruchure o? Yhot com-

Pu}a}i on \05
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’?

= { hind 1§
Q

=3 {h‘m’t 2}
P .

'Here }'he use o? ‘H'»e = COu.\d howe een owoided:

with e same hints we could have wr'r‘\'}en

"D
BICO S
')
= § hint 23 = {hint 13
« S

Qur earlier version, however, s shorter .

or [’PQQ] we alse read ”/P WS as s}r
R" or " s as weok as P A »?c;r Y_’?%@} /N
“fP=Q) we also read ““P s strmger than &
or “Q s wea\ter‘ 'H-mm ’?”. '/l\ne narure o our
'Some 1S how c\ear g {)rcm wne line '}b}lﬂe next
we shall massaoe redicale expressions eivher

QqWVO.EnCQ. \’\O\ds or w\r\ in -}\‘12 %mns..

h?n}i bo\r\
"’QO %‘2 next line we have not s reng)-)wenecl

‘;#ion
Hhe Pred.i cate.

05 said befre. this 15 not the momend Yo oive an
exhaushve c:a\-a\osue which hints Yo admit. ex?ed‘

Yo give the not ve éescr"‘::hve hink "{ predicale caledus)
J J then E;Jmiliar

w}\erever 'a} 3eems o\ovims '\ﬂ me m\\ick b
r?.uari\-ina ru.\e,'}\os )Deem O ieci.. So-me. ) 'H'lem

!
Sholl bol Cor opanbed riogm ob e shark, tuch as

'“1& g)“owins
FPA(@QVvR) = CPAQ) vV IPATRY)

[PV(@AR) =(PVQ)ACPVRY)

U‘hj .S
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prress‘ma H’le mu}w:z\ dis'\r‘.bu}ivib o() Co):)unchoh and

disdunc}ion. Since also
®  [P=Q]>C=k)

has the valwe Frue {)cr any Y and Q@ , we compu.k
+hat also

IPARYRY) = TCPAQ) V (PATRY)
has the velue drue {ér‘ any TP, Q, and R
/Rea:‘:ono.blj Loe“~\cnouon S 'Hne ?ormu\o.
[P=Q)=[7P=PAQ)

(C\hd 20 S '|}S <oOmMpanion [’P%@]?__ T_Q E*-’P vV Q3>;
%Q_ Obom'lna\ole_ EQV\?\-—C\'\G\ oms hove seen )ro %0}
T} s, however, with he ai o? (o) o direet conse-

ouence o? +he alse velid
P ="7P="TPAQ)]
—ea:-:ail se-}-“ec:\ bﬁ «H)e ‘Po'en“'-'w-iSe Qf“%:amen)f Suba%\u\-

g%u\se YGS}JQC 'Yej, O«nc\ Com -

}i or ¥ Yrue  omd
Pt:?ina Yhat \::oon'u

[ Q = Ame = Q__B and Y_‘-me = ggl\se_ = »@\\SQ}
have +he volie '}rw?. _ . /Remem\aeﬁn -\-\\c¥ = is

> mme}ric ond QSSOC'\O)ﬁve, we See o«pner wo:b;
Fa) owxo)obmﬁ (O), U\e\dmﬂ 'Hﬁou“ \30'}-\'\

P2 ="7] =PAQ) and

P2 ="TPAQ) = 17)
hove e valwe Yrue . (Neither o? e last hwo
?ormu\ae Seems \-Jof"\‘\'\ Temzm\oeri‘rﬁ_ 'ﬂne-\.] were

- derived \o:) wouy o€ 'lnus\'r‘:\'ion.)
%
E
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Tormuloe sfecio.\\b reloted o the Y&c\- e} square

brackers denote universaol quo.nhf‘.ca won (over o non-

QmP]'j sPoce) are
[PlviQl =17PvQ)
(PInLQ) = TPAQ])
fPlvie)=irviQl)
PIALQ@) =PALQ)]

-—'H\e \QS'\' ?c;rmu.\o. onl Yoein VQ\')C\ \Decau.se ‘Hne sFace
2 not emF\j.-. (\rée,\\,no‘r Tea 5‘)

o »
#*

Besides (un'nversa\> quo\n}i-Fic.ahon over Jr\ne Pu‘m}s
of Yhe spoce o G Fred'.c.a)re, we need quaﬂ¥3§ca}iﬁn
over Pred‘-cc)res ?rom o \oos B "? redicales c\eg?mecl

on +he same sFace. Universa\ qQuan ‘.f‘.ca\-ion s

ex?r‘essec\ ‘D_‘j

(QX:X'!D‘-B: X) .

Tn the case o() = 8 ?‘m‘.}e ba @ , Yhis E'x?r‘essmn
demﬁes '\rhe con’ u.nc)r‘son o )r\')e Q\emen\s 0’? 3 .
1 Hhen Sahs?‘:)es

@ @X: XinB:Tx3) = LOX: X B: X))

-i.e. universa) quan\'i?ico.\r'lons Commuie —

@) [(AX.- X nB:QVX) = QvE@X: X in B X))

-ie. disjunchion distribules over wniversal quantificakion -
(3) AY:YinB:JRX: X B:X)DY])

Tarmala (1), (2), and (3) are oskalated Yo pl
os well in the case o? an 'm@n‘-i \oqs B 3 Q{ 9@@3
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no¥ even e dengmerq\o\e.

TFrom (3D 3% @:\lows that CQX:X m’B:X) 'S o
$°\u}ic>n c-?

“) 2. (A Y n B: 12Z2Y))

Note on no*q\-ion__ Tor given Z ond Y s T_Z?-)\’} is

a ‘Predicc:\c on +he —]r'n\ﬁc&\ SPQCQ. For cyven 2 ond 3,
(AY:Y 32 B: 12 %Y}j s again o regca¥e on the
%‘.v‘ao.\ SpGace, g3 reyixm it Witk “-Z'. ) we orm
the equj)r'u on meosf r‘io}sﬁ are those ﬂadica]-esg-)-’nu’\'l
(when subshitubed ﬁrr 2) moke +he pre??Xec\ Prec:\‘aCc."O_
coincide with true . (End o? Note on nokalion.)

Turther more we hove ?or Q“:j '

@Y: Y B: [P YY)
= { Fre.dica\-e caleulus, (4) n PQr)l'iCu\ qr}
= { prediccte caleulus S

:{Predicq}e CQ\Cu\usJ e, (’Z) with ‘IFP Fu-r QS

[7P v (QY.Y i B:Y))
= {‘Frec\‘nc:a)re calculus and rehqmin33
[P = CAX: X wD: X))

C'ompormj the ?‘.rs\- \ine of }he chove deduckion
with (4) we see +thal oan 2ol bion o%) (4) s as
s}m-n:j as (AX:Xm™®B: XD, which is -}-}weregre Fhe
weakest sol.}iem og) (4).

Co\nversekb we could \no.ve cie lneé (EXX‘Q% XB
as the weokest solukon 0? (4) 5 m Phat case the
exis}ence o? +he weakest soludion should hove keen

P oshalated. .
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’DG.{)}n'm‘j <E X-. X E_\’BX) —- exis§m¥lq\ quomh@cc\hcm ——
by L(EX:XnB: XY =1(AX: X B 1 X))

—Which very much looks like « Senem\iza)r‘mn off de
hofgo.n‘s Law — , dhis exypression denotes in the case

o{) G gy'mi}e ]Dq 3 -}\ne dis'unc.\-ion Q ':}s e\emen)ﬁ.
@nq\ogmxs\\xj ,-}os (2) and (?;)J we have ?

G TCEXX wB:QAaX)= QA (EX:XuwB: X))

- e, CQnJunc\iqn c\is‘r‘n\:@}es over exissfen\rio.\ o\uom}h

?}c_o.}ion-— cmr.:\
(6) (AY. Y ®: L= (EX:XuD:%X)])

Canversek\-.j we could hove de!:iihe.c\ (EX..)(;D-/B._X)
xS +he S*r‘cnﬁe.s} soludion Q,?

7 2. (A X B:Y=72])
'\rcge-}-\ner w&\- —Pne FoSlu\o}e ‘\'\’\a'\t pna\' SOWBrion Exis}s.

Belween the colons we had "X ",f_\’B” or "\("_'__"B" >

his s reﬁarred o as the Tonoe o? the C\u:mmn. “The
indication is emiMed — Wwhat is Indicated \DU P\QC3ﬂ3
fane. c::\ems N '\Ynmedio.}e SUCCESTION — wken -\»‘ne
TC\nae is \Ahdei‘S‘"OOC\, e.a. "‘Q \Oe ")'})e 'Sex‘ c? Q“ Fﬁedaqo}es

on +he sPace under CGhsidem}-]on, as is ']41& case

n +he g)orm\a\o.\i-ioh o?
® @x:xXvPl=XvQ)) =P=&)

To Cc:mPu)re 4\'1:::& ‘H‘\P_ 0\90\12- Co'?nc;c\es w;}‘n }me
we use the e|emev-.-§-orj

[tPpvadA(QvaPY=P=Q1
and Pr'oceecL GS g’o\\ows :
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P=Q)
= { Frecl. cale. ,vi‘z.(b)}
@x: IXvPI=IX vQ))
= { choose 7P and 1Q resPec\‘-ve\:jS
PvPl=hr v Ahavri=heval)
= {Pred. calc.
PvQl AlhQv P
= red, co.\c.g
(&7 Q) A (i@ VPl
=3 { Pf'ed.ca\c. ond (0)3
[P=Q)

“Predicate -}mns@rmers and proarammine, \anquaqes.

Semom}-ics °€ ?rosramminj \O«ﬂﬁuaje.s have been de-
%’nec\ n terms o{) So-co.“ec\ "Yredicqlre. “rons?ormefs ':,

(1) 'Po.r\-icu.\o.r wp (-:- "wea\fe.s Precondi;'ion) O«né

\A]F (= “weakest liberal )-:r‘ec.onch}ion "),

Yor o given program S and @ Pas)'condi‘-‘non X

+he oPerahonql 'm)rer}orex-cﬁion o? wFCS,'RB [§-3
-Hve weq\cesx conc\‘.)ﬁon N ‘H‘\e_ ‘m‘u}icﬂ s}cﬂ-e Su.c\w —an)l

g)‘:rinj S 18 smrqn-\-eeé "ro \eo.o\ '}o 1= Aermina‘-ms
Com):u}o.}ion end‘ma N o ‘ma\ s%\)re \a)here /\Q

cancides with  Frue

In the case °TO wnbounded nonde\-ermmac\j ~as we

5}\0\\ see \o.)er— ‘\wo C\iﬁ’er‘en‘\‘ ho}':ons og) )term'nna;‘non
\oresen¥ Yhemselves. 'ﬂwe’j corresFmC\ Yo dwo d‘.%—%ren‘}
de?in‘-l‘ions {)cf‘ \A:F '})m} we s\na“ C\eno}e d't@?eren}\:j.
“The dishinchion will be Posﬂ::onec\ unkil relevant.

T\we dejini“-on n ‘erms o? wFo has 'Hf\e Pmchca\ Qd—
‘uom\-o:se at it fu\\:j CQP‘Nres whal we are U\SULO.“:) n-

\'er‘es\'ec\ in when dQS'tSn‘mj Ca Pro&ram: iy 'nhc." si\'ua}ion
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we are usua“‘j nc& Yoo m)feres\'ecl in in'.\-ia\ s\'cA-Qs
?c:r which Yermination 1% not 5uo.r0m)feed..‘¥or Such
iitic) shates +he c.oncep}' o? WP alone leoves ¥he
SemanFics o? Fhe program un defined. This is no lonaer
dhe case mhen we de ne -)4\2 weo&es-‘ \i\bem] ‘Preccmd'u-
Yion os well.

Tor a Swe.n Pr‘ogro.m S and G osx‘Coné‘;)-':on fR
+he oPero.}iono.\ ‘;n-}erpre}u}io\q of W FCS.’R) s ‘H')e
weakest condihion on Jhe initial shore such Fhat
'ur‘n:‘j S \S u.arom';eecl ‘\'c: \ead -]o . com}ow}a\“:on
hod either fails Yo Yerminade or ends in o ?fno\\
S}c"\e L.o\’\ere. /R coincides w'r}\-s v\-ru,g .

\de 5\1:2“ S‘;ve one ur}\'\er Cem Sequ ence o{’ 5:-\'\‘.5
c?er‘a}'iono.\ 'm}er})relra}‘non: M \J\ (S,"\?) c\'oorac’rer‘ﬂes
Yhese ritial shabes F’cr which (iring S Mo lead Yo
=% ComFuA'o}"lon ending in & ina) s??o.)re bohere /R
coincides Wwith }me . (’B- €xpresses Yhe \poss'-):'-\'. )u‘_

o? R \oe::rﬁ qu\\” valid. B poirs eoch 9:12\ stake 1o
Yhase '\ni}ia\ s s rom m\nic\n it <an he rec\c‘sed vio S'E
W thus opens +he wo. u? deah;j with progrom sermantics

n Yerms off) Yhe reldronal calZulus.)

“These Pr‘edicc)fe '\mnsformers will be de{)meci n the
LLSMQ\ wot) R ‘mduc\-’uvej over re S\?n"ﬂx of J-}':e liH\e
Pr‘cgra.mmin \O.n‘suc.ae ?m&men“'. PH‘ he sSame '}'lme

we would Tike 10 prove c. number theorems , such

Qs

Theorem 0. [-1 m‘:CS,rq\SP.)] | %r ony Progrom S .
’T\ﬂeorem'\_ {W\P (S, '\‘rues-) ?c;r Om:j ‘ort:jram S .

Theorem 2. \:wP (sR)= w\]o(S,”\'?B /\ wp (S,}me)]
?cn‘ any program S ond any R.
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“Theorem 3. [wf: (s ,(B’P;’P '.__n$ Y E(&'P:'P;:'B: wP(S,"P)))

gcr :"“3 Prosrnm S and any non-emp}:j baf) B O? fre'
icaTes .

gc-f‘ ony Progrom S and o\nJ bCI.S’B o{’ T:red.ica.\'es .

“Theorem 3 ?z\\ows %:;'om “Theorems 2 and 4.

M For any X and omy ncn—emP\J \oag B o€
Predica-“es

\-_X?:' wp (S, (E‘P‘-’P Q'B:"P))]
= { Theorem 2}

[X= w\]o(S, (AP:P B PH A wp<5,4me3_)
= {"ﬂweorem 4}

IX = (AP P B wp (S, PN A wp (S, 3re))
= {’8 s nomemp\a’;

Ix —r-_.-(a'?-.’Pg-.ﬁ BT Wp (8P A wp(S, hue)))
= {.n'leore.m 2

[XE (aﬁ:’P m'B: wp CS,’P))]

(End omrmf. >

/\‘?emar\-t. O} the Vem end we \ﬂcwe om‘v\‘}‘ecl QKT)\'lC'a} re?ereﬂcra
' (ax: [x=Pl=x=Q)) = [P=a)
\We 8\10.“ Q\SQ do sSo n 4'\1e Sequ.e\.<End u? (Remo«r\&.)

"By now we have had Ywo hints that o? WP and w\]o,
Yhe qo-n-er one has +he nicer Proper\‘ies, The omne s
that 1 wp (5,'1?) —}fj ‘o ‘m-\erPre“ H— is not hal
as usegu\ as ‘lw\PCS,"\’R> i the other one is that
as o result o? the odded constrain} "non.-emFb "
Thearem % 1s not as bec»uk?u\ as Theorem 4 . CThe
detiec! cons}rrxm" "hon-?.mp\'j" 1S sten}ia\;W'nH'mu.)r 'n\‘,
Thearem 3 would e wmn3.>
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1n order Yo prove such theorems s‘moo}-}\\‘j) we Can
roke Sooc\ wuse o? o number o? concep}s ond theo-

Tems a\oou* Fre&.ico\}e ’x’ronsgzarmers n seneral.

Le} be o predicate dranstormer, l.e. some Yunec-
bon from? Yrec\icafes Yo ?r‘edii;es. TFunchional ? -
P\ica ion w’u“ be denoled \':n 'ux}ogposﬂ-iqn,eb " ’P,
and  wil) ‘oe 3‘Nen Jr)'\e }\ishes\‘ inc\‘nta cher O Q\,

i.e.

.?'P AQ s short {?or <€‘P>/\ Q

Nole. For the Yime heing we con Pos}]:one Yhe
decision wke“ner ?unc\‘iono.] QFP\iCQ}\Oﬂ will be re-
Somc\ed Qs \e?\—ossoc‘\koe or r‘uﬁh)‘—- associalive .
When }he dime comes L expect us o Pre?er \e@-..
QSSO’C?Q}‘IV'}\‘D‘ CEnc‘l o{) No‘e)

Unkl ?urPner riotice we shall ::r_m?me oursel-
Ves ~+o Fredica}e *rans?ormers For vwhich argU-
‘mEn*‘ ond vc.\ue. are ‘Pred'\co\)res on %he SOome

SPO\CQ.

Tor Q Fredica}'e. '\'T‘Gns?ormer [‘) &nc\ Ca. \'bcxa B
o{? Pred'nca)res on }he sSome spoce Wwe de?‘me — iNn-
spired \ob Yhe ?ormu\cxe. n ’T\aeorems 2 and 4 —

Yhe nolion o? CQnJurschv‘\]:j \ot)
(? is coniunchive over ’BB =

(PP PwB:P) = (AP Pud: PO |
and O\i{?v?efeh)t deérees o? Cbn'unc):ivﬂb b S)Dem%mj
r o idh Yupe s 'uncij‘\ , in
o Vg of SR e Fe i

C? is universa\\j corjunc\'ive> =

(? is cw\)unchve over any \oag)
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(? s unpound A CQfSunc‘ﬁV&) =
onchive over bog)

(? [F Qonh')unc.}'we' aver Q'r\\-.j T\On-em]:>\'b

( 3 'm:g'm")te\g Ccn'unc\"\\fe) =
J 2 denumerakle hag)

(€ s cor:_')u'nc‘:ive over om:) non-em]o}:j

(? \S Con'\unc}\ ve )=

(? s Corl')un&cﬁ'we over omy ncn-emy\;j (-)'m‘. e Baﬂ) .

No\-e '\"nc& GsS 4'\'}2 C\CLSS 0? ‘30\35 over w\'\ick cCon-
‘umc)-‘wi\ s e uirec\ e*s 'smo.\\er, Hhe \- e
J . /. \)q 3 k :jP
CchL.mc Vlb CCOMEs . wWeoker Fm‘oer\'b:

a universall cor::)unc‘ive ? ) un\:ounc.\e&\\nj Con\}unc}'we;
an un\oounc\eg\:j c:on\')unc\'we ? s n m'n)re\j Qcm'unc:\‘we-)

an ‘mg)ini\-e\b c.ort'junc)r‘we {? s Q(:m;)un <Hve secB.

Ih oLy New JQ‘BOn’ e con Sumrmaorize T}'eorems
3 omnd 4 \33 s\-o“mﬁ Hhat w\ra is umversoll

cgn\')unc}we, w\nereas WP is on\:j un\ooundec\j
cgnJun chive, over Yhe ‘?-“"P\':j \ao.ﬁ

No’re -‘r}»alr, since un‘.verso.} quan}igcahory}? de-

?in]}mn coincides with true , Yor om:j

(P 15 unbounc\ec‘!j Cot)unc\"\ve) \ [—? ‘\rue-_]
= (\? 1S universa“j Con\)unchve>

The mportance Yhe vorious deqgrees of con unchi-
vitu s F‘:O\Da\ob \':?\'32 cund in H?e Circuis}c;)nCe
Yhod the ?uﬂc\'iono.] ccmFosihon o? \wo ]orec\'uc_o}e,
""\"O«ns?ormers O? Hna sSAme desree. o? Cc;n'unc)'ivi\:j
Qn'oga ‘H'nc.\' Same de TR€ O canjunc ‘;v%\- ) Lé—

WS e e @anc\-iono\ cemPoai\'ion o? Prec\ico}e

dronstormers gp'u‘sl- .

T;r q-nb )’MO \OT'QC\;CO}Q '}ro\‘f\S?OTme'S ? Ou'nc\ 8
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the ?unc\-iona\ ccm\oos\\'-on ()og s de?rnec) \o:)
[F"S X = Q<3X§] g)or O\T\:j X .

Note . Here Yhe bindin power o? s s deemed }o
e even kig"\er Yhon Tuncliona) QPP\iCQ\'th QA Yhe
Same ¥ime we have F\aced Yhe \oarenx\wes;s n
? (3 XB as '\f we Nnowve o\\reo\d:j decided Yhat
nc.\':’ono.\ Q\DF ic:\\"\ﬁn 1S \e@r-_GSSoc\o)r'NQ. \/\!ere
unQHOHQ\ G? \ic.o}mn chosen Yo Yoe ri h}-ossoc'.o.\'we
9 X wou{:; e ‘m\-er re}ec\ "Oxu\-omg-'ncq\ v as
g(g XY, what we C\‘!"‘KSQ as ()"3 X R ﬁ—aSSo-
c:;a\--vi\-:j wo-u\d ma\<e Hhe c\ncrac\-er‘ o '\'her‘e. ore
rother sw erﬁuous. ’Bu\' Curr WOLL\C! \"\O‘f \]\ce, ':\‘5

omission . We wish Yo e oble “to denote +he

omissien o

unc.\-ionc\\ Com os'n}'\on eq. b ° 3
the o LAJou.\dP'H\Qn \Q&c\%e :j ?g ?\Ou)r A"\"\ES Jux‘-o—

OS'lhmn wou\c\ -\-hen hc\' e ?uﬂc.}\’ona\ =Y F\'acoﬁ}icn.
En'\e decision '3‘0 choose g.mc\'\ono\\ O/ﬂ:\io:a ion o

be \e -CASSOC]O«)'\VQ —c\— \ec;s}-, no\- 9] h}-OSSOCiO}"ﬂ:—

come [ooner ~H’\oﬂ QX}QQQ\'QC“ ?E—nd o? No\-e.\

'Remrk on no}o.\'ion. We have aeﬁ::ec) univefsa\ qw"“}"?“
cakion F’or any beo, B o? Prec\'uca s - (BX:X‘\_Q'B-. XD
We have. however, a rec\d:) used CQXX '\_[\'B'-QVXB
which s o sFecio\ case o? (AX-X »nB: ?XB

For any \oanB o? ?rec\icn\'es ond oy ‘Pmc\ico}e
}mn.s?ormer -F we can de.?me a new \oaa, denched

by (BX: XmB:OX)

ie. the ‘003 % i w\'ﬁc\n Qac)n e\emer} S Te \Gcgé o
@X . (“\'\n‘.s s shandard usoop o{-)pne_ }_,&5 ?z'mo}or ‘:E:j)

_ﬂ'\e more Senem\ Mni\ref'so.\ quan\"\?n‘t:.o.}ion < Orn %-Men

ke o\e{me.d bb
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“The same can \oe done ?car ex'\s}en‘:‘m\ C\\Aan\?\?}co}?m\.

TThe cons}mc\-ior\ o? (@X'.X'\B’B: ?X\ Hm?\ies Fral
(BX: XinB: ?XB hes "as many elements " as B
Yney are both em \-:j or both nen-emphy , '\'%Q!\.j ore
bo;-a ?ini\‘?. or bok ‘m«%n‘.‘te, Yhey, are \\ c\enwmero\\o\e
or bokh nondenumercble, (End c?(R

emork on notrakrian.)

We now return do the conservodion o? c\earee. o?
h ty

COr:'junc\-‘nv'l\‘«j. /\‘?Q&dinﬁ ?or 'BQS "\ocug ) hon—em?’rj

oo | ‘non-emP\- denumerable b or 'mon-emp
Flm%e \30.3 " we have the ?our a’)%teorems \3

(f and q are both conjunchive over any BAG) D
(?03 ‘\? Cor\l}unc}'we, o;)er any BRS)

Tour prooﬁs. Le} ond 9 be beth conmunchive over
any BAG ond le¥ B %e o BAG . TThen, &r any

lz= {703 (AX:X mB: X))

= { C‘e?‘mﬂ‘ion o und‘uona\ com?osi}'mn}

= S conyunchive over onuw BE -S

' [ZSE-?<B\5)(:X Q'BSx}-l:) 9

= {-? s conjunchive over Ny ’BQSS
['ZE(_P\_X-. in B -? (5)(3)-)

= { de?‘m‘n}ion o() ?uﬂchonoj Cum]oos‘u\icng
[22@X: X wB: Qoq XD)

hence | Poo (AX:Xw B XD = (AX:X 1w B: £oq X))
e {’93 VS cml')unq\-‘we over any ’B‘:l%.

(End oP Four Pmo?s.)
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A FreclicoA'e Ar‘cmsg)ormef S sond Ao be mcmc}mric_-

A -

\? W preserves ‘he ]oo.rha] order o? un‘wersa\\:j ouon-

-\-‘u?‘\ec\ '\m}:\ica}ion, more ?rec'use\:j

(? 1S mono}cn'\c) =

(E’or oy X ond Y {XQY:\‘—%T_@X%?\’} 3 :

—n\eorem. 'Pﬂ cor:')unc\-'we. Pred’\ca)e Aroms?ormer s
monotonic,

’Progg. Yor om:j cor:‘)unc"t'uve ?red'nco.)re Aroms()ormer {)
and ony Ywo Pred'.co}es X ond Y

Ix=Y)

2%]’

red. ca\c:’)

XAY =X)

= { Cunchonal N \icc)r‘nonS

(XAY) = £X)

L
Y Sy hrdat

s

rec\.coejc}
X =Y
(End of Prool’D .

*
#

Trermezze. \While \ec}urinﬁ \ost we:'ek 1 T‘Eo;\'rzec\ Yhat
1 Shcw;\d Pm\bc.\:\:j have used 'H‘ie \'30:3‘\@@5' '; S\Ven

o ba

is demed, we can

B Ccm\omin:? ><‘s on wk‘nc\ﬂ Ca ?unc\‘\cm ‘?

Orvm GO New BQS

C:(’j‘;x: X QB ?x)

where B and C are berh Qmé:\s or not, e¥e. The one

essen hal Proper}b 0? bag‘\

ca¥ion 1s Fhal wirh

? Yhe ]den\'i"\'j Funcx'lon, C=" , i.v=.

C:—‘("-BS: &H_\C:ﬂ) |
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-n'\e o\-her’ essen\'no.\ Proper\:‘j o? \'Dog'ugjiccx\-ioﬂ h%-
(B x: x "_'1<'§"3‘-‘3 in C: 3\3): @x 3-—-—-

_ (@525'&1C:?<33))
(End o? ’I_n)termezzo)

* H
#

With ”’P 15 o Gxec\ Po'm} o? ?" meqnins
[L\?,PE’P} we c<an gjormu\o\-e the Yheorem:

F\ Common ?’JXQ:\ *Pq‘m\' OG —? and 2)
s also o Fixed Poin)r 0? °9 , le.
”?unc}iono.\ ccm}oos;}‘mn RE<S “|xec\-\00‘m\-
F%Ser‘vinsn_
’Proog. ey P e o ?‘.xed "poin\' o.? both ? cnd 9 -
Then ?or any pA
={de inﬂ"ron o ?unc*‘\ono\ CQmPOS'\\‘\QnB
Lz= £ (qPD) .
= {’P S &%Xed Pc‘m* 0? 8
2= P)
= -{’P 'S o ?ixed Tbo‘m)t 0? ?S

L2=7)
(an\ QE?’P\’()Q?.B

The sme\e €oc‘r Yhal ?‘!XGC\ points are preserved
b ?unc:)-iono«\ COmPos‘\)HOﬁ S our ?rs)f '\hc\‘\cc\}icm
Vhal the notion o? oY ?‘:xec\ \Po‘m¥ mia\q\- Ve on
')mpor}-oﬂ)r conce?}-.

* *
*
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We mnow Proceec\ 1o de@ne our liXrle pro grom-
m'ma ‘Qﬂgu&3€ s \?rov'\hﬁ Yre Theorems 0,4,2, ond 4

as we oo o.\cmg. Note Hhat Yheorems O ond A
could have been ?ormu\\cﬁed Qs

[WP (S, @J.\SQB ?_?Q\Se] and I\n)\? (S R ;ru\a) = *Tu&} ,

in other words: ?&\se s o Xixed \omn} u? WP
and }rue 1s o P»'xed Po‘m‘\ o W\\g.

“The 'Seman)'ics o? s\tiP are degned \)b
[wPC:-;\ﬁF,’R)a’R} and \-N\PCS\"‘W/R) =R

%ﬁ‘ cm:) /R . Since Omt] predico&e is a ixed Poin\
o? bo%-h wP Omd w\r: R G“ F\VQ Cor ?ﬁur‘) ‘\'hEOTQmS

are )rri\.ria\b Correc:\-.

Le)r X he one oie-pm, coordinaks o? —)-)ne s\-a\-e
sPo.ce 5 \Q)( de? E 'H"le Prediccﬂ'e H’)o.} Coincides
with Yrue wherever the expression E s degnec\,

oncl ?a\sa eveubw\nere e\se.

/ﬁefnqr\c, The Fredico}e de?E IS ossumed Yo be o

+otal F;nq}]on. Evaluakion af T where de?E s
assumed Yo lead do o unique volue o€ £ , where
1 def & | howewer, i} is assumed Yo \ead 3o o non-

%erm‘uno}in‘j C.crm]':u}a}‘:oh. ( End o? /Remo.r\-:.

“The sewnantics o? Yhe stsianmEn)r shatement
x:x & S gven \o:)

[wF(XmE;R) de? E cond RCEAD ] @vr GanR
[wlp CX‘-: E,(R) = "N de? E cor ’R(E/x)} ?cr Omt:j/]{

1)

Here cond ond cor are +he socalled conditonal

————

9_1_\__:3 and or res'\:;echve\‘zj: [?G\SQ C_Ep_é X = ?o\se]
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[hue cor X = Yruel  withod assumplions that X
s o dotal prec\'aca\e. Noke +haoy cond ond cor
ore reor summerric, bul scx\ﬁs?:) loqether de Woropns
Lows Y‘l % ggm_d.@) E(‘\’?} cor € C“?)] . These con-
nechves hove been wsed o rnoke Yne rBM--\no.nc\

sides also ool \orec\icc\)ues \? 4 1def E\ .

TThe expression RCE/=) s usuo\\& described
Qs "-}he “?rv:c\ic_q}e /\? %4 \A\’\ic\f\ eoc\n QCCUATrenca o?
MYhe variade X 18 re?\ocqé\ bf:) E ", \We shal
degne -i)l" \'33

[RCEAD = RGAOCEAD)

where ?Cx'/x) s o Pr?c\iccx\e de?’meé on Yhe same
spoce as W, exceP)r that the coordinate x  has
" _ Yhe name o()o.“»?res\'\ vanasle ' —

been renomed X
R/ = (ax-.-. x£x' v R)
ond RE/XD = (Axux#E ¥ ©D
Combining all this , we @nc\
IRE/H) = (Ax'=x'#E v @ xaxEx v RN

/\?emcrk. The AemPor‘ar&‘j s\'\i@- Yo c:x‘ Frec\iCo\)'e mn

which X has \oeen Yeroamed X 'S hecessmb
becomse & hn':jh}‘ c\eFe-nc\ on % . (End o

/Remo.r\q)
Since 1N our WusoogeR o? WRCE/x) — also denored

bb ’RE”—- WS eﬂ-\;er Pregxec\ 19 ”cke?E cﬁ-\_c!"
or b:) ndel E cor the vawe o? x'+£E s Ar-

relevom? where Tﬂ:? E coincides with ?o\\se.

Since | drue (E/x)= Yrue | ond I.E)a\se. (E/x)s@\\sel

Theorems O ond 1 are alsa valid E)or the qss‘.gnmen}-
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skelement. 1n order o prove Thearem 2L, we observe
J{-’or‘ Oﬂ:j 2 ancal ’R

Y_Z = W\P( X::E.:R> N W\’J (x::E,\'rue})
= {de?'ma\mn of semantics of X =

\'_'Z = (A de? = E?(E/x))/\ (de(? = S.ﬂd_ \\-ua(E/xﬁ)}
= { since [hrue CEADE Yrue ) and Pmd-ta\c.}

(2= ael & cor RCEAD A def E)
=1 \Prec\. ca\c}

1z = de? £ cand RCe/x) )

Tn order Yo prove “Theorem 4 ., we hove Yo shouws
+hot @:«r oney E and ony Boﬁ 0? ?rec%ico&es e

L1deP B cor (AP PuBPIEX) =
(E’P’P \_g'_l'B‘. 1 de(-)E Cor ﬁP(E/xB) ]

Omi}]-ina he range B, e observe gjo-r ony 2

EZZ—.‘: (Q’P' - de? E ggr’?(E/X))}
= % Pred. cale}
122 1defE cor (AP P(EAD)
=1 de?ini}icm QF PCe/x%
[227 def E cor (AP« (B x'ux'#Bv(Rx: x£x' v PIN]
= {prcc\.co.\c.,v‘fz interdhanoma of universal quan}i?ichcmss
[2 =7 de?E Cor (% x' (B’P X"-/:E V(B. * X#Xl V’?)))l
={Pred.calc., since X'+E does noy depend on dumm 'P}
2=~ de@ & cor (A X" X+ v (AP (Qxu xgx' v ’P)%)]
= { hwo similar s¥eps Combined inYo wnel
2= = del & cor QAx':x'#k v(&x::x%x'v(a’\)“’?)))j
= {de?‘mi}?cm o? <9_’?’P)<E/X)S
2= de?E cor (Q@:z"?)(@/x3]
‘ﬂm‘\s ends '\'\we pmo? o? "\\‘leor'Em 4, C-.[n 'mc\udin
de? E in he de?'mihrms og) harh WP ona w\\a T \ollowed

A su%es)ﬂcn rum 3.\..9. van de Sne-‘o scheut, in provin
Theorermn 4 1 Kollowed o sugaes\“mm ?n;rm QJ. M von gosirens
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C'oncohno.\"xon 9 Sim \e. ‘T\ne semc\-n\'ic:s o?

S03 5S4 \S c\e@nec\ 'n Yerms 0? Yhak o? SO0 and
A \Od

[\NP ("So 5S4 ”,’R) EwPCSO, wp (51,/\'2))-_\ F.;r anﬂrR
[’w\]’: ("'50; ! ';/R) = \N\‘P (SO,N\P <S'\ > ’RBY_\ ?or ony R

"ﬂ‘ze ri hi-hand sides }\ave }he Qorm o? E’L\'ﬂ(‘.\'iOﬂQ\
Com‘oosi%iovw, 503 ?Oa(j‘t? and 90°31 R respe&-
1V€:‘lb. From "H\Q \f&\idib O? Theorems O A‘)nmua\n <
@r‘ the 5 and Yhe 8‘5 we hove 3o derive the
ch\idil' or thefr ?unc\‘iono.\ Com?osi\'icms. Since
— See EWD835-23 —~ Func.\'iono\ CU’mPosi\-‘:on 1S ?‘.xec\
Poin} Preservina, Theorems O ond 1 are valid ffor
+he Ccmcq)reno.\icm-, Since ?unc\-tonq\ cmnpos‘:\rion
preserves the common deoree o? Conjunc\-ixr‘.\b
o’g)-)-\ne_ c:c:m\oonen\s, alse ‘%\eorems 3 and <4 are
valid For Yhe comcalemakian. Yor Theorem 2 we
have Yo do some work: ?cr‘ ANy 2Z and ony R

we Qb Serve

[2= Po-4 R)
2{ de ‘mihon 0? unc\iona\ compos'\snong
2= fo (P R)
={ Theorem 2 VO\\idSOT' 4,513
lz= ?O (Sﬂ'R A £1 Arue))
= ‘{_ {’0 is coﬂunc\"we:’)
2= ?o(sﬂ?) A ?0(?4 Yrae) )
-_-{T\ﬂeorem 2 volid ?or ?O

.908
z= 90(51?5 A o drue A QO(Q\ Yrue ) )

= {?0 1S coUunc}‘\ve
2= %0(31 R) A Fo(fr brue))
={de§n1 ion og{@»nc\-icncﬂ com]ons'\\r'icms

12Z= 90-on A {’o.@ Yrue )
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Next the ollernckive shatement. Tor brevily's "353.\.@.

we use the [| as "Suo.rded carmmand se}t Former .
Le}, os usual, 1F denche i_-?(ﬂc'.rr"Bé = Se) E
ond let BB he Qiven \'Jj I'B’BE(EC::’B&)} .

’ﬂne Semom}-ics o‘? Iq‘_ S 3\in B,_"j
[wf ar,R)= BB A QB v wP(S«:,’R)ﬂ
[w\PCIF,'R) = (E\C v RV w\p (Sc‘,’R))] |

anm we \'\Qve 3:0 irove %Qorems 0 ‘\'\nrouj\q 4 ?c.rr
IF ossum'mj -H"ne\(j old ?or ol ¥he S,

o Proue Fn')eore-m O , we Observe @;r‘ om:j Z
[2=wp CXF, {-)o\\sejj

= {de?in'-\ion Se_mcm\:icsg
[2-‘5 BB A Ca(‘:: “Beé v WP(SC,?&\SG))]
= {%orem 0 holds %r all 36.3
2z BB A(Rc:ABO] 3
= 1 deldnition TR oand de V\oréo«n
['Zj?a\se.}o_?
We don} need to prove Theorem A | since iF ?o\-

lo»as R-)rom’ﬂrwecrem 4 s 'H‘ne umverso.\ Con'unc}'\\ri‘b.
To prove Theorem 4, we @;rmu\q}e hwo litHe lemmaks.,

Lemmo. Tor on unwerscx“ cmjunc\-ive -? and Fredm)g
Q , Pre&ico}re g ,de?mec\%v ESXE Q v ?Xl

%:r‘ ony X, 1S un’\\tersq\\j conJUnc¥ive.

‘T}\is is Pm\fea \Ob O\DSQTU‘inD ?01" CNr\b bo\:) C
o? Fredicq\-es' ond ony Z

WA= f% (AP PinC: ™))

= {de i ion © 3
[2-5 Q v g?(ggp:’? inC.P))
= {? s uni\rersa\\j Cm'\Junc_\-iveS
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122 Qv (@P:PinC €PD)
= { red. co:lc.s

[{E (E\_’P’P inC: Qv {3?)]
= { delinikion gf 53

122 (AP Van < S’P)}

Lemmo. ,Err C. 1309 Q un‘nversa\\ ccm'u\ﬂc}‘we ¢,

1S N versal l.j Ccr:;)un Q\"tve.

This is proved bu ohservin o boo C

og Pred‘\c!ies O\ﬁdb any Z 3 gy O =
I’Z"E (B/P’P in . ?)]

= {de inHon o? 33
12=C(Rex J?c' (AP PinCP]

= { ?r.' Q:‘-Q wniversalt C.cm'unc\"uves
1Z2= (6( ::(&’P :/P:‘ja_r:. C:JFC TN

== {‘\h}erc\womse 6 Us'n'wefSQ\ uQn“\?iCo}ims
2= @PPnc(Re: e PD]

= de m%)ﬁcm o ?S
[{2 ;_?cgprpi%.. o P)]

?rtrm ¥nese -\wo \emmc}& ]\‘ ?o“oms 'lrnmcad‘uoﬁe\:j
ther TT s ur\'lVQTSQ\\\\j CUn\')unc-hve. |

TO Prove ’W\ecﬂ‘e.m ¢ , We observe ?or Ounb (R o-nc\—z

2= W\P CIF,R) A wp (Y'F,Jt-rue.)]
= {de-ﬁhi}ion o? SemOrn\"!CSS

[ZE (aét:-\’gé N W\FC 3@?)) AN

B A (@ T N > YA WP <S£,+ﬁ12.))]

= {’Fl’ca. CCL\C}

2= BB A(Re:1Be \/(w\\oC'Sc',fR)/\WPCSeJ}me.)))}
= { Theorem 2 vaid Cor <)l Sc§

2= BB A (A e 1BV wp (se, RO
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= { de@na\‘icm semonyics§
[2 = wp CIJ?E)(RI) .
Sc g)or our Proiis %o,ve W'tos\‘\ \oee-n ver \Dor'mg.
‘W\Q:J were Q\So-e ecrve. ’Bu—\ ¥ne :Qj.\emen'\ Surpr'\se
Wos usuo\l:j \oc\(mg.

* *
*

To ?repore the road for cur \'rea\rme-n¥ o?
repe\-i\ion we shall ?‘;rs\' prove QUTr Version o?

+he

Theorem o'? Knaster- Tarski. Yor monobenic P
the @qualions X:[EXDX) and X:1€x=X) have
the =ome S\'rcm est solurion ® 3‘\\127'\ \D:j

Corollary . For monotenic , XALEX X na
X 1p%= {oge :

=X\ each have o s¥m525¥ solution.

/)?rog'P o? Theorem cs? Knosﬁer—’rotrs\c;_

Yrue
= { deGnibion of QF
[GI!S':(%X:[%X%X]: X1
> 9 prec\.cdc}
Q=0 X IEXDX]: XO)
= { recl. COL\C.S
LR X TeXXl): X))

= {pred. cale X |
(?_X:[E’Xz‘%i(}.t}@%m) *
= 1S monolonicy
¢ {ﬁ{?)(: P30 rea= )
“[egéca xPx2%]: £x))
= { Prer_‘\. co;\c.s : -
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[Pa= (AX.12XX): %)

= {der?mihcm of QY

fo=Q)

Yow #has ]D?QY\ eshablished thed Q e o So\u}\cm
o? X[gX‘-@X} . whereas the \ine * sholes Ahat
'\\r S as s} as an 50\\4'\-107\3 hence Q s '\-\12
sh-cmses* ::.‘E\"mn og;j X\EFX"‘DX} .

We Cm}inue

RLESSA

= {é? S mono%onic.i
[fRO=> Fal

= {R s dhe s)rmges* soluHen o? X: Y_gx =) X}}
[a=fa]

."r\ence. [?Qg_Q} .
(End o? ?roof o?’\}weorem ol? Knaﬁ-er-’vo\rs\g'.)

'ﬂ'loua\-\ H’\e sl-e]os in Hwe a\aoue ‘:TOQ-? are ag SimP\e
as "}‘)105‘2 moour Qc\r\\er \oroo S, 4—}'1‘;3 one \s hO)‘ \’Jﬁt"ms:.,
on the con\-mr:j, W} ois Surprising Yo see what we <on

prove abouk ?Q Lanen | E%TSM:\J, we remember Now
& has been ée?ﬁned ancl,secunc\\j, we realize that

?gf‘ ? no con unc}‘nvﬁ:j u() an g)orm \rms \Oeeﬂ Qs-
steA‘ ‘ﬂﬁe ‘%‘-eore‘m © KHO\S T-’-\_a\T‘Ski C\Qo«r\\?-
coprures somethin rontrivial. IF is also workh

no \'nj H\a},asam, Wwe gee %’Xecl ‘Po"m\‘s emer\cjms.
Q’ﬁoﬂwe-r H’)ﬁor’em W\OA‘ cnﬂ‘-U w‘équ;res monob-

nicib o? ? 18 Yhe.

Limit “Theorem . Tor mono\‘tmic. ond V¥ omy
soluMon o?' XY_?XEX} or o X[QX‘:—-}/X}_
[(E ¢: €20 ?c ?d&) =73 .
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Here %e ex?cme_n\' 'mc!ic.o.)be'.‘: '1\'em)iecl ?umc)Rcmc.\

composﬁicm , Yhore ?fecise\:j
[“?OX?:X_X g’or ony X
1'% =0P X)) for any X
Cor W"“XE?(?{XY) ?cnr‘ ony) XB :
’?roo&;? Yre Lim} Theorem. Since ony soluhion
£ KTEX=X) 75 5o o sdubion of X:[RXDX],

‘;‘r SLWEFICeS 3;-0 ?rove Hne 2oTerm g)or o} So\u jon

/p o} fpne \Q.“Qr equo\hon,
We o\oserve q?irs\-\:j

Yrue
= { ?\’edicer QQ\CU\\U«S%

[ Ea\se v P

= {de inihon (o] \\'GrO\}Qd g)unq\-igm\ oo QS:I;.IUY)
[“I ° {)G.\Se \f ’Pl P }

and Second \3

["l ?c ?a\ﬁe vV ?-_\
= q{ ? is monctonic
t"\ (?"g’dx) vV EJ’P_)
= '[de ir‘ﬁ}iOn o? -‘.}-ero\\-ed ?LAY\C.\"\Q'“O.\ corm T;os"xmrh?s
12 0 Qase v BT
= {’P is o soluBon o? XLQX%X}B
Y_"I ?C‘H ?og\se AV ’P} .

Hence

true
:{ma}%emo)ﬁca\ \r\duc}‘wm‘s (B <. E}O:t'\ ()c‘ r‘)o.\se \Y} ’P—)B
={?red. CQ\C.S [(a ¢:¢20 N0 ¢ g)o\\se. v P
=1 preé. c.cx\c.‘s Y_(a ¢ dé%0 7 < ?Q\se3 v P
= {T:rec\- calcy [(_E_ PR Y=% ?C Ase) %’?1 )
(End o? ,?roo? o? it The OY‘Qm)
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For the soke a? \orevi\-b we cbserve Ahal we can
write the statement IF 7 with o number o? olkernolives
'|£ (gf:: B> S<) ﬁ also as

\_g BB 1Y E.
2. an ollernobive construct with in the ?‘:r:} insrance

on\t) A warded command.. Simi\ar\j. Yhe repehikive
ceonshruc El_c_a (g ¢ Bé s B od <an wTitren

as
do BB -»1F od

The cbove observalion s ex‘:\oi)red To shady the
repe\-ﬂrion

O do B - S d
in relation do Yhe c.orres?onc\'ms

'ﬂ\e 8enera\‘rzc\\"\on Yo -H-e QﬂQf‘Q\ reFe\'ihon w'\»n more
3w:>.rdec\ cormmands S \e Yo the reader.

We Yoke the Pos'n“;on Yhot Yhe semontics 0? DO
s not chonged \op un?o\dina F once, l.e. IS

equivalent Yo that” of’
Do': i B->S,;DOY 1B skip &
Tn other words , we require
Lwp(Do,RI = wp(DO,RD]  For i R, and
[wip (DO, R) = wip (DO, RY)  for o\ R,
te. wp(DO,R) s o solukion of K:IX=FX]Y witn
X =GB Y wp(S, XN A (B VRY)
ana wlp (DO, R) 15 « soluhion of K:LX=hX) with
Ihxz BV wp(SXD A (B VTR

Since we have g::;r‘ ony B, and Q
[BvPIA (BVvAI=(BAPIVERARD)
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we could also have de@nec\.
IPX= (BAawp(S, XD v EBATRI] Qo all X
[hX=z (B A w\p(‘S,X)) v ("\B ARY) ?or ol X .

We now deline wp (DO, R) as the S\'T'ongeﬂ-
solution o? ALX= X] and w\p (’DO,’R) os
Yhe weakest solulion o%’ X Y_XE\A X3 .

/ﬂexnem\oerinﬁ tha} Theorem 2 sh\'es in Fhis case
YWP (oo .,’RB = w\\o (DD;R) A WP (DO, Yrue )] .

we See Yhal we also need Yo consider Yhe shrongesh

solution og XEXE 9 X} with 9 c\e?ined bj
lgX=(BA wp (3,X0) v ~B] ,

in short, we have Yo establish o relation between

ex¥reme so\uhons o? '\'\'\ree c\igge,ren* e.quo.\-icms_

1In order Yo cope with  thot Pro\o\em we devise
a notohion In which we s\'ric\-\:) separoate what
3l'hta'.-se Qqu.c.}-ions \nave in COMmmman Tom where -‘rhea
diﬁer. Since we s\uclj Hhe equg\icms with an D
S \s?dma Theorem 2 , We Moy T‘E’.YJ\O\CQ WP CS,X)
n ? and \D:) w\P(S,X\ N WPCS,‘\'I’MQ} , Or,
since ¥he \03 )rerm > Cc‘:ns\'an\' "oredico}e %or
?jxec\ S b«3 W\P(S,X) A X . Our notration
introduces o Frec\ica)re '\r‘aﬂs?ormer ¢  Which
cr_\ero}es on \-\nree o.raume'n\'f: ‘ms\eac\ 0() *he
usual one; it s de?‘med \ocj

fexY 2 2(BAWPEXIAY) v (B A D))
{701- ol XY, and 2 .
Tn derms o? c , the Qqua\'icms X:[XEg)(] R
X'-Y_x?- 3X] , and X. L)(E \wX] hecome n order
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X'—[XEC X K’frue.]
X'- [X"-_'-‘C. X Yrue ,Rl

“There is hope because ¢ s mulbiply conjunchive,
Pe P comy

M Le XAXDOYAYD(ZAZD) =
Ce XY 2IACe X Y'ZD])
-(’ur oy TJrec\iccAes X,X‘.,\’,\fl, Z, and 2.

/PrOOE, 'T‘ne, \')r'oc:;g7 depenc\s ‘?rimo«r‘r“j on —\-he_ s‘oecia\
sxruc\'ure QE" < Omo\ *\w_ Senere\ Srormu\\q g)rom

. predicale <a cuwlus
¥

[@BAPAPIVGEBRAQAQD =
(BAPIVvABAO) A ((BAPHIVEBRAQD])

—w}\\c\'\ s mos\' Yeo.c\'-\ Frovec\ \93 St in\-u\mﬂ

Pcrf‘ '.B R )ru.e. and alse, ‘resPec‘ﬂve\j <~\-‘ne \a:“-er
Su\os\-i\u\"non bemg sg.,)aef \uous on Qccoun} o%?

s‘jmme\h:j C on S era\ncms _—

”Fz)f‘ Qn& H,Q\I'C.

M= Ce XY 2) A Ce X Y ZD)
= {de?m'.\-ion o? c
TH= (D AWp(E,XIAYD) v (BAZ) A
(B A WpEXIAYD v (BAZ)]
= redicote co) clus, see c\\oove%
[I\ = (B A wpCE X AwpEXD A YAYD vV
GBAZAZD]) .
- -[ cq-n'unchv'»\' of wl
MH=CB A «i\Pgs,{z\x‘B A OYAYD) v
B AZAZI
=~ %C\e?iﬂi\'ibﬂ o?

H= ¢ (X/\X‘BC(B\’/\Y‘B (z "\zl)] -
<Ehc\ o? ’p"OOQB
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9 ‘D‘easamx' consequence, o? C‘.‘S th“'i]?\e Con-
k‘)unc\-'wi\-:j s Yhe

Mu\‘riy\e Con\}unc\-iv;\-s Lé.mmo\O Wit P e solulien o?
X:[X':"c XYZ) and T one o-? XZY_XEQ XYIZ\] s
’P/\'P\ 15 o soluton 0? X:Y_X?-CX (YI\Y‘) (Z!\?ﬂ)] .
Eroog.

Yrue
= {de{-"mi}‘uons of P and ’P|3
[P=cPY2Z) APz cPY 2]

:){Fréc\icck ca\cu\us‘s w
[PAP'=E= ¢cPYZ A cPY 2]
= -{C \s m“\hr\ < un.c\"lve
[P AP = e (’?’A'P' YAY D) (2A2)]
(End c-? ’Pr“_oo‘?)
Be-rore Froceedinﬁ i+ s correct do es\-a\:\is\n thal
our definihions o wp and w\]o make sense, i.e. thab

weokest and s}rcmses} solutions 0? X:Y_XEQXYZ}
exis ?or any Y and Z . DBecause < s mu\hp\b
cOnJunc.}‘-ve s } s con\)unc)r‘uve

o iYs {’irs\' oraurnent .
on account o©

,ond hence monotonic,

The sl-ronses“‘ solution exishs

Kﬂ&s“er—TQVSk'l s \‘)Qrmu‘\a‘xecl.,‘\’he
wea\&es\' So\u\ion exisE on accouﬁ* (o} '&5 Qqu‘nva\en\‘

-()ormu\o\}i on

Theorem o? Ynasler- larski . Jor mono\-onic: *

Qqu.c.-}'nons e Y_Y = ?*Y] and Y. [\{z- ?'Y

Jhe same weackest solubiaon

s . S\Ven \Qb
[R=(EY.[YE°Y1Y)

+he

hhave

Skekch o??rou{p. (Re\ahnﬁ Grs}\j §> oand g)* }:3
[’? Xz ?*C\ X)} ‘(;or O\r\:j X

~le. {’an\ Fx ore each other's so-called conjucate —
one eslcblishes P:rs* T
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('? '15_mono%n‘ac) = (-?* 1S monoxcnic)
'Re\qhna (urthermare T-X=Y) and @=RY,

one <an %r&ns%rm +he ene gormu.\o.\"acn inta Fhe c\-\wer‘

(End o? Skelch o?’P‘Foo?)
Hov‘ms eskablished The existence og Yhe extreme

solulions , we show Ywo gur‘r\ne,r \emmota obout Hhem

(s'mce we s\non 'need ‘H?e.m N Hne Nneaoxr ?-u)rures,

Mulk ‘?\e Ccn\'}un c)»‘:v':}j Lemmad
For rnu\\-i]a\ comjunchve ¢ »

T the weo\ces‘? solution © p & EXE e XXZ) 5

“P' }he weakest solution o X:\X=e XY'2) ,

H the weckest sclubion o X:[X‘-_-: e X (YAY‘)(ZAZ‘)3 :

we howe [H '-E-./P/\’P‘]

’pmog . Mu\HP\e Cor:)unc\‘iv{ Lemmo 0 Yells us that
/p/\’P‘ is o sc\uhon o? e Qquo}ion o? w\ﬁ?c\w H
i the weakest solution, VNence ‘:’PA'P' =H]

In order ‘o show [H =V A?,] we shows
H2PTAHDTP'] . To show HDP] | we show
thar H s o sclubion 0? X‘-sz‘b ¢ X¥Y2), o?

which P s Yhe weakest solulien.

Yrue
= { dev‘:ni‘ﬁon =3 H }
[H=c H (YaYH(zAazh)
%%beinj mu\\‘l?\:j Con\lunc}"ﬁr’e, C 1S O monolunic ?unc\‘wng
HScH Y 2)),
herce IR PY ; (HDPT cimlary. (Bnd of Proof)

Remark The ochove Lemma 4 also holds g-)ur Yr\u\\i?\

carmiunchive ¢ wi¥h 2 or wmore Ahan 3 o;r‘Sumen .

(Bnd o? Kemark )
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Mulki \3\2 ConJunchv's\b Lewsma 2 For dou\:\\j conjunc-
hve b,

’P +he s)rmnses} Sc\u)-'ion o? X[_X‘E\OX’R] 5

&Y] omj solu Hom o? X{XE\OX’R} s Ond
H the S\-ronges)r solution o? X:X=h X Arue ) |
we have Y_’PE QA H1]

Prool. We first show [P=2Q AR \o:j demon- |

S'\-ro.\-ing ‘\-\mﬁ QAH so.}'usges ‘\'he_ Qquo\'ion <
which " is the :s)rronaes\- salution. \We hove For

0“3 2

2=% (@A) R )

%S W\u\\-‘\\?\ Con'unc\-lveg
nitions o? QA ond \‘\3
@A)

Hence E'P":*-> Q /\H] . We now show i@f\\-\@’?l
ie. [H%ﬂ@v'?] Yu demonstrating Yhat Qv Y
sokis Fie.s X-be Frue = X} o? wh J? ~ YnasterTarski-
H s lthe s;}ronses\' solution :
+rue '

= {\‘ﬁvra\\jg

Le (PAQ R = b(PAad R)
= { predicate caladlus}

(b {CPVAIQIAQY R = b (PA@) R)
= {% is doudy conjunchive und moncYenic$

[h (Pvi@) brue A bQR Db PR]
= {c\e%nﬂ'ions o? P and Q}

Th (Pvi@dirue A Q D P
= {Fredico.\-e CG.\cu\us.g

[b (Pvac drue PV Q)

(End o? 7roo¢. )

14

M=zo



EWD83S -39

And now we are ready Yo prove thal ,Frov%ded Thecrem 2
holds Far S . ¥ holds -?or DO . For any 2Z , ek,

[2=wp (DO, R))

= { de%nﬂ-ion o? wP}

[Z 2(5\-rcn3es\- solution of X: Y_XE C‘; X X ‘R-l)-l
= { Lermma 2 Q‘:P\ied with "wea\«es\' ' ?cr "om‘-j "-,
C s dc\u\o\b con'unc¥'|v2. n the \ooz‘ur X ’R‘S

\'_2 = (weakest SQ\ufioh o? X IX=eX | 'R.l) M~
Cs"ronses-‘r s olubion o? X [X =c X K Arue 1) ]

= {Lemma 1}
e XXz e X brue R A

[2 = (weakest solulion o
(wea\(es\‘ SO\u}"\on of; X Y_x =c X Y '}me__l) A

<s¥ronses} solukion °§; X=X K Yrue 1D A

= { Fred'. cate cc\\cu\us}
X:[X =c X "rme,R-)B N

[2 = (weokest selution 0?
(s‘-ronaes* solution o? X YXEQ XY Frue AY] ]

= {de inikions c? WP ond Wl
lz= W\P('DO,’R) AN WTJ(".DO,'\'NAQ)]

Thus Theorem 2 has been vaed g)or O .
or LO rom the '?o;c‘\- hat

“Theorem O ?o“ou:s P
i? Theorem O heolds ?or S ?G se = C g’o\se Y< S;cx\sel ,
ie. {’c\se s the s‘rrcnﬂes} solubion o{’ X.Tx= cXK{’o\se].
"Fmo(“‘j we hove Yo show the va\id;b o? Theorem £ , i.e.
-n-ua" WlP (:DO,Q) S MnN’efSQ\b an\)unc}'lve ;? w\F CS'?) S,
wWe shall not prove Hhat here. We should have observed

4 ages 9o Heot ¢ s mu\\-if\ universally con -
Jufc}‘-\fe and Lemma}o. O and 14 \Dskou\c\ Nowe locen
Selrxem\aqeé F-my\ 2 (Primec\ ond un}oﬁmed) Yo

M(j \OOLS, "We, 3Q.nem\‘n'2.a}ion 'S s}m:s\ﬁ orwqrcL.

* ¥
*



EWDR35 -4o

Concluding Remarks.

[
These draft leclure notes are now conc\u.dee(,
no} bhecause Q“ 'H')em;tj c!evele. ed n —Hne. Freced'm
e.ism months has been resengecl, bulr because the

semester drows Yo o clese and -—)rosehwer with,
20y, EN®850 ond EH'DB44—— —S_ %-h‘m\-; we }\qve c_g\-
\e

c‘?-ecl enou’ﬁ\n mederial «?cr‘ owr secondary Yaroet,
viz, -H'Ie d.?s::ove:j how 40 use pne ‘Fr'e.clico e cacdus

QJ‘?QC}-'NQ{D.
Q-@er' T hod \ee}t.mec\ ?c:f‘ oy g)en.o wee\-cs,JT.Uddinq

Suagessfec\ o Senera\izcﬂ‘\oﬂ oY ane Qfm\\j notahiona
conventions which 1 hove nol c\c:lc]:*erl Since one
oses WO '\-o QXPer';men} wi}\n 'H'te Cem -

Of 9. F ad chosen. The resul o-€ +he ex?eﬁmen\-

ventions L
s thal Udd'mds s eS}’\cn 'ns,'m<5eec3, an 'nm]greve-

*me-n}, ond M\OA‘ T S a“ odo?)r ﬂ.

On P EWwD235-8 1 hoave Fro‘?ose.cl \'Q render
the com U\}O\'?G‘ﬂ vie an intermedia redicate R

Yot P=ER® has the value 3rue —coincides with

rue -~ as ?o“ows

Y
= § Win} “kt') P=TR has the value Iruel

X
= -{\Mnlf w\-.:j R=Q has ~he vole }'r'u.eg

R,
ond —_T_ hove re\'ngious ad\"lerec\ 40 —“we cam s}min}
Jhat in such Proo < /P, @ . and R were
redicates on ‘Yhe *Irivial space, Th Mot case
=X , T=R , and REP are redicates o -H\e
Irivial space as well | and without Qk%ﬁe o?
meoning  we could have writhen.
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’P
= { hint whyy [P=R13

R
:{]\in‘- N\'\n [’RE Q-)‘&
Q

Qs Sxmc\‘ufe. o? o. com u}a}'ion Q? the )’NH’! 0?
L’PEQ] B in the latrer intervretation Yhere
IS ne need anumere f@:f‘ /P, D, and R Ao ke
z\amen}or:) \OYECl‘ICOAQ‘S. /T?Q.momnﬁ %G\' ca?s\-m;n\-
does Qwo:j with +he need %r‘ Hhe ”dumm._.j’ as in

1z=7)

= {hir why [P=F]
[Z2=R)

= {hm'} H\t\\j I'R E@)}
2= ©) %r Gy A

\Ale \'\ac\ \0)1'5 Suc\n T ! m\nic}ﬁ we o\::servec\

such equiva\z{es hg)of‘ 0;%2 ”. Uo\&icr'p‘s Suages-

Yion eliminates Yhe heed such o wmny n
Yhe case QF a Pm:;{:f 1rs Q) Yhe iumvemen}
Y8 Guen wmore wmnmar .

»* w
*

EWDR44 s a delinite ‘\m]:)rove.me-n} Ccrmpurec&
lo Hhis dm@‘s in}ro duction o? universal quo.nh_
?,cc\}‘ion.

Nomenclature . In (BX X n B FX) T need

& nome ?or “Ox", 1 propose “Yhe derm . T alse

need o name ftor D ;L ropese o <oll i}

7Ahe ranae . over which +the term s quomh?ie.é..

(Bnd Nomenclabure )
»

x
»
In Connec\'i on with EwWwDg42 T. have \"e?lo ced
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d.u.rin o num\oer o? ]Qc\ures -\r\ne ‘thSiB ”\'\as ‘“'na.
valu.e )rrue v bb ”CO'\hcideS WA']'\ \O\QC. l . dW)e 'm;ro-
duction of ¥he verb "} comcide  and Q? Hhe denki-
?\er "ac ! were poth exPeriencec\ as an im]cmve-
YﬂEn'l~. _n':e vef\o ”‘}0 Co'mcic\e“ Can be '\r}*ro&ucec\ noise-
\essl.-:),\')us\r b us'ma "\-; a\r:oo\'us\r\‘mﬁ "’true." \q‘ re-
\acir:a A b:) Wladk will cause o grealer shock .
Eh 'm.D Curren‘} eS}"mmO\}ion %e \O.H-er Cko\nse c?
l—e.:rmino\oém is the more essendial ome.

* *
#

(RQ. EH‘D84Q Ovnel EN“D84'3 ‘“)e %)O“Qm‘mé remo.f\cs.

‘..Y_n EwDg42 LT hove om'r“‘e::\ éo s}n)le Yhot w\nen
PR, and R shand %r ]'yrecl‘.ccx)re varichles

-H'le;rj mo:j e 3S¥ema}ica\b TEP\G.cec:\ b,fj QnJ Fredico}e
QXPTQSSiQh. b

“Yur Mhermore - Ewp84s has }o\/e'rewriﬂen__ or Yo be
mode o er?‘uous b rewri)iné TWD&42 —

'\‘he remo.rk s -H'\e ﬂowin . —:Y_.'h -)-he Presencca

O? a ?ormu,\o\ Q{) ')r e g)orm

(P=@) v R
We m enerate (rom T the rmala ¥ VR
in wﬁ;c)\'\g’:\-_' 1S og\-oined %’rcm '\-_@"b\‘j re}a\ac;rls
™ T [Ieme Cbcﬁ' ho'\’ necessar;\ Q\D QcTarrences
o€ /P \Db @ . Un\ess _l (0% 1) Fro@uﬂd\- NisS~
Joken | 3his does aw writh oll +he maaic “ond
F\'\;lOSOP"\. aSSQC‘m-\~5> wﬁ}\w -}}we lruu-ws}'. e (’Dis-
\')uxnc on —and Pro)bau_\j Q\SQ e w'w’cx\ence—- }\as in
Gny case o ke d{f‘nec\ as well on a \oaﬁ ccm\uin-
inj G 3in3)e. araumen}_.)

A

A
%*
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"‘{inc\\l‘j one o\n:aer\fo\\\on , '}he ?"*“ S n'v?iccance 0?
which T”have not {athomed uyet. Nowhere n
EWwD835 have 1 used the ga:} Yhat e space

consists °¥) an}s,’
We can ‘m}md.uce ’H'!Qm b\‘j Osxu\c’t\‘ﬂ& 'H')e,

ex"\s}ence 0{3 ”elemen}o:-j ‘?re ucqxes ” -deno}ec\

bJ P - sueh Fhal

Oxiom 0. LCe P F)}
Q_Xlom'\{ \-_\OQ Q}E‘\Y\oa—b1 ®] @r ony Q

Tn the Fheo deve\o ed so r we did QQ_): need
Yhose Fwo :tjlxioms. -‘E‘Qr Yhe “%ne beina L Teﬂarc\
this as Omo-n’\er 'mdicq)ﬁon ‘H'm’r se} kr?veorb does

nhot deserve +he primacy usuq\\j given S k.
"“ne remarl« 'H'!a} ”Q SPQCQ w.n\ou‘r Tao‘\n}s ’ 13 @

bﬂ ]nard 3'0 ”jmagne‘ It \QQSide Mne Po'm]- since
" could very well be a habit not Yo be

wniversao 3 emcoumsecl..

The e\emen\-or:) Predicc.)res -Yoe i} ,\::.J m;s\ra\(e, Yheir
covnp\emen)rs— hove been ntroduced in EWD830 that
dea\s w'u)r\n -}ermina}lon i H-ne \SH' c? u.ﬂ]bounc\ecl non-
de)rer‘mino.t‘:j (os announced °p P E\A@83‘5-15), The con-
Yents o? EWD 830 \oe\ons Yo this Vechure course as well.

#, L.
YTIGOHN R
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