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]unc‘ivih o? ex\reme §3\u’ﬁcms

bﬂ EdsSer \J,'Da\«s}'ra and C.S.Sc\no\'}en

Tntreduckion

f predicote Yranslormer thol distributes over con-
\‘)unchon s called "corﬂunc’rive"; similarly, one Yhal
distributes over d‘ss\junc’tion s called ”d’rs\')unc.hve”.

EXGmE'e. Since ?or 0“ ’P, Q
[wP(S,’P/\ Q)= wp(S,’P) A wF(S,Q)-.) \

wp(S5,7) s conjunchive; we remind the reader thal
W is 0n\3 dis‘junc}ive Q:r delerministic S . (End o?
EXQmP\e.)
The notions o? con\)unc-\'ivi}b ond d'\%_')unc\"w‘u\-b con be
enero\ized -]o d‘ls%'ubu)t'non oVver un':versc.\ and exis}en-
'}'jo\ quan"}gcalﬂc)h T'QSPec’r'welj._n'le ynanners I1n w\f\ic\\

will be mode wore precise below.

In con’necho‘-\ with re?e’rixions i} [} Cus\'cm&rﬂ Yo

de@ne o ?redicw\e 4roms€ormer 9 bb G deFm'ajnon
of the form “for ol X, gX s the shrongest (weok-

est) solukion o? ‘he equabion Y:lY= J‘?XY-_\ "

The purpose of Fris note is Yo relade dhe Junc-
"ivi\‘j OE) 8 Yo dhe Junchv't\:j o? ? 5 Since
[ (”unc\-ion with 2 arsumeﬂ)ts, the notion o

Junc‘-ivﬂ-‘j will be Sui\'o\sl:j ex-*endecL.
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’De@m\'i ons

Hssociated with each predicale %rcms-ﬁarmer s s
so- called "Corl]uﬁq'}e”; Jhe dromsition to the cCrn;)uso:)e
1S deno*ed \0:) acldinﬁ on asYerisk Yo the J‘?unc)r'non
sbm\ool. The .Con‘)uag“'e o?a Fredica*e *ransrormer
is ((oosel:j) deﬁnecl as the neacx}ion o‘? that Precliccﬁ'e
‘\mv\sformer aPpliecl Yo the neacx\ec\ Qr&umenH, e,

15" X = 1 5(-0()] ) H”XY = *\{’GX)('\Y)] ele.

Tbe. f“e\c.x'ion iS o ma)-ua\ oﬁe: H’le con \\u ers o?
A J9
3 angd F" ore 3 and {) rESPechvelS .

Trom he obowe ()o\\oms et o \oredlcq\'e -‘-roms-
?ormer over which heso\‘ﬁon distribules | e.g

[ XY= PEXDGY)

is ifs own c.cm‘_‘)usde.

Example For any program S such that +he Final
s\‘o}e 1S @ '}o'}‘o\ ?umc:}'tcm of the 'm'a}'.o\ s‘ro&e, i.e.
oany determinishic S with [wP(S,'\'rue)l, WP S:?)
is is own CoUuﬁo.\‘c. Conseoluen)f\:j, in order Yo
O\Pprecio.}re the diﬂ:erence hetweer o ]orec\'uca‘re Yrons-
ormer and its c;on‘)u:joﬁe n \Drogrammin }erms,
we have 4o include nondermination and/or nonde-

*erminac‘j into our COnsic\era\ions. (End oP Exo\mp\e)

The notion of Yhe co\l‘susqxe I8 im\oorx-omx' ?or
whot (-)o“ows because —as will be made wore precise
shor\-\:}-— Virs}lj, o c.cn\_‘sunc\"we ‘oroper\n o? o Preclico}e
'\'rans%rmer is o c\is\)unc\-ive Pro\oer\}j of s cor:‘)uao.&
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and,so.c.dhdlﬁ’ 'H'le Con\)uﬁo\e o{) O s¥rcnges} Solu)rion
o? on equo)f‘mn 15 the weakest solulion o? o “coniu-
Sak ecluo\‘ion,.‘ This s:jmme\tj has \‘Deen exP\o#eA)

{ér )r}'-e Sa\ce o? \Drevi\':j.

et be o predicole -\rans?ormcr with one argu-
3 P
ment and V a \oa3 oP Preclica}es. 83 ”3 S conJunc\‘uw

L
over V we wmean

De]oendins on the restrichons imPosed on V , six
types of) conJunc}‘wiB are injroduced ; nole that, the
slrronaer- Yhe reshriclions on V, the wecker the }JPe
o? CQnL)unc}-‘wi\-j.

Q umversal c nJuncl-‘wﬂb means Ccm\‘)unchv'.\-:j over

e e e S e

all V

- e e o

Q un\oounded Con‘)unchvib means c.onJunc\‘nv‘:\:] over

all non-empb V

() de,numero.\o\e COnJuncx'ivib means C.on\')wnc}ivi\-b Qver

- Fm rm ey W em om oma

all non-em‘o\b denumeroble V

-— e

O (_@mi&) con'unc)-ivi\:) meons c.chuncx-ivi\-b over q“
“°“'Q""T’}:j ?mﬂ'e \Y

O C_l_‘ﬂ_d_-conhnu'\}- meaoans Cen'unc\-‘nvi\\j over au
non-emply 'V, the dis}-m;{ elements a? which

con e ordered as « s\-rens')-\'nemné sequence

0O mono\'on‘\c'\\- means coﬁdunc}ivﬂ"j over o\“ non-

- oy e e e w e

emp}a V . the dishincd elements o? Which con
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can be ardered as o ?‘m‘:}e. s}rCnS-‘r\wemnj Sequence.

These \-J es o? ccmdunchv‘u}:j hove. \Deen \isted in
dhe order og dec\"eaalnj s}reﬁj}h, exceP¥ g'mi\e. Con -
yunchivily and  omd- condimuily | neither o{) which im-
J 3 Sus J

plies the other.

For the degmhon o? -\-he CeresPonclinB Six Ej]:es
d? disdunchv':\n —l.e. in order: universd, unbounded,
denumerable, and ltinile dif')unc\r'.vﬂj, or- con\inu‘\b,

and (aﬁo\‘m) MOno%mc}\B-—- -}wo wo.ds are open

bo us.

We can de'ﬁne Fhat the dis'unc}ivi\‘j oF 9 and
+he QmJunc}ivi}j OF) 8* are o —Hve_ sGmnme }b?e.

Ql)rernq¥ive\:j we Can degne ”\j is dis\')unc.\-‘-ve over

V" o wean
Lo CEX:XinV:iX) = CEX: X mV: gX)1 (o)

and introduce +the six \:ﬂxs o{’ d‘.s\')unc\"wib 5’3 re -
wrﬂ"ma ")'he Qbove wﬂ-\n ‘H)e F_\“ow‘m Su\os\-i}-uhons:
”Cl'l?:‘)unc\-‘av'-)lj g ?crr ”Ccnk]unc.l-ivﬁv "

u

" ¥
’ or- conhnui or "owd - c:cn\"mu'u):j '

r wea\cenina v ?cr Hs"'r‘en's'\-henina ".

’Proog.
(0)

‘-—"-{ﬂegc&‘nn& both sides and de Norﬁon ‘;W'lce:g
\:"l 9 «(RX:X i_r_n\/:'lx) ‘-.?_(B_X: X 'll‘v‘jﬁ X))
= { deFini}ion oF chJu3q¥e§
[ 5* (A X X' Vin X) = (EX-.X ;_p\f 3* X))
= {degnihon o? V*, sez »De\ow?j
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[g* (BY. Y n V) = (BY: Y i V™ 9" YD)
where V" s defined by
QZ:@nVO=(G2) V)

:\_rom H\e o.bove re\o}-ion \E)e\'weeﬂ V omd \/’r WwWe mme-

c\ia}e\d conclude

V‘us “°“'e""‘Pb V* S n°n‘emP\:'j

V* s c\enumero.\a\c.
Vs ?&n}}e. V* s g)m‘.“e
V s o S“l"ens}henrne Sequence = V* 55 o

Weakenin Sequence

observotions which Ccmclu.cle the \0"°°?. <E“d QE,?MF‘)

-I.h -“ne seque\ we sho“ con4gIne ourse\ves -‘o Cmr:')unc}-
'\V'A:j; \n view OF Hne a\)ove Q“ or Y'ESLA“‘S con \r:e. me -

chanicallu dronsloded into the Corres")ond'\n:j resulks
aboud isjunc%v'n}J .

Vs denumeru\r:‘e

m owm

For our nex)( de@ni}mns ond associc}ec\ no}'o.hona\
conventions we remind the reader of on earlier and
now {-%\mi\io.r aenera\'-'a.c}ion. Tr‘adi‘-iono.“J Yhe loaicq\
opem‘-ors GSuc\n as Y, N,V , =, B , ond E) are de@nec\
on boo\eun Vo.ria\:oles. —n'\e nex* s!fe. 113 ‘\-\ne,\‘r enem\i-
2ot}ion g'cmn Proposi}ions +o Predico}es_’\—o ins end
we coneider boolean [unclioms —called ”Preciicq}es"—
de?inec\ con some domain. Let T and Q be
wo such ?unc)-lcns; “mn, For 'ms\'omce, ”?I\Q"
denoles o Hhird similar ?unc.\-icm , de?‘meol \o:j

(’P/\Q)s = Ps A Qs ?or all s in the do.
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main; this device enabled us Yo moni}ou\o)re Pred'-ca\es

without all the }ime men'\‘nomnﬁ e dumm:j s

Tn the same vein we now consider Predicq}e-vo\uecl
ﬁ.mc}icms de“?lhe.d on Sume domain. Ler K ond H
be jwo such -Func\-'\ons; '\-\nen,For instance , "KAH”

Clenoles Q 'H'\ird Simi\or Func}-‘\on, deenea b‘_‘j
(kAR W =EKu AR Gor oll w in the

domoin_. where the squore brockets dencle as usuol
universa) quqn‘ti?icu\\cm over the dowain QF -\-\'\e

C\hon&mous s -~ .

The noame under Which such o —{’unc\-iOn lke K or
H s knoun c\e.Pends on Yheir domain: if W remges
over T;red‘ucairea, -H'm.‘? are known as prec\ico}e Yroms-
?GerrS; comse uen}j, with 9 oand 9' beihj Iwo
Fredimﬁe -}mnsaormers . we have now aMached c rheaning

3Ng -

-l? U ranages over 'H\Q ho\'uro\\ num\mers (or [}
Pre?ix Yhere o ), -\r\neﬂ are kKnown as ‘m?‘m'.\g Cor
@n#e) redicale Sequences: the usual r;or‘o.nce

Ui #

-H’)e,n ferers '\ro #e\emen)r-Wisc or Co‘m)oontn)'-w'nse"
Q)oplic.qhon 0? ‘e \o&ica\ o)oem}-ors. Note tho} the
\os‘ncq\ c:o-nnec‘-‘wes have \Oeen deenecl {ésr' ?une\‘!cms
on +he some domain: Predico}e. sequences Fhus

cannected should be 0{) e.otu\a\ \ena}\-\.

If {-\ne domain of) Su.c"\ a Freclica"Q-V&\uec\ @Jr\c\ﬂon
1S \e@ unspeci-r'led. 'H'te Yiome ”‘Orec\ico.lt 3e.nem\‘ur 'Ccm
be wsed.
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Qno%er wan o-F V‘newin:j o Fredic::.}e se.nera"or such
as ¥ and H s do regord it as a boolean ganc-
Yon on the Carlesian ?rodu& o? Hhe ranges o? w
ond s . This view s reF"\ec\-eA n our wuse o? sSquare
brockels oaround Preo\'aco}e Se-nero\-urs; ?cr a Precii-
cole Senercﬁ‘or K we c\e@ne [¥] by

[K] = (au::[\( u])
Exo\mﬁ\e. 'ﬂ'\c C.omw\u¥ax"wi"j —~te. s‘jmme\ﬁ—- o? e

cw&unc;’kion w\‘:en ccmnechna Predica\'e Se.nero}ors

can now be expresseo\ bj
[IKAR =H A K] . (End o? Exo\m\o\e.)

HoEe, Nab we no* reare‘- Phis over\oqd\n3 o? the
square brackers, (End oF 'Hope->
* »*
*

'Howins degnec\ C.mjuwc\‘ivib {érr 3 T SN Pre-
di cale }romsg:rmer with one orsumen31- , wWe nouw Yurm
our c\'Hen}‘iOn -\-o P, Qa Fredica)re *‘rons@rmer wi\-‘n
}wo ar‘aumen\'s. 'B:j "fenjo‘js a c;.,e.r)-mn }jPe OP
Cchunchv'a\D mn 'n\‘s —Grs orsumen; we mmean 'h'\o}
??Y e.n\‘)o:js H\cﬁ same \-:jpe oF) Cc.m\')unc\"\viq '@:r
all Y R and sim‘\\arlj g)or '1\‘5 Second orﬁumen.

Besides ?'s c:un‘}unc\'ivi‘-:j in i¥s individual argw-
men\-s, we \h‘rod\uc.e s so-ca\led ”dou.\a\e c_on\‘)unc.\"aribn
—1n Yhe same six Yupes — . 1In order ‘o do so we
associote with ? o g’unc\-ion ? de-?me.d on one
arsumen-}, which is on ordered ]orech cote poir, i.e.
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[£ Y= 0XYY  Gor ol XY

-() er:)g‘jinj some \‘UPC oF dou\o)e ccnjunc\-'nvﬂ':) means
hot {’enjobs ot \JFQ o? Cnn\'junc}ivi\"j . We could
do so \Deco.u:se. an ordered ‘oredlco}e T.)oﬁr is an in-
stonce o{) o predicale sequence , which can be re-

orded as o predicake ogenerator and {or predicale
9 P N ¥
eneroYors on the Same domain ~ here 10,15~ the
\oaica\ connectives haove been de@nq&..

EXO\m?\es. With 30 and 31 en‘-')ojinj some \SPQ, oE
ccm\')unchv'n‘rb, ? de?‘med bj

LEXY = o X ~ giY)

en\‘)o‘js Yhe Same \:er. o? dou\o\e_ co‘n\')unc\-'w‘;‘b} so does

? de?ﬁned b,j
t() XY = ‘\_?B —>80X“"1’.B-—>31Y Ea]
(End o() Exump\es)

The results

Ou.r' ?irs} resu\)fs TE\O}Q ‘Por (oY Predico}e ‘\‘Mns?crmer
‘? with 2 Q';‘j“me"}s its lf:jpe of’ double Ccm'unc\'m\:j
ond Hne }-:jpe o? Con\)unc\-\v\\;\j f\ 'ﬂ-s 'mé'w\ uq\ orqu-

MQn}S.

Our first resul is very simple,boul negolive: in
the case o? universa) con\‘)unc\-‘wi\a Yere s no rela-

'}307\) Qs s S\lown \5‘3 'H’le ?O“O\M'-nj Ywo exam‘o\es.
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Examples. The funchion { given by [PXY=XAY]

\s umversdlb c\oub‘:j con\')unchve, bul nol universal-

‘3 Ccmjunchve. n ks ind‘:vidmo\ orgumensrs: AN~
versal con\)und‘w\\b o? o) \mf\'-es [3 hue ] , bud
[E’ )rru.e YJ ) be‘ma IY}) cer\-a‘m\b does Y'to} )’:o\d
&r oll Y

The @mchon ? 9ven \ob [?XYE ®vY] s
u.niver'sQ“b CQr:')unc\"we. mn 'u\‘s 'mo\ivid.uq\ o.r'e)umen‘s
Since disk')unc\-'uon d]s\'rﬂouxes over 9_“_ &’orms o
Un'\versa\ qumn\rig‘ncahcm, \Du)’ no’r un‘wersdb dou\o\b
ionk')unc}\ve, rm} even Vm‘a}e\d doub\n ccmdunc\-'we‘.

is 'no} COY:)UHC.\"IVQ. over Hwe, baf) o? reciic:o}e.-

Poﬂrs {(‘}me,?o\se), (()a\se, ;rue)g . (E'nd o? EXQmP\eS)

’Remofk. There iS, in ?ocl‘, onb 4 -F thal s bo)r\—u
unwersa“:) c_on\')unchve in both its argquments and
universo.“_nj c\oubb Corl)unc}ives }\ni:s even ko\és 'x?
"un'we.rSo“:J dou\:\b Qon\)uﬂc}'nve” 1S I‘QF\chd b:j Mw.

much wea\ter #dou\o\:j Con“)unchve ".

Frue

= {? s universally coniunchive 'n both s araumeﬁs.z)
@XY: [fXTY A TRTYD)

= { predicale CQ\CM\\AS}
AXY: LEXT ALTYY)

= {‘? S dou\o\:j con\-‘)unc}-'wes

(BX,Y = 19X YD)
(Ehc\ o? (Remo;r\«)
For the remainina \-{es c? cOnJunc¥':vi\-J we hove,

O \'€3u“-=.

however, Ar\ne ?0\\0\&"“3
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Theorem 0. Pn -? e".JQUinﬂ Some }jPe o€ double con\)\mc-—

\-'w‘a‘fJ e.r:')oas 4\ne same \:«j)-:e. o?c.or:}unc\‘iv'n\:j in borh '\\l.s

arﬁumen'\'.s »For all \-:jPe.s, except universa) Con\')unc“iv'lb.

The.orem 1. Qn ( Hﬁa* s Qnd-con'}inuous or 'mono'}onic

in both its orsumcn*-s enJo; the same }JPE o€ double

COﬂ\’)b\nC‘\"Ni“J .

/\?emo.rk.‘].h view o?'\heoremo, Yhe g)ormu\c.%on o?
“Theorem 1  could have been exlended with "oand vice
vVersa ’f. (End OF ,Remar\-t.)

Be?ore. eﬂnbar\ﬁns on H’ne Froo@ o-? 'n'-eorems 0 and 1,

we strole and prove

Lemma O Tn }erms o{) c locfj vV o() rredicq}cs ond o
Fr‘edico&e '}-ransgarme,r P > bag W o? )oredico.‘-e. poirs
is de{’ined L.f)

(X,Y)'n_r_'_r W = X':I..V A [YE PX] -@r all )(,Y_;

Por O«n:j Pre.dicde %‘ransﬁ:rmer q Wi“h }WQ Qf‘gumen“s

we ‘»127\ \')ave,
[(@ OGO (X)) i W: qXY) = (EX:X w V- 9 X (pX))] .
’Prcmf. We observe eor all 2

LZ2=2 A (XY) i W: g X¥)]
= {deﬁnﬂ'son of N}

i2 = (BXY:-XuwV Alrs FX]-. qXY)]
= {Predico-}e cal enlusy

[Z=(BX XwV:(AY:LY=z pX3: q XYM
= 1 predi cole ca) culus)

[2 = (ﬁ)( )( n V-. q X (‘;X))] . (End og)(ProoF.)
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/Pr‘oog o-g) Theorem 0.

On account o? Yhe sSmme¥rJ W+ su¥ices to show
that F enjoys the QPFroPrio}e \-:jpe o Corl')unchvi\‘j

n ibs F‘lrs)r o\rgumen"‘, -
[‘?(BX:X}:}V:X) Y'= (EX‘X‘_‘.‘:Vi F)XY')]

()or any Y' and O'PPr'O)orior\c Y . To s urpose
we construct for any Y'ond V an equql:j appro -
Fricﬁe baS W o(? Predic:c.‘}e Fcnrs ond Su\o'sequeﬂ'b
deduce ?rom {7{5 double Cor:.')unchv'l):j over W ils
corresPcmc\in con\]unc}ivﬂ:i n s ?ﬁrs} ar\cju‘men}.
The crux o? 1s Jhe Ccms"ruc}\cm o?
an o\PPr‘oPric\‘\e W; we FroPose

YD in M = XwV AlvzY'l  for oll XY

+\ne arsum en

Note +hal n the dossiﬁcq}ion ,’non-e.m)oB/denumer-
q\)le/ {’ini\re/s}ren&'}henmj “ W has the same } pe as V.
We shall viow derive the Con Sequences o? ?s double
Con\')unc“ivi".j over W | ie.

L AGYOON i WX (B (YD m W YY) =
@YD) m We £ X YD)

QFF\U"“\_‘) wm Yhis Formu\a Lemma O with Y For pX
and In succession X ,\f’ and ?XY ?or qXY and ob-
5erv'm3 hol Fcr non-emp\j V

[(BXX._T,\I X') "_-‘-Y'J ’
I AXXuV:X)Y = (AX: X V: £XYD)
(End 0?/Pr00(~).)

we indead ohlain
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,Proof of ’n’)eorem 1.

We associate with ¥he s\'renﬁ}\weni;:j sequence of
)orec\ieo"e porrs CXi,Yi) 'F°r Osi(sN) the s\rrengih—
ening sequences Xi and Yi  with the same non- emphy
ramse. Uhc\er e QSSumPhon 'o? n'ne O‘PP“’P"""AQ con -
Junchivily in the individual argquments, we hove Yo show

[ QiXd (@Y = Ri= P DN]
To s end we observe ?or ol Z

[z=0 @i=XxD Qi)
E{? o‘o\oropr‘na}e\‘-j COnJunc\-we in i¥s 1s} o.rgumen}g
[2 = (an :'. ?(Xl) <EJ YJ))]
E{? o\PPropr‘.c’te\ COn\')unc.\-‘ave n s 2nd o‘rsumen¥3
[2 = (B E(X'.)(YJ'))]
= {lored'acer Co\cu\uS}
FARCIREINIICON D PNCIAERRIE NN
= {Predicde caleulus}
[2 E(B‘j:: (B i \Sj: ?(XI )(Y‘)))) A (a'l:: (B\'}:\)Si: ?(Xl)(\(j)))]
= {.E’ \s mono"ﬁnic N einer orﬁumen} ond Xi and
Y:) are s}ren‘g)r\nen‘ms Sequences}
12=(8;: E OGN A B PGOCGAD)D
= {Pre.cl‘ucer CQ\CL\.\U.S&

2= (A ?(X‘.)(Y'.))]
(End °€ /Proc:? o?’“ﬂeorem 4 )

Since -V given \o‘j [FXYE—. XvY) s un\versa\b
Con\'}unc\'ive in both its araumen\'s bul not Fmﬂd:)
c\Ou\o\j conJunc\'sve, Theorems O and 1 are as s}ronj as

Foss'n\o\e.. » N »*
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We now c.onsider, €of o.nb X » }rhe equc.\-'lon

we conf’ine ourse\ves "‘ro ?'S -\-\mﬂ ore mon&onic n
Yheir 2 arﬁumenh so +hal —3hanks Yo Wnaster-
Tarski— (1) has for all X o shongest and o

weaokest So\u-\ioh, which we denote b X and
h X Y'espeche\a. Our purpose s Yo relate the

Con\')unchvi\- \oroPer}ies o ond W Yo -\—hose
o? . ;Rﬂe obove de in'-sl‘\%ns o? 9 ond h
are ormo\b co\\o\ure,d \93

LPX(GX) = gX] for ol X (2)
AY.IfXY=Y): [oXDYD)  foroll X (3)
(fX (hX) = WX]) for ol X O
(AY:TPXY =Y 1Y hX]) frad X . (5

Theorem 2 . '.Y? {) s mono'\'oﬁ'.c T 15" o.rsumeﬂ
as well, 9 ond h cre wmonotonic .

/Proog. We observe ?or ony X0 ond XA
[Xo = X1)

E\y{ ? s monoctonic n its ‘\s+ o.rgumen’rg
(€ %o (g X0 = £ ¥ (q%0)

= -[‘m view o? (253
¢ ¥o (gX)=> o X1}

;},{(3) in combination with \(ncas}er-—rc\rs\:'..s
[ g Xo = gXx1)
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ond s mi\ arlj

LX0 = X1)
= {-F 1S monotonic n i¥s 15¥ Qrﬂumeﬁ}s
[£ % (hXo) = £ X1 (hXo))
'[ TN View o? (4 )S
Ih Xo = £ X1 (hXo)]
= { (50 n combination with ans¥er-’rors\<i?]

Lh Xo = hX1) C(End of "Proof)

For the }9"00?8 of our next Yheorems we need a
]eme‘, {)or' 'H’te. sa\&e oP brev'\b we€ 'in}rod.uce suorme G\D-

brevic.}‘non‘s. Tor‘ (= boa W of) Predica;)re Pa’\rs we degne_
+he Pred'. cotes  XW  ond Yo \",j

LXw = (A GOND00Y) m W X)]
DYw = (R OGO 0 W: Y]

i

Lemma 1. With ' doubly conjunchve over W and
W such that :

@YD m M [2XY = YD) (6
ve hove g Xw = Y] ()
and [Yw = h Xw) : (8)
Troof. We observe for any 2

lZ = ? Xw Y )

= {de?'m‘-\'-on o() Xw ond fw and g)‘s double conJunc\iv‘:b}
[2 = QOO0 1w M: ¢ X YD)

= {in view u? (6) and de(’ini"ion 0? sz
lZ = Yud |, hence

t? Xw Yuw = le 5 ?ru'm which ('—}3 and () ?c:\\ouo
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b& vir\-ue. c? (3) ond (5) \"eSPec}"\ve\v.

(End of Proof)
In the sec\ue\ we  sholl o.wf:peo\ Yo Lemma 1 Jwice,
each Yime with o well-chosen W .

Theorem 3 1? -? enjons double Con")uncs-'wib o{?
some }:jf" 5 \n en;)c:js conjunc\"wib o? )-\';e sSeme \-:jpg

/\;;‘OOE. “For o bqg Y of Predicq‘ea, which s o? Yhe
aFProPriak ;\jpe, we conshuct a \°°‘3 W o? Pfeclicoj‘t
Poﬁrs \93

GXdm W = XV ALYz hX)

We want Yo show E"urs\' +h ol i? V s o? Some Gppro-
Pr‘.o}e_ \-:jPe, W s o{’ Yhat } pe os well. Rs ?o\r os the
c\assiFico\‘ncm ”non-emp\::j c\enumera\o\e/{)‘mi}e " \s
concerned this s sbvious. Tur\-he.rmore., 4o o VY ordered
as o s}rena')'henins sequence corres?onds o W which
s o s\r‘e\n&}\\emnj sequence: -P‘be'mj AOU\\D\:J Cchunc\"we
(o(> Same b])e), it s dOUB\J monotonic, hence -—\33

eorem O — monctonic In both its O«r&umen}s, ond
‘Hnere?c:re -—Theorem 2 — \’1 s movxo*onic.

T.n order -}o rove  Con’ unchv'\\ o \r\ over V , L€,
P ) )

Th(@X: X V:X)= (BX: Xin V: W X))
we show +that eibher side '\mp\ies the other.

(i) Becouse h 's vnonolonic —see abuwve~ we have

L (A% XV XD = (BX: Xin Ve WX
(i) Because '? i doubl

comiunchive over W | and
W so}‘\s%es — Oon O\C.c.oun? o? (4)— condi\-ion (6),
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Lemmoa 4 s QPP\ico\o\e_ Nouo we o\aserve @)r 0“32

[ZE (BX:X mV: }IX)]
= {deﬁnihon o? W,lemma 0 with h ?or P ond Y F:-r c\XYS
[Z = QDO in W YD)
= { degni\'icm oF Yw}
[2 = Yw}
= ‘E in view OF (8) o? \.emmc\“l}
[25 h %)
= {de?in'.\-ion o? XN3
22 W (ARCLY). OOYD W XD
= {degn‘u\ion o? W, Lemma O with h Fcrr p ond X G o X¥§
22 @X:XwV: X)) .
(End og) /PNOC)

This concludes our }rectment of Yhe conjunchvil
ProPerhes o? Yhe weoﬂ(es\' SO\u;’aon °€ Y:[ XYEY.].

We now ‘urn our Q‘H‘enhon o Mhe s\"ronaes*’ solubion

o? }ha} equo\ho'\.
Our ?lrs,r \"esu“ Q\Dou} 3 s

Theorem 4 Wik ? Enjobins universal, unbounded,
denumercﬂo\e, or g‘mi“e double con‘unc\'\vi}:))

with W a bas o? Pre.c\'-cq;e pairs that s o? the
aPProPriQ‘\'e ‘v:ﬂ')@ and sohisfies (G),i.e.

A0 wW: TPXY =Y))
and  Xw ond Yo defired as be@ore, e

[Xw = (OO i W X))

IYw = (A OGO in WD)
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we howe

(B(X,Y):CX,Y)-._@N;[g Xw = Yu A 3)(])

Troof. We show that either side of the equ'.vo.\ence.
'nm,;lie.s the orher.

(i) Q“ Condihons o? Lemmq 1 beiﬂj So.\’lsged. we. \’\O\Ve.
—on accoun) of (7)-

ES Xw = Yw]
Since {) is dou\o\\-j c_cmdunc\-'we <0€ Some \'b‘oe),

'\}‘ [ dOu\ob hnono!ronic ,henee --‘n'\eorem 0~ W‘leno‘\-onic.
m both ils araumen\'S, ond -Hnerefore. ~Theorem 2~
3 S ‘mono\onic, (’row\ which we cemc\uc!e

[3 Xw "i 3 X] ?or C\“ X oc:currinﬂ n Xw.
Com\o'm‘mﬂ Yhese Jwo resulls we 8&-

@OCY (X W: [g Xw = Y A XD

() The crux of the Proof o? LYw A 3)( = SXw]
consists o? rewr'uh'ns this as \__SX 2 g ) FEVEACER
and s})owinj —see (3)~ that SXW v 1 Yw Sq)‘is?ies
-}he ec\uo}'lon o? N\\ic‘\ 3 18 H\e s\-ronaes} So\u}ion.

Yrue
= { (2D}

[? Xw (wa) = SX\A-}
""i‘/ {? 'S Monetonic in iYs ‘an ar\cjumen*}

1§ Xw (3 X A Yo) D 9 Xw |
_=é"> {Predica\'e co.\Cu.\uss .

(B_(’P,Qﬁ:(’P,QB w W [? Xw (5 Xwi N = 9 X“])
= {deﬁnihon o? Xw ond Pred'.co;}e cal culus §
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(Q(T’.Cﬂ C(P,Q) 'l_p\h’
R4 (1°,\><w)((:5 Y v AN A YW ) D q ¥ )

= {(’ also doubly Cm\)unt‘.h\fe over the union of W
and he s\na\e"uﬁ set {('P, 3)(\4 Vv 1 YW)S; degni\-icms
o? Xw and Yw }

(a (7,@): (P, Q) n W:

[f P (g% vaXe) ARG ) n\W:PRY) = o Xwl)

= {\»J Sa\'is@es (6) ond de{;i‘n‘n}'uon o? Y""S

QPP WP Pl X v i) AN = o Xud)
= { predicale cal Cu\usj

(B_(’P,Q)'- (fP,Q) n W: [?’P C XwV'IYw) @3 Kw v "IYW-_\)
= ‘[ (3) and ¥nasler-Tors 'l%

Q@) (P.QdwN: 8/\? = g XwV 'le-_D
"=-".{ redicale cal culus and renqmin3 o? }he o\ummie.sg

RGUNDGED wW: [V A gX g X])
(End g??roof->

(Rcmar\( . ‘n'ae.orem 4 is as S\rt.mg Gs ?ossﬂo\c in the sense
'“\0]' 3\‘ can not he extended o g_rlé-con}inu\\‘j and mono\'ou-
Iciby 5 [€XY = XvY) and the slrengthening  sequence

Chrue, drue ) ,(%\se, Yrue ) Prov‘.de Yhe counterexample.

(End og)(‘?emar\«)

Tn view of the de?in'-xion of Yw , Theorem 4 has the
@)“owins
Coro\lo.réo. With the antecedents and c\e@n;}ions as in

Theorem 4 e have
OGN MW [Y29 X)) [ 4% = Y]
The Con\:)une.hvi\-ies °e ? and G ore connected \DJ
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Theo.om 5. 10

er‘joas unbounded , denumerable,
or ?‘mi\e d ouble corwJunchvi‘-J R 3 enJOJs chJunc-
}ivi\n o? the same }:jpe.

/Prosr, For @ baj \Y OF Prec\icc}cs, which s o? -“ne.

QPProPr‘ua‘}e \-"j)‘:-e,, we ccs‘ns\'ruc-." o ‘00:3 \J o? \oredi-
coA‘e Falrs ‘?_‘j

XDmW= XwV A L= 3X'.\

To s}or‘]’ winr we o\:serve. }}1&“ \rJ \S o? ﬂ\e. Same
\-:j‘oe as V 3 next we observe Phal s W s:»\-':s?tes
(€) . Hence Theorem £ s a P\ico\:\e. Since W s
not e.m)o‘:j , Coro“arb O :jie ds

[3 Xw = Yw] (9.

"Fmg\b we observe —-simi\ar\j ) 'Hne Froo?o?’ﬂweorem
- ?or ony Z

lz= (BXXQV 9 X))
= {o\eﬁnihon QF W, Lemma O, with 9 ?or P - ond Y ﬁn"
q XY}
[2 = (B(X,Y)(X,Y)m W: Y)]
{de?mihon o? Yw}
[2 = Yw]
{@}
2= S X
= {de@ni'\‘\on of X\A}
LZ = o (A O in We X))
= {de?.o \'J;,Le.mmq O,wﬂ-\w 9 E’or P ond X ?o-r ‘]XY;

]

¢ E.no\ o-? “Proo ())
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Remark. We remind the reader Yhal do's mheritance o?

vnono*onici}:j has a\reqdb been established in “Theorem 2.
Neither universal ccn\’)unc‘rivi\b nor g_n_d_-Cthr\ui\_tj are

™ Senero\ inherited \o:) 9 - (End o??emar\‘.)

* »*
o

Two ?mo.\ remarks. The obove e.xc\usive\j deals with
Conk')unchvi\:j. 3\3 sw'-’rc\n‘mj +o ‘Hwe con;)uja)fes ' simi\c\r
d“;sL')unc\'\vi\U 'r‘esu.\'\'s ore Q\:\-Qinec\.

Seconéb, K and Y shood @:r Predic.a\-css }\nej can,
however, be Yoken as Pred\cq\e 3enerc\;‘ors. Qs an
exomple, the above theorems +ell us how the double
Con'unc.\-'wib Proper)'ies o? we:;’ke:)' and S\‘ronaes}‘
saluhons oF 2: 1< XX 2=72) are inheriled ?rom
Yhe *r‘:p\e con\)unc\r‘.vib Pm\oer\-}es o? <

15 QP\"%\ 1983

drs. C.S.Scholien Pm?- dr.Edsaer W.':DS\vs\rro»

gcie,n\i@c Ndvisor ’Burrouj\ns “Kesearch “Felow
/Phi\i?s /Researc\\ \.Q‘Oom}ories ’P\o\'c\om shreaot §
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