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Min segsu'm'}wo dim

/\‘?emcar\‘ a\oou\‘ no"a"ion ’B._‘j wo:j o{) experimen} -I
shall denode funchional opp\‘:cc.}'!on bu an ‘nn?ix Period;
';} \‘10\5 Yhe }ﬂis)wes)r ‘glnc\inﬁ Power‘ o o-“ and is (os
usuw\\) lep-aSSOCEG}We. B wa:«j 0{7 s?urnwer experi-—
men'}, 1 S"\o.“ q\so use tha )oeriocl ?or Su\DSCriP}iOn.
(End o() Kemark o hout no)ro}iorw.)

This note s a seque\ lo EWD897 , in which the

” e - . .
minse35um 1S so\vecl in linear }‘ume.

ore-dimensiona)

'The Func}':ona} SPeciﬁcca.;ic.m {%r‘ minsegsum)woc\im
18
L M,N: int {M30 A N3yol
. C(m,n: O0sm<™M A Osn<\\|)0rra5 gf‘m}
> L x: ink

; Minsegsum hodim

{,Ri X= (MLN_ MmO, mi N0, n1: 0 mlsmMIsMA
OsnOgnis N

(Sm,n: MO<EmM<m? A NnOgn<nt: C.m.n))}

B
A

n w\'\ic}'u (cus uSua\) }he C.oné}on}s o{) -»ve %v':ronmenx
are declared in Yhe ouler block.

/Remotr\(.’ror ™M=1 ’ -Hne SPeciﬁLo‘hor\ o? minS%Sum-
twodim reduces Yo Yhat o? Q?oremeﬂ%one,c\ ane- dimen-

sienc) minsegsum. (End onRemork)
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We remark Yhal in MIN Yhe ranoes have Yoeen civen
'mc\uc\ir\s }he bounds because, withou} g)ur“\ef' Cem -
ven\"\ons, e minimum over awn emp}‘j ronge s
undegned. Tn S te ronaes exclude the wpper
\ooun&, Sume\non over ?\we em?}b r-cme)e. Yoein

degne.c\ lo Uie\c\ 0 (ie. Yhe 'adtan)'r)b element OF)I e
addi Yion ).

Jince summo}ions over QMP"U ranaes <m0=rn1
v n0=nt1) are included and ol Uie\d O, we con
Yake ‘hem out oF the ronge {)or MIN and rewrie R

R x= 0 min (_“_1_&( mo, m1, N0, n1: 0<mMO<mis™M A
0snD<nt1 s N:
(E mn:mO<m<mt A n0gn<nt: Com.n))

]orov'.ded we extand Yhe delinition o? MIN with a
switable '|c\en"i}'j e\emen“’ i ]\‘5 ronoe VS emp}j; ﬁ-cm\
our lo;s\' -Form o? KR we se2 'n\o.\' 0 w\“ do n '“'\'15

con}ex‘r.

* %
»

We know Hm\-, ?o-r M:‘), Yhere e.xis}:s & solukiem
linear in N Camcl we would like our so\u\-icm
?or minseasumiwodim Yo reduce Yo Mol linear
ane i? Mz1 ) ™ o rec)ranale with }wo rows,
\ﬂoweuef‘, -}\ne_ so\uhon f)or' Yninseasum}wocl:m has
\iH’\e re\a\'ion Yo 'H'ie SOlu\*Icms ?or minseémam
in Yhe individual rows, as is shown \:b the
?o“ouina eXQmF‘es;
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——For each T'QCJ‘OW)S)‘Q we cjive Yre number o?rish}mos}
columns tha} rvealize Yhe minsegsums ond min-
segsum Ywodim res?ec\r‘we\ -

rec\'ang\e. min Sessum min 525Sum}woc\im
Gy -2 +3 -6 1
3
+1 -3 -6 2
Gi) +2 +1 -5 1
2
~1 =2 =2 3
G +4 -1 -4 2 ;
-3 +2 -6 3

—ﬂ'le Ynorc.\ o? ;"ﬁe a\oove o\oser‘v‘c‘)’loh sSeems 4::’ be
‘“’\or\' i we MS‘N Yo \ minseasum Com u;‘a}icms
in -\%f N~c\irec\-ion,a-\1';z§ con 59are (2} Hne.F M-direc-
Hon 1de more Yhan the summalion. Tn the ?o“owinﬂ
this will be made wmore precise.

* *
*

Our nex} s‘reF s Yo rewr'u}e R in derms oF
nested m's end S's. (A} hhis s\-aae.,»\'\ne. reader
is invited o convince kimSel? o? e correctness
Q(; m:) rewri}ihg and ursecl “ro s\ne\ve G;r H\e }ime
\oeinfj Yhe O‘Mes\‘icrh % R s rewritren ;_'.\fl!_? Wouy.
He is , however, welcome Yo observe Yhat we have

concentraled Yhe cluan\'i]?icc.-}ions in the N-direction
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m the m\éé\e.) Roain, MIN over Yhe emp\:j ranoe
is c\e?mw\ lo Uae\d o suitable value (e 30)_ |

K: x:Om(MIN mO: 0 mo<™M:
(MIN m: m0 < m1 s ™M:
(MIN nt: 0En1< N7 MSmo.mr. (n141))))  *)

MS. mO.ml.nt1 =
(MIN n0: 0gnd<ni: -(._S_’n: n0gn<nt: Q.\mO.m‘I.n»

Q. MmO.min = (_S__ m: mO0g m<ml: C.m.n)

*) Note thal Yhis \ine s chu'nva\en)‘ }c
(\‘_‘_\_I_‘)l_ n1: 0 <M g N: MS. mo.m1.nt M)

Analo ous\:j Yo EWDEG7 we nowo derive vro
re\o}ions %ﬂr‘ MSs :

MS. mO.m1.0 =0 (Cor any volue ¥ 0) (0)

and {201- 0 < ni< N

MS. m0.m1.(n1 41)

= {c\e?ﬁni\-ion of ™MSY

(M N0:0 gNO<M+1:(SNind g n<nt+: Q.mO.m'l.h))
= {‘\So\alrlon OE lasy Yerm o? Summa\'ion?g

(MIN no:0gno<ni+1
(Snind<n<ni: Q. m0.m1.n) + Q. mo.m1.n1)

={Q.mo.mi.n1 does not def:end on n0 , and addihion
Yhen dishribules over minimi zation over non-emply

Y“omse_?g
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= (I‘_’\_IE_ nd: 05 nl < n1+1:(§_n:n0 Sh(n‘\:Q,mO.m‘i.n)) +
Q. mO0.m1. n1
= {'lSo\c.\-ion o? last+ Yerm OP m‘mim‘uzahcm; for N0 =n1,
Yhe summaltien bie\&s OS
((ﬂ]_'._!_y n0: 0 §n0< M :(én:hb n<n: Q. mo.m1.n)) gp_ipo)-\-
Q. m0.m1. n4
= {de?ihi}ion ol? M53

( MS. m0. m1. n1 min 0) + Q. m0.minl €))

For Q we derive d'nrec\'\a Fom s de()inﬂ‘aon
Q. m0.m0.n1 =0 @)

Q mo.(m1+1). n = Q. m0.m1.n1 + C.mi.n , €))

Our rewriHen R Yels ugs thad For any mO, m?
combination we have 36 Fmd +he Mminimum c?
MS.mO.m‘l.(m +1) -far all  ni: D<nm<N , w\ﬁ\a 1)
Ves ¢ recurrence r‘e\a)r]cm for___ }ha} S€quence QF;
Vq\ues. The Shaé S }}\a)' 'H‘\o} recurrence re\a;':on
conYoins the Yerm Q.mO0.m1.n1 | which -~ see (3)-
Sc}‘lsgzyes a recurrence TeloA'IOn over ™1 . 1n order
*O exp\o'\} -H')ese }wo #OTn\ogono.\" recurrence
re\a)ions '}-o }he E)u“es‘, Yhe Fmﬁm‘"‘ evo\\u.o‘}es @rr
each Vvalue o? m0 the M- m0 recurremces (1) that
Corres":onc‘ }o Yhe difkerent mi-values in S‘jn—-
c\wrcmy. To this end, a local orray MSv (mi:
m0<m‘\$M) 1S miroduced Suc\'\ M‘m\', whenever
MSv. m1 s o«cbus}ecl, s value c}nomges ?T‘Om
MS.mO0.mini Yo MS.mO0.m1 (nt+1) . FTurthermore
o local scalar Qv s introduced ot Sc\hsges
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Qv=Q.m0.mint . “TThe I)rOSrom s Siven \De\ow_;
i reveals w\f\:j we have written line ®) in R Yhe woy
we did: we wan\- }o use eac\\ MS-value as soon as

'.‘r )m.s \oeen compu)rec\, i.e. Qquq\s MS.m0.m1. (n'l +1§ .

Il mO: in} ; x:=0 ; m0:=0
;do mo#E ™M
IC MSv(m: mO0<m« M) arroy E'F m}
s M, nl: int
; miz=moO c_l_g mi# ™M o5 mi=ml+1; MSv.m1:=0 Q_é
; 1:20 {(Ami: mO<mi s ™M: MSv.mi = MS.m0.m1.n1),see(0)}
; do ni & N
LQv: int; Qv,m1:= 0,m0 {Qu=(.m0.m1. n1,see (D}
; do m1#E M |
Qv, mt .= Qv + C.mi.n1, m1 41
{Qv=Q.m0.m1,n1 | see 3)]
:MSv.m1 .= (MSv.m1 min O) + Qv
{MSv.m1 = MS. MmO, m1.(m+1) | see O
; Xz X min MSv.m
od 3 nl= nt 31
|
od ; m0:= m0 +2
J)
od

——

p!

*

H"ls"on.\ ond ac\cnou\ed&emen\'s T had L’)us} discussed
("rhe \ineor) M'mse@sum in my lechures when Jcm

’Ben“e:)’s Qr}ic\e, [0] cs\o]oeared, in w)'\'JC\'\ }12 men\icmed

n Taass’ms '}\ne }wo-é.’:mensiona\ 3ener‘a\i‘2a§‘lon. So\u\ions
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o?}ime-comp\exa\b MEN  were ‘mdewipenden\-b ?ound
\O:j jo:jadev Misra, Mchamed g gou.d.cx and me,
(gouc\ofs soluliom 3enera}es n Yurn Yhe M-(\"\-ﬂ/ﬁ
'sequence.-:; éf length N | o whidh minsegsum s ap-
F\ied; his So\u}im\ 'needs G“ n\e }ime G \'meo.r o«rrc\b
o? \ens-“w N, bu)’ VS Someuo\\o.\ SimF\er }»\an mine.
Howo much store Tisre. intended Yo use T don'}t know)

“he obove ?resen)m}ion has been 'inF‘uencec\ ~ and
horeﬁ'“d ';mProvec\—. b:j my course's audience, With
which T discussed an carlier version. | am 3m)cg»\
Yo Shmuel Ko.\'z {)or 'ms‘as)'mg on omn ear\:j 'mc\usion
o? some \ﬂeur'\s)ric.s g’or no¥ Brr\\j'm Yo incor orc».}e
oxhha\n}er cou‘:\'msﬂ in +he M-Cl'\fea'lcn and Yor ac-
CeF;'inS an asgmme}r‘nc so\u)ricn. The Yhree 2x3
e‘xamy\es \"lm;e \oer—:n con_s}ruc}e:,\ mn \'G.'ST:«onse Ao \w‘\s

T‘e':)‘ues‘-.

*

Hﬂ earlier version i‘eﬁ'ained rom deﬁnin G mini-
™ um ?or' an ern)o}:J se}, and e ?ormq\ deriva Fion
was less smooth. Ha-]?waij this note 1 50} m T.-cmic:
1 gai\ed 40 See how m:j c\eriva‘r‘uor, could ever yie\c\
Yhe \’JroBmm 1 \'\ad derived eo.r\'.er. The exPer}cnce
was mstruckive: T \us} wenl on and ..... derived e
Program dig’?eren} rom My earlier one! Tt so
haz)or.\@ns tha re,:\acing

Msv.mt .= (Mav.mi min 0) + Qv

P9
Msv.m1 .= (Msv.m1 + Qv) min O
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c\mnges H«a me)mm Yo mb eor\ier version. ('For‘
the earlier version J;o be c.orr“ec)', 4 s essen}ia\ et
e elements of Msv oare imlialized at 0 .) There
Seems }o \De \'IH'\Q. ]odm} n com))o.rins 'Hne Y‘e\o.)'nve.
merits o? tYhe Ywo Progmms.’ﬂne 'imFor‘\'om'} lesson
s that e F:arma‘ derivation no} cmlb ]Qﬂ{ifé_}o
naw r)mﬁr‘ams,\ou} mMau even ]eo\d %o Fmsrams cne
did Y\o} 'm‘\‘encl J}o c\erive.' g’nd %\is ex?er“ence Seems
Yhe most e%ec\'nva rebuttral o? o oT;inIon voiced
\03 B-B.Seide\ iy %rmer' colleague of wine ~ wnang
Ldears a0, 1 }o\d ™ aloou* ormal pegram deriva-
Yiew when “ﬁq} wos s)-i“ Veru New; he \’eac}ed with
“But, sure :jou'“ never tormally derive a procrom
Yhat You hove nol FUUY\C’.\ Q\r’eacl:j o}\nerw\'se.,’. &1
the hme, Yot reaction shudk me as an under-
es)ﬁm::\\-ican o? Hﬂe \aower o? {)orma\ ‘)‘ec}\niques
Can unc:\er'eshmax'lon wlqic\m wWos \Per\'\c\]os }Dﬁfica}
@r He ma}-\nema%‘cio\ns o? his Senerc.\-soh)

COmP]G‘Qc\ on 2 "Dec. 1984
Prof.dr. Edsaer- W.139\<s)-ra

"De)oo.r}men} o? Comrgu}er Sciences
“The Universi}j oFTexas o} Puskin
AUSTIN , TX 78712 - 11388
Uni}ec\ Sates o? Americo



