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In Proammmirﬂ lQﬂsuaae seman\‘ics, the introduchion
Oeun\ooumclecl ncnde)'erm}ﬂo«cj ,\v\mlc\n amoun\'s '}o "H\e,
‘m‘roduc}-‘-on oF V\cmCQn}ihuous Prec\‘ncq e —-\mns@mers,
is needed Aor dec.\ina with sueh Comcepts as F:rr
'm»erleo.v'sng, \r\h}\n '“ie semém\'ucs o }\r\e re\oe\-i}iw\
Siveh as the s\'rwses}' sc\u\‘:on of & ??X'Poin} eciuq\-wn,
Phe weakesh Preo:mcli\.‘cm ex?r‘essec\ I clo sed @er
wc:uld Hﬂ% \"eoluire. "x-mns 'mi}e orc\ina\s‘. \'-\ere,howeuu—.
W is shown 4\'103,even in 4he cose ol unbounded
hcmde\‘erm'.no\tb, '\'\N? ?unio;me-ns-a\ \'\ecrr-em G\\'JO&A}"
She vePe)ﬁ%cm can be vaed \o:j Q 5imP\e omd
Glu.i}e Q)Qmen\'c\r‘j ar&umen\m
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Q sim}o\e ?ix—\?o‘un* grgumen\' w‘.)f\wc_@_)r )r\ne r‘es}ric)rien

)fo con}ir\ui\b\_

ey
Edsger W, ’_D‘B](s\-ra 2 QJN von ggs):eren

1h\rociu.c\-i on

Nolotion TIn this Yext Yhe lebers B P AR, X, and
Y  stond ?or Prec\‘-cw\es on Yhe shrote space o?&
program and square brackeys are used as o
ho\‘Q\"\Oh For' U\‘ﬂiverSC«\ qb\Qn\igC‘.o}'\or\ O? )r\'\e-
enc\osec\ over “\e PYOS’I’GM VO.T'IG\\D\QS. The \eﬂer
S  stonds %rr o stotement and DO ?or Fhe
re\oe.\-]\-ive cons¥ruct do B — S od ; for an
statement S and Prec\icq\e R, wp(s,\3 s
Yhe Predic:o)fe such Fhal s\ar\’ms S in any stote
5&1‘33%5:\3 ‘1)- \eads %o (=Y ?‘mi\e com\oMXG\}ion 3‘\1&)'
ends in a shale SO\\"IS%'IY:S R Csee [3-_)3 (End
o? Nolm\-ion)

‘/\\yequ'uring DO Yo ke Seman\ico.“a equ‘.va\en}
40 ‘\)I‘S ?irs} un?o\ding
f:B - S; D0 | 1B -~ S\(i\o ﬁ
b‘ne\c\s Yhat pr'DO,'I'B AP) s oo so\u\}'loﬂ 0? Yhe

equ\o\\-‘mn in T;rec\‘acc\\-e X

(0) {X = (B ~ wp(S,X)) v (1B /\—P)]
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El{la\o.ne\\ion Equq\“lon (0) {)o“ouos ?rc:.m }%e requ\recl

semantic eolu‘.vo\ence and

() *the semantic c\e?‘m‘\}ion o? s\(i]o > Viz
[wPC 5\12\9 ,/R) "—.E’R] ?or o\“ ’R;

G the semo«n\ic de—?‘m’\\ion o? s\'o\}emen" conco&@no.-
*‘son, viz.
[wF("SO;S‘I",’R) = W‘D(SO,WP(S“,?))]
{)Or all SO, <1 , ond ﬁ? 3

(i) Yhe semomlic de E;‘:n'u\‘\on o? Yhe ollemative
COns}ruc.\r, mn F;]Cu\o«\"
[W]'D("\_?:B - S0 “'fB - 1 g&_”,’R) =
(B A wp(So,R) v (B A wp(S1, RN ]
li’m‘ al B, S0, S4, and R

JYor Pur}\wer c\e)rod\s, see [%] (Enc\ o? EXP\Q\'\O\\‘EOT\.B

Notation and 3rerm1no\o_c33 With Yhe Exce‘:\'acm o?
we , g)umc\"lonq\ QFF\'\co}ion [§-3 c\eno\'eo\ Y Jux\-a-
\003'\}')0n and 'l\'ero\\-ec\ ?unchonc.\ Com‘oo‘;a‘lo\'\ \::b

ex?onen\-'nq\"xon.

”X B} QX \60\5\' as S}lrong Gs Y" means ’LX @Y]" .

’” . \ . . I
redicate '\rans?ormer ?\S MOhO}GhIC mmeans

"TXDYY S TEX D PY] Loc ol X and ¥

Vrec\ico.\e Aransgormer ? S g.t‘—Con\'muous " Neoans

“1 € (En: n30: ’RnB = (Eh nz0: ‘? ar)-.} FC""

om:) we.o.\cen'ma Sequence o? Prec\ico.\es , \.e. such %a“
(a nn3z0: [Rn%?h-}‘\—)) "

(End 0{? No\ro.\"\on and’-"ermino\osb.)

"
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For mono’ronic redica)se *}ro\f\s orymey . \-\ne Quo.~
e 9

[XE?X] n 7X7 )’ms . s\-ronaes} s::\u\‘mh (see
). I? m Qd«di\rion, {) s or-c:an)‘inuous, s

—

s\-ronaes} solu¥ion is given n closed ?orm \ob
€D (En:n20: ?h ?q\se)

Proof skebch To show that () s o} leas) as shomg
as ony solution o LX= ?X-} , ?;5 YhOno\ronici\':j

suftfices the proo \s most easi\:j corried out b
marhematical induchon on n . To show tha
(1) s i}se\P o soluYion o? [X“:‘FX] , we need

F'S o_r:-COn\inu.i\'j (w\nic\\ imP\'\es ‘l\'s mono\‘onic\\b).
CE'ﬂd o? ,Prooﬁ s\ce}'c}n_)

The Frec\ico\)fe WP (’DO.’IB APY s <$€'€ [5-.0
degned as -n're. s\'ron es} So\u}‘son o? (0). Becouse
WPCS, X) s o mono?cm'\c Vunc\-'\on o? X , 36 s
Yhe riﬁ\n\--\nanc\ side o{; (O)', kence its s¥ron es)r
so\u}ion exists . I?, n Ouc\cl'l\ion, W‘]:. CS,X s
on ar—COh\"\nuous ?unc"non o? X, so s the righh-
}mnc\ sic\e OF (0), ond an express‘uon o? )Fhe gg
o? (‘\3 3‘\ves 2N c\osec) exPressmn -?or W]DCDO,"(BA?).

rm

n Programm'ma xerms, Q_t_nCon\-'mul\‘j o? WP s
e same as nonde‘rermmcxc:) \oe‘mﬁ Yoounded. The
assumr;\‘mn o? bounded honc\e\-erm‘mactj is o usuo\\
one Yo moke: the closed ?orm @3!‘ wp (D0, BAP)
which is then Qva'n\c.\o\e, 'S '\md}}‘:ona“b cc-nsic\erec\ an
advom\nae because '1\* reo.o\i\tl ca}ers €or— Yhe avoidance
o? ?cmnc:j —~and in Pmc}ice cumkemome (see t‘ﬂ,[ﬁ.})*
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'}ec\qniques \i\<e 3rransﬁn'&e 'lnduc}'mn.

Since Unbounded nOnde\rermino«C Canno} \9@ -
P\emen)}e&, +he res}-ric\-ion —\0 9_‘—~-c0nxinu‘.\3 has for
o \orla Yime been Yego\r&eé as o\ui“e Yeasono\]o\e.
T has, however, led Yo Yheorems in which Yhe re-
shrickion Yo or-continuitu has loeen introduced
not because the Yheorems demoanded i+ Vau} ()or'
Yhe SO&\(Q. o? )r\neir- Proo?s. ’ﬂne res\n’ic\‘loh Q\SQ
became . nuisance n -\-\'\e W‘\o\}\'\ema\ﬁco\\ '\-)-eo}-
ynen o? obsirack programs. ’Fars\-\a . on abshad
Pm roOMm Mo we\\ contain Yhe as be} unregneé
stolement “estakblish P, Where 7, viewed as
e uq\"lon, yno \mve n \n'u}e\ naon so\u\'lons)
c:l'\ o\oserva}\:?n we owe{:o t?)] . él»jeconé\b, Yhe

mode_\\inﬁ o? Concur‘ren('b as
0? o\om]c ac)r'\cns in)rroc\uces un\Oouﬂdec\ nonde-

)rerm‘mo.cj (see EG_JB.
We are }\\ere@re Ver‘gx‘?\easec‘ }o shows @JT Yhe

e \-e)-;e\r‘.hve. Cohs\‘ruc\‘ an

L/

oNr ¥ 'm}er\eov'm 9

haats N3l 2f»'lti'c:n"erm O\\OOU}
e.\emenhr\tj \oroo€ Yhat . %—\wouﬁ\a not rel g on
or- con)‘muan), does no\' require Arons{inmite ?or-

mo.\‘n sSMsS.

"ﬂne ‘H‘leorem

NQ\‘Q\"th In the seque\ , X and Y stand ?or‘
e\emen\'s o? C Se" QD . Se\-~mem\o€r$\'\';? w\“
be denoled b:j the 'm@x oPero}or “in " (with a \n'@ser
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b'mc\ine, power Yhan the \OQECO\\ ope\-&%rs: our con-
Ven\-idgwcdﬂ Yhus be summorized b K\_y_\m ~ D '1_1_133).
Tunchon + is o mapping f)rom Yhe shole spoce (Of
Yhe Pmﬁmm> Yo D, i.e. in eoch T)o‘m} og} e shate
sSpoce, the value oF + s on e\emen} © D,
which con be summarized \:»D L¥ mD]. Ley C

be o subsel o? D ; note thoal then ¥ m C
s}omo\s {%r O T)rec\'l cc.}e Mﬁc} \rnaa be Yrue in

some Yua‘m‘rs o? Yhe shote space , ond (’o\\se_ in
others. (End o? NotaYion.) )

For he ho}'lon ”We“-?ounded ", we Te@r Yo %e
QPP?Y\A'IX, N w\'\ic\m wWe s\wom »wa) ‘we“- oundedness

[t '\rke same as %e Vo\\xdi? o? . \omo BD morhe -

Vno}'\c.b.\ ‘nh(;\uc.\'ion. Tor reason, Ye desiagn

OF o We“-g%unAch se]- }'\'\O\\‘ Carries ‘\'}ie o\raumen} 13

o Tre u.\o.r\ recurrin “"eme n arguments a\oou}
al olr?“\ms(.j'The \Des}:?(nomn Choul V‘-’f&"@ speciu\s
w£~%m\de:\ se} s Yhe set o? Me notural numbers
with ”< " wath ‘1\'5 \'ro\d'.\'lcma\ meom‘ms‘, n nne
-Wﬁeorem Qs ?ormu\c.)ec\ ]oe\ooo, ny, COu\cl \Oe. »')e se\'

o? 'mk&ers w;H\ 3r\‘ie Su\ose)r 0? )r\'\e ‘nc}urc\\ num\:ers
as <,

Qﬁer Yre chave ]ore\iminqries we are raad:j Yo

?orm u\a)re )r\'\e - We“-kn ovoT —

Theorem Lel (D,<) be o o.r\‘io\“:j ordered se}:
lelY € be o subhser o? D such tha} CC,<)
S well-%unéeo\s \e} statemend s, T;redicq\res
B ond VP, and {)unc\iorx Y on the shle spoce
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so\\is@jz
the predicale dramsformer  wp(S,?) is monotomc;
[Am D]
@ I'VAB = +nc] ;
@ [PABATax 2 wp(S.PAtax)] Lol x
Fhen
4) TP 2 wp(DOABAPY] |

where wP'('.DO,'\’.B AP is c\eﬁned os Yhe s)rcmges}
solu ¥ion o? the equ.q\'ncrn in X

(o) IX= (Ba wp(S, XM v (GB AP
In the o.\oove, Yhe We\\-‘mFormec\ reader will
récooniz€ in ’P v\-%e, "‘\hvar'mn}“ o %-\ne. \"e]ae}ﬂ‘icm

oand in + ks “variant g)unc\-ioh', which is Yhe
vehicle ?or Fhe lre1r‘1r:r-\‘wmx3f'1O\r'- o\rBumen\-.

The proof

The Yheorem s Proveci \o:j s\-ouo‘mg [’P = Q]
{)or om:)\ @ H’to} So\\fes (0) We do so \QD s}low'ma

Se}oc\ e e\b

(D IPAtnCc= Q) ond
Gid) IP A twmC = Q1
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Proof of (i)

Y rue

= {1 (2) and T.vrec\ico}e co\\c-..\\usl
fPA1dinC =3 ~P)
= { [_‘% AP D Q) since Q solves (O
[PartinC o Q) .
(End o? /Proog) of OW)
“Proo _Q_E Gi)

— - — e W

This art o? Yre chgj uses Yhe i)ac} )r\wo}
C s we\~ @:umdecl. ’Srn‘n's} we mom'uvu q\e our

demons}rcnndum S0 Qs )rc: Yﬂo\ce 'a\' O\mena\p\e

to ¢ )oroo? \O"lj MQ})\emo\)r}co\\ \Y‘\C\.L«c\'ion‘.

[PAtinC Q1
= {Predicde. colclus, in ?ué¥iCu\or the cme-'f)o‘m\' rule §

[(E\_x‘r:x/\> A xnC=> Q)]
= {romge and Yerm mani u\a\r'uona
[(E\x: X in C:-PA d=x = Q))
{‘m\erc\-\om e o? universq\ quoﬁ}i(?aco}rionss
(EX: R C. Y_’P/\ r=x = Ql)
Tn view o? C's well- cundedness , e \oter
s ‘Fm\iec! ‘ob derivin3 -—-Eor an X n C ~
) TTPA I=x= Q)
() (QB:D‘QC /\3<X:{’PA \-::-) é)@])

To )f\n‘as end we o\oser\re'.

]
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(6)

= {‘m\erc\momae o? un‘uverScﬂ quo\n}’igm}ionss

[(9_3 3*13C' N Y<x: PA Y=y =2 Q)]

‘[T'Omse ond Yerm mom‘apu\a)nonl

[Ag: Y2yt PA ynC A y<x 3 Q)

= {one~)oo‘|n} ru\e}

[PArTumC Ad<sx DAY

{Y_’P ATEMC A Y e<x D Q) on o count 0?(1)}

[FPArx Q)

= { MPCS,?) s mono\omc?;
Y_WPCS,")/\ Yex) WPCS,Q)_.\

= £33

[PAB A +=x D wp(S,Q)]
= {Pred'uco.\e QQ\CLA\“S’S

[P A Fax = (BAwp(S,Q» v 1B]
{pre&ice)re col culus §

IPA Y=x (B A wp(S,Q)} v (GBAT)
1 Q@ solves (O}

t’P A F=x = Q]

= {de?i'hi\ior\-s

n

—
—

n

)]

(End of Proof oP ().
And “\is conc\uc\es }\r\e ‘:)roo? o? Ol }\’neorem.

Conclusion

As lor cs we are awore, T\o:)d (see 14]) has
been the 61'5\' ane —\o rmu\o}e '\'ermino.)rion arjumen}‘s
n x-erms o() well- ?o-umc;ecl se}fs;. \-\e clicl howeuer, res)r.c)-
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)\imse\? Yo de‘erminisxic -)f:;rojmms, g?:r w\\ick the no]-um\
nmm‘bers SU\%CE.

-1\'\ 'Hie. ?i)‘-\Fo¥n\' ;-hecnb %"'\DA- \oeCa.me en V'Oaue
during the 5even§ies, CQn}-‘muﬂb was stricHy adhered
Yo, with the resull thot, again, Yhe no&urcﬁ) numbers
Su?f‘;cec\ (see [7]).

To the best o? cur knowledoe . the above or&umen\‘
1S ’)"‘12 grs\“ one )ro connec‘- we ~@:unde_c;hess n '\\‘s
Eu“ 3enerc\\'-\‘3 "1‘0 Q ﬂ0n~oPero‘)-'nono‘] nc:)"non o

erminc.)r'uon, e, 'lro »ne. 5}r0nges§ Solu}ion G

‘,x-?o‘m}- equo‘sr'aon. -ﬂ-s s§mP\ic'.\-3 s\ﬂcw\\c\ c\isre\
he m 3% -“’\a}r }ke Fes}r'nc.\'ion 40 con\-inu'\b {3)1‘
Hne sake o? convenience s L’jas\":ged.

Fin 0\“3 we wou.\Cl \l\<e Yhe reoder Yo regar‘a

the QWQC)WQYWSS and Omsslere ri&our‘ ofo»xr‘ or-
Qument as a Y"\eq {)or Yre colculotiona ‘Proo?
me‘r\mé QmP\O:jQA_ '

F\ c\«n ow\ed&emen)’s

We are Sr‘ea}\‘b mdebled Yo C. AR Hoare ?or his
?ormu\a)‘ion o? Qn%‘eeec\en} (3), \,o\wic.\w \ne s\'lowed
\'0 \e&c\ Ao O s\nor}'er Froo? ;—\\om ouwr origma]
gormu\o.\‘ion, o Yhe Tuesd.o-b ﬂ@ernoon Club -?or
s)—ren‘a}kenm Yhe Yheorem \:3 wea\ening antecedent
(2), and Yo WHJ Fegen and C.S. Scholten, who
‘mderenden\-\ Suaaes)recl SimP\EF‘;cc\}'\cms o? '\'\ne
ac\‘w:\\ Prooﬁ
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A 5\'10!"\' c\%p)oenclix on wen'--?Ounc\ec\ness

In )’l’le &Do“om'ms N

(C,<) s o ‘Pur\']c\\\b ordered se},
X5 Y are elemen}s o‘? C,
> 15 o su‘DSe} o-? C, ond

@ 15 o predicote on C,
where S and Q@ are coupled by
(7)) Qx=axmS, er S-_--[x\-uQx?; ;
as o result, we hove

(8 S=¢ =(Ax:xinC: Qx)

“ X s & minimo.\ e\emenx o? SM meons

xin S /\(B:j:3<x-. '13';_@5')

"C is we“-g)ounc\ed ) means Yhot an non-emP\b
Su\ose\' o? C con}o\’nns lo¥ minimo.] e\)e

men}.

We observe

“C s we\\-@:unc\ed ¥
= {de?ini\“uons o() minima) e\emen\‘, well- ?oundec\ne.ss ond ¢}
(Q@S: S¢g=
(Ex:xinC: xinS ARy y<x: 1Yo SP))!
={ redico}re Co.\Cu\us, de Morgen in o‘r}icM\om'S
P gon ™ P
(as N S=¢ =
(Ax:xmmC:7 xin3 V<Etj" Y% Yy in S
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={renamin3 Yhe dumm\«j with (7) and (8)3
BQ: (Ax:xmC: Qx)=
(&x;me:Qx VCEbl <X:'\Qb)))
={degm\"°n ofmcz}\nemo}'lco.\ nduc 'lcms
"vnothemalica) induction over C s volid |

ﬂmong mc.}\ﬂema\'ncians ; well- oundedness s not
as we“-\&nouon as 'A deserves qo \oe; )Aﬂere 1S, Yor
‘ms)-omce, a@er \no.\? a cen\ur:j no} 3e}~ o Dukch
nome ?O\“ 's\*. One Co\nno} esc:ooPe %—\12 \‘rnT)TQSﬁ':on
Mol Ewmme, Noether, besides bein eusish ond
g)emc.\e., had 5r\1e Ouclc;'tx'tcmal disadvan e OP
havinoy, been \Precec\e.c\ "’fﬁ Seors Co\nar with
\ms s?ress on Co“h)m\j'\.'\;(j'

Ke @rencg‘s_

L0] Back,RIJR., Correctness preserving Pprogrom

regnemen\'s: ?roof ﬂoeor‘j ond o\ﬂ:\icahons . \‘/\a\-\we—
Yno.)"nco.\ Cen}re -Trac\-s . P ADA Qmsxercko.m 19380

[RR! ’BO‘C\‘KR-:S-'R-,/P!“OVMS Totral Correchness o?

Non deer minis Yic ’Proamms in 1In ?ini)vr:j Logic. Acka
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