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The requ\ari}t_j caleulus: o secend }rial

(This is o successor Yo the inCOmP\e¥ed Avg 36/
EWDS882: “The reau\ari‘:j CQ\Cu\usz ca F‘-rs}‘ }rial ¥ ond
consequently owes o lo} Yo A3 M van %Gs}eren.“ﬂne
absence o? her ini‘rio\\s on -}o\o o? Yhis }ex

.]Dy Hne sad cir':ums"ance Hna‘- 1 hove }o carry out

s exF\qsne&
my second )i'riq\ withoul her 9uidomce.3

We consider 'regux\om exPreSSions \‘Jui“' From 'Hne. }wo
constants O and 1, the lebers Frcm-. some Q\P\m\oe\-,

and Hhree construchors.

fAxiom 0 The constants 0 and 1 | omd the letlers
o? the Q\F\'\a\oe\- are ol di—Weren\- reﬁu\or exypressions.

Unless mentioned otherwise, o , b, c, ond d
ore »n the ?ormu\ae n Yhe sec‘ue\ v&riq\o\es o?

\':j]:e ”resu\ar cxPression

Axiom 1 The exTJress‘ron a | b s reau\or. “The

infix opero)ror (constructor) n -Pronouncec\ "bar-

1S sbmme)rric > idem\fpo)e.n\‘, and &SSocic\'ive, \.e.
alb = bjea
al o o

(clbdlec = a (b))

Sum\-ac\-ic. Cg-_nven\-ior\. T view o(’ Hne. &ssoﬁ&\ﬁv'nb

2

n

ca?/ “ » W€ olow ourse\\fes %e. owmissSion Q? ?oren-
Yhe ses. O? Yhe Yhree conshruckers, || s gjiven the
lowes} \oir\r.\lnb power. (End oF S:jn\-ac\ic convenlion)
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On reoular expressions, Yoe reladion < —pro-

nounced “a¥ most — s degned \o:j

a < ‘D = GD\D = b
Theorewm 0 The re\c}iov\ < 1S
re.?\ex‘we: (o G »%

Yromsitive: agh A bge = acxgc

cm}-isgmme}ric: &S\o FAN \oego. = a=b
Note ot re?\exivﬂj and aﬁ‘ri_é:jmme\rj con be

QS._\O /\bﬂc\- = =

com\b'\nec\ ‘m\ro
lows from the idempo)'ence 9? 1.

’Proog ’Re-ﬂe.xivﬂb o
4romsi\’nv'n\-:j Fo“ows rom Hne. stocio\ivﬂ-&

and an\-istjmme\rr:j ?o“ows g‘om Yhe S:jmme\‘tj OE’“ .

(End ofﬁ%‘@t)ﬁ)
Commen\- ’T\ne \Qs} \'me o? Q\oove. Proo? reueq\s Hﬂa"

"o\nhs\jmme\r " IS on Ln or}uncﬂ'e name or 3'\19-

Pror)er":j ])- deno\"es. (Eﬂd o? Commen\'.s

o

Theorem 4 o < 0\“ b
,PT'OO£ ""ME
= { g Xiom 1 3

0\\]}\]‘0 = ?l\};
= {definihion of <
, (Erd of Pros()

& £ 0.]]\0

/\?em:ar\« No\‘e \noua o s:jn)-ouc\-'sc CW\VEH}'!OV\ hes

shoriened the Proo? \m:) one s\-eT:. Without i}, we
wowldl hove Yoeen Eorggcl Yo write
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drue

- {ﬂx%om 1, idem‘:o)fence}
(aledlb = alb

= {Axiom 1, QSSOCEO\\"IV'I\'U'S
ajlal®) = a}b

= { definition of <3

& s a“\o ‘ (Ehc\ o?f)‘?emcxrk-s
Theorem 2 aflb s¢ = agc A bsgc
flgrmf Q“lo £C
= {'Theorem '13

asallb A bgalb A albxc
= {Theorem O, *ransi\-iv\\-:j '\wice.s
oasce A bge
={de€.m\'lon o? SB

QUC:C A blc=c

= { Le.'u\on‘nz?)
of(blc) =c
= {de@n‘uhon of S-S
allb <c . (End of /Prcmg-;)

Theorem 3 Tthe || is monctonic, ie.

ash = a“c < b]!c

M ash
= {de?ini}ion o? g}
Q “\0 = b
= {\.ai\on'n'z._'s
a B\b[lc = \D“ <
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= § Oxiom 1}
(afed)Cble) = b e
= {de@ni\'icm o? <3
a[lc £ \O“C . CEnd o?’?ﬂ:o?.)

?emar\( HS wié have on';b usec\ H’\c.'l‘ [l s 5bmme"ric_
'ldemFo'}enL and cusSocicA’\VE, "rhe Q’Owe s G S\oecio.‘ 'ans}ance

o? o ra}her Senera\ S\'a\e o-? &%irs- (Enc\ o? 'Pemafl‘-)

* »
%

[/ »
Our‘ Second CQns)truc:\-ar, C'q“e.cl Qoncc\)reno\lion ',

indicated b:) \')ux\'o.]oos'.)ion, and Mo} Pronounced,
15 introduced \o:j

ﬂxiom 2 'The ex]:ressicm a\o s r‘e&u\or.'ﬂne C‘m-
vis‘.lo\e) ‘mﬁx operq}ar o? concoc)eno.\ion 1S associq)‘\‘&’.

le.

Cable = a(be)

Sqn\‘QC‘iC cunven}’uon Tn view oP ‘H’le stocio}i\r'\)‘n
off concalenation , we alow ourselves Yhe omission
og Paren}\neses. Concq)reno.\-ion has Ca \r\‘as\ner \a'mc\inj
power than the || ,he. eab e = Cabd]c .
CEnd o() Sﬁn\ac\'\c Coaven):'\ov\.)

ConCcAeno."'lOn and n ore Conﬂec}ec\ b:j

Axiom > COncernc\}'th d'ls)rr'n\Ouxes m loo\-\w difec-
Yons over Yhe || ., te

(Q“‘o)c &c“\oc
Q(_bnc) = eab Jac

!
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T\'\eorem_'{i._ ‘Conco‘-}ena)ﬁon 15 MQno}onic n bo-)\w '1}3
Graumen‘rs, e
a-.sb = ac sbc

bsc = absac

Cc:ro“ﬁr; agshb A csd =2 oac g bd
Vroof? o Theorem 4

asb b
=1 def o s
{gui f‘os = {aef of <3
= {Lesbniz} bl =.C
(a¥de =be > {Lebniz}
= {Qx‘\om '53 o Q(\:“C) = ¢
ac | be = be = { Pixiom 33

) : ob [ ac = ac
_{defof-3 ={de?°?~<~3

ab £ ac

cc < be

(Bnd Ofrpmo? of—\'\oeorem 4.)

»
»

'-Bee}re \n*roclucins unit e\emen}s ?or Hﬁe }wo o.\Dove.

cons¥ructers, we recall the 3e.nere\

“theorem For \:)ino.rb or.)ero.}or with o \e@ and o

rij}-.\- wnit e\emenh Yhe unit element 1S unigue.

M 'Deno%nj Yhe un} elements "".fj L and N
resvec\-’we\‘j ond e oPerc}or \9.3 Jux\-q?os}\‘mn we
o\aserve.
(ax,b:: Lx-:x VAN D’R=DB
S { xR ;gL
L‘T{ :R FaN L’R =\_
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= { Le‘;\omz}
L= _‘ (End c??rooe)

For the s:jmme\r’ac. n s Yhe ’pneorem is Q“\:j of

mild interest .

Qxiom 4 COT\S}QY\} D s '“16 Mn':) e\emen} 0? n >

"e\
a0 =a , OfJaza | or Osa

gxiorn 5 Cons"an\- 1 s -“ne l.Al"'I'A e\emen'} O?Cmﬂco)t-
no}icw\, lLe.

1la =G and alt=o

Axiom 6 abz=0 = a20 v b=0

Corollary 1 a0=0 and 0b=0

* »*
*

"

’
closure , indicalted

\o:j ca Posl-f‘.x Y wh e \'\iglnes} \o‘md\rB power

and Prov\oumcec\ ”chr" SG\"I.SQQS

Our last conshruchor, called

Qxiem 7 C(afb)" = (o* b*)"
fAxiom 8 (abd =1 [l a (ba)' b

Theorem 5 o= 1 nao* ond = n S

/P,_"EEQ Trom Pxiom 8 wilh b=t and ai=t res]oechve\j,
and RAxiom 5. (EBnd o? ,\')rcmf.B

Qur hex\' }\'\e,orem Connec\‘s -nne }wo com S“OW\"S:
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T)‘\QOTQM 6 0 =1

,ProoE Yrue
= {Thecrem 5 with «:=0}

o*=1fo o
= {Coro“o«rj 1T with b= 0*3
0" =10
= {Axiom 4 with a:z1}
= _ (End o? ,?roo?.)

Tokin A xiom 7 inYo c«ccouv\)* oS WQ“, we Coan
Nnow Jus i% the name ”c:\osure":

“Theorem ? The ¥ s \demPthn}, Q. o= o **

Prool’  true
={QX'|om < with bz 0_7]
(O\DO)*:; (&* 01')*
= { Theorem 6}
CafoY < (o*1)*
= {QX'loms 4 & '5}

O.*-:. Q*Q*

Theorem 8 o <

,ProoE }me

= {'Thecrem 5, un?o\chng once}
o*= 1ot Joo™)
= {Axioms 3 g 53
o*=1]o]cac”
=%'‘[‘_“}'R(:»r'e"w 1}
cgar . (End o() /Prou?.)




