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LT had restricted the waderial 1w EWD a2 Yo
whot 1 -}houSH T would need ' Yhe nex} c\ﬁonf)}er.
\/Jri}'mg Yhe \atter, 1 ?ound T wanted Y0 include
some Prosmm r)rans?orma:hons (or Fhe Q:\s;iﬁcc}ion
OP which EWD was 'IYQSL\WC]E?\)'. Hence

is  extension. |

Selubions of an equakion of e o
Y- [EY =Y)

are known as h?\x oinks o? ”; for 6)( oints o

4? , }he c:?P\‘-cc.]-icnn f? {) 1S i'\e }C\e‘n)ij Pcheru}lci
“The Theorem o? Knaster - Tarsks  Yells ws  that {)crr
mono\ronic: -g) , -Hne wea\(es" and s§rm8es)‘ ﬁxr)o'm\‘s
af ‘F >< eXiS). Yor memo\rcm'ac. ?unchcms,

)ta\cm G ex\‘reme ?&x?oin} \S crc\er-‘)reser\rin

in the sense expressed ‘PreciseKJ n the g)o outing

\€mm&.

Lemma. 5.12 Leld VO ond P‘\ \gg o wmonotonic
Prec\icc\}e '}-roms?c,rrmers, and le} Yhe s}rcmges}

solu¥ions —or Yhe weokest solu¥ions— of

Y 1f0.Y =Y and Y: [ A Y=Y
e €0 and FEid res?ec}'welb. Then | if
@) LhY =50AY] fr oY |
we have LEo = E1)
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,?r'OO? 512 We shal Prove the \Qmm& '€Cn" S}TCMSES}
sc\u\‘mns, Yhe comclusion {)"” weo.\ces)- SQ\u\-'ncms

\02103 Hne dua\ ane

Hrue
= 4 deﬁm\\cm of =
[ B = B
= (23 wh Y= E1§
[{"0. Er = 1)
= {de? o? B0 and Ynoster- Torski§
[ Eo & &1 :

( End of/))roof 542 )

C\S an oside we F€mar1< x"\’o’l' H'me o\\oove F!‘OOP
is o Fer?ec} ‘.nus}!‘a\r'lcm O? —H'\e discussion 0\\0‘»'11'13
Coronarb 53 . when us'm3 tha} E4 is o So\u}'ncm,
we toke the equakion with Yhe 6quivc\en¢e Sign,
when usine, that B0 is an ex¥reme solu¥iom , we
Yoke dhe cor'respmciinj equo}icm with  Yhe '\mP\icc\}ion.

Hemark Lemma 542 and ibs -Froo? Nustrake another
PO'm}. As }emma CO\P‘-ures Hhe {)rw}s o? Yhe ('m-
\re“ec\-ua\ or Forma\) labour }-\ﬂo.l \10.5 Sowe mn \}‘S
Froop. ﬂ has ke@n ComJec"ured ”')'\‘m} » 'the. mure "\C\-
borious the \omo?, Yrhe more valuable ¥he lewme.
Mna as o result b woald ke \'rar*cna Nor})wz/w\q}\e

)ro ¥0\<e '\'\ﬂe }rou\:)\e GE fmmu\q}ﬁnﬁ O -}-\r\Qo’r‘em w\nen
'a}s T:roo? S ve[:_.) 3\101‘ . fBu} -}'\'we Cm'echre s wmnﬂ:
the “value” o? o +heorem d@-r.vencls o Yhe case wsth

w}\'-.c\n ':\- can be G-»FP\'secl. We s\'\o\“ use Lemrmo 512 in

I
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our next Froo?. (End o?/\?emark)

33 wo:j o?inxmo\.uc\”nm "‘O our nex¥ \emw\o..

we Ceomsider ?c:r mcno\'cnic ? Hme_ equc.)-';ons
M ELLY=Y) ana DY 1Y =Y
On accoun} o? Lei\on'rz's (Ru\e. N ec.ch so\u.}'ncm o?

(i) solves (i), Par‘ Yhis comclusion | ?'5 mono\cnic'.b
is not rneeded. T} rxises e ques\-‘icm, whebher , con-

verse.l.\.), each Solution o? G solves (). B counter.

exom ’c - even \m}\n \mcmo}onic {) ~ sutfices Yo
s\nooo -\—\nc} %e ques}lcm deserves c. neﬁo}ive onswer,
(Le\' 2 be om 'm)eaer‘ coordim}e o? }\we unc\er‘\v‘ma
space ond  le} ? be oiven \o:j [F’.Ya il B 1
Yol case , FQ 15 the idenhile Punchm.) A more
sitive resu\}. howeuer, vs  +hat ?crr maonotonic g)
() and (h) have the same ex¥reme soluldions;

tis is a Con 3equence o? 'n\e nex} lEmm&,

Lemmq 513 Tor monox'omc g) ond omb na"uro.\
n , +Yhe equa}'acms

€)) Y:Y_(Bi:OSi:{)]*‘.Y> EY]
@ Y LE™Y = )
Gy Y:1(Eitosi: YYD =]

hove the same extreme SO\U}'I‘JY\S; in parheulor,
the extreme solulions of (it) are independent of

n (\om\ridec\ ,o? Course, n S na\um\).
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’Proo_?’:?.!% Since H'\e. c.cm\‘)uaa\e o? 1S mMonofonic
os well, i} su ?gces Jo give the proo ?o-r the

S"rcmaes\ E‘:.o\ u\'; ons.

Since the \e@-—\nana\ sides o?*\ne equo\)'\ons are
Q“ three Vnono\"or\ic_, ‘HTQ Yhree s\'rowaes‘} So\u\ﬁcms
exist; le} them be in order, P, & , and W .
Since  the \e@-\'\and Sides 0? dhe Yhree equq\icns

are weokening in the order oiven , we have
an o ccound 0? Levmmma. 5.2

[P= Q] ~[Q@=aR)

The ProoF is Co-mT:\e}fec\ \OJ S\‘Iow'm:) Y_’R = ’P’) 2%
o“ows ,  +the rang)e “0si” un'uf)orm\-j \ﬁow'nnb been
omitted ?or \orevﬂj s sake.

drue
= { ?',5 mqno\‘o\nic‘s
I? (9_3:: 'Vlfp) = (Aix E(?(’P))-}
= {de?'mi}\on o? Func\'ucma\ terofiem  and renaming
the leP} dummy]
[P (PA@:FVP) = @:f"P)]
= {’P solves (1) '\dem?o\'entb o? /\}
[P = P |
= {mono\'onic'.‘n o? ? and induction over iS
i PP =P
= {‘m\refc\rmﬂ oe o? quom'.\-i@cc}ians and = "distribubon "3
LCEi: ™ PY = P)
= {R s s\mses\' soluYien o? Gi) ond Ynaster-Torski §

LR= GP] (End oe "\JrooP 5.3 )
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“‘Remork Comsider the equ.c}'-oh
Y Y(Q‘ i eV: ?i"‘.\f) = Y]

wth @ ether B or £ oamd V o hcm-em‘:\:j o
0? Y’\o.\'uro) numbers. “The Ffediec\)le on Ys \e@ 'S
weaker 'Ezn:dz‘l'-‘wd?—'——é‘t? Yfon  Hhad o() () and S\'rchser
Yhon “10.} o? ('l'l'l). With LEW\ma}& 512 ond 5.13

we conclude Yhat +he obaowe equo;io-n has Hhe

same exlreme soluYans as () and Gi). (Bnd
o? @Qm&f’\(.)

Bre ¥he Preced;nﬂ \emmate. rather ogeneral, the
hex\' one 1S ver:j s c'.g):c. 1k s y N ?ac. r\'oo ‘.DPQCIG\
}‘0 oWwr "ns}'e; *he reéc s an )"’\o} we ‘mc\uc\e 5} never.
*he\ess s '}\\a}- we neec\ ':} n ‘H‘-e_ neﬁ c\'\aPkr n
which the semantics o? Yhe rePe\-‘:\ion wil be deldned
W >[€rm8 0? ek\‘feme SO\UX"W‘S 0? an 'l'nd?-ea ra ""?f

s\oec; ﬁc ch \AG}"I .

Lemma S5.14 Consider ?or mono*onic. ]o ond q
Yhe equation

(24) \(-.[ P.X ~ c‘.Y = \f] 7

n which P s, Rr}\nermm, wecz\«ning and idem.-
FO}QY\}. i.e

X = 'PX] Gnel [V‘X = Yx-l ?c.rr A\l X;

Yhen the extreme solultioms gX ond h.X o? (24)
are )demPo¥€n¥.
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’Proc? 514 7o ‘Oes'm W'-“" , we rem°ur\<, on O\CCOun" o?
[SQ.X = 5.(3)()-] and 3.X \oeinﬁ Yhe S)h‘mnses}'
Sc:\u}icm o? (24), Mnc.)r

2

SX S \'1n€ s}‘rCrnSES\' SO\U}’IW o?
(25) Y:YF.CS.X) A q.Y =)

and , S’imi\ar\b ,

B2 X s Yhe weckest solukiem o?
(26D hE Y_\o(\n)o ~ .Y =Y

Our ‘)oroo{; Proceeds ' Yhree parks: Yhe @r.s\
\fmr)r shows T_S"L.X = SX] ond \‘_h?‘.)( = \'\.X],
\'he *wo rema‘m'mj )‘Jo\r*)rs m“ eac\n C\emcmsxrc}z
one o? the \nverse '1mP\'|COA'ncrns.

G) [a't.x 2 9. X1 and Tha X = hX)

- — - e L

This Pm-)r o? Yhe ‘DY‘OOF does no} re\b o Yhe
O\SSump}'mﬁ ‘H’tq} 'P s wec\cen'm&. Yo \02\31\'1 \nn}\—u
we observe For ony Prec{'.ca}es X’Y’, ond Z

[p.x ~nQq2=72))
= {?rediceye coleulus §
[ 2 = pX)
= { P is mono\'onic.g
[p2 = pX)
= 4 F s idem?o}en}}
Cp2 = pX)
= {?de‘iCO\}e- CG\Cu\us}
L P'Z ~NqY = \O-X N G‘Y]
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= { Lemma 542 . omd (@4)]
[ on exireme soluliom o'? Y: 1 P,'Z ~ Y= Y=
Yhe correspondmﬁ exhreme soluiom of ('241\)__\

The ?irs} line c)? Yhe obove holds ?o'r 2 oy
solution o? (Z“’)’, n r)o.r}icq\or Fcr fz= SX]
and ?crr [2‘.—2 \nX] . "The conclusion o? Yhe
doove. s Hnen a\oou} ?X\Teme solu\'wns o? (25)
and (26) resT)ec}‘nve\S . \Par\-‘.m\ar [5"'.)( = S.X_)
and [hX D h)(] . (The other Poss'.\o\e conclusions
lo.(h.X) = 9. %) and th.(S.X) = h.Xl are now

less ih}ereshns, D

(i) [s.x S 92,)(]

This ?o«r\ 0? Yhe ?mo? relies direc}b o P
be‘ma weo\cemng ond ‘mdirec\-\j “\b-:) o &\:T:ea\ Yo
G) - on eing '\éemr)o)ren‘, The ?Y'OQF s )’\_‘J
shouo‘mj thal SQ.X solves om eqma\':m o? which
9 X s dYhe shrm &Qs} so\ wh em.

*"rlkﬁ

= { g% X solves (25)}
[P.(s.X3 ~ q.(a".X) = 8".)(_}
= { P s WEQ\(Qn'ln\c)'s
L 9% A q.(g*%X) = 9% X))
= {. Q-X ,So\\fes (24) anc Leibniz's (Rulzv)
YP.X A q.(s.)() ~ q.<9?‘.X) = 8".)(__}
= { [S?X = E)X] - see (i) ~ ond q s mono\onic?j
[PX A~ C\CS‘&X) = 5?‘)(]
13{ S'X 5\’70713@5* solu Hom QF (24) ond \(no«s\er-’To.rs\c}}
Lg-X = g*X]



EWD 9i5-7
Gy  ThX = W X]

—ﬂ'\]s ?ar}- o? '“\e Ffoo? does m]' T‘Q\b on P \Oe'mf)
'\dempo*en\‘. ‘“ﬂe "JrooP 13 bfj s\nowin\s }\nc«\‘ \VIX So\ves
an equo.\"lcm o? bs)\'{\c\q WLX is M-.e. weo.\(es‘r so\u)ﬁom,

Yrue
= {pis weo\<enin3 . hX solves (24)3
[PX = p.(hXO) A T hX D q.(hX))
> { predicate col culus §
[hX 2 p.(X) A q.(hX))
D {h°X weokest solukion 0? (26) , Yonasler Tarski §
IhX = WiX])

(End o?/\;'rou? S.14)

_The. revious \emvno. wes CEFCums\'&nces under

w\n;c\« we <on Co'nc\uc\e. -Hna) ex}reme SOlu\icms o.re.

io\em)oc}en}. The next lemmea 3\ves wus o conclusion
we mowy raw E? extreme so\uyicms are idempo}en)-.

Lemmo. 5.18 ek MQno%nic ? Yoe such 3‘\10}
Fcr each mono\-omc.,‘:c\empo}en} ?rec\ico}e Yroms-

?crrmer' ip , the exdreme soluliems 0?
Y[R Y) =)

are ‘ldemPo}en;‘.. LQ\-

@P Y1) =Y

hove 9.X and WX as s s\ronaes}- and weokesh
SQ\u\‘]cms Y‘esPec\'\ve\U‘ %% SX 1S »ne s\‘rrmses}
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soluhon of

(28 Y LR (X g =)

oand WX s the weakest soludem of
(29) YT O WD = Y)

/Proo? 5.15. let¥ eX ¥e o monokmic, idem?o\‘en\r
solubiom 0? (2 ?), Yhen we hove

(30) LECX, e.X) = eX] :
leb kX Ve an idempolent solubion of
G YL IR(X e ) = Y] ,

Sa Hr\o} we \'wwe
(32) [?.(x, e. (kX)) = kX7

m

We ocbserve ?irs“b

hrue
= {(30) and idem?oWCS o? e}
[@CX,e.Ce.)()) = e. X
= £(30)
) (eX solves (21))

\/\le o\oser\re. se Ccmc!b

3rue,
= {2 widh X= k.X§
1.k X, e (kX)) = R21X])

= {idempo‘enCJ o? k?}
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[ kX, e. (kX)) = WX
= {(20) with Xz kXJ
[ e (k. X) = kX]

= {Leﬂom-:.}

t?.cx,e.(k.xm = ? (X, kX))
= {3}

[ex = PO0KX))
= {(27%

) (kX soves (27))

Now Yhe hard work has been done. Tunchion (7
be}ns manokmic , it is - Lemma 319 - memolmic in iks
second comPcnne'n}- as well and -Lemmo. S4 — i¥s extreme
solubions exist and —Lemmo 58~ are wonolomic. C\\oosinﬁ
@rr P ‘he iden‘i\:j Punchcm, we conclude thal 9
ond h are ?ur}hermore ic\em\oo"-enx-.

Choosing ()or e either g or h -~ €., Lemmato
344 and 3.20 — Yhe \eﬂ—‘nanc\ side o? (31) s mono-
Vonic as well | dhe extreme solu}ions o? (31) exis},
and — choose monotonic, idem‘;olren* e F"” P -

ore | iaern)ob}en3r as w ell . So we ma chcose ?crr
k. X either the sx‘ro'nses\- or the weake s} solu-
Hon o? (31)

Choose 9 ?cur e equ.o\\-ion (31) Yoecomes
(28) , and le} WX e ¥s s\rrUn&cs)- solea biem .
From (i) [k.X = g.X} , ?rmn Cii) [3>( = . X))
hence (23) and (28) have +he same S}TUT}SQS)‘ soluYion
g%
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Choose h ()o-r' e . equo‘xicm (21) bhecumes
(20) . and Y& k. X be }s weokes} soluliom.
TFom () [hX KXY, fom G [kX = WX] |
hence (27) omd (29) have Yhe some weakes) sdlu-
Yon WX

(ET\O\ o?’Pmo?S.lS)

Hemorks. Since )’J*X 115 '\‘\'\e s\'rcrnges} So\u}icrn o?
Yhe com\)usa}e equaticm OF (27) , ond Ythe weakest
solubiom og (29) s Yhe Conduaa)e of Yhe s}ronjes}'
(2q)s Can\‘ju‘ﬁq\re ¢ Y_?-x (X, YD) =) ,
Fhe inYroduchion oF e could have been avoided:
He second ho«l]? o? Mhe comc\us‘:cm is Yhe dudl

of Yhe firs} half

B shoudd be noled | however, thol }he obove
Proo? coes _"19,“ de\oenc\ en Yhe Theorem o? Xnasker-
'—Yows\ci in  +he sense '\-hc.“ N ec\uq)‘ims ('27) ond
&X)) H!e equz\m\ence is no“ re]:)\ocec\ \ob Gn \mP\]—
cotion. This circumstance Seduced wus not Yo
des}’rt):) )‘\ﬂe Sa\mme‘vb amc\ \'0 cowr"j Uu} }he ?c:rma)
wor‘< N Yerms o? e

As last remark , we would like Yo add o word 0?
reassuronce ?cnr' Yhose readers who , a} ?rrs’r recadin
o? our lcHer Pr‘oogs, rave been \eﬂ with scmewha
umeo\sb or d'\ssrur)oed ?ee\inssk '—“ﬂeb mia\\}, Fcnr in.
s\nnce won der wh& made us Can\')ec\-ure. }-\ne
lemmota i the Firs)- \o\ace; Yhe omswer Yo Yhis
ques}icm o Yoe ?ounc\ in Yhe nex\‘ c\nap)fer. 'ij

Solu}i o O
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also vij wonder how ome ever P\‘nds such a roof.
Well, ¥he answer is o? course: ro\re.\a immedia eb

and Wever ';mmec\ic)reln‘.j m H’\e ?orm N N‘n'sc\f\ i]' sees
Me \ia\n} oF) do(j.

When Yo come Yo Hhink o? i}, the overall shuc
_xure of the Pmo@ - 1.€. -)-\ne choice o? ‘he SU)ogoaJS-
s no} %0 Sur?r‘us‘m\g. ’The c\e\‘cxi\ec\ ?cnrma\ CG‘CQ\O\-
Kons are Qﬂcﬂ-\ne.r m«%er, because the Pcnrmm\ae
we Vno:j wse a\wcvs comlain @ee voriables ?crr
which Yo are Free Yo subshlule whatever swits
Swr Qf‘sum?n}‘. —IT\ recQSn'.\"-on OF }he @\c\' M’)c.)r H\eorem
E‘ovina 15 o Soe\-c\irec\cc\ c\c\-i\ri}\j one oﬁen begins

Y W\anf) bodkwrards; the search d'? which [ormulae
do use n omes subs\rﬂu)‘ucms s Og% narrow ed
~ dowm by the know\eo\ﬁe OFC‘ cow}erexomrﬂe
()rvm bdeiclw NEC COwn cmc\ude ‘H\O\}‘ SucLl and
‘SW:\'\ ccmdi\'icm N }he on)recec\e-n)f s e,SSen\"va\ Ome.\'
hence, has Yo be used somewhere. Bnd, omce
a ]oroo() \'\GS loe.eh Pouv\cl, '\“oere Cormes )')')e ‘m-\&
\vrocess OP ro\}s\q‘m ond eolx}sng. One }n'e-s ‘o
Yeduce Yhe calculotion Yo ks bare essem\')a\s, one
has Yo decide whether Yo cop\-ure C Fornem oP
Qr@umen} Yo c.nryexnplici;' sublemme, one has to
C\ﬂOose cme‘.s Prce vaﬁo.\:\es Vea::j CHre ?u“:j‘:o GS
b minimize ']-\ne Gmou\n} o reno.m'mgl one }\GS
Yo decide wpon the order and which Fo-rmulo.e
Yo a'lve & nf*m\o?-f‘ ?0‘\" Pu\ure re?ere'nce,ek. (A de-
\qi\ecl'exo‘rhp\e GF such comsiderakbions: sheuld Yo
write down  —ond gwe o hamber to - (30) and (BD?
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ﬂ@er ol . we all know whal I} means Yo be o solu-
Yion o CQ'?) or ‘o (317, dcm}' we? But then Yo
Ccms‘nder, F”s)'lfj' ‘Hﬁo" mn your pre\iminarb €)0P‘orc~-
}'IG'NS (dou wrd}e '\I}IEM OlObuﬁ oufse\ ~ S50 a3 ho}‘
Yo 3e¥ c:orn?usec\ ~ ond . Secomo“:j, Yhed 3} had
beea, o 300::] Mina Hhat Yo hed dene so he-
cause in Some o? Yherr usages  You subshuled
Smme’fkma ?cr{' X . ﬁnc\ as '.l is o %ooo\ ?r'mci\o‘e
ewver "ro demano\ OP bouf' \"Q.O\o\er‘ w\'\o\ bou cou\cl
ho} clo ourse\F —_n 3;\'\‘.5 case: subs\ri\u\-'mj n
a ?mmﬁa thet s nowhere shown—~ uow decide
+o diS‘O\QD +he qredunc\ah;" (T‘.‘)O) oand (3’2.) 6’);-
P\icinv.\ Bnd o“lb when cll such decisiems have
Yoeen *O\\Uan, one <oan srar} Yo write ( and even
bhen one sometimes discovers \no\v\'ng started Yo

€arl5). CEno\ c;? /\'?emo.r\ns.)

Pushin, 5 QP‘-B\ 1985

Pro?o\r. Edsger W ’DB\«S\-m,
(De/rzo\r"meM o? C(:rm]au)-er Sciences,
The UniVmi\D 0? Terxas o} ﬂus}m,
Ausyin, TX 78712-188

Uniled Shales of Pmerica



