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Can \DE
executed ConCurren'“J. T s olso oF mrerest Yoecause

¥ used Yo be hard 4o ex‘a\u‘m.
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because wany o A COrAPOriSon- SWOPS |
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This note exploins Belrcher's 'Ba??‘a» Yo designi

i}, DBesides '\Y\c\uc\ina all heuristies | 3} X? =
c\is}'mguis\'\‘ma ?eo)rure.s, both con\-rﬂouhnj Yo e
C‘\Oﬂ‘i}n oand \OT'Q\I]‘:):

(0) the Q’\)r“e) “’120\45 the Q\gorin‘\m relies e pon

1s deall wilth in '\So\o\}‘\on;

as hwo

(1) oy suwiroble obstractiens, all case anolyses
hove Yoeen removed e‘om Yhe o\raumen‘r. (End o?
Q\os‘-rc\c\‘.)

Bolcher's 3oﬂ)\er ~ 50 nomed ‘03 Dowvid gﬁes
q-ﬂer K.E.'.Bc.\'c\'\er) who c\es'ssnec\ iF 1948~ s
sorhin q\sorﬂ-\\m_ s \Ou\\c\inj block considers o
se\- o dis‘ o‘m} Po\‘srs o e\emen\s, 5\ vi)'mg eoc"\

O o? values Yhetl is oul o?or&er; Y\‘\e PRirs o?
f\f\e sek ‘oe'ma c\‘tsjo'mh %ea will be Yreaked as i?de«aﬁ
wi\-\r\ Concurren\-\& Since Qven}uo\“ o.\\ \oo\‘\rs \'\cwe
lo be n order, we ore inYerested in Yreorems
a\DouA‘ se}s o? ”COMPOW'ISW SNQPSH )"\f\a)f ma‘m}oﬁh

?crr' sSame O\'\hef‘ ‘:o.irs -\-\'\e_ ()O-c\' *'\f\a\' }\'\Q\j ave
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o\reac&-d v order.

We shall resent the relevont lemmara 3""‘?""'“*\\3»
in Yhe form o c\irec\'ec\ Sro\o\f\s wi b do\'\-ec\ Grrows
ond SO"A orrows. A dcﬂ\-ed orro:«r x---s:j
stands ()o\- the 'Com?o.r'uso_n swop

{*rue.} X,t):‘-‘ me:XMD {XSU}

A so\id Orfrowd X——»b s\'c«nés ()or \-\ne. ‘mvo«r'nom\r

re\c.\"lcm * £ MOTE rec‘nse\n, 3:‘/\2 81-0?\15 re-

resen‘r‘mg our \emma\‘& Sx\ou\d \‘Je, T'ecu:\ S5

Eo\lowa: \ 'm\\"c.\\:j the 'mequo.\‘\\‘\es chresponc!'mS

o Yhe said arrows hald, thew are maintained
Yhe execuion o? Yhe o‘oero;)ions c:orrespcmc\'ms )

b
*g e doHec\ ATrToWsS (w\'\ose 'meoluo.\‘n)nes e,\len\uo)\j
hold as wel).

Lemwme. O Q.-——-'-—-'—-—)'\O\

A—>3

“Prool” The waXimuwm o? 4-\'& ()our \fo.\ues 1S '\m}':o.\\v
an elemen} o? Yhe set {b,B} ., hence '\ho.\\:) equo‘\

to '.B; Yhe 'meotun\'-\-b A s Yhere Kore woinreined.
S'\m'n\ar\j, Yhe wmMinimum QF e ?caur vo.\ues 18 'm‘n"io.\\:)
awn e\e\men\ o? ‘“ﬂe se} {&,ﬂs . \nence ‘;nc.“b Equql
o & Yhe ';nequc\\'n}:j ag<b s Yherebore woamdsined.

(End o? ’Proog))
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Lemma 4 o———b

'Proo£ The @ur SQ\'lo\ GYrows ore xosen\er Qo‘u'wo.\@'n}‘
o O max A £ b min B ¥his \’Q\o-\'lon s
mointained by each o? Yhe o erc.\':cms correspon&‘mj

Yo Yhe doBed arrows. (En o? ’Proo€3
So much ?or‘ '“'\e \i\—\-\e -“heorb we need.
% x

»

Ouwr Y.)ur‘]oose is Yo sort arroy VCI:OSHNB . Yor
s‘um?\ici\ 's sake, Pus tinte arroy IS men\n\\:j
ex)renc\ec? in bo)r\'\ c\irec 1oNS )r<> kil 'nni\b, V.e. Wl)f\'\
wlues oo’ Yo its e ond values “+ oo’ Yo Vs

r}D\n‘f (¥Yre direction irom \e@- Yo ﬁ.ﬁ\‘\. \oe'mb Yhe

order o incre&s'wB su\oscr'a‘:\- value ).

With e ‘Dred'\co.)fc ox \'JQ—'H\S S)"ven \:)D
OK.‘..J = ?.i < PJ
our Furpose 9 Xo es%‘o‘\o\\'s\r\ re\a\ﬁon Q a‘Nen \oj

R (E\ ) <H-13)
by reorrangin Yoe values o? ?C‘:OSK‘\D . No¥e
A\ q\-, 4\r\om\<s oumr ex\eﬂsiovf\,

OK.i.y  Irivial
Yiolds (’or (<D0 VJ;N _ J >

The ol orithm woni u\c.}-es orra aonly B
means o? -n'le OP?T‘G\'IOF: Of‘d‘l‘) Dw'\‘f _‘<3 :j
end Gven \oD
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Ord.'l.\) = '.? OK.i.\')—"s\(\‘o “ - OK.R::) - Sw&?.e‘l.:) Q
— e swap 'm\erc\\omses -\“ne V&\“QS o? ?f\ Ovr\dN().' -_— .
' ole

The o?erc.\‘mn Ord. . ) es}a\o\\s\nes OK.‘\.\') .
Yok | Monks *o our exiension,

i<0 V J},N = Orci.i.;) = s\cwio ,
‘mée\oeno\en\'\:j o? Me VO»\IAQ OP (?('\-. 0<% NB :

Tn view o? R we choose as 'lY\VO\r'\O.'n‘“ ’PO s‘wen \93
Pos Ri: oki.G+ 1)

which 1s easi es)ro.\o\is\neé Since -1'7,1\\ .—->>'Po. This
choice suggests @r Bolcher's ’Bc.ﬁ"er the ?orm

"es\-a\o\is\n S\ {Po}

5 do Y41 — “decrease ¥ under
mvarionce of o

od {R}

The ﬁuidin‘s Fr‘mc‘\\o\e oi our dQVQ\O‘?MQY\\' is ‘“\o.\r,

once an OY re\o:\-ion hos een es\‘c&:\is\wed, '\}- W'l“
Ye wmointoined , i.e. ¥ “decrease T under mvariance
o? Vo' involves Yhe Hransition ?rcn-n =¥ Yo =i

we reqm'\re.

(R OK.i.Ge¥"MN = (B OK.GaYD))

an '\mF\icos\"\on whose Vo.]'\di‘:j rec\uires Cin view‘
o? QK's -‘rroms‘n\w'u\t)) Y Yo be & W\u\“’l‘a\e o? 2
Under Yhat constraint . the wmost wmodest decrecse
o) -\- - le. 'W\e one -“'\O-\‘ S}rens\-\\ens /PO s ‘ﬁ'\'\e
G.S oss'\\o\e—- It \nc.\v'm h , anal we \-\nere re T:rq-

Pose to res)n-ic\' 1 \-0 owers o? T . (Q Mis
-s\-af)e, Pris Pro":vosol 15 ¥2n¥a\ive3 its wisQom will
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‘\'roms P'sre s\m or\'\:j~)

ExP\‘lci\ 'mcorvoro*ion o? Phe momi)ou\c‘)ﬁqns PV &
bields ?or Borcher's Ea'ﬁaer

Y21 5 do¥<N » ¥z 2:b od {P0 A )’“SQP"“’Q"C’?Q“S
;(i_? '\‘:}:1-—% *“.:‘.'\'/2

AP Qi ok G+2WM]
” ‘Fes)fo‘re. ’PO "

{?O: (Bi = OXAH .G "'))3
od {RY

The rest of this note is concermed with the
deve\opmen)r o 3:'\'\2 Subu\soﬂ‘\nm %r "\ﬂes\-ore /?0"

s S ec'\ged chove Y '1\-5 re- ond os}concli\'mns.
CFor K\r\'ls su\: q\ 50)‘3}\\?‘2 '& "‘ST:> no \anaef‘ re\evw&
el ¥ s a power o'? 2 )

The design off Belcherls Bodkler is driven \o:j
Yhe desire qrt':> gmc\ oroups o Ord OFQT‘O\"'IO“S
with o\is;)o'ln'\” o\rsumevﬁ' poirs, Yecause such Ord
oPerc\\"lons COu\C\ be €X€Cu'¥ec\ COnCurren)r\D, As
each Ord o eroA'ion es)ro\\o\'us es -\-\'\e. corres?mdinﬂ
OK re\o\\'\on, we ore invited do selech ?rcmrx the

\oos}conc\ikion ’_\70 Cu. 3roup o? OX re]a\f‘ums with
d'lSL')Q'm“ O‘T‘Sumen)‘ ‘aodrs. Suc\'\ C. Sroup OCCULUrsS

Po = Qi ei: O Ga M
’\? we Cawn Gno\ Cu \Pred'\co.\'e e swch \'Bf\c.\'
(0) ei = 1 e(i+})
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There are mana Such \ored'\ca;-es,o.“ vorictions on
the some theme; Yhe simy\es} one 1S

Q) ei = QG mod 2-}) < }
f\?emcur\< 1\- S -“ne. ?o«c\'m‘ o? 2 n Yhe Q\oove ?of‘-
W\u\a '\-ko.}' Wl“ 'us\'l owmr e&r\ie\” C\qoice ’\-o ye-

stricy 4 Yo Powers o? . (EY\C.‘.\ °l€ (\?emo\r\c)

In order \0 mp\u\"e -\51\6 Yeymainim O re\a\ions
o? /PO we wri\‘e r\70 (% /P‘?_ ~ \3 R \-kus gnc\'n;\s

V3 = (Ri:nei: OKG.Gard))

N o)re )r\\a\‘ (_03 1S vn&M\ameé w\'\en e s re F\Ou:ecl
\Db e, n other words: ase Yhe OK rela¥iens
OCCuUrn nS m V3 howve di 530‘\7\% ar&um e n‘r \P SIrs.

Us‘ma “ '}0 dQno)fe. Hne Po\‘en‘f'\o-\\:j Co'n(‘.u.r're\r\}- Cowi-
bincHon o? s}ogemen\s, we hove indeed

S {-\-rue?} (“ v:ed: Ordli.(iy X)) {’Pl”s ond
S3: $hrue § (\\1 cneis Ordl i Gad ) {93

Bor we carmor cchieve W2 ATy —ie Vo-
\03 Fer'?ormina S’?. and O3 Coﬂsecu\\‘we\b | (m
<SOmMme or'der), or mn enero.\ *\f\e, seconcﬁ one w;\\
des}roj whot the grg one Nnas O\ccom?\'ls\\e.d.

Se we have 4o proceed wnore c:o\re@-\\:), €9 Grs\-
es\~a\t.>\'ls\r\’nn “VYa. _—-r\'\ne c\noice s 'n‘re\evcm\-, as we
were ?ree Qo.“ e"l-\ner ?o\o\r'\\ o bhe Por\]‘ricm-
4% Pfe&ico)fe e — and '\'\'\en CS\“Q \'\s "nf) %
w'%-\ o rePe\'i\ion ?c;r- w\‘\ic\n “Ya 1% on 'mvo.riom\‘,
Le. we W\O\D ex‘oec\' '\-\f\o."‘ rePe\"\\‘lon *o es\"o\\o\is\r\
P2 AT3  under Mmvariance o? Y2 A V4 where Y4
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15 sw}a\o\e Senerc.\‘\zc\lov\ 0? /?3

Tn order Yo be a Suﬂ-q\:\e Senem\'\zc.\?cm 0? P ,
V4 Yoo should be comFosec\ o? OK -relotions with
c\‘as'oin\' Qr'aumen} airs. In view o? (03‘ Fhis can
be ~cchieved \93 rep ecin Y} in O\(.‘\.(H’\')
by on odd Wtu“i le o 53{ . Since Yhe senem\ even
valwe \r\cs Cn s\'u K\}\\j a'nm‘;;\er Form "H'\Gn qu

enerol
odd va\ue, we Fmpose ‘o reuor'lk- et —Sec%O)- cs

V= Qi: ed: OK. Gat).Gr2:d))
ond propese @:r P4
= @ e ok @D Grvd)  wibh even v,

e loMer o ensure Yhat ol O\rgumen)f poirs m “Y4

are c\isJo';ﬁ¥. T¢ now stands +o reoswen Yo comsider
s4:  Prued (\iei: Ord. Gad). Ga vid)) {P43
and o ‘\nve.s\'\‘tjo\)te under w\'\'nc\\ conc.\'\hons S4

viointoins ‘P2 . Because Vv s even, it suliflces
‘o '\M\!es\}&c}e Yhe @.}e OP OK.(H—V.\-\ ('\-}-v«\‘d—ﬁ-)
with ) Sc.]ﬁs?b'mﬁ ei . With V¥s incident ©Ord
o\oera\-ims W} tj'\e\ds the \cic\-ure.

i+ vt ir 2ok

TN T
P -
- e

i+k '|+v3-+-\-/

\,a\n'\c\n (%= ce,r'\o.'m\j ol 1emmo»., but we coan

\"ecosn‘\ze. -\-‘r\e. sSequence R i S T 14 .LQmmo\'\s

re,dmwr\ ?O\“ \'\‘1Q Puf‘\gose:
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L

4 vk — —=> \+ 2-v-}+
A - 4
-
-~ ”~
- -
/
= > i+ vt 4t

O? Yhe Yhree solid oarrows odded | the o
\nor‘\zonh\ wnes —V bemﬂ even‘.—- are \m‘:\iec\ \‘33
P1 . The third ome s '|m]o\'lec\ \OU ’P4;:V C1in
other words | @5,—- stotement S4  Tue howe eshablished
Yre theorem

(T2

{171 N Af\)‘u:,v.s S4 {’P’I. I\’PZJ;

Toking Yhe invariance of VA tor the Yime Vein
@;r Srcm?er.\ R )r\f\'ns 'H'leorem ?)re“s ME 5

Y4 A vz = T3

, as

«}ko.\- we comn Qs}a\a\is‘f\ /\73 undger Mvariance o
Y2 v ?urs} es}o\:;\"s\winﬁ Tid vatw v Qqu.a\ )
Ca Su%den\‘\ \ﬂia\’\ \3ower o{) 2 and \-»\en
repec.‘ecu halvin v w\r\}\e Vno\'m\'o«’m'ma % /\Q4
\:nj execu%‘ina 32

Trdependently of e , P4 helds if (va1)taWN;
with e,P =X 'n?en f\ (1) . however, ¥\\2Pwea\<er
vz N swifices. With Yhot c\no'uce ?cr e @nd
Sh“ under Hﬁe ossump\‘ion o€ }\r\e IV arionce o?
Pa) W 8&- Hhe {é“ow‘m\s Pmaram @r‘ ’_Bq\t\'we,r‘s

Ba r.
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L}, v0:ink; 4 v0:=1,1
s do Y<N — }.= 2.} od {Po A vody NI
sdo F41 — Fvo =32 ,2-v0 {P1 A vOFR NG
s iz ei: Ord i Ge AN {Pr A P2 A VO3 N
s Iviink; vi=v0 {PA AT A~
s do V2 = ve=v/2 {Pr A P2 AT
S(Hi: e.i: Ord. Gad). Gir v-}))
{P A P2 AP4}
od {Pr APl
N {Po A vo-*3 N}
od {Vo A 4‘=1}
1 {RY

We are \eﬂ wﬂ\'\ n\e ob\iso.)rion '}o veri?n H\o.lf 'P'l,
e.

Qi OKi.Ga 24D

1S mo\‘m}'oc'med \DD S22 and 54 “The lo}}er hro
ore both o? the {)crm

(i pi: Ord. i Givm )
vabh F.i = ei or P.i = e and  with odd m  1In
| ———31 '2.-"'\
\\\ \\

Sy
1+ Mt — i+ (m+2)-\- 5

however, we recosmze Lemmm O . With either- c\'\oice
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Por F 5 ecch O r‘e\o\)f'uon o? P occurs ,\oecm.\se
v s odd, W recisely one such Cliasrqm,omcl

;'»\‘\5 SQ\'*\ 25 }\'\e INVOaTrieonce O? ?1

Ond Yhis comP\e\'es our derivotion o? Bolcher's
%Gmer.

H.IS"OTD omol QC\"’M‘_%Q_'DQ\_'E

We ore ?ITS\‘ ond @remo& ndebred Yo Y. €. RBokher,
w\t\o 'mvenxecl r\-\'ﬂs q\gor}“-;m W I968. 'j_ Sauwd W @,r
Yhe (—)‘irs)' Hme e)(’j)l(,\iﬂec\ ond Provec\ }o Vbe correct
n o W\o\nuscri‘o\‘ b:‘j Poavid SﬁQS. H'ls exp\anqho'h
15 n Ywo s}e'Ps, deq\.‘m3 with ““sort Yweo-ordered
g)irr;},onc\ '\'\nen rec\uc‘mﬂ H\e. Comp\e‘-e Sor}‘m \‘qsL
‘o re]oeo}eé opyplice Yons o? Vhe former: in the
chove Y hove Followed his wWoy o \or'ec\L‘mS down

e 'mvo.riom\-.

Trn the ol semester o 1985 . way tar et wos the
c\er\vo\'ion?o ‘oro rums?r'o\\‘\ﬁer n?om \)‘3\»3\- H’te‘.r
exT:\:no.\icﬂ. T:é. ?e’u\'mo)r'w o }\no.\- course wWoes W\\a\,
in Yhe desion o program, i+ olfen pous Yo dewvele
the Under\aina "‘\‘\Q‘c.:r:jg Fir.s]'. 1 had \Eegn chosen y
because oéj m:j exyperience “'\o) suc)w Cc~ }\necrr
Cou\c\ rov'lc\e. O S{)rcmg »\euris}'-c uic\o.nce. -
cowse % did nc‘- \(nouﬁ '\)‘ Yoo well and i\' \oo\<26\
St n::'.ennj o\m\b'Awus, ’Bo\\-c)ner‘s '_Bg?@er- wWGs
one 0? the examp\es selected cs T)rou'lnfj round
{’m" ‘“\'\S G??m&c\'\. ﬂs we éud Y\o\' .\&now \.«%'\0.\-
would be needed, our inikicl '\-\weor:j encompossecl

more thon Yhe Ywo lemmoata given here.
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The OTRC (= Pushn Tuesda ﬁ@ernuon Club )
@cusseo\ 'u\'s o.-nen\"ton on -“'\e \'\eorj ond Yhe Smp\-
'|col no\-q\'ion ogn'.\'s \Qmmo.\ic\; his \ed 3u:> & com-
F\Qhon o? Yhe

eor:j and on Hm?m\feme'n\- o?ﬂs
Frese Y\."&\"l on,

The ETAC (= Eindhoven 'Tuesc\ob R?‘\ernoor\ Club)
?ocussecl its attendion on the arsumen\- Yot led
% m:j desi\cjn ond Sugses\eci S(-'.\fem\ \mvrovtmew\'s.
There, C.S. Scholten su Ses\ed Pre extension o?'\\r\e
67’\1\'2 GO Yo omn '\n$n1 one ; »n'ns S0 e.s\’\cm de-
Serves 46 Q. W\Qn\'\c;ned ex‘f)\'nci\‘\b Since i\- c\icl uwtj
with  ¥he \ast case onoly Ses in Yhe ar\c)umen\-.

/'F‘“Q“ s GM 0Vef553\\¥ - 3‘\'\@. Hni\ria\iza\im o?’?lp,.
wes pointed out Yo we in \oke December 85, when 1

hodl the Pr‘w'u\e.ge. OE resenxin “Botcher's Beffler
'\'0 He E'md\ﬂoven h?:r‘mo.\")cgj Co“oguium. gﬁ

PN Yhese Can))‘f'l‘o'uhcms are Sra\e €M\\D aanow\eci&ecl .

Austin, 19 Februory 1936

I)Dm . dr. EO\SSQr . (Dg\ts\‘r&
ePar\'men\~ o? Comrau\’er Sciences
“The Uhiversi\-:j ol Vexcs o} PNushn
Aushin, TX 38712 - 18S

Uni\rec\ S\-o}es ot Pimerica..



