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EX\'reme SQ\u¥lons o? Qqu.e.\-‘\o-ns

" Tn Yhe \orev'\ous c\no\‘Jer we hove encouwntered
e nuwmber oF s\v"emeh\-s S |, ‘?or which Yhe
prec_\-. ccle )rrans{orm ers W\P (s, ) and WP (S,_, ?)
wexre yven n closed ?orm. In -\\ne nex\- c\no.‘;\-Er
we s\no.\ ?Mcoun)rer Ca S}‘c\}em?nx @;r N\'\'uc\'\ -\-\we
\orec\icc.)res N‘P (S, 'XB and W (SQ(\ ore

Siven as SO\u‘;}cms oF equa\‘acms oF he ?orrn
(o) Y Do O

Here, b s o gunc\"lcn ﬁ-mn Vredicc}e ‘:o\irs
R Predic&es, e, bIXY)Y s o booleom
structure | DD.CXQ\’)] 15 a Yoolean expression
mn X and X, which %r ajven K omad Y
is eher Yrue  or ?q\se .

Tn (@) we have ()c;“owecl owr  coviven}ion o?
no}a\’u ono\“:) c\‘us\-'msu"s\\inﬁ \oe\w eewn \:Doo\e.an ex-
Press'so-ns ona u&\ims: \o Yre X %e.
voolean GK‘)!’QSSEW b(X,Y)? o '“3('. " owe
indicote Hha} Yhe boolean expression shouwld
be viewed as eo(t_\.oA'um o the Um\tnowh Y

f\?emor\t \A\e ?ouncl )r"le CC!Y\VQV)}IOY\ c€ exp\ici“b
'\c\en\ﬁ; ‘mﬁ Yhe un\&nown(sb re?ero.\oe Yo )r\'\e
convention of wsin reservej Yellers %.— the
ur\\tnouons. I eno.\o eSS WS }o c\is\"msu‘us\-\ \DQ}weeh
‘“’16 u.os:.\r‘c‘\'ic eo‘uo\\"lcrr\ p & (x’z + QX + o =0->
and +he linear eo\uo.\ﬁm-\ b.e(x¥+ax +b =0)

(End o? Remeark 3

\f\\\\"c\\ '\Jrec\ico)fes Y ore sg\u"icms o? (03
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-'s? ony — de\oemc\s i oeneral on  which \oredico.\e
we ho?fe chosen @r SX . ﬂ Fhin we wcu\ci
Vike Yo show —ond we shol do so— 15 thet
e bs we sholl encounter whenm defini

semom\-ics are such “’\Q\' (0) 1S ‘.30\\1‘030‘32 @r
Om:j Yr‘eC\iCo.\e XK '

A winor Pro\o\?ﬂn s that -Fc':r o s'mﬁ\e X -
(0) has oﬁ'@m MMD so\u\‘ﬁcms. ?or‘ru.no}e\. , we
can s\'rmﬂ}hen (O) Yo equa)rions e} ave af
most omne SO\u\’\cm,mz.

) (e A@Z: (X, 2)): Ty 2)))
@ TN A BZ:.OCD): 127D |

“The SO\.u"l on o? (‘\) s Co.“e.c\ ”-“'\2 S}"Onges}‘
selubiem o€ (o) ’ since i} ‘\mp\les all solahems QP (0);
e solulieom of (2) s called “"Yhe weckes}t
So\u‘rion o (0 ¥ since 3 ?e\\ows S Ak Q\\ se\u)ricms
c:? (0). oae}\ner- Yhey are vekerred ‘o og “the
exireme solulions o? PO)“. Tn due ¥me we
S\fm“ s\'lqw 4—\00" A-\’le Us we 5\00“ %coun}er Wy
%e deeni\ricm o? semmn‘ﬁcs are such -“'\o.\'_

Om:j \ar‘e.c\iC:oA'e X ec:‘uc.}'lona C‘\) Ow\d (’2_) oare
sdvable | ie. Ythal Yhe extreme soluhoms o? (o)
exist  (or ony Prec\'.co.}e X .

"Belre Pmcé@d'ms Yo do 30, however, we shall
dem ms}ro\xe Yot exireme solukenms Gre wunique,

1.e. Yhat (4) and (‘23 eclc\'\ howve c\\" m:}s\' one
so\ulicm,

fPrcoE. \rJe rove “12 Um'tc\ueness o? \'\f\e SQ\u\icm “P
C’D; »Vor (2), the \omc? s ver:) simiar.
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To }\nis end wWe o\ose.rve -@r exed X-

(P onda (3 sclve ')

= {de@a? () and rearransemen’f o? o\erms}
(X, ™) A (BZ:[b.0X,2)): Ta>2Z)) A
[b. X, A (B2: [o.(X,2)]: [P=2])

= { instanhicle —2-.-.-.'? ond Z:=& respec‘r\ve\ba
I&=23P] A TP= Q)

= 4 predicale calewlus §

[P=] (End of Proof)

Thus we hove es‘-o.\o\‘nskec\ "‘La} )r\\é. extreme so\u\‘nms
ore eoch unique , provided thot they exist. Tnshead of
s\»owins the exishv\ce_q() strongest soludions separalely
rorm 'Hne cxis'\'Ence o wec\ces\- SO\U‘.IC)T!S, we s\no.“
Firs} estoblish o du.o\i\:.) theorem LO means of
[,.J\n.'rc‘n we can holve Yhe \enaﬂq o? the ex'ns)-ence.

proof’

Two 'm\'roo\uc\'ur:j remorks ﬁrs‘f. Let b be such
‘“’10} (D }ms Q s oluhion ?or O‘“\"j X , OF —equi-
Uqlen“:)— -“'\o\' (0) \"tc-.s a, S\TcmgeS* So\u\‘lcm €csf‘
omy X . Since that s\frcmses\- so\lu¥iem c\epends in
aenem\ on the vpredicate ¥ , which occurs os parc-
meter n Yhe chuou\icm , % s e ch.\-'scm OF X ;
accordin3\3 we deno\-e 't‘- \93 S'X , “\us \nc\icq\‘-
‘mg ex‘a\ici\-\j s c\ependence on X . Furthermore
we  shall @:rmu\o.\‘e and prove the dualil -}heorom
cm\ or & S ecial orm o 4\1e ‘Funchoﬁ ‘3 S
‘ur‘rz.::3 -\*hi (g:srm );'\m*: a\\iws -“ng mos\-_"e'l_esomY m‘%rmu‘ -
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Yon OF the duo\'l\f'a (Omd, not Suryr‘ns‘ma\tj, s Yhe mn\:j
@bfm n wWhich we shall need ). ﬁ@tr Yhese pre-

|im‘\ho.ries we <on ?resen\-

_n'\eorem 5.0 (I)ua\a\:) ’Theorem.) PR w‘«)

gk e
\\\\! ‘.r“\\-'

(SX s '\'\'ie. S\Tcmses" SO\LA\_"CM o?
Y:Lp (YD = q. (X)) )

(3".X is the weokest soludienm a?
YL p O @ 9% (X, )))

m

’Proo? 5.0

(g.x 15 Yhe s\'\'cmseﬁ‘ so\u\icm OF)
| Y:Lp (G 2 g () D
= {de?in\\"uon o? s\-r\:mses} solubiem, see CQ-S
@ax.: [P.(X,S.X) =2 o,.(X, 3.)0] A
@Z: [p0,2) 5 9.3,2)): 19X »21))
= {‘\‘rans ?c;rm'm e dummies: Xiz1X | 2:=12 }
(ﬂX‘-z [P-(‘IX,S. GXMN a2 q.(‘tx,ta.("x))-} N
A2:[p. GXA2) = q.GX,22)]: 156X =123
= {deﬁnﬂ'\crn OP ch:)uao.\-e, ?f'O\D@f\‘:) OP = and (=3!
(9_2: L P'f (X,ZB & Cr (X, 2] [3‘)( & 2]))
= {deen‘\"lon o? weakest SO\M"IOV\, see ('Z)}
( 3‘. X 1s +he Wea\tes\' SQ\u)r'iC.m o?
AATHCASE TN CA S) D

(End o? ’Proo? 50)
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The Pre.vim.s “neorem 15 aboul exYreme so\u}‘ucms
Provided "\ncﬁ “18 exist. We now Yorn Yo exis\‘ence
o? exireme 50\u¥icms;, N view of “Theorem 5.0 , We
cml.j need Yo deﬁne and prove Hem {c):r- s\‘rcmses\-
solubions; somekimes we shall f)crmu\ox}e the duel
'“neorem s we“, Since n -\'krs cmn\'eﬁ no¥\r\in3 is
gonined b:j c\msa‘m the Parame\rer X areaund
—a“ ‘“'\e !ﬁme we would \De ()luan"u'?binj LAY\.lvchG\\\b

over it - we leave i+ oul .

_ﬂw, BVS\‘ CsenemD s\eP q? Comir\a "o SriFS \».n“n
4‘1e exiS\'ence o? o s}ranaes\- sO\u\\icm 1S -)'\f\e. Cunsidtm\‘icn
-\'\r\c.\- Hhe eml Candi c\a);e Vcr o s\rcnsesl s«u\u)ricm s
the Con\)unc‘?cn o{) all soluliens. Indeed we have

Theorem 5.1 Consider equo\-‘non

&)) Y [ bY] 5 “\en

(equa\icm (3) has o s\-rtmses} SO\ulricm) =
( (QZ2:1b2):2) solves (3) D

’Pruog 5.1

(Equ&¥m &P Yhas o s)‘r'cmses} s::\.u\"lcm)
= { see ()]
(EY oMl A ([‘_:\_-Z Ih.2]: [Y=\;2]))
= {'m order Yo Se\- ~ w\side. “'ve, um‘wer'SQ\
O\Lmﬂ\ﬁ?ico‘f'lan we BFS“‘ '\n}erc\'\nnﬁe quan}iﬁm\'tms}
CEY: ToY) A T€AZ: Th2): Y= 2)1)
= {mné. use Yha} Ythe anlecedent disiributes

over universal quuﬂ‘rigca\"lm:s

(EY: ToX) A [Y= (AZ:1%2]:20D)
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= {\now we have (9_2[})2-)2) s Su\oex‘)resswn_;
but note thal the mverse '\mp\icn\icm E?J“UUOS @«M D'.»Y].S
(EX: DoY) A Dr<e (82:1%.2): 2))
A LYY= (d2:1%2]):20] )
{Prved‘«ec\-e coleulusy -
{cme-‘)o‘\h\" ru\e}
I. R2:1.21. 2]
{2
C (A2:1%2):2) soves (DD

(End o[-) ’Pf‘oc.'u? 54)

Il

1)

]

Note -“'\o‘\' mn “\e o.\c:ove \PMP, U.V\\"I\ Yhe GYF\ico.\icm
o(? Yhe one-point rule, we hove c:n\:) massaged the
exis‘en\-in\lb quont; ﬁec\ Jerm | which s ho“r\ing else
but the \ooclj c? the equq%crn 'Vcr Yhe S\rcmses\'
soltdion 0? (). Ccmsequen\-l‘j, '|€ (AzZ:1h2}2)
solves  (3) WS alse (Vs s\rtm&es\- solubiom.

4

Remork  The dual o? Theorem 54 is

Cequo.\icm &)) \r\as o weokest So\u\icm) =
( CEZ:T02):2) selves (DD |
(Ena o? ’\?%ar\c)

Our hex\- '“'Iecﬂi'm Sx‘u\'es the e;s‘\s\‘%ce o?
the s\rcmses} solufiem {éw- a gpecw.\ b | wa
such thol we can show et the Qqu.o.\*icm s
solved ‘o:j Yhe cmunc\ion o? 'l\‘S So\u\-'\cms.
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Theorem 5.2 Le} Qoiuo.\"\on (4) be 8‘Nen \93

“4) Y lpY= q.Y] ’

e} be monotonic, and et be cUnJunc"'\ve over
the seb o? solutions of (4) . Then equa\'icm P
has o strongest solution. (The duol thearem

stotes Yhol or manotonic 9 > and @r P é'ls‘_')unc}ive
over the set o? solulioms o? ), equp.\-'.eﬁ 4 heas
a weu\ces\' so\u\ion.)

’17,-00() 572 —T\waﬂ\(s % Theorem 952 . ™ su%?ces Yo
show +hal Yhe Con:)unc"r'mn o? (4)'s solulionms solves (4).
The C‘Q\Cu\ct)"ton S S‘l"&iah*?orwo\rd

P (B Z- T.T)-z > q2] 23
= {? 'S ’rnoho}f(:mic} |
Qaz. [P.Z > q.2): P'Z)
2 {Tar‘ec\’c code colewlus)
©2: [p22q2)iq2)
= {0\ 1S Cem’ unchve over Yhe So\u}'wn set o? (45}

q- (RZ: lpZ=> q.2): 2D
(End o??’("oa? 5.'2)

BOnd now we are r@ad.a ?cr the Pamous

Theorem 5.3 (In Yhe orel dradiYion known as he
"“Theorem o() Ynasker- Tarski') For wonotenic ?

(5) Y. [Oy=Y]
has the =ome S}TOnseS} solubion as
(6) )L IRY =)

and has the some weokes} solulion Gs
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() IPY e Y]

’Proorp 8.3 We con ccn?v‘ne ourse\ves '\0 demons}'rq'\'ins
the existence and equo.\i\:j o? Ye stremoest soludions
o? (5) ond (6) . as existence ond equai\r:j o? Yhe
weokest solulions ol? (s) and () s merely e
dual .

Choosing n Theorem 52 P Gor P, and ?cr- q dhe
'|c\en}i‘b Vunc\‘icm (which s \Anivcrsd\‘j Ccm\‘)unc}'we3,
we conclude Yhatl () \"n:zs S s*rcmses} so\u\icrn,
i.e. C,o.\\iné ¥ Q , we have

® e sl
(@ @z2:102=>2).[Q = 2))

Tn order Yo show Yhol @ solves (5) we doserve
IfQ = Q)

{Predic?‘\‘e ca\cu\us; rewri\"m Yhe equ‘nro».\ence. S
mutual impliccYion is su esded b (8)3
[fQa» Q) I[Q% ?Q-_\SS ?
(8%
[@=0Q) |
<« {@® s us what Q@ 'tm‘:\ies,\nence instantiate (q)
with 2Z:= QQ&
PR > )
= Nnow we con \ise ?'s Vnono)fonic‘.\-jg
[P = @) ‘
= {(8) st&"sh]

}rue

"

Tn order Yo show Yhol Q '\mp\ies &“ So\u\ims o?
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(5) we ocbserve

(82: T_?'Z EZ]: Y.Q %2])
<€ { {)or\-uﬂc"e\j [()2 =2) = Y_?’Z %2], e. (8) s
Yhe \east Yoleront eo‘uc,.)ncm.s
= { oy
drue

(End o?’proof 8.33

The jheorem o? Knos}fer--To.rs\(i s o? Fm@»«nd'
men'\onIOSi co.\ s?nigCane. 'D‘ o\\ows s '\'o c\namc‘-erizer

-For monotonic as Yhe un\o\ue sg\u\im o?

o) Y:(IPY=Y) A (Q2:(f22): Ix=2]))

or as '\'\'le unique So\u\‘icm o?

) G IRYSYY A 02:102=22): Trs2])

Note Yhal both conjuncts m Yhe body o? () are
weu\<e.r thon Yhe Co'rresyunc\'m& comiuners in Yhe
body of (10). Yet, for monofonic TP, these o

equotions hove the some unigue solulionl

Hence, in « ?roo? m which o predicate has been
3’\V€r\ Yo be such o s%mnges} 'Sch\'ion, we dend fo
use Yhetl b solves CW'); noan o\raumen}' n which
we have Yo show Yhol o predicate s such o shronopsk
solution, } suilices Yo show thal & sewes UD

The use u\neSs off the cbove device is enhan ced
Bld the ()OC “’\n‘f cm\b needs o be ’mono-\ohic,
i.e. cm\\d needs Yo e)n")oj the weckes) :)u nc\'w'u\-b

‘)TO‘FCT‘\'(J.

(9) puo (_9) jo um.tn‘os -lsacwuks UOUWIWOD ‘am“.;
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We have seen tha} i Y:IPY=Y] has o strongest
CQZ: [()2 %2]:2) S‘t\ﬂee ol soludion w

so\u\-‘:on,
however s mo} cme

closed ?orm. This closed @rm,
with which we can do very much. T} is \-\wre@xe

30:)& Yo know thal r or- con¥inuous ? ‘here
exists o closed eX pressi o ?or e s\‘rcﬂse.s\' soluhion
which s wmore easily mani uloted. The mext Ywo

“'hQOI"emS c\eo\\ 'w\hn "' q}", )f\'\e Grs\' one 15 G s\'ep,)ins—
stone.

'ﬂ'IE‘.Ofem 5.4 ':For \mono\'or\ic. P ond om:j h ¢
[{JYGQY:} = [Cgizi)o: Pi. @\sev %Y)-}

’Pmog 54 “The clumm:) i roangi ng over Yhe noYurol
numbers and ?unc\ior\c.\ derahonm loein degnec\
recursive\:j, (eX Proo? \o:.) vnc\’r\nemo.\ico.‘?) induchon
over Yhe notural Nnumbers seems ndicoted. Hence
we \'r:) \‘0 mc\ssa::je "r"\e Ccmsec\uen)f SO Gs Xo *mo.\&e.

i+ 0mena\o\e on ‘|nc\uc\‘|ve Prao?:

{(Ei: 1%0: F“. {’c.\se) = Y‘l

{qu.asi— ci'ls‘.'r'\\Ou\"mn o? Yhe C.crnsequen"}
[(Ri: y30: O ?o\se = )]

{ nYerchance o? quo\n}i%co}imsg
CB": i20: [(’t ?o.\se. = Y])

This we 's\nc\“ c\emons]fr'o}e \OU mm“nemcs\ice.\
‘mduchcm over under Yhe assum -:\'icms Mok

? 15 monoYanic  anc I?Y%Y] . The Lvase is

=

-
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Bose [?o_ (’a\se = Y]

-y

= {degm\-im\ o? ?unc\'lcmo.\ .I}QI'OA‘.IOT\}
[ Podse = Y

Prg,d_'. m}g_ ca\ cu\ u33

| bue -
Slex 1P (dlse o ag!
_—‘% . gdegz.‘*icn o? ()unc\iono\\ 'Aero}'mn}
[_F P {)Q\se) = Y )

<  {let us use IeY=ay) Yo 68} ? ‘m Yhe consequent §

L0 (P Beed 5 Y
<= '[ S mcno\‘cﬁics

[0 Yolse = ) .

(End of Proof 5.4)

“Theorem 54 stores thol ?or monoYonic ?
(E_:i: 130 P'. ?o\se) imp\ies Om:) soluhon o?
\([FY%Y] , wst 65 s 5"?‘3"\333" solution does
And this roises Yhe question whether (\_E_i:i;o:?'.@\sa
could i\se\? ve that s\rmaes\- solulion. This

ques\‘ncm s onswered in

]

Theorem 5.5 TFor or-conbinuous §
(Ei1y0: P". {?cx\se3

s Yhe s\rcnses\- soluYion o?

6> AAIACAY

(he duol 15 thal ?0\" g_vjé—cm\'\nuous ? . ‘)Ane weokes}
so\ution o? N ‘_?\f L Y] 13 (9'\:’1‘4}0: ?'.'\me)_ 5

’Prooc_) 5.5 Since on or-comhnuous 1§ manolonic,
(65 \r\cxs C. sstr'tmses\- sa\u)r'\c;-n. TIn view o? Theorem
54 i)y suﬁglces Yo show that (Ei:iyo: ?". ()q\se)
salves () . To Phs end we sha 8\'5\' show that
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i\'s Yerms ?orm . weo.\<en'm3 sequence , j.e.
(F_\i: 130 [?l ()Q\se = ()'Ml' {—’c);.\se-_\)

This s dome \D:) ma“nemo.\'lt:c.\ M AucTion:

Base T_ o. c.\se. = 1. a\se]
s F{d(e)@ﬂ'l‘iﬂh E? geunc\"\mq\ '\\'Erc.\'lc:ns

[?a\se = ¥ ?o\se ]
{ Frecl‘: CQ}E co;\c:..;\u.s.s

Yrue

~S_\'9_E I(.)'H-l' g)q\se - ?'\-&2. @\se-}

= {c\e '\.n'u\'lcrn o uv\c\':lcmo.\ ]\'El‘b\\'\o-n’s
{ ? (g' Gx\se) (; . (?;1. g)o\\se)-}

< { 18 nono Yonic
\

o %o\se = P felse)

]

[}

Tmn\\:j we observe
{). (Ei:iyo: ?i_ ?o.\s&)

E’ 15 9:-c:m\'muous , Seguence S weokeminbs
(Ev iyo0 - ?"“. felse)
= {ﬁnamin‘ the dumm \:=\')—1 5 U?o. @\se?_ @\&13
(Ey: yor: {3 (Q\se) v f". Lolse
= 1 ‘are.d'nea}‘e col culus
(Eyv izo: Q‘. ?c.\se)

(Enol o//\)roo? 5.5)

COh\'\hu]“ derives o, \o\' 0? 'l\s Sisniecaﬂce ?l‘tﬁ'h
-H)e cx‘oove ¥ eocrem; '\\' E‘V\Q\D\Qs s *‘0 mee roper\w'es
o? (o% g ex\-'réiﬁe ﬁo\u‘\m\ ‘D meons OP me, \nemo)‘icoj
induckeon over Yhe nolural numbers. 1}is, howeuer,
?oss‘\\o\e Mﬂo} \'he '|m?or\'omce o? Yhis ?ossi\m\"b

has heen overrared

v
* *
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We now min\'roc\uce OWAT ?qmme}'er X m Yhe
equa\'icn and \-um O G\HEV\\-'KM \-o eo\m\—'\m

(2D Y [G(X,Y) =Y)
?or monotonic ? Such an ? beinf) also monotonic

in Yhe \Y\d'lv'ldu.a‘ componen\-s of i¥s orﬁume«n\- ,

PC\r\‘]tu\or n )r\ne Sec:mé Com‘ocmen*' ' ’Yheorem 5.3
CKﬂos\-er-_T&rs\d) asser\Ps -"\f\c.\' ’\\s ex\reme :sclu\ﬁons
exist,

In what ? alows 9. X  denctes the stron opsk
SO\M\\ en O (i‘?_) oand X c\eno\'es Yhe weq\4 es\'
ﬁo\u\‘i on O (2), TIn Qna\ow with (\o\ , wWe <op-
lure our  knowled 52 alo oLt ond h i Yhe
%vm 0“\!-) S}rcm e)es} W °‘;'j T we GQve (Jor- ol K and 2

(13) {_? (X,S.XB = 3.7(__\

(&) [? X,2)=>Z) = ‘_3.)( = 2]
sy (R OGRXD = hX)

06 (D= Z) 5 IhX <« 2]

Junc\‘]vi\\ Proper es ard N , Ven Yhe
Junc\'\vi% KLD{QF""\QS gf As we o Q\ans , we
shall see ot  Yhe proots  com be sSmooth, de-
rived with & minimum o mvention  or Yrial end

error ‘.’.) Qac\'\ \';Vne TEQ\':'Z'H‘:S wx\lc\q o? }he %rl’r\u\cxe.

(3D -‘r\nrousk (16) s Yhe a‘oyro?r‘.a.\e ane _)'O o.ﬂ;eo.\
lo.

Lek n Yhe demonsiromduwm on ap Vicodion o e
3 OCCUAYT W )t’ne Ccrnsequen\‘. q‘-csr‘ )r\nox , on
aV?eo»\ Yo (4 s o? no interest . (14) Gcllows us

The Whmate Seoo.] Zg Yis sechiom is Yo prove
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'\o ccmc\uc\e -“qo.\' on O\\’)P\ica\"lcrh o? 3 ‘mn\a\'-es
'SCrme“n'nnS ond no} whal it s \m?\ied by “ﬂnere.@rfe.

or such cn o \iCc.)r'lun‘ crn\ Cl"}) can e o
(:n\eres\- (ond ;Pvf oll Y)ro\oo.\ﬁ;:j has Yo e used ).

Conversely , 'Ig) Vhe demomsiramdum hes on -
P\'ica.\icm o?l:j as ) O\ﬂxececlen\' , an QP?QQ\ :;Y
(14) S Q\moa Cer\'o\'mb requdrecl GS (l’b), a“ ‘@D
'\\59\ ?, ?G\'\\.S *0 QK‘)‘I"e‘bS \f)ouo 5\"01'\3 S 'reo.\\:.) is.

Tor Ythe c\ncice \oe\Ween (15) ond (té),s‘nmi o
comsideralions QFF\S'

A Ma\‘)of decision 1S O{l“eﬂ'\ whether % s\'o.r}
m&ssosa'nr:%' Yhe antecedent so as Yo show Yhol 3}
imP\ies Yhe comsequent | or Yo stort wmassagin
the consequent so as Yo shows tha} ﬁg\lows om
Ye anteceden). 1 W\oﬁ surprise the reader HFaak
we call this decision” "wo or', smce the Ywo
‘Pmo s are eoach o\r\ner‘s revé')‘se ond . \ne'nce > \0 ico)\:j
1dentical. “The poan‘r is that s‘re/‘-:s Phal in »ee e
direction are almost dictaled \a:) what has Yoeen
writren down , wmo in Yhe other direchion require
C\airvo:}omce ?crr eir 'u\s\\e\ cc.\ﬁm. The Senerq\
advice 1S -\'o s’ro.r* oY )’v)we wmost cOm?\\ca\-ed side
(1(’ Yhere s ome): usao.\\b Yhe wnore cum‘;\icc,\-ed
ex‘ar‘essio-n S\\ows more ex‘)\'\c'\\b w\r\ic\a \mns O M-

\'\CIY\ S o..PT)rOPﬂO.\'Q,

We have o.;tfo minor decisions Yo Yoke | sé..c\n as
-“ne order n W ich -}o G L di eren\- \roms TG -
P | (o) (e ¥
Yions. \:Je Qq“ ¥\'\e/m W\'moz :e;ecie s o ru\e
%z:j do nrot in aueme oL q\ai\i\b o vrove the
¥'\fr<eor¢‘zm-J \—‘neg) mo. ‘m?\uence Yhe \En ¥ o? otr
‘orbo?s ond ore %re?crre 'Pre?em‘o\b az e Wise\b.
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Just Yo show how well Yhese heurishies wwork,

leb us prove

“teorem 5.6 Lebt P ond ! Ye wvhonolronic ?unc‘ricms
\Orec\‘t ccz,le \:»odrs “'O ‘Pr'ec\ica.\ es
\e\— C’P., Q) \oe )—‘ne s\'rwa&es\' So\u\i oy o?

O LGp (X0, .06 = (XYY
et 9. X e Ahe s\-mnses\- so\luYion o?
h e tc\.(X,Y) = Y)
Ten we hoave {3.’\9 = Q)

/Proog 5.6 Tor Yhe SO«\«-_‘ o? corn\o\ekness we o\oserve
Hhatl both s\'ronges\- salu¥ions exisy - (? (X,\O,q. X))
be'ms G mon o‘tcm.ic ?un c.\"us:m o() CX,\() %r mcmo\cm'\c

P Ow\d q —
Qur orma) \(now\edae obouy V ond XN s

- expressed n Yhe sepo raYe Com‘;c:neh\'S ~ (anq\OSMlj

lo (1) o Yhe Grst conjunct of (1)) -

a [?. (P.Q) =7P)

(8) Lo (P, = Q)

and analogusly Yo (1A or ¥he second comjunct of (io).
(9)  Tp.ON=aX) A 1q. (Y] = [(R)»00)]

Qur %rmo\\ \cnow\edse. _u\faw" 3 s Simi o«-b
ca‘o\-ured Toj

(20) La. (X, 3.)(3 = S.X__\
(21) Ta) Y] = TgX aY)
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So much ?or what heas been gjiven. Not Surprisuﬁl‘j
m s context, we shall prove the e wivalence %
mu rual '\mP\icc.’ﬁon. Let us teckle [ Q@ =P
grs\-. (el s one o? Phose minor decisior-s"g

Q= g7)
= { wWe Comn \’&c\t\c 3'? vie ('ZO) ar \‘rb \-o }ac\«:\e Q
viaw (19) leb us \'c\(e Yhe wminor decision Yo do Yhe
loMer . in view o? (la) we rewﬁ}eg
1(P,.QY = (P, 9P
<« {08 with XX := P, P}
| [P,('P,S,’?) 2] ~1 oi.C’P, 373 =§3’P]
{-Fcr Yhe comsequent oV o{-) Yhe second conyunct,
anly, (20) con be of inleres} | so (20) with X:=’P?}
' [?.('P, 3."‘?) 3P A g 5.’93 ) q-C’P, g."P)-]
{ redicale <ol cu.\us}
Ly CP'P, 3.’\33 7))
{?or Yhe consequent V| cm\-a (13) can be Q?
interes} §
[Ta (7, 5.'?) = PC’P, Qﬁ.}
{ or\uﬁa\e\j, | % s \mono\cmic‘s
[gT > Q)
< { we com Yockle the ccmsequen\- D vie (8 or
Yhe antecedent STP viee. (20 \et us Yoke Yhe
minor decision \'o de Yhe \a“@r;, (’21) waibh
XN =T,
Lo (P,Q) = @)
{ now we Yodde consequent @ witn (1))
[q.(PQ@) = 9.(7. Q)
{ \oredi coYe ool eu\us’s

Yrue

"

1)

n

i

Notice thob in the meon Mime we hove ‘Drouecl Pre
o¥rer \m?\.icg\ﬁm\ as we\\ and thot y \’IG‘V\CQ, owr Prpo?
ok ao\\'lcm has been metr. Nohce olso thal we hove
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QP\')@Q\EC\ \’0 ecch 0? “\2 S\V?\n eormm\ae Cl?) \hrmxﬁ\n
21) Precise\b once , and Since we n eed ol\ OP “\Qm,

our \oroo? Z n thet sense the shortest \oossi\o\e one.

/\Qemo\r‘( ’Tms\'m 3 “\o\\‘ "'\ﬁe reoder \f\o.s Yead n\e

obove \omo? very care g‘“f) ond hos absorbed Yhe
\neuris\ice, we g “ n ?u\-ure a\o\orevio\e. “ua \ne.w-is-
bics . We shal also combine 5\'9135, such as omi)f\-'m:j

¥e dwo itermediote results preceding "{predicate
Con\eu\usgn. (Q‘nc\ o? @@m&r‘\«.

(End o? /\71'00? 5.6)

gerer Yhis interlude we re\urn ‘\'O Hne JUﬂc"fiVi\b
proper Yies o{? 9 ond h grven e 'unc\"rvi\'b
Pro)oer\-‘\es c? ? . Bs o storter we GSQC\\Q\\S\'\
Theorem 53 . (T will be subsumed v loder Yheorems,
For whose \orooPs Fowll be used)

Theorem 5.7 For mov\o)ron'nc P R 3 ond h are

mono‘onic.

¢r‘co€ 53 7o prove Yhe xmonox-on'uc\\"j o? 9. we
have 4o s\'\o-.u ?or ar\SAr‘o-D ‘PT?C\\CG}ES “P and @

1P=2Q) = [S’P%SQ]
us'ms el g i S‘Wem BJ
QS 120X, %) = g.X) and
14 W2y 2) » [aX o 2)

?

To Yhis end we observe
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[3.": = B.G?]
& {)rac\c\e g’P vie, (14) with X,2 = ’P, SQ‘S
= {ladde 6.Q Tvie (3) with X:=Q}
L F (P, 9.(33 = ? (@, o, )
& { is monotonic, hence monolonic in s Camp.?]

I P= Q)

The mono}onic\-:j o? h s mere\:j Yhe duwal o?
e obove. |
(End of Preef” 5.7)

And vnow we ore reod:j lo demonsirete Yhe
beot-u\"l Fu\

Theorem 5.8 An Yupe of comiyunchivit nyouead
y Yype of comu 3
b3 ? VS eﬂ\)t\s@d \DD Y “as Jwe\\. J I
- ) .. .. .
(Tts dural .l"a'. Q“D \'DPQ o{ dis uhc\‘|V|\D en obec\
\03 ? 15 en Jo:jed \Db S as  well.

’Proo() 5.8 \With ? enjoymmg some \-b]:e o? <:chunc\—i-
v'.\*:j » {? S mono\'onic; hence -Theorem 5.9~ h s

mono\‘omc .

'11'\ order \'o s\wouo ‘\'\no.\ k 1S ccrn;)unc\-'nve over
some V \.e. '

H

Th.AX:XeV: XD = (BX: XeV: WX))

>

we show thol either side \m?\ies Yhe other.

()Y PBecause W is wonolownic we Yhowve

Th(AX:XeV: X) = (@AX: XeV: hxD)
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(VHere we see what 00d wuse We con vwacke o?
Theorem 5.9 whem E\rtow'ms C 'unc\'w'\\:j Proper\j
o? exYreme so\u\r’ums; Yhe \atter Voein mono)rcm'\c,
we e’r Yhe '\m‘:\icc\\lon N &-\ne one direc\‘\mn €c}f‘

Cree.

(ii) To show }he '\mp\ioo.\'ion n Yhe o;\r\er direc\'n on vg
we \oeo:.)'m \03 observ'nns T -

[h.(AX:XeV:X) < (BX: XeV: h.X))
< { e h m Yhe Ccmsequen\- is Yo e Yooled view (16)
with X, 2= (@%: XeV: X)), (AX: XeV: XD L}
L0 C@% XeW:X),@X: XeV: hX) D &« (8% XeV: h. X))
= {S\m?\'ngcc.}ion o’? ?‘s o.rsumen\‘: c\u.,om\'ich.\"ncn
distribules over poir @rm'ms's
‘:? (EXXQV (X,\\Xg) < (9_5( XeV: \nXB]
= { e h. in Yhe ontecedent s Yo ke Yocleled
vien (55
[0 (BX: XeV: CAR PRI ANACK R ON

Now Yhe -wmmor- com‘a\ico.\'\on S "\'\o.\' w\nereas \\15
cqn'unc\-'wﬂb s re\q\ed Yo o baﬂ o? Predicc.\-eS, ?ts
Ccrn\:\::c\"\v'l\'j is related Yo o Yoag o? predico.\e poirs.
o ?ormg\b T\::ec‘.se, we consiruct o b°5 W o?
Fred\ ccte porirs Y

(22) (X eW = XeV A Y= hX)

and o\oserve \'\'\o.\" ) Yhonks ‘o -\-\13 mcho\-onici\'b og)
h, V ond W are o? Yhe some \‘)uv\c\"wﬂ' \--Ope.
Hemce it su ?P.ces Yo show the ocbove ‘\m?\e\ca\"\m
wnder *‘\ne ,O;SSUMT:%% \-\'\o\\ ? S cwjunc\‘ave
aver W . The €0rma\ dEmms\rn\im\ \?roceec\s S

@;\lows
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= {ore-point rule Yo infroduce Y3
P (ax: XeV: (AY: TvahX]: (X,
= {unnes\"m and (22) 3o inkroduce N‘S
-\7. CAX: (OGN e (X))
= £ conjunclive over \«\IS
CAXY: (X )e Wi RIX D
= {e,\'lmir\o.\‘imn o? W wibh (22) and neshn 3
(AX: XeV: (AY: [z hX): £.O0edN
{one—wposn\- rule o eliminote Y}

(AX: XeV: COGRXN

(i?emcnr\t The \QS“ () S.’(‘E.Ps o? pne o\oove NO? are
no\' Verb exci}'ms. No\'e -\-\r\q\' < nu-m\oer Q n\eam were
needed Yo mircduce Y and Yo 3& rid o? W ogoin,
ob\iSc.\-‘ncms camsed \93 the Woxy M which we de-
E)me.d W. Hed we used the ”\)Qs’:@ern B, we
could hove de @ned W bb

W = CBX: XeV: (XXM

and with rules how Yo mom';?u\o\\'e expressioms ?crr'
such \oags, Yhere would hove been no need Yo re?er
exP\ici\'\j }o Phe Cme-‘Po'm“ Tu\e.. (End o?/\?emo\r\-o

(End o? /Prco? 5.8)

VWhereas Theorermn 5.8 dean“‘ Win'\ “ne cm;)unc“ivi\:)
Proper\r'res o; Yhe weokest soluYiem c?

(12> YR OGY) =)

Theorem S.10 \m\\ do so Qor Ys shron Ses]' soluhon.
Bu} ?irs\‘ we stote ond Prove Teorem 5.9

—_ SX and h.X d.eno‘rins , Qs be@re, “\3 $‘rcm3es}'
and Yhe weokest  solw¥ion o? (2) —

>
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“Theoremn 5.9 For ?lf\l\'e\b Comn yuwnetive {) ond
prec\icdes AR and Y So.\"ls%)':nj

exY) =Y)

we have

[3.X = 3.\-mz ~ Y]

Cthe ducl s\-o.\res ol @:r gnise\b Ai sJunc\'ive. V
and such X and Y we howe

IhX = h,?cx\se v Y} S

Tn other words: the siromgeat soluliom o? (2D
[ ?or‘ .{"nﬂe\s chunc“uw “ne CUn")unc\'iOn o?
an orhaxrc.rb solu Frem o? (12)  and Yhe conshan}
Fl‘ecli cn\e. - e, ‘mde‘oenc\en)f o? % - 3*‘1“8 .

’?roo'? 5.9 S‘wen ore

(23) P =) =)
(13) Y,?(X', S-XB = 3)('1
Ca) W& z2) » LgX22]

\We shall yrove -\Me equi vq\ ence % oV Phot
either side )\m‘:\ies Yhe other . 9 T

() [g.x = 3.\r_v~e. ~ Y)
{?rec\icol"e CQ\Q&A\MSS

[5.7( = 3.*\-“3] N {8_)( =]
{3 s mono‘onic; (14) with 2:=Y}

[ X3 3wel A [ £
{ frecli cate ce\cu\us} (2333

brue

<=

—
—
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_(ii) [3.'\'me AY 3X]
= g Predicd'e calewlus, so as Yo Yackle g.irue vie (14)3
[3."#'":'@ 3 g.X v Y]
&« {04 with X2 = e, S'X v 1\’}
1 ? (hrue 3.Xv AN g X Vv Y
{

rQC\'lcc-\Q Cn\ Cu\us, ?re‘)qrins {%r ? 3 Cﬂﬁ;)unc\iv')\b.s
[? e, aX v YD) AY >

X))
= { ('23) s Q 0“\-.3 "\'\'11\3 %‘\Ve\n qgw\ Y "S

i~

[QGne . oX vaY) A ROLYY 5 gX]
{ is \ﬂ'l\e\ Com\unctive Fsi‘ec\ico.\'e cq\cu.\usg
[ . X, XAY)=> .X-}
g)-[ (22) %md (14)  with E‘)(‘,'2.-.= X,YS
L ? (X, 3.X3 = BX-_\
{ (13) with X'z X §

Arue

n

CEnd o? Proof 5.9)

Theorem 5.9 is west 'm\rer'es\mj 2 Yhe weokes}
Poss\\o\e choice ?or Y , vz, hX

as ?\fs\- cO ro“ Q\‘r:j
Theorem 5.9.0 For ?’m'\\e\ Cennduh hive P
Y_ﬁ.x = 3.%«:&. ~ WX

nd so we 3@\-

The second CO('Q“G\I‘:j (%

“Th eorem S.Cl.'\. Yor ?m‘;\'e\b ccm\')ur\c.“nve ?

[g.(XAY) & S.X ~ wWY]
’Proo? 5.Q.1
(XA

= {'Thenrﬁm s,q.O with A= XI\Y}
3.\-rue A "X AY

= {? Con")unc\"\ve,\nence W canjuﬂc\ive,"heorem 6.8}
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%.\'h.me A RX A WY
=  {Theorem 54.0%

s.x A Y
(tEnd o? ’?roo? 59.1)

Qﬂmo\r\(. 'T\me \as} \wo Cofo“c-ries Cap\b.f‘e }\ne '\m?crf)fﬂﬂ}
ouYcome o “thearemn 5.9 We could \-m_ve roved
“Theoremy, 5.9.1 direc“:j - Theorem 5.9.0 “ne.n o\\uws...
nshecd o? “Theorem 5.9 . \We have not deme so, ?;rs“j
becomse “Thegrem 594 s wmore sPecagc Gn ¥s 7
men Konin of h ) and ,‘Seccnc\\:), becouse he ?cn’.
mulae of the prool” would heve Yoeen G‘ui}e o Wit

lcmger, (End o ) emar\.\

How‘\ns extres‘sed ‘--%eorem 59.0- 9_)( w Yerms
OP_(& constun predicalre ond ) WX ond \'\aving

?

established -Theorem 6.8~ Jhatl h  inherits  the

Cun\')uﬂc\"lvi\:j of ? ., We are Teadsy ?cr

“Theorem 5.10 With the exce‘p}icm ot universal con.-
Junc\-‘uvﬂ ond ond- COn¥inui}b , the Ccmjunc}ivi\'b

oE; {? 18 %JOD;;— \°D q s well.
Clks dua) sYates Hhol walh Yhe Cxce?}"'cm oP

uvﬁverso.\ c\\s\‘)unc}ivi\b and gl"'-Can*"'lhu\'A s \Me

c\ls\')unc\'ivi\‘\-j o? ? s en\:)obed \9:) h oas we“)
fProo'? 510 Yor mono}on'-c ?) Yhe MOno\-onicﬁD g?

9 1S oasserted in “Theorem .7 . “Tor Yhe remain-
m \'b‘oes o Ccmdunc\"'\"l (i.e. unbounded , denumer-
ovale or m'-e.) . ? S ini‘e\j CmJunc\ivc and
hence - Theorem 54.0 - we hove

[(5)( = 3.*\“;2 N \‘\X-}
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—n'\eortm 58 s\'o}es \-\r\o.\' \n en’ 035 Mrn ch\jumc}'-
‘wi\d o? ? , and sloYes Yhat o)
inheriys the Cw‘lun c\-’s vi\D of h , an iverso\ Con-

iunchvity excepted.
J J P CEnd of Prof 5.10)

* »
*

Theorems 5.9 ond S.10 are less \oeuu\ig..\ Mon
Theoremn 538 , which S}c."es Yo}l h  inherits  without
Ccms"fﬁ'm} ov excep\"\c;h '“-\e C'cm'wnc\‘iv'w‘*b em’o:jec\ \23
.? . To show hratl these COﬂS}%ih}s onad e;)ce.‘:\ims
oare not void - i.e. have not emtered the P;ciure
mere\a as & result o? our \Weokmness s theorem

AW\ hruct Ver - \
provers- we s Ceomshuck  Counjer - examples.

'Th eorom S.q S T'ES‘T ic\‘ed % ﬁn ;\e\b cqn;)une}i e
€ . A\ other s o? cem\unce Yivit '\mP\ WAUN O -
= , O D) 3
\'D“\Cl\':j , and , Yor o rea\ 3 Ccmvmc:nﬁ coun er-c»:o.m‘:\e,
1t \'\neﬂegﬁe sutMces Yo come wp with o wmomodonic
~YuY not ?‘ur\i}e\"j ccm‘unc\-'we.‘. - ? such that the
conclusion o€ 59 or \)Sqo er 6£.9.1 does ﬂi’.} \'I.o\el_

Let us \oo\& ?or Yhe sim'Ples" ex&mP\e we cown
come Ly with  dhol 15 monotonic bou} wot (%ni\-e\j
Con'’ unc}'we-, Y_-(\ CAR X‘} , L? (X,\f)':‘.\f] , and
[E’ X, ) = X AaY) won't  do , because 4-\-\0.:) ore
?mﬂ'e\b Corr\l)unc\-'nve, bul

[?.(X,Y) = X v\\’:]

\s wmonolonic oand vasces Yhe Yest o non-cw‘unc\;va\b‘
(Tn E)enera\ we have ’It_(XAX') v = (XvY J\(‘K'v\f‘)].)
With s choice ?o—r P, equoliom
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(2) YR OG = Y)

becomes v [ % =‘>Y]

with -\he o\ov‘mus ex}reme so\u\’mms [3.7( EX] ond
[hX = *we] i Subshitubing these ' Yhe conclusion
o(’ “Theorem 5.9.0 , wiz 3)( = 3.\‘").& A WX
wol ¢l U‘\e\c\ X1 which dees not hold -@k‘ ong X .
We hove been (or\-uv\c\\e . Yhe = M{;\é’é‘f’ W%m?&;&\%%\;
? Yok we could Fhink o? provi ded e counler-
QKGAW\‘)'\Q. So much ()ur the conshraint u? “Theorem 5.9
Yo Ccn’:)unc\"we ? .

Th order Yo show thot Theorem 5.10's exae‘:\'nm o
un'uversa\ cchunc]-‘wi\- 5 ‘us)r's Viec\ , wWe s\ﬁou\c\ \oo\c @n'
Q un'.verﬁo“a Ccrndmnc.'ve L? such  Yhat ’\I%"rue,-} )
Here Yhe simp\e choice [? (XD =2Y)  does Yhe \'So\a.
With Yhis choice , (1) becomes

YL =Y)

with  Yhe oovious ex\'reme Sd\.u}i(ﬂ’\s [SX = ?o\se ]
anacl thXE ¥m1 A 5 s no\' un'-verso\\\b ccmk}unc\-ive.

Tn order Yo show, %ncs“b, Yhol olso TTheorem S.10's
exeep\-‘mrh o? Lﬂd-cm\'i nui}:j S 'us\i g’;ed , we loo\-g ?or
an ? o} s q\_n_*c\-ccn'\\"muous , bul s not @h‘\‘e\b
C_crr\\:)unc\r'\ve. Tn our Yirs} Counter-exam V\e. we ?ounc\
he” simple @ gven Yy TEOOD = XY thak
was not _fhi\'e\a‘ cm;)unc\'ive ) bt we CO\Y\Y\U\" wse
Yhot because e correspondin s\-m-naes\- soluYion
\s The 'lden\'\‘:j ?unc:\"wm ,w\aic@

/5(4\7 wWwe Con (ase '“'\o.“ ? Yo US'mS 3}‘ QS O Source
o? Tr\S‘?':r‘oA'ltrh, ond \:)P complicating i+ o lile:

F@P\o.c'mg e b:) P @r\" o care \\3 chosen P

is and - Cc.m\r': NUAOWLS,

el
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We laok ?c:r o P Yot is  ond-ctombinuous , so

p—,

\f Yhot ~ Lewmo 2.25 EwWD%08 -27 - F [L-3 ond—ccm\\nuou,s’

enir——

We look ?cn" “ P Yo} e olso or-comhinuous

so Yot —Theorem 5.5- we have o closed ?orm

g)or‘ 3)( . Plhd we WQLl‘C\ \i\<e P So sim?\e “‘\Q“
Mere s \noPe o? \-c.c:\«\'ma Yo} closed @;rm ano-
\d\-i co.\\n. Tn o skle space Yol hoas 2 as one o?
its 'm\eaer coordinates . We Su es} wy C‘-z-..—.z-n_,\\')
{{-,.— pY , e we consider ojven oy

RO = XvYE ) .

Hccorc\ins o Theorem 5.5 and the ()oc\- Hhok ()
S g-cw\'inuous n s second Qr‘aumen}, S.X

S a'tven \:;::j
| Lo X = (Eirizo: k. ?a\se)]
w\mere. k S S‘IVEﬂ \3:) lk_U = X v U:*‘—l

—via i\'\o\uc\icm over | -~ leods Yo

TgX = (Birivo: X))

m\f\ ic\'\

]

Consider vows  the S\Te“s)f\"ie"\""}& Sequence °?
predicokes  Cj  given by ISy = 2231 Gor 3%°.
Them Lo @y yro- c.;\\ 5(55-. ) cy» ]

?0(".

3(9_‘) 320: CJ)
{Qc\e? o? C.S 3

EGINRT IS

= 8 {‘):-)ed‘n)cc\e a.n::)\ '\h“@ﬁ@l‘" Co.\Cu\usB
g folse

)
4
e
o
W
0
x
-3
bt}
A
W
A
P
>
o~

?a\se and
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(B yz0: a.(CiD)
2y 37e: 3 Y
= {def of %3
GRRTT Y 23\
= i{)qs} 'E?PFQS‘S'I;)*\ ?csr 3.)(3
(E\\'{J)O: (Ei: (20 21 2)))

Prec\': cate mf\d 3 n‘le:?e\" F:cw\(:ux\u.s's

(ad \‘)20: Yrue )
{ \Prec\" cc.\‘e CO.\ s'.:u.\us

L1

Yrue

And Yhis concludes Yhe construchon o? Ye Yhird
ond \as} Cc;un\-er-exom‘:\e. We would \ke Yo odd
Yot the sequence C.\') used obove ig o stondord
'\nsrec.\‘nen\ ?cr s\nouﬂn&) ncn-omgl.mono\onici\-e. (Sim;\arb,
Yoo mmkenino\ Sequence 253 is used Yo show thek

gf_*-cch’ﬁhui‘b hos been \os‘-.) This ““M‘Qda‘z makes
e choice o? our \os} { \ess ‘SurPﬁsin_S.

8 Seplomboer 1486
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