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A CQmip_uhng scientisl’s approach }o o once-deep
F L] ¥
theorem o? Sylvester's

Well, Qc\uo\lb it waosn't Sylvester's theorem, i}
wWos Ohb his conJec\-ure --c\o.\"mﬁ ﬁ"om the bew‘
1843 - , ond it remained so {or more than <40
Years uniil T Gollai (alias Sn‘lnwo.\d) ”F\na]\a
Succeeded, using o rather comP\ico\\-ec\ argument
[Coxéerl. We shall derive Cesser\}'ro.“:j) the 5'|m]o\e
argument o? L.™M. Kelly (1948).

"

Theorem Consider a F’m‘i}e number o? distinch
Poin}s in the !"'eo) Euclidean P\o\ne; these \ooin}a
are collinear or Yhere exists o s*ro"‘sh\r line

}—\'\rouah Cxac‘-b 2 OP hem.

'To see -}ha\- H'nis 1S o )rr'u\:j Seome}rica\ -}‘neorem
and not a combinatorial one, we s\ash}b re-
F"H‘ase the sething. lel us cssume f’or e momen}
+hat Co“’meo.r's\b o ]:)o'm\‘.s in Yhe Euclidean P\cme
18 ?u\\‘-j captured by

(i) any Pair o? Fo'urﬂ-s is collinear , ond ‘1F)
+w0 Co“\neor '\‘l:si‘)oles have '\-wo Fo‘m\-s n

Common, -}heir‘ our Po'm\'s are Co“'\near.

Let us rephrase Yhis: reF\o.ce 'Fo'm\'s ! b‘j

‘peeple”, “lines” by “clubs” and  “collinear”
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bfj ”C\u\o-s"\c\rins ” Ci.e. \oe\ong'mj '\‘O one and »\e
some club). Cluy mem\oers\ﬂp is Fos’fu\a\'ed
to Sa’tisfb the analogue oP (1):

Cii) ij Pcm‘ o PeoF)e 5 c:\ub-shor'ms, and i?
twe club-s aring ¥r’s?‘es hove *wo Peo‘:\e.
in Common, '“\e'n“ ?out‘ Peap\e are c\u\b—

sharins.

The Gna\oﬁue of Sylvester's Yheorem would
stale {)or (=N @nﬂe FoFu\O\hon: all peop\e be\onj
to one and the same club or there exisks o
clud with exacHy 2 wmembers. 1ts {)c.\s'ib \$
shown b:j the Hb“ow'lr\ls COun}EI’eXQmP\e oP
7 Peop)e ~ numbered ?rom 0 H‘!rOuﬁh 6 -~ with
the {ollowing 7 clubs: {013} {124}, {2383,
1346}, {450%, {561}, and {602} . Postulale (ii)
\S 50\\-356&1\ becouse each o? Yhe 21 Po\‘.m o?
‘:eop\e_ occurs n exacty 1 club. Thus we
hove estoblished tha} 551ves¥er's Yheorem
s \‘ru\j o 3eome\-rica\ one; lel us now ‘rl:j
Yo prove i}

Be'|n3 Compu“‘mﬁ SC'len\'is\'s, we l\ove con-
struchive o.rsu.men\~s, ve. we like Yo show thot
50me¥h'mj exists bb c\esiﬁmnﬁ an o\gor'a\-\\m
thot COmPu\}es such o “\'mg. We \-}lere{)ore.
propose Yo design an leorﬂrhm that COm"DU\‘&S
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o line thal passes through ex::tc\-\\xj 2 o() the
Po'nrﬁ-s ﬁ'om & gwen {)‘mﬂ'e, non- collinear Se\‘
o? distinct Po‘m\s. CLege.nda: {)rom here on we
no \onger repeat thol the Po‘m\rs are dishinch,

nor that \-he\cj be\onj o the given, nem -collinear
set.)

More Prec‘sse\:j, we have to design an olgorithm
thetl oPero&es on ¢ Vvariable q o? *JFez line and
et establishes the Pos}-cond‘n\-\on e given b.j

R. q posses n\rouah exac\-b 2 of the ‘Do‘yﬂ\‘s .

The 5'|mP1es} idea is Jo 'tn's}]a\\ze 9 by the
line %rOush 2 qrbi}rar‘j Foin\-s.(’l’his 1S 13»«083
ossible hecouse, the given set being non-
collinear, there are at least 3 Poin\‘S.) '.[(’ q
goes -l-\nrmak 3 or more Po'm&s, i} has Yo be
c\wanaed, otherwise i+ con be cccep\-e.c\ cs ﬁna\
value. That is, with \nvariany P given b:,

Y- c‘ \oasses 'n'\roush ?,‘2. Fo‘m\'s

we ProPose as 61’5\' GPFrox’nmo}io]r\ oP our 0«\30-

rithm

es"ab\is\'\ P IDD ini\-ia\iza‘-’uon oF q
} c_iia q poasses _Hﬁrcvuah 23 Fo'\n\'s —>
c\'\o.nse q under invariance o? P

od

——
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Because

PA ’l(q Fasses 'H’}rouj"\ 23 ?o'm\‘s) = W

we are done when the a\sori\\r\m ‘erminotes.

Our remoining Yask is Yo ensure }hal it
To thet end we hove Yo

does Yerminate.
\wven se“ and

exploit the F’mi‘reness op the g
i\-s non-co“ineari\b. Because -\'he exp\oi’ro._
hon o? ?ini*eness s qbs«:]u*e\j s‘rondo.rd,
we 6\"5\' -rocus our oatenlion on whel we

can conclude ‘?\"Om the non-Co\\'meo«rﬂb.__

From the \o.H'er' we con draw : p_plq one
conclusion 'n connection with q ,» viz. the

existence oP a _Fo‘m}- H‘\rouﬂh which q does

not pass. Thal is, we propose fo introduce

o. variable E o? ‘;DPe ‘oo‘m\‘ , anc:\\'o
strengthen P 1o P

P o Passes H’\roug\n > 2 Pom‘rs N\
q does nol pass \-hroug\-\ E

The new o\FProx'uma\-'non o? our o\\sorﬂ-\wm s

~ establish ™ bb '\ni\-'la\'xz‘mj q ond E
; do q passes #hroush 23 Po‘m\'s —
{23 c\nomae q ond & under invariance o[) T
od
(Tgnore for o moment the asserhion {23, }he
~lm‘am“'\~onrﬂ- thing Yo realize is tho}l with the
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feas‘ubi\i o? MO\"n\‘ain'ma ‘W\e s\ronger’ ’P‘\ . n'le

non-collinearity of e given set has heen ex-
hausted.)

1n the current 5"&3@ op regram c\es’s‘gn, our
onlﬁ oF\-ion i5s o rur’rhe_r f"EFinemen\- oF the os :jel-

rather nondelerminishe

(o

r
”c\nanﬁe 9 and £ under jnvariance oF ™

Because we may have 1o reduce its nondeler mi-
nism lest the algorithm fails o Yerminate let
s inves’hjo’re its {reedom: whal precondition
{73 con we 3uaron¥ee? We know of’ Yhe existence
o? 4 Foin‘s, viz. E and the three points on
the current q . Because the new hos Yo
poss “’Ir‘ogtsh 32 ’Po'ln\‘s and has Yo C\i{‘)fer
from  the old g , the new q posses '“nroujh
Yhe old E and one oP the 3 Po\n*s on the
old q ; in each cose, one of) the remaining
2 Poin‘rs on Yhe old q hos to be chosen

as the new E | TIn Summary: -?or Yhe new
Fa‘ar Cq,E) we have 6 Foss‘;bi\i}ies.

For +the -}erm'mo.}'nqp arqument we need o
voriant ?unC\"ron of the P CQ>E3 >
because the number a? Fo‘m\'s is Hnite,
e number o? ponirs (q,€) Sc-)r‘)s%‘ms P

is Yinite, and any function of the pair (q,E)
thal decrecses o} each c:\ncmﬁe wil do .
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Whatl is the simF\es]- {an_"ion of o line
and a point (het on thol line) thol we can
Pink og? The Euclidean distonce between
Yhe Ywo'!

Let us 'mves‘-':jo}e whether we can refine
(0) so as Yo decrease lhe distonce belween
q ond B . Let us nome the }hree Fo‘m\'s
on the old 9 : A,B,C , so that A becomes
the mew E | With thal convention, }he re-
finement of (0) ¥Yhal decreases the distance
OF }he Pa'{r (q,EY 6s wmuch os Foss'lb)e is

(1) g, := of BE and CE the nearest Yo fi, A
'Tino.\b we derive o condition on A as our

choice {’or }he new € g’rom Yhe reqmremen}
thot +he variant Ipunc\":o‘-. decrecases. With

h = dislance belween £ and q
b = distance between A and BE
¢ = distance belween A ownd CE

the required decrease oF’ the variant ?unc\‘:on
is expressed bfj

(2) b mne < h
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In order Yo derive (2), we Proceed aS
{’o“ows

b minec < h
{de@m\-‘\on o? min §
b<h v c<h
{s‘;mi\qr ’rr\oma\&s, see ﬁjureg
ARB < EB v QAC<EC
<& {TnOno*on'lci)D of +_},_,,, (See No\e)
AR +RAC < EB + EC
< {P1=> BC<EB+EC, ie. the strich

\'ri&nsu\&?‘” 'rnequa\ﬂ:j} (See Note)
AB + AC < BC
{ QB «+ ﬂc _? BC , e \‘r‘uomsu\ar' inequ\Bb}
AB + AC = BC
{88, AC end BC denote unsignec\ lens}hs.s
on q, A lies between B acnd C

Hence, with -ror' A Yhe Fo'm\- be}ween Yhe
two _o\-hers , (1) does the :)ob . And this con-
cludes our Pr‘t')o? o? Sglves}er's Yheorem.

]

|

I

4

Note Since steps thal express equivalence don'}
des¥r03 in-f)orma)r’uon, the others need some
more \')us]"l{)ico&"lon. We all know ¥Yhe wmonoto-
mci\:j o? > , iLe. no one doubts

X),X‘ A:j?f_j' = X"‘b?x"":j' :

its Coun\'erpos‘a’rive :j'ae\ds the equivo\en}‘

X<x' v 3<5' <= x+3<}<‘+3‘
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ond that is whet we used.

To Jus\'"ﬁj the nex} s}ep , & second look
at our demonstrendum (2D sumces: Since
it is im)oossib\e Yo demonstrale (2) for
h=0 , we have Yo use once more the} q
does not poss 'H'JT'OMS\'\ E . Since E
occurs in Yhis Ca\cu\&%on in Yhe com»inoatons
ER and EC, we ?tronslole this inYo the non-
degeneracy oP Yfriangle BEC . TThe s}eP eliminoles
E rom +the rest o? e colculahon., CEnd o?
Note.)

Tor the scke o? comP\e\-eness we ypoint ou}
that, u{)}er the choice of }he varian} fPunchion,
we have made two silent choices. We have
chosen -~as usual- o decreose the variont
{’unchon; because o(" the @ni\eness, successvu\l
increasing i} would also have 3':e\c\ecl a valid
Yermination c\rgumen\‘. With o \nuge h ond
ABRC close )rose:\-\ner', however, the distance
between € and q canmol Yoe increaseel,w\r\ic\w
settles '\-h‘us si\en\' cho’uce. Moreover , we cou\d
have Srou.Ped our & cases d}ﬂ%ren\"\‘b, ViIZ.
Py common new 9 mstead of? bi‘ﬂ Cormmon
new £ . We could hove said “Ler us name
Yhe three \ooin’rs =o Yhea) F]E hecomes the
new cl" and insYead o? (1) we would
hove come wp with
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9. E = RE, o? B and C the necarest Yo AE .
I} does nol work.

* ¥
*

A {’euo me}-\nodoloaica\ remarks are in order,
because the theorem c:er\-o’m\b deserves the
name of a once-c\eeF theorem: Qg'er‘ 1633 , when
Karamato and Erdds revived interesty in the
Pro\a\em [Coxeter }, i} Yook anocther F’uﬁeen
years bef’ore LM Kelly wmade essen'\-'m“\(j the
obeve wuse o? Yhe Cuclidean Jdistance and

-?owncl the s'lmp\e argumenk

¢ was ver:j \9"'0“"'?3‘"3 "o s5ee 'H'uo\l‘, once the
decision hod been token 1o tockle this problem
as o Frogramminj task, the JOb OF) _des'ﬁninj
the progrem  was oll bul standard. T hove
used }his Fro\a\ern m orol examinotions -f)or a
course on ~“Mathematical Methodoloay {)or
Com]?“hrfﬂ Science aradua\-es. Some needed
more Promp‘r'mg or more Yime than others, bu}
none oP lhem needed any From\o\‘inﬂ Yo come
up with the Euclidean distance between q ond
E as candidate for the variant ?unchon.'ﬂne:j
knew -\-ho} }he c.r‘sume\n\‘ requirecl (=% Vorian)‘
?unc\-ion and '\-\ne'j a)l 8u33e5¥ed 4-\'\6 Euclidean
distance withoul hesitalion. And that was
KQI(:JIS 9reo} invention!
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A -?r'mse beneﬁ\- o() Prov'ma the +theorem bﬁ
des'ggninj G pregroam is thal it Yokes GOy
the surprise _-Hw\- in such o non-melric con-
text a melric COnceF}‘ such as the Euclideon
distance enters the F'nc:*ur'e\ We oll know Ihat
6. monoclonic {)unc\-ion OF on occep}o\o\e vanant
is egain an o\ccevi:%..\o)e. voriant ond thel Jhe
cho.“enge o\wajs is Yo ﬁnd o nice one. 1} is
very much like the freedom }o choose the
most convenient coordinate :-:.Js*}em.

_ﬂc\cngw‘edgem@_} That the distance -?rom Po'm\-s
‘o hﬂes -}hroug‘n other \Po‘m\'s COu\d be used
in the ]orooF) was told o me \'33 Bernhard von
S’fensel; he told e lo look ot Hhe shortes)
such cdistance. (End o? ﬁc\cnow\edaemen\-)

% x*
*

For Sylvester's theorem Yo be true it s
essential Yhal }he Fo‘m\-s are distinct. (Cons'rder
o mnon-degenerate triangle with eoch vertex co-
incic\.inﬁ- with a ¥riP]e. oP )oo'm\'s.) ’\?elo\c\ce "o.r:j
2 Po'm\'s are diskinet” bb I'-}-hroug\n ony 2
Po‘m\-s passes on\J onews]-ro‘ish\- Vine . The
latter can be 8enero.\'nzec\ Yo one dimension
more ”'H\r'Oug\n any 3 Foin)-s Posses on\:j .
one Flo.ne", e. “no 3 points are colinear .

And now we are read\j ‘o Senemhze S‘S\ves}er's
theorem 1o three divnensions:
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Theorem Consider in Yhe rea)l three-dimensional
Cuclidean space o Finﬂe number oF Po'm}s

such thot no 3 o? them are collinear; Yhese
Po’m}-s are co ]onar or there exists a Plcme

'H"lr'oug\'\ exac\-\j 2 o? them .

(In the Yhree-dimensional case, ;)us\' requiring
Yot the Po‘m\-s be dislinct is not en0u3h'.
consider ltwo non-%n\rersec\-mﬁ , nonparalle] lines
with 4  distineh PO'm\'s on QQCH.)

’Proo? skelch Select one OF) the Po\rﬁs ond o
plane outside. ’Pro\jee\-, with the selected point
as Centre, the remaining polnts on the selecled
)olcme., 1o which Pro\‘xec\-'uon Salvers}er’s Yheorem
s QPF\}ed. Cend of 'Proo€ skerch.)

* *
*

Coxeter menlions no more-dimensional genera-
lization oP Sjlves¥er‘s ‘Yheorem. Ha\-jbe he did
not think it sumclen¥b in’reres\-'ms. Hadbe he
could not com-?or)'ab\:j 3enera\ize because none
o? his '@eru‘ahons mentions exP\ici}b Yhot the
POin}s hoave 1o be diskinct.

Coxeter's possage is in}eres}'\nﬁ ?or historical
reasons. He quo}‘es Sblves}er's oriﬁ'mal slolement

of the problem :

“Prove thal it is not Possib\e to arrange any
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{)ini\re Nnumoer o? real Po'm\-s so thot o riS\n\‘
\ine -H\rough every two of them shall pass [sic)
'nm‘oush G 'H"lir‘d, unless "'hefj all lie in the same
righ\‘ Vine. ”

’-For\-uno&él(j we don't ?Or‘mu\&“e Prob\ems \ikee
thok QnﬂMore.'I could not recad i+ and ended
uP lcso\cinj u.]o "un\ess" n 'H'Ie COoD , which
gove }wo ‘m}er\ore’ra\rions ”i? not " (which
boils down o v) and ”excep)- w\\en" (w\n’.c\\
boils down Yo # ). T {eh excused. (Achually,

Sa\ves}er used “"unless’  in the meaning "~ )

a Feu.) l'mes ()urnwer*, Coxeler 3;\/&25 credi} Yo
T. Motzkin (1651 . "Sa\ves}-eﬁs cnesc.}'we’
statement was rephrosed ‘Posi\-’wel&’ by, Motakin:

If n pomks in the reol plane are not on one
s\rraish} line, then there exisks o s}rodsh} \ine
con}a‘umns exc.c‘-\lj bwo o? the poinis. "

T} is net qu‘&e clear @;r which achievement
Matzkin receives credit. He rePlaces S’jlves\-er's

conterted

(A line: line passes 3 2: line passes 33)
tharks to the Morgan Yoy

CE line:line Passes %2: line passes <%)

which can be s':m]o\i?ied (ori\'}rme’rica\‘lj“) }o
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CE line: line posses =2)

which in the stotement of the theorem s certoinly
a s’-mF\'lﬁco\\ion. (But note thot in Yhe Froo? one

immedicte wuses
line Passes =2 = (\'me Passes >.«’2) A ﬂ(\ine Posses »3)-3

Or did Mokzkin get credit for' r‘e]o\ocins Sylverster's
C\\sjunc"ion by an imp\ica\'}cm? You never know
with Coxeter. (1 dislike in Motzkin's ?ormu\o.\ﬂon,
besides the do\ng\'m “n" the im]o\'nc:c\\"lon: Com-
Pored Yo Sslves}er's cl'nsjunc\-'lon, T comsider tho}
a s\‘ep bockwaords. “Pleese nole thel the ‘umpl‘nca-
kve formulahion introduced = in "not on a

sh‘qigh} line = o ne\galion.)

Coxeter's sechion opens with e quo‘-o&-ion
?rom g.H.HQf‘dj C1940) .

“"Weduckio ad o\‘osuf‘dum, which  Eueclid loved
so much, s one o{) & mothematicion's -ﬂnesl-
weqFOn‘S. I“ s o {)o\r Gner Sombi\- thon any
chess gambit: a chess Plaﬂer may oFﬁar‘ the
5&cri€ice OF o pown or even o piece, bu} a

ma\'hem&\"lcrican OWQFS bhe 3ome. "

Ne moHer how hard T Yry, almosk holf’
a cen\-urb later T am unable Yo qive even a
mi\dlb sensi\o\e ih\-erpre‘-a\‘im }o )ne Q\Dove quo~
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+ahion OF Ho.rcl‘:j's, bul, vn (961, Coxeler euiden\-\ﬂ
felt he could: Wis PrOo() 9\or‘uousb ends with

N J)
H‘Je N ow 'm{”o\mous "w‘nich s absufcl'_

(Coxeter -Focusses his atlenbion on the poir (q,B)
with minimum distance and derives o conlra-
C{'lc\"lcn ﬁ"om 4—}1e O\SSumP}'uon 'H’lc;‘}- ¥})a§‘ q
posses through ot least 3 poinks. The cheice
o? the poir with minimum cEs‘rance is over-
specific: i} is on‘\&j o device Yo conshuch the
avoidable contradichon. Te\\’mab, he concludes

"Th.s COmP\e«HES the Froo? Yhat }there 1s ol-
woys o line COn}O«'tnin:j excc’rlb bwo o? he

Fo'm\‘s. Og) course, there Moy be more thon
one such line []")

Tusmr\o\hn\g *—o 0”0‘353 ma}hemc\\-ic:x\ Q‘:S)e
Fom such Cy r‘ecerﬂ' PGSH
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