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On -}rio.gg\es be’n)g nondeaenerale
>

The Csijnec\) orec. R oF & “rrian‘ﬂ‘e with
vertices  (x,,y,), (x.9.), (x5 4,) sa\—'nsf)ses

(0) Xo Yo 1
X4 31 1 = 'Zg
X2 Y2

This s o verb nice «Formu‘c;. The value of)
o determinant is not c]-\anjed when we mmgcrease
a fow (or' Colwﬂ‘m) \::‘ a mu“’ip)e o{, ano‘}her
oW (or colummn T Es cl-’ove| ) ﬂdc\‘m‘j o rnu‘-
}‘,T;\e o{? -“13 ‘as¥ Coemmn o -Hye ‘Fifs) (or‘
middle) column cOrr’esponc\s Yo moving the
—\-riang‘e hoﬁzon-‘a\b Cor Verx’lca.“:j): Yrans-
\oding o driangle dhrough Jhe plane leaves

9 9 { P
i¥s Csijnecn aréea  wund c.ngecl.

The lengths a{) s edges are given bog
€)) Wxa -X,)2 + (3,, -3,)‘ ond cjclic:c.“j .
(T Mink s -f)or'mu‘a mauch less nice.)

We have now }wo ways °'F exFressin3
n Yerms of the coordinates o? the verlices
hot Ihe ‘}r’somj\e, is no} degenerate:
(Y using (o) ,we con express hat }s area

c\iﬁ’ers %om o .
(1) using (1, we can express thot o)l three
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4rianju\ar inequa\%hes are shrich.

“The cha“enja s Yo c\esign o'} Ccﬁcda)f':ona)
demonstraYion Yhal dhe Iwo Yboolean expressions
created under () ond () are eclu‘wc.\ent.

% ¥
%

Because (1) s ex\:ressec‘ n terms aF
coordinate o\if erences, we sublract i  (0)
one row -?rom ‘he other 4wo, e.q.

208
= { scotrach Vas} row}
Xo=X2  Yo-Y» O

X3 - Xg 31"37. o
4

X2 Yz

= {deuc\u‘:’mﬁ a\anj last column]
Xo = X2 Yo -9z ‘

X9 = X2 Y4 - 92
= {'m’rerchanjag rows and mu“'ipbinﬁ oMe o

".‘j —1}
Xg- X Yy-¥o
Xy - Xg Y2 - Yo

:Denohnj the edﬂes 129 dhe vectors aq,b,c
Cwith CcrmFonen}s Gy, 8y e¥e.) such phat

(2) a“'b‘]": = 0

we have derved
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A, (fj

b ,zj = 28 ond Cjc\'ﬁca“‘j.

There are dwo reasons Jo square ‘Do}l'n sides
O? (3> . "Firs’r\:], A s the sigred area, bod
“@s _-{)g.r as the area be’mg 28ero or nO“' 15 Con-
cerned, ils sign is irrelevant. Secanb, i we
compu‘}e $he square wise\J, we ¢can express
m Yerms o{) scalar Froduc\-s, Usinj hat the
deYerminant oi?c; Pr'oc\uc’f is the Froduc:)r oP
the determinants of) the {)ac&ors ond Fhot reﬂec-
Yon wi-“'n r'esPe::\' o +the main diagona] leaves
the delerminant unchanged, we derive -From (3)

4P

)

a——

* N Y
vl ey by
Gec  ach
boa. b'b

—
'

(aoa) vab) - (a-&)z

Hence

) N#0 = (aeaY(bhob) > (Cub)z ond Cjclicc.)‘lj.

H“""’Zj cleaned wp the expression under (i), we
now turn our cdrention do the s}rich ‘\'r}anjq\c.r -

equalities ; tsing (1), we express the \erB-}‘n.s of $he
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edges as

(5) Via-a) and cjc.\icalb

S*ar’f'mj with one o{? the s)rict inequa\i}ies

we observe

Viaca) + V(B-B) >V (coc)

{simce Yoth sides are nonneja*'we}
(ara) + 2V Gadbb) 3 (b)) > (c-c)

{ *’rom (2). (c-e) =z (aea) +2(ash) + (}DOB)S
V (aeadb.bY > (a-b)

{ since 3the \eﬂ' side s nonngScA-‘nve}
(Gea)(b.b) > (ab) v (a-b)<o

{ ()

Ax0 v (a-b)<o

1

i

N

n

and Cﬂc\ica‘\b. The cor:]und'non o? the '}\Wee s¥ric}

-}r%angu\c.r mequaliYies  ~ vdiskribules over A ~ s
(6) P#0 v (ab<o A bc<0 A Cecn <O)

ond we have Yo show Yhat (§) equivales P#0,
1.e. our ft”mo\ }:ar'::vo{7 O‘D‘BOA’!OV\ s

(3Y  ab<o A bc<o Aca<o = P#o0 .

To this end we observe, 53'::1'\%:13 with the
antecedent o[? C?)

aeb <0 A b.e<o A Cec s 0O

{e\’lm’ma’r'son o-F (od b:j C’Z)g
asb <0 A b-(a4b)>0 A (a+bd-a >0
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= {arithmetic}
~arb30 A bebs-ab A aa>-adb

= {{’or nonne‘gc}‘we -Fac\-ors, mu\’ri):]icc.hon 1s
mmno'}onic}

(b-bY (asa) > (a-b)

= {(4)%
A=£0
Thus owr f"ma\ Prcvof o\o‘lﬂa}’wn 1S el
X *
*

The above calculation is not laborious, bul i}
15 worlth no}in‘j Meatr the brevi\v Cim Far\'icu‘af o?
e E’iré ’aarn has been obrained bﬂ using a num-
ber oP theorems obout determinants. We also used
Yo Soocl advanh:sje the ‘or-o;:er\'ies oF e scalar
Froduc}. In shot: we did not Sei' our brevﬂa
{’or {a’-ee. The rea} o? e argumen’r s subde
in that ¥ depends more than once on the
limifYed wmonolonicit 0{9 or'c‘inmv mu“'i)olicor‘iom
and, gna“‘j, on o destruckion o{) he 5bmme4b
so as Yo ex‘::\oﬂ' a+bsc =0 . T consider e
?ormo.} exercise nontrivial and am Fleasecl

with Yhe result.

Aushin, 12 June 1938

F"’e dr. Eds ger W. 'JDS‘(S}ra
’Def»c;r\'men} o{) Compu\‘ef' Sciences
“The Univers}b o{) Texas ot Pustin
Pushn, TX F8712-1188 , 1YSK



