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Euelid, Ne¥b, ond the prime numbers

Euclid's FrooF Yhal Yhere s no \o.r-aes’r prime has
a\w%js struck me as o s\ﬁnin‘j 33m ff“om cm}io]u'\tj;
T heove oﬁ'e.n used it os exomi:\e when arguing +hol
1 could c.onsider_ o ProoF a Sr‘eo)ref contribuwtion Yo
our culture than the theorem Provec\ \u& . T skl
think i} a gem, bur Fhis should not close our eyes
{or Yhe {-)o.c} Yhat | b,j now, we can do much beHer.

Tn its us\'nes} {)of'm, Euclid's Proa(? is renderead
a\°ﬂ3 the Po\\ow'":j lines. Assume thot N is the
\0\"333} ]or'\me. Bﬁ Cmsiderina S = 1+ the )orodu.c}
of the primes u,t lo N, one can }hen estoblish |
dePend.inj on whether is prime or not , the
existence of a )or‘nme thot in either coase exceeds

N, thus Canrc.cl'\c\'ina the QSsumP\‘lom

Nen:j van 9as¥eren rendered Eudlid's Proo? a\on‘s
Yhe {’o\lowinj lines, Let S be o @ni}e se} o? primes.
Consider 9 =1+ the I:rw:m:-.\u\c}~ °P Fe primes in S .
None o? the primes in S then divides 8 or omy
°€ its ?qc\-ors, Write G os product o? 4 or mofe
fime FQ&W:: Yhese do 60*‘ occur in S . Hovin
Yrus established ‘het no Gni\‘e. set S comtoins
ol pPrimes, we cemclude thot the set o? primes

(% ‘m@ni'\ﬂ and, hence, has no lo\raes)‘ clemen}.

“Three ‘\m]orovemetﬁs afe worn\ ho\'icin .

(i) the reductic ad obsurdum has been eliminated
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Gi) the coase ona\jsis on whether 9 \s prime or nor
hos been elimincted

(11i) lower or wpper bounds on primes have Yoeen
e\'\m'mo:\e:cl {’rom Yhe oraumen]}.

* *
»*

None oF) Yhe ocbove ig very surprising; m on!b
reason {’or returnin '\o Mis -}opic is that avei‘e
is good reason Yo believe Yhel BJ now we should
he a\p\e 40 sdn\'hes‘»ze mos} o() Yhe ur'jumen}.

‘H‘Ei‘e we 30‘

Our demonstrandum is “There s no \arges\‘
prime number. ”, some*\'\'ﬁnj we obv'nousl\cj ccmﬂo}
prove without '\a\(inj S5ome )oror:cr\":es OF Prime
numbers "nYo occount What is the S‘amF\es}
pPre erb o? ?rime numbers we can think OF?
De inin3 a mulliple Yo be an 'm]‘ejer 72, we
coan S)ro&e

'Pr-o?er\-\.l 0 Fach prime is o mu\\'}]'a\e.

What con we do with Yhal in view o'ﬁ our
demons\-rondum? \:Je\\, 4-\'1@ Pr’;mes be'n'zj G o?
integers bounded ‘;)rum welow, we con conclude

— deno"in'j ‘he seb o? prime numbers bf_j P —~

I

(Yhere is no \o.rﬁes\‘ ]';rime N ber )

s empb) v CP is 'm{’sn'.}e)

>

and  from ’ProPerb 0 Qi\_fbg i]-sel?, there seems
litte wore Yo be concluded. 5¥ron315 sus])ec}'n:j
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P o diﬂ%r -?rom Yhe e.mr:b set, we head ‘(’or

Yhe new demonstrandum
"’-P s 'm?n'\'c".

How does one show that o set s ‘mﬁle? For
nstance b s}\ow'm\_c) Yot ¥+ has an ‘mgni}e suh.
se\-, but in a wc:j H’\«]‘ s \)eacj‘mj the ques}-‘»cm,
%f‘ then one hos Yo show ‘“ncﬁ- -})\o} subse}t s
‘m?‘;n'\’re‘ T con Yhink of onb one Wy, viz, show‘m3

'n'\a.‘l‘ each {ini\‘e subser is a Arue subsel Hence

our demon strondum becomes:
F1)
For each ani‘te set § of Fr}me Nnumbers
there exists o prime number thot is not

on e\eme_r& o? s "’

So we have +o show the existence o?cz prime.
Do we know o rroper\b o? ]or'nme iumbers ipn-

P‘U"“S existence ! Yes, we do

’Pr'oper51 Each MM\H]‘D]Q s o Fr‘oduc} o? one
or_more {)QC:‘}‘Qf'S, each o{) which be\cmss o P .

CTn ?Qc\‘, LAY Possi\ale }o de?me Yhe set o?
rime numbers os the smallest set T of mul-

hples thot sokisfies Properkyt. Note tholt we

neither stale nor use +hol each W‘\LA“")’:'& has

& wunigue YJf‘ime ch\‘or'\‘zc}ion.)

The im‘aor\-om\- -H\inj n ’Pro]oer\:j 1 is Ythe

each Ynun-ilo\e ™ 7\}2&:%3 Yo one

"
one o wmore
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or more primes ol divide +. Since we are
interested in the existence o? o prime theat does
ot bel ong o some -?inﬁc S , we ore interested
N Some mu\}ip\e thor no element oF S divides.

Se]':cma\"ms oufr <oncerns: ?Qi" G ?‘mi}re set S
o? primes, we are \oo\vins ‘PQ" a 9 such that
(i) 9 is o mu“-ip\e, ond

(i) no element of S divides §

/\?equif‘emen\- (W) excludes ¢S , so the least
we con do is Yo constramn S Yo o seb oP mulki-
F\eﬁ- In view o? ’Pfcper\\j 0, thol is & conshroint
we coan live it Now, (o} value mee\-'mﬁ réquire-
ment (i) is ea:s':\b {)Ounc\ ~even 'mc\ePendenH3
0? S -, viz. 1 , bud-, in view o? ('I), 1 is
not o suitoble candidole -Por 9 . Butr owr Piﬂdinﬁ

CBm: meS-. A (ml'\))

18 Ca s\-eppins stone Since

(mlo) A1 Cm\b) = 1 (m\ Gib) , (o)

HET\CQ (&m:meg; rﬁ]o\) = 'w(ntajn) .
Swnce S is Snik—:, we can choose an o.fo
so as Yo sals the onYecedent say Yhe Produc%
o? the elements in S : (Tm meS: m) =a
Dince G631 , a+132, and S=o+1 meets bhoth
T'E'-Qu'ni‘emen\‘s (l) and (W), Which c«am‘;\e\'es e

?f‘oa?.

» »



EwWD108-4

Thn e o)‘)ove’ the introduchon o? (0) shl\
counts as o Kabkit. f—\Fc.r} (?rom thel 1T am
F\easecl with the san4hes'=s oP Yhe argumen\'.
The construckecn op g mokes qu;\-e clear

(&) +hct elements o? S dont need Yo be primes
ond that it sullices that '\\0% are mu\HP\es

(b) +hok, instead of the produch o? the clemens
f g, ony Comwm on W\u\hF\e would hove

dwnme
() w\xy the 1 is added ond not sublracted .

The orgument also re@ec\-s nice\:.) ~os it should-
thot it is irrelevant tho} the prime numbers are

Sma“es} set ’P Sa\-is%‘mj ’Pf‘o?er‘:j 1.
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