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The undeserved status of the pigeon-\wo\e {Drinciple

’Rijlrﬂ- o the moment T wes introduced Yo the
Piseon-ho\e FrinciPle, T underslood thet there weas

some%ing \IEr\j S)')ecicd abou+ i'}-, %r -Hae Eng\is'm—

man {7om whom T learned i+ +old it Yo me under
its Sermo.n name das Sckub-@hck Prin'z?P ”. Later
I learned Jhat also in other longwaﬁes i+ s
honoured b:) G SPeciql name. 1} is, indeed,
surrounded by Some m:js\ﬁ'clue, Wpor I:n’"oo]c)s
LAS'mj i+ are oﬁen regarded as Some%\w‘mj
SPecic.\, Some-\—}\in‘j ]’Dc;r'l'ic;u]c.r-\j inﬁenQOus. This
—Pee\ln o{)owe is —Fér ins*\—ance, nicel:j f‘eﬁecﬁeo\
b )l?oss Honsberﬁer when he concludes one

his exoamples with Yhe charackerization “ancther
'}rt’um‘)\'u 0? the Pigeon-ho)e Princip\e i (Barlier
he hos called i+ “ o )pundamenh:\l tool o](j

combinaterics ”.)

s my {ée\irl.a, however, +that +his m&shque
and the surprise when we see +the Pigeon—)wo]e
Frindf’]e be,.'nj oﬁ:\iec\ Suc:cessfu\l are c\oseb
connected Yo the clumsiness of the usual
-@rmu\mjrioﬁs of’ Yhe Princ;j:\e: -nwej contain
o lot 0? mis\eo\c\iﬂj noise , ofe over‘sPeci-ﬁc,

and hide +he T;r‘mciry)e’s oridhmehc nature. In-
stead o{) composing an average —Fof“rhu.lc\\*ior\, T
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ql,\c.!-e (oY )"(ljFiCO.\ one vef‘bahm {Jrom -Hoe l\"l'er'a‘ura:
(0) “i{’ more than n obJecPs are distributred

into a set ‘3)(, n comPc\r')rmen\‘s, some

com ar}'merﬁ- must receive wmore than one

o( +he o‘ot)echs ”

(Instead o{j Yhe chove ‘‘more than _.71‘27”, one ogen
encouﬂ+er5 %e Mmore Speciﬁq gn-l-‘l”_) We S‘ﬁa\\
comPara (O) voith e alfernabve

(1) “%r‘ C ﬁohemP\-:j, Gnﬂre bc\ﬁ OF) rea} num})er‘S,
Yhe maximum is af least the overage Cend

the wminimum s ot mos)r —Hne Q\Jef'aﬁe-) .

Comparing (1) with (0), we observe }o begin
with  that e ((d'\s\—ribu*inﬁ” and {{f’ece;\}'lﬂﬁ?_h&ve
clis QFPeareo\, ond riSHHJ so, {%r‘ -Hwe:j are Jus)r
noise : +he Piﬁeon-\wole Princiyﬂe s eqma\b
aﬂo\icab\e— when no Process o{) distribuhon
and reception s involved, e.a. when we wish
to coﬂc‘MdEJ {rzom the -Fac:)r Yhat a month is
\onf:{ir Yhan o week, thotl in o month some

wee clo:j occufrs more +han once.

“The second 'W\‘m we-observe 1S ’\r\ﬂc} -\-%e,
“obiectks” and the “com c\f']'men-}s” have diSaPI)eas‘ec\.
. P
That s a 3reod- improvement , {or i+ saves ws the
Emo\k’mﬁ Ch Pa‘mg)u‘ }c\en}iﬁca-

needless trouble o

Mothe mabcal Methodo! °9Y
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on in ol those circumstonces in which (for
visual or linguistic F@asons) Yhe meh;y:hor* of
obJeoS—s and compar"rmen\‘s does not ﬁ)- nice\J.
In the reviows example, (?)r‘ instance, we should
not Yalk cbhout a month con‘]‘oinlﬂj a number
off Tuesdeys , but about Tuesday (= compoark-
W W, P
ment ) corﬂ'o\'m'nnﬁ & number of Cl&jﬁ~0€"“ﬁ@~
wmonth (= ob(_')ecb). The whole me}-aP%or‘ o{)
o]:Jec\-s and cOmFar*men}-s 18 J‘us* o Pain in Yhe

neck.

Another reﬁre-Hc{B)a consequence op the
mel-o.)ohor s +thal it invites a misleadin
v'isuo.\iZO}'xon. Formulahon (O) is in the «Form
oF an 'lmPliC_O\}".th; Yhe con+rc:.]:>os”"uve sjrc}cas
Eqmiu'c\]en\'\:]

(2D “ i() each O‘F N com})ar)r menks  contains
a}" mOS‘}' one ObJ ec\', :l']'{cj___ Vc.orﬂ"ca': M Yo
Se}her at wnost n obJecB 7

Forvrulah on (0) evokes a Pic¥u.re o? cramped,
O\fef‘s¥uﬂ7ec\ Compor*v’nen\'s — 2 or wmore P‘zﬁeoﬁs
Squec-:?.ed infe @ ’\-—P'lo)eor\ hole — , w\l'—wef‘eas
JFOrmu\o.lrion (2) rother euckes o loic%-ure of’
under occupied cé;nifaf;r*men‘rs. The 'cuff}?eré?{cre'.wm
between the Pic]ru.res hides +he {Pac} Yhatr (0)

and (2D are equ.ivc\\e,ﬁ}u

Mathe matical Hehﬂodo\o‘gj
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/I?emark -ﬂ— is not wuncommon Jto s5¢ee Feople dis-
)r\nauisk —not in meanin\cj , but in réle ~  hehoeen
XSD and :j z % . “The rﬁ)f‘mer AMQ.J read as

€><T)ress‘|n3 (it Yerms o?:j) an umoer‘ bound f)cﬂ‘
X s the loMer as 3‘1v'fﬂﬁ (ih terms DF) X) S8

lower bound —@;f‘ tj .1 advise aﬁo\ms¥ \'rz.jmﬁ_
o moke such dishnchons: dhe dhorm OF
average § moximum and

maximum 2 average
is +hot the stote exocHy dhe some and need
not euvoke d'u]e{%ren)- connszo\l-i ans as (0) and (2)

seem Yo do. (Enc[ o? /Remo\r\«.)

Tinallj, Ye +reditional PB@Oﬁ-ho\e Principle
is much less 5@_0@(‘0\\ Mioan it should be: ex-
Pressecl N average ancl maximuny  (0)

jields

owverege >1 =  McoXximum D 1
]
which 1s wmuch weoker than (1)'s
C-.\Jeragc-: £ mMmaximum 5

this s wa (1 ,beinj r’ea(lj S\‘t‘or'\Ser‘ than (0),
1S referred o as the Senemlized /Pigeon-hole
fPrinciI)\e.

PBs on examPle in 'w)‘\ic\n ‘Hﬂe genera\i'zed /\D:' con -

hole Qrinci]')le comes in handj, we cunsider how

Mo%emo«‘]'ical He#hoclo\05j
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what 1s known as the Problem o{) the Se,rmom
Soccer LO‘H‘O.

Variables oj[’) }'JFG “oukcome” have 1 OFS
Poss‘ab\e values; veariobles o]() 1 pe “column 7
consist o() 1% voriohles QF tjPe “outcome
Tn the followinj, dummies < and d range
over {jPe ((COlumn 7 and W is a sek o](>
constonts o]()- )J)fae “eumn ? . We are asked

Jo conshuct a set W ,as small as ]Dossilole,

such +hat
(@d:: (Eczce\J: (l_\_li: 05i<13; d.i:c.i); 5 D)

P2

Tn words: __\ém._sjnould be such o set oF columns
that , whotever column we choose por‘ cl >
W contains O Co\qmﬁ C Yhetr colincides

with 4 in ot least B Posi}ions,

Set W contains of lecst 3 columns, @r
with ak most 2 columns in W i+ is ,oossib]e.
lo choose d such thal i} coincides in no
Fosi*\on with & columm in W . Bur 3
columns Suﬁgce. Let X549,% be the +hree

W

columns in ; we can choose them such that

{ér ow:j 1 'ln_ e rc‘”Se' oLi< 13
§x.i s Y-, z.i.i

is Yhe -\riFle o]P ]oossil:]e outcome-~values, With

Ma-n‘lema)‘ica\ He”'n odo\OSJ
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such o choice, ecch value d.i coincides wr“ﬂ
one oF) the Ahree {X’J’ZE; 13 coincidences in
3 columns :jie\c\s an average o? 47 coincidence
‘Pef‘ column , and hence ot least 1 column co-
incides in ot least 5 ositions with a

And Hhus e Problem of 3he germom Soccer
LeHo has been solued,

The examP\e has ‘een included —ﬁor ho
reasons. Firsh i+ s an examF\e or which
the ’\‘f‘adi’honc\\ (0) does Y’\o’} Sk ice and
Hhe s¥rm8er 4) s r@olb needed. SeCOndb,
+  shows Jhe arithmetlic reason \Q;r‘ the sur-
prise that the use 0{7 the Pigeon-\no)e Principie

en evokes: +he dhree constants 3,13 ana
5 o? Yhe ]Drob\em starement @r)-unc)-eb satis.
?U the mcﬁ‘uc:al reletion Jhat 5 is the smdllest
'm{-eger‘ that is af ]easi‘ 13/3 . —ﬂ- s -Hn}s orith -
metic cccideat that rmokes “the “Problem of)
the german Soccer Lotle +rivial. ?@F\&cmj 5
bjj 6 we 86"" a COmF]e}eb d}—ﬁér'en+ Frob\em,
whlc)\ 1S Muc}'\ ]"lar‘c\er‘ —}o solve.’ gno-”f\er' Wity
Yo Phrase the some observation s that i
bOL& con 9@)‘ c.w.)a:j Lu‘\H\ an arﬁumen’)' s

SimP\e as the ]oigeon-}mo\e )or;‘nc;lale.,tbou have Jusk
b€2r\ \U“'Ck:j

Mathemakical Me-)-)m::c\ O)Ojj
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Another , T dhink unPleasan)-, ProPer}~b oJ!? the
Piﬁeon-ho]e Princi];\é s thot it seems Yo invite
e reducto ad absurdum. Toke +his SimP\e

Y)T‘Ob\e\m :
On the raonch, each Cowbo\? \s the

exclusive Owner ofr’) o} lecst one horse.

Show +hat on the ranch
# cowboys < #horses

__B‘ I no\‘ unuSu.a\ a‘}‘ QH +o ehcouurﬂ'er' Q. G-
Sumeﬂ+ o]() ~“r7e %Hou}?nj s\qc«.])e. pisqu.me ‘H’\cﬁ-
+he conclusion is Palse, i.e. assume +hat

#cow'bo:js > # hofses | now ]‘Du‘\' eoch Cm.obczj
(= P'tgeon) into one Olp the horses (= holes) he
owns: then the Pigeon-ho\e }'Jrihch:]a tells ws that
there s a horse owned be, ot leastk two
cowOoys , which contradickts +he _exclusme Quoner-

S\niP. Hence the conclusion s '}'f‘ue; l.e.

#COM‘DO&S < # horses .

[Com]')ar‘e the obove argumen} wiH\ the ‘?:;“owiiwﬁ
one. Since +the Minimum number o? horseg Fer-
(h.e. exclusiue\J owned bg &) cowbo:j s ot least 1,
the average number opj horses per cowaj IS

et least 1, le.

#horses > 1 ]
# cowbczjs

Moathemeatica Meth odol OSJ
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The {grmef‘ Gfgumeﬂ' s ‘narc\b & Parodg. Tn
oo recent textbook on discrele mathematics, 1T en-

countered {he »?o“ouo';nj Prob)em

“There are 42 shudents who are ‘o share
12 COmPu’\‘ef‘S‘- Fach sludent wses é‘.chHj one
compurer and No Compuwrer is used by more
than six shadents. Show thet al least —F‘Ne

Comr)u)r‘EF“S are used bj Yhree of more shadents.

e} & be the number o—() cOmPu’rer‘s Servir‘:ﬁ
at least three shtuden¥s: since each Com]‘;u\\'er‘
serves af most & sludents, these Kk  wmachines
serve o most 6k sludents. Since the re-
maining  12-k  serve ot most 2 shkudents eoch,
the loHer machines serne of mosk 24 -2k
students, Qddinj these I'E.’Sun's, we conclude
thot  the number 0? students served s ot
most 24 + 4% . ,S,ince 42  studenks are
served , we conclude 49 € 24 + 4Kk or
4% sk and, since K is 'm}ejer, 55k
bo‘rucI\_ ComP\e}‘e’s ‘H’)e )'Drooe

2

The Yextbook , however, Pmceeds as ]Pol\ou)s
—_ ianore that f instead o‘? 55k, it on\:j shows
KE4 —

“[US@- oan O«r‘gumen)' bJ con+radic)‘i on.:l SuPFose
Frak on\:j -{éu.r comPc.&ers were wused ba three or

Mothematical \“‘le}hodo)o\gj
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more students . | A contradickion must ‘e derived_).
O} most six situdents ore allowed to share
ony  com wrer, mok'mﬁ o Yotal oP ot most

24 siudents L,usinj these —()our- ComPu}ers,
Since there are 42 studenks in all, +hat would
leave of least (8 students Jo share the re-
Ifnotihinj 6’1'3}\*' COmPu+€FS. Bu?t the \Cjen?r‘q\i?_ed
Piseon\nole Frmciple Suarmn¥ees that ‘1? 13
students share eigH- compu‘\*ers, MYhen ot least
fhree mus} shore one o{) them. [The pigeons
are Yhe 18 sludents, the Piﬁeon‘ho]es ore Ythe
QBM Qom])u+er8, and 18> 2.8 ] This is o
contradichion. Thus the Sw[:PosiHon is f?o.\Se s oncl
so o} least _{f%e ‘computers are used by
three or more students. 7

Remark Both c\rﬁumen\'s contain +the number
24 . butr this is on cccident : In the r{z}rmer
Qrgumeﬂ}‘, 24 emerges as jwice +he number
o{) machines | in +he laHer as Pour- times
the wiaximoumw namber o? students served
ba < slnﬁ\e machine. (End o? Remark. )

Tn the Prob\em S‘\'o)-emen}, i} is inessential
Hhat ecach stadent uses “exacty ? one com-
Tsu‘\-er: with each shtudent usinj “O‘\‘ 1eas} ?
one computer, the conclusion would have
beern valid as well. Ts it ‘Far-fel‘ched jo assume

Mothemaltical Hei‘hod—t;)ogj
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that Yhe ouerspeci€ “exacty” snecked into the
!’_)mb\em stotement because o igeon coan
Occupy Of‘\\:j A Pigeon—}wole aF a +ime 7

We howve niow sPoHed (i) o need\eSSb Loeak
theorem Yo be proved , (i) an ovoidaoble
reductio ad absurdum , and (i) an error
N ‘H’)e Sxxrpor‘)l‘ecl FTOOP (?cr kzs does no}
follow gow\ £ 4 D. T am c\ﬁo\ic\ thet dhe
desire 4o use the igeon-\ﬁo]e FrmciPle can be
blamed {or all Jthree shorlcomings. The argu-
ment  in terms o? k i \)us% on order o\%’
Yhagni\‘ude cleaner 4han the solutiom "’P +he
bexthook.

The moral o{) the sl—ob is thet we are much
better oﬁv with  the neu%a\,genero\\ standard
}:rocedur‘e: name +the unknown(s) so that gou
can {érmalize all condilions j‘.\len or to be
established and S'tm?\ig bJ f?prmu\\o\ man])ou—
lol-‘aon, unencumbered b& imaﬁezj as tends ‘o
be imposed wpon  You b‘j’ co.\‘c\r\:j names like

“The /P:Seon—})o\e /‘?rmci})le ’,
Austin, 21 March 1994

]')ro\(?d.r. Edsger \/J.’DSLCS\TO\
Department o? ComPu}er‘ Sciences
“The Uniuersil\j of"l"exas o Buskin
Ruskin, TX 78712- 1188
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