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A result o? robbit removal

Tn this nole, ol variables are of the same
ype

1n “Tn')‘r‘oduc-t'ion Yo LO&‘:C and }‘o the
Methodology of “Deduckive Sciences * by Rlifed
'T—GFS)Ci, I?ﬁvund %e -@D]lwwﬁﬂg ‘H'\&’Of‘em mmj
—-ﬁ:rmu\ahon—-

Let ¢ be an associative, sjmme'}ric n Fix o}:em)t::“

such  that

(0) ecluahoﬁ X: C\.:btx is SO\Vo\lole, (ér‘
C‘” Q,b ? ‘H’len

(1) Xey = Xe2 = Y=z

Ih Ccomparison, ’Torski Qc:“s his CGICU]G”')OI‘!Q]
Proof ”C‘onsidero\bl more involved I'; i}' Was
in any case +oo c:om)gl'nm}cd }o be remem-
bered (ot least: 129 me) , it olso seemed Yo
e to be Mmore Com‘f)]'lCo..}‘ed 'Jr‘}'xc‘.n necessarj.
CThis lash Judgemen+ was | o? necessily, very
-\-eo-}-a\ﬁ\re, becouse Wwithout detrailed Qna\nsi‘s
it was 'ImFossib]e o see how mudh O?
the Ccmnplexil be\on.jed Yo +he argument
)Qro)oer*, and V?oua mu e of + wes the resul-
of the shle o? Prescn)-c\ ion cleemed ae-
cefﬂ'cl)v]c in Yhe 3o0s. O? course We cannotr
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blame Tarski For‘ havinﬁ done most OF) his work
Be@»re Wim Tes'jen deve]oped his T)roof @rmd.)

Under 'Hﬂe Cir‘cumS"‘arLces '}L\er‘e. wia s O'nl:j

one achHon Possible (Z:r' me, ViZ, ‘o 53nore.
Whol T had seen ond could not  remember,

—

anc fo try do design « r‘OOf S‘elf_ (Here,
e onm bi I-'TZMS readgr IS iani led g S)o]':
and to J—D +o prove the theorem

reaciin

him se )
4 x X

the COﬂS‘CCl(Aeﬂ'}. ol our demonstran-

b:z . the 5u33€$‘]‘ed

coulad be

Since

dum (1) s +he equa\i)‘
structure 010 owur [ roo
i We observe {ér omj x,j,?-
y
{ antecedent
z ",
bot “\35 5ke¥‘c\-\ contains Vittle more ‘}'))On o

pro osal how ‘o let the FmoF struchare
(X;ec} that our demonstramdum heas dhe

Xov = X'Z}

re

shaPe o? an imPlicaJr';On.

Tn the one and On\J 5]’€f> o? Vhe cabove
roof sketch, an eC(U\G“b has }o be Jush-
ed Lﬁ\j an e,quc.li}-\‘?, Hence an ar:PIic&}-ion op

Leibniz’s principle is dictetred!  Our next
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Proo( sketch is therefore:
“We observe «f’or Gng  X,4,2

= 3 {deﬁni‘\'ion op {;}

P. (x+y)
i ante cedent Xey = Xe2§

£. (x-2)
{deﬁni-]-ierw op ()}
2z "o

1

t}

TRemark Ps {)Gf' as +he wse of) the anleceden?
vic Leibniz's Prin(_‘i]o)e IS concerned , one
could consider the alternative

J
= {def‘m?-)-‘son OF) ]P}
£ (x-2)

{antecedent x-y = xe2§
{6y

= {de?ﬂni-l-'non og) (’}

)

but dhat does not  work, and we shall
later see bo)'!(j. (End OF Remark.)

Our next +ask (=3 to de.sign o suitable
-P , 1€ {to Propose how 4o rewrite :j GS
an exPre.ssfon that contains X-:) as sub-
ex]or'ess':on. Sinc_e . 'S -”na ohl(y oper&}'or
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depine.d on our {_‘jf’e , we have little —G—eedo;m:
(0) with q,b = 3 R x-j allows us ‘,-o Pos-
tulate +hat 2 sc.)-isges

(2) U = X'b'r’ )

and nowy olr P‘FC‘-’OF T oN S"'C&r’*‘ as {c’p”ows:

I

= { (25
X+Y-p

= { anlecedent x-y = xe23
x.z.i::

Qur remaining problem is how o ’l'ransform
X2+ P inko 2, and we have litHe choice but
o wuse -H"-e same (2) ,wlﬁck ]mczs Jus]- been
wsed _Fér- (x,l—;)—ih}roduc;“on, & Second 'Hme,
but now -@r‘ Cx,}))— removal. Bur 'ﬁ;r‘ this
removal 40 work‘, we need o -}-em?orarj
reintroduc +ion op Y . For r-e.wri)rinﬁ Z SO
that i+ contains 9 eas Subexpressi‘cm, the
s'\m]o'es)r soluHen , ~ cllowed bb (o) with
a,b = 2.9, s ‘o Fos-l-u']o}e that 9

Sc}isﬁes
C%) 2:80q
And now we can give 1he com]ole)f )orooﬁ

For o‘ﬂj X,j,‘z 7,,we__ P_osl-u]o.l-e , Qs Fermi'H‘ec(
by (0), +hot P sc.l'fsges (2)  and q sSaks-
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Pes (3) , ana subsec‘uenﬂﬁ we ohserve
Y Ay Az AP Z-‘.sci
{2} + 9
Xey-p
{ X-b = X-'Z’E -1 +1

X"Z.-P

N

= {(3)3 +1 -1 +1
dej.qa 'ID

= {('2)3 -1
J: 9

= {(3>3 ~1 +1 ~1

2

To +he r‘t'gM‘ oF) the r‘oof we have re-
corded +the chanse-s in +the number oF) occur-
rences 0? varieb les Y2, P . Because +the
net e,{;?ect‘ DP the G)')Pea.ls Yo (2 ana (3 s
Ap=0 A Aq=0 W} ale\ds Ab—:o A DH2=0 as
well,  The tora! elfect o? the Proof) ( Lhose
'sjrePs —‘r‘ans‘ﬁ;rm 3 into ‘2) has Yo be Abzni A
ANz= + 14 , and this s -}I’le c}\anﬁe Frovicled ":):7
the use o? the antecedent vie. Leibniz's trinc:P\e.
This Couﬂjt}hj arﬁumeﬁ)‘ explains w}\& +he QL
ternative Proof sketch m +he Remark does not
work: '1‘} works in -”"ne wrm3 d]rec}‘)oh, viZ.
sz-n A Az=-t

¥ *
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To Pui‘ the cbove roof into Fersf’ec}ive, le} me
render ~reduced }o its essenhials — Tarsk's Fm"‘ﬁ

For ar‘:j %:3,-2 ; we Pos)-ulc."-e,ag Ferm}'l-]-ed bj (o),
that  w,v,w Sa]—?S@ ,

(4) = Ue
> 2.7
(6) u

» V
Re W

n

ond SubSEqU\.En"rb observe

Y
= {4 Tarski's proof’ is 2 sheps
s \onaer’ +hawvi owrs because
= {66)} OF -Hne oOCCuwurrence 04?
9t X W w , which has o be in-
= { X‘b = X‘ZS ‘roduced . and Femove
2eXe W later. Tn 'Fad-, ocur |
= {(6)} ?mof can \oe o]oJ-c\'a_ned
2 {?—om ’Tars\'t;\s b eliming -
= {(s% J-Enj L —Gom %4)&(6)-
Yev T s not q(,u"J‘e C:l&‘a:"‘
= {C4d w\n:j e wes  introducecl
“j’V in —-qu rFfrs‘)' )’DlaCe;
= 1(5) could i+ have happened
2 because —he heuristics
remained c.om]ole?cb Fm?\ici)"?

*

*
*
The struchure o( Tarshi's *Fro?;ﬂ Was (&r-}her
ul
£ el

obscured )DJ his insistence j;ar‘en-)-lle-
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sizinj lﬁ‘;s exFreSSicms: 5ijme4.‘:j and asSso-
cial"lv,'l 'Hw.s odd onother 7 s')'e.?s Yo 'H')e

FOOC, which I consider <o }’11'91-. Fr‘ice »?or- so
e,

About 20 Poges loter
“H‘weof‘em "70-3&“’\ hﬂj fgrrnu!a')-ion—-

’ )’1@ T)T'QN'Q-S' GRO’I‘L\GF

lel « be an ’m@x O):)ePGJ‘of‘ that s Scljm-
me\-ric and stoc?a)-i\fe \.\s]nerever def)ined,

and Sucl'\ '“'70()‘

.(0) e.aluxa"‘}on Xt &:b-x [ So]vab)e

?or all a,b 5 then

(7D X*y is deene_c\ »ﬁbr‘ all X,b

The )chum o-f) f“r)e Pmo() s Jo con S')‘ru.c)‘)
GS ‘Ferm}—l-’red b? (0), «ror- 8‘aven x}g , O
quan*\-}'}‘\j, Z which | bJ Viriue OF) i Con-
strucYon, can be Arans{formed into  x-
For reasons o() )Weur_is-]-ics, we start at +he
other end and ask ourselves what we have
}o introduce 4hat will enable wus 4o trons-

-ﬁ;rm X'b into 2 .

S-}ar*iﬂj 'ﬁ-om
&) X+ Y

we hove 4o do 3 4}11njs: remove X
remove j , ond introcluce z . We can
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achieve 2 oF) Yhem b:j def)in‘ms ~as (0)
alows us o do - 2 -por Su.'l‘)‘o.":ub chosen

wbj

(8) A \(j - Wi 2
'H'ten CO<> can be Tevuri "H‘en Cs
() - Xowe 2

The r‘emaining —Fask c_onsis-)- oF) 2 "'}‘\1095,
vz, removal op X and removal of W
Wememberiﬂﬁ (i) +het . as fje+’ w IS un-
de?iﬂed, and i) +hat (ﬁ) rovides +he
environ ment  in w)'\iclw Joo GX'P oit +that e
is QSsocicdive, We <an @ 2c Yucte both

remC?UGIS bc de ming - s (O) allows us
Yo do— ‘%’ -ﬁ;f Su—i"l'a\o\:j c}wosen L bj

(9) W W= Xew

then (?,) can be rewritten as

CX) L. 2

'ﬂne l’emc\.inir:j -]—ask VS 4‘0 Chosc—: L §
in suc)’\ Ca wa:j -Hno} we <an e move

W Tor gi\leﬂ Z . (0) would allow us

4'0 C\e?\'ne LA bj

2Z = e}

and —thanks Yo -Hﬁe symmedtr 0100—- such
o u would do -}HejJO ‘;‘j but via (8)
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an d (9), our z 5] {?amc)-iow.c:l de-}benclenF
on Y : 'H-o.vinf) Yo deF)fne (e lndepenc{en}b
ofj 2 , Wwe Sener‘o.\ize our last relation
and de()me —as (0) callows wus ‘o do-

Y -For‘ su.i%o«\o\\j c}\osen C bj

('\D) (I C = Ce '\l ’

and }')oT)e 'H"IO\"‘ we con (;/\cl =Y c  +hat
does +the \')ob

Q{:Peatinj )’O (10) F"@quir‘es in Owr e~
Lory+in exercise -Hwe ’}‘em}vor‘ar& in}roduc-~
wtion o - into 'H‘ue in+ermedia}-e re-
salt. Also , {or the very last s%erp of"
the Jrrcms@r mation, we need on expres -
sion +hat can be equa‘}ec\ © 2Z . TThese
hwo  considerations Suggest o next —and

lask— a)':pea\ }o (b)) : Wwe deFine v \:j
(11) vV 2 = CeV

Now +he "T‘Gns-{érma-‘-}on Continues:

(YD Ue 2
= 1G]
Lo Cov
= { (103}
Cov
- {(19)}
2

and we are cdone. Tor C ,ary elernen)' wn‘“ do .
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Tn sumwmary: choose o C 5 c\egne in

order W bj Ci0), w bj ), = bj (3),
v b:j (11) ~ and observe

B Z
={C10}  cov
= {1}  uwecev
11§ uvez
= {(9)} XelWe 2

= {(8)3 X':j

Torski's Presen']-al-ion oF lhis r‘mfy IS
ohscured Bj the —(Jac)r thot withoot any
comment he hes made the ar*bi%a;y
c\noice c:b

"

KEEF. Tarski, Q"ﬁ-ed, " Tntroduckon o LOjic and
o 'Hne Me“nodolos_u) OF '—.Ded.uc}-ive Sceiences }/,
Dover “Publications The. , New Yorl«') 199§

Austin, 11 June 1995

Pruf’, dr. EdSDer W ’J)g\csl-rq
’Depc‘&men\- o CDmPuhr Sciences
The Universib OFTGXQS ot Rushn
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